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Abstract Let  be a bounded, smooth domain in R2. We consider the functional

I(u) = /6”2 dx

Q

in the supercritical Trudinger—Moser regime, i.e. for [, |Vu|?>dx > 4m. More precisely,
we are looking for critical points of 7 (u) in the class of functions u € HO1 (2) such that
fQ [Vul?dx =47k (1+a), forsmalla > 0.In particular, we prove the existence of 1-peak
critical points of 7 (u) with fQ |Vu|2dx = 4 (1 + o) for any bounded domain €2, 2-peak
critical points with [o, |Vul*dx = 8 (1 4+ «) for non-simply connected domains 2, and
k-peak critical points with [, |Vu dx = 4km (1 + ) if Q is an annulus.

Mathematics Subject Classification (2000) Primary 46E35 - 35J15
1 Introduction

The Trudinger-Moser inequality concerns the limiting case p = N of the Sobolev embed-
N,
dings W1-P(Q) c LNifpl’(Q), where @ c R is an open domain. If p = N, the Sobolev
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544 M. del Pino et al.

space WLV (Q) embeds into any L7(£2), but easy examples show that WV (Q) ¢ L>®(Q).
The maximal growth of integrability for functions u € W'V () has been determined by
Pohozaev [27] and Trudinger [32]: it is of exponential type, more precisely, for a bounded
domain in Q C R one has

u e W(}’N(Q) = /e”zdx < 00
Q

This inequality was sharpened by Moser [26] as follows:

, <ClQ|, if u<puy
sup /M“'N dx ‘ (1.1)
IIVMIINEIQ =400 if u>puy

where N’ = % and uy = N w,l\,/ﬂ’*l) with wy_1 the measure of the unit sphere in RN,
We recall that in the Sobolev case there is a loss of compactness at the limiting Sobolev
exponent p*, and the supremum

.
sup lu|? dx
Vu|,<I
IVullp= o

is not attained for any Q # RY. Lions [24] showed that also for (1.1) there is a loss of
compactness at the limiting exponent . = . But, despite the loss of compactness and in
contrast to the Sobolev case, Carleson—Chang proved in [10] that the supremum

!
sup /e””‘”'Ndx
Vu|n<l
IVulln= 5

is attained for the ball 2 = B;(0). In [12] an alternative proof of this result was given, show-
ing that there is a close parallel to the famous result of Brezis—Nirenberg [9] on perturbations
of the Sobolev embedding. Struwe showed in [29] that the Carleson—Chang result continues
to hold if €2 is a small perturbation of the ball; Flucher [20] then proved that the result is true
on general bounded domains 2 C R2, and Lin [23] extended the result to general bounded
domains in RV,

Numerical evidence given by Monahan [25] suggested that in the case N = 2 (for €2 being
the ball) the Trudinger—Moser functional

2
1(u>=/e‘"' dx, [|Vu|; = p (12)
Q

admits a local maximum and a mountain-pass critical value in the supercritical regime, i.e.
for u > pp = 4 and near 4. In the cited paper, Struwe was able to prove that this is indeed
the case for almost every i in some interval (47, 119). The situation may be visualized as
follows, where u(p) and u(u) denote the respective critical points (Fig. 1).

Recently, Lamm—Robert-Struwe [22] have studied the heat-flow associated to the Tru-
dinger—Moser functional, and they proved that for 1 — oo the solutions either converge
strongly to a solution of the associated stationary Trudinger—Moser equation, or there is the
formation of “standard bubbles”. This quantization is in correspondence to the results of Adi-
murthi—Struwe [5], Adimurthi—Druet [4] and Druet [18] concerning the blow-up behavior of
sequences of solutions of the associated elliptic equations. Using this characterization of the
solutions of the heat-flow, Lamm—Robert—Struwe prove the existence of local maxima and
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Fig. 1 Approaching criticality in the Sobolev and the Moser case

saddle point solutions in the supercritical regime © € (4, o) for the functional (1.2), thus
completing the result of Struwe in [29].

In recent years a very successful method has been developed for studying elliptic equa-
tions in critical or supercritical regimes, see e.g. the survey [16]. The main idea is to try to
guess the form of the solution (using the shape of the “standard bubble”), then linearize the
equation at this approximate solution and use a Lyapunov—Schmidt reduction to arrive at a
reduced finite dimensional variational problem, whose critical points yield actual solutions of
the equation. In this paper we use this method to study the functional (1.2) in the supercritical
regime. To state the results, we define the Green’s function G (x, y) of the problem

“ALG =878y(x), x€Q,
G(x,y) =0, xe€0Q,

(1.3)

and H its regular part defined as

H(x,y) =4log

—G(x,y). (1.4)
lx — ¥l
Then from [4], it follows that the Robin function x +— H (x, x) has a strict minimum &y € .
We prove the following results.

Theorem 1.1 Let Q C R? be a bounded domain.

There exists w1 > 4w such that for @ € (4m, 1) the functional I(u) restricted to the
sphere S;, = {u € H(; Q) : fQ |Vul?dx = p} has a critical value with corresponding
positive solution u,,.

Furthermore, there exist apoint &, € Q, with&,, — &, the minimum of Robin’s function,
as 0 — 4w, and a positive number m,, with m, — m € (0, 00), as ;t — 4w, such that

wy (x) = (u —4m) 4 [m, G(x, &) + o(1)],

where o(1) — 0 as u — 4w uniformly on compact sets of Q \ {&o}.

In the next theorem we give a result near and above the critical energy level 8x; again,
there exist critical levels with corresponding positive solutions with two blow-up points,
provided the domain has non-trivial topology:
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546 M. del Pino et al.

Theorem 1.2 Assume that @ C R? is bounded and not simply connected. Then there exists
w2 > 8m such that for u € (87, u2) the functional I (u) restricted to Sy, has a critical value
with a corresponding positive solution u,, which blows up around two points §1,& € Q, as
u — 8m. More precisely, there exist m; , > 0 and &, € Q, fori = 1,2, such that

mi, —> m; € (0,00) as p— 8m,

Ein—> & as p— 8m, with & #&,
and
= (i — 8% [m1,G (x, £1,) + mauGx, &,) + 0(1)]
where o(1) — 0 uniformly on compact sets of @ \ {&1, &}, as u — 8.
If Q2 is an annulus we can look for solutions with symmetry, with several points of blow-up.

Theorem 1.3 Let0 < a < band Q = B(0, b) \ B(0, a). Fix a positive integer k. Then there

exists py > 4 k such that for € (4 k, i) the functional I (u) restricted to S, has a

critical value with corresponding positive solution u,, which is invariant under rotations of
21 . . .

angle <+ and which blows-up around k points arranged on the vertices of a regular polygon

as w — 4 k. More precisely, there exist points §j,,, for j =1, ..., k, such that
‘;‘m:r“éj forallj =1,...,k, with ry, —>ro aspu—4nk
where
Ei=e 0 j=1,.k

and rq is the minimum of the function
re(a,b) > Hré,ré) = D Gk, ré).
i>1
There exists a positive number m,,, with m, — m € (0,00) as u — 4wk, such that the

solution u,, satisfies

k
uu () = (=47 | my > G Ej) + o(1)
j=1

2m(i—1) ;
where o(1) — 0 uniformly on compact sets of Q2 \ Ul;zl{roe 7 “,asu— 4wk

The critical points #,, found in Theorems 1.1-1.3 correspond to solutions of the equation

2
ue"

fQ u2et?

This equation is related, but not equivalent, to the equation

—Au=npn in Q, u=0 on IR (1.5)

—Au=hrue” inQ, u=0 on I (1.6)

Critical growth equations of form (1.6) (and generalizations) have been extensively studied
in recent years. The free functional associated with (1.6) is

_ 2 u?
L) = [ |Vul"dx — 1 [ " dx.

Q Q
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Beyond the Trudinger—-Moser supremum 547

In [1,13] existence results for Eq. 1.6 were given using variational methods (in the spirit of
Brezis—Nirenberg), working with the functional J; (x). On the other hand, in [4,5,18] the
asymptotic behavior of (certain) sequences of solutions u; of (1.6) was studied, and it was
found that J; (1)) — 4km as A — 0, for some k > 0, while the question whether such
families of solutions exist for k > 1 was left open. A positive answer was given in [17] in
the case k = 1, 2, showing that there exists a family of solutions u; to problem (1.6) which
blows up near a minimizer of the Robin’s function H (&, &) in the case k = 1, and with two
bubbles in the case k = 2 provided €2 is not simply connected.

The proofs of Theorems 1.1-1.3 are related to the proofs in [17], and for some details we
will refer to that paper.

2 A first approximation and outline of the argument

Let us fix an integer k > 1. For a small number « > 0 we consider the set

My = {u € H} (Q) : /|W|2 =dnk(1+a)l. 2.1)
Q

Our problem is to find critical points of the functional
[(u) = / e dx 2.2)
Q

constrained to the manifold M. This is equivalent to finding a solution u € HOl (R2) to the
nonlocal problem

4 k(1
Au_,_Lj—a)ue"z:O in Q, u=0 on 09. (2.3)
Jou?e"” dx

Or equivalently, this reduces to find solutions u to the semilinear elliptic problem
Au+irue” =0 in Q, u=0 on 3%, (2.4)

which furthermore satisfy the constraint

4k (1
— L—:—a). 2.5)
Jo u?e dx
Let us consider k distinct points &1, &, ..., & in Q2 and k positive numbers m 1, my, ..., my,
such that, for a certain given § > 0 small, we have
dist(5;,09) > 8, |& —&/|>68, §<mj <38 L. (2.6)

For points &; and parameters m ; satisfying (2.6), we define new parameters (i ; as follows
log8u3 := —2log2m} — H(&;, &) + > mim; ' G(&. &), 2.7)
i#]
where G denotes the Green’s function for the Laplace operator with zero Dirichlet boundary

conditions in €2, and H its regular part (1.4). Observe that relation (2.7) defines a diffeomor-
phism between w j and m ; (for a proof of this fact we refer to the end of Sect.4). For A small
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and positive and for parameters m ; as above, we introduce another parameter, denoted by ¢
and defined by

loge;*:= — 2log2m3. (2.8)

2
ijk

Observe that £; — 0 as A — 0. With these definitions, we introduce the function

k
U(x) := \/ijz;m, |:10g o li e H; (x):| : 2.9)
In (2.9) the function H; is defined as follows
AH; =0, ing,
[ H;(x) =log m, for x € 0Q2.

This gives in particular that U = 0 on 9€2. Let us observe that from elliptic estimates,
Hj(x) = H(x. &) + 0(e3u?),

uniformly in €2, as ¢; — 0, where H is defined in (1.4). Hence, far from the points &;,
1

log — Hj(x) = G(x, &) + 0(e2u?), (2.10)
Wit +le—g»2 ! "
so that, far from the points &},
k
U)=va D m;jGx. &) +o)| asr—0, (2.11)

j=1

where 0(1) — O as A — 0.
To describe the function U in a neighborhood of &;, we introduce the functions

w;(x) = w,, (x ;Sj) (2.12)

with

82
® WP
The functions wy,, u > 0, are the radially symmetric solutions of the Liouville equation

Aw+e” =0 inR% (2.14)

wy(y) =1 (2.13)

Thus in a small neighborhood of a given &;, say in [x — &;| < &, as a consequence of the
definition of the parameters  ; and ¢; given respectively in (2.7) and (2.8), we see that

UGx) = Vi|mjlw;(x) +loge* ~log8ut — H;(x)] + > ImiG(x. &) + 0]
[y
= \/X{mj[wj(x) +log£]74 — logSp,“/‘- —H(j,&))]
+ D miGE; &)+ Ox — gD+ > 0@D)
i#] i
:mjﬁ[wj(x)+logs;4+2log2m§+9(x)], (2.15)
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where 6 is a smooth function such that

0(x) = O(lx — &) + D 0(&)).
J

The aim of this paper is to construct a solution to Problem (2.3), or equivalently to Problem
(2.4)—(2.5), of the form

u=U+¢,

where ¢ is a lower order correction. Observe that by construction U = 0 on 92, thus ¢ = 0
on 9€2. We will do this when k = 1 (see Theorem 1.1), when k = 2 and 2 is not simply
connected (see Theorem 1.2), and for arbitrary k when 2 is an annulus (Theorem 1.3).

The first part of our argument is the construction of the function ¢. For any A > 0 small,
points &; and parameters m ; satisfying (2.6) we find ¢ as solution to the nonlinear problem
(2.4) when projected on a proper subspace of HOl (£2). Let us be more precise.

The linearized equation at w; (see (2.12)) of the Liouville equation (2.14) is given by

AV +e%y =0 in R (2.16)
It is well known (see [8]) that all bounded solutions to (2.16) are given by
20 (¥) = Opwy; (), 2j(y) = Oy wy; (y), [=1,2.

Hence, expanding variables, the functions

Zij(x) = zjj (x ;gj) , i=0,1,2 2.17)

J

are all the admissible solutions to
Li(¢)=Ap+e;e"i¢=0.

Let us further introduce a large but fixed number Ry > 0 and a non-negative function ¢ (p)
with (p) = 1if p < Rgpand x(p) = 0if p > Rg + 1. We denote

) . (2.18)

The function ¢ will be a solution to problem (2.4) projected on the subspace of the functions
in HO1 (£2) which are Lz—onhogonal toall¢;Z;j, forj=1,...,k,i=0,1,2.

Using the notations: m := (my, ..., my) and & := (&1, ..., &), we have the validity of
the following.

X—&'J‘
€j

Gj(x) =¢e;7¢ (

Proposition 2.1 Let § > 0 be fixed. There exist .y > 0 and C > 0 such that, for any
0 < A < Ao, for any points &1, . . ., & and parameters m1, . .., my satisfying (2.6), and for
parameters [v; and € defined by (2.7) and (2.8), there exists a solution ¢ = ¢(A, &, m) to
the Nonlinear Projected Problem

2k

AU +§) + 14U + ¢V = Vi > > ¢;25¢5. in @, (2.19)
i=0 j=1

¢ =0, ondQ, (2.20)

/zij;j¢ =0, forall i, j, (2.21)

Q
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550 M. del Pino et al.

for certain constants cij = c;j(A, &, m), that depend on A, § and m. Furthermore, the func-
tion which to each (€, m) associates ¢ € C () solution to (2.19)—(2.21) is of class C' and
we have the validity of the following estimates

3
l¢llo < CAZ (2.22)
and
3 3
[Dedpllo < CAZ, [[Dpdlloc < CA2. (2.23)

Moreover the function which to each (&, m) associates c;; is of class C U and we have the
validity of the following estimates

lcij| < Ch, |Dgcijl < Ch, |Dpcijl < Ch. (2.24)

We will prove Proposition 2.1 in Sect. 3.

Given the result in Proposition 2.1 we thus observe that the function U + ¢, where U
is given by (2.9) and ¢ is given by Proposition 2.1, is a solution to our problem (2.3), or
equivalently to (2.4)—(2.5), if there exists a proper choice of A, of the points &; and of the
parameters m, j = 1, ..., k, such that

_ Amk(l + o)
 JoU + @)2eU0r

and ¢;; =0 foralli, j, (2.25)

or equivalently

/IV(U +¢)|2dx =4nk(l+a) and ¢;; =0 foralli, j. (2.26)
Q

In Sect.4 we will show the validity of

Proposition 2.2 Let R be the set of points and parameters (&, m) satisfying (2.6). Under the
same assumptions of Proposition 2.1, there exists ag > 0 and a subregion R of R such that
forall0 < a < ay and for all (§, m) € R’ there exists a function A = A(«a, &, m) such that

/|V(U +¢)?dx =4nk(l+«) foralla >0, o — 0 (2.27)
Q
Furthermore, A is a smooth function of the free parameter «, of the points &1, . . ., &, and of
the parametersmy, . .., my. Moreover A — Qasa — O forpoints &y, ..., & and parameters
my, ..., my belonging to R'.

With this definition of A, we have that
Del(U+¢)=0 = ¢; =0 forall i,j. (2.28)
In (2.27)—(2.28) the function U is defined in (2.9) and ¢ is given by Proposition 2.1.

Given the choice of A satisfying (2.27), for all « > 0 small, Proposition 2.2 gives that
U + ¢ is a solution to our problem if we can find (£, m) to be a critical point of the function

g&,m):=1U+¢). (2.29)

This will be done in Sect.5 in the case k = 1 for any domain €2, in Sect. 6 in the case k = 2
and €2 a not simply connected domain, and in Sect.7 in the case of arbitrary kK > 1 and 2 an
annulus.
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3 Proof of Proposition 2.1

The results in Proposition 2.1 are contained in our previous work [17], where we construct
solutions u;, to

2 . .
Au+rue =0 in , u>0 in , u=0 on 9%, (3.1
for any A > 0 small. Given a certain configuration of points &1, ..., & in 2 and a certain
choice of the parameters m, ..., my, these solutions u, behave as

k
uy(x) = v ijG(x,Ej) + o(1)

j=1

where 0(1) — 0 on each compact subset of Q \ {£1, ..., &}.

For completeness, we will sketch the principal steps of the proof of Proposition 2.1 in this
Section.

It is convenient for our purpose to rewrite Problem (2.19)—(2.21) using the substitution

Ut¢=vVal+¢) and f(U) =100

so that we get

2k
L@) = —E—N@ + D> cijZij¢j. ing, (3.2)
i=0 j=1
$ =0, ondg, (3.3)
/Zi_/§j<f~> =0, forall i,j. G4
Q

Here L is the linear operator defined as

k
L@)=Ad+ | D &% |4, (3.5)

j=1
with ¢; defined in (2.8) and w; in (2.12), and E and N (<;§) are given respectively by
E = AU + f(0), (3.6)

and

k
N@) =[fU+¢)— fO) = f{OPl+ | /@) =D &7 | g (37

j=1

We want to find a small solution q’; to the nonlinear problem (3.2)—(3.4). To do so two key
steps are needed: to establish an invertibility theory for the linear operator L in suitable spaces
of functions and to determine the size of the error term E in the corresponding norm.

We start by analyzing the error term E. To estimate the size of the right hand side of
Eq.3.2, and in particular of the error term E, we introduce the following L°°-weighted norm
for bounded functions defined in 2. Let us set

k
px) = Zpi XBs (&) (X) + 1,
Jj=1
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552 M. del Pino et al.

where x denotes the characteristic function and
] w2
7/
pj(x) =cy; (1 + ?(ijl + 1)) (1 + y—(l + |wj|)) -1 s}zewf, (3.8)
j

where y; = log 8]._4. Observe that if [x — &;| > 6 for any j, then p(x) = 1, while if
|x —&;jl = O(gj), then p(x) = 8;26‘“}-/. Define

Al = Sugp(X)fllh(X)L (3.9)

‘We claim that
IEl« < CA. (3.10)

Indeed, we observe first that in the region |x — &;| < §, for some fixed j, we have

k
— AU =mje; e + D 0G@ED. (3.11)
i=1
On the other hand, thanks to the definition of the parameters ; and ¢; given by (2.7) and
(2.8), and thanks to the expansion of U given by (2.15) in the region we are considering, we
get

FO) =mj(1 4 2xm? fwj + O(A))ewle_z A (14 0,(x)),
where
1 +0;(x) <1+ Crlw;))

for some constant C > 0. Hence, the error of approximation E near &; is given by

E(x) = mje; %" {1—(1+2m2Aw1+0(x))e’”ﬂw (140 (\w)) }—i—ZO(s)

In particular, observe that for [x — &;| = O(e) we have that E(x) ~ A&7 2e™i. On the other
hand, for |x — &;| > & for all j we clearly have that |E(x)| < CA, as a direct consequence
of (2.11). These facts give (3.10); for more details on these estimates, cf. [17, Sect. 2].

Next we will establish an invertibility theory for the linear operator L. Given i € L>(£2),
we consider the linear problem of finding a function ¢ such that for certain scalars ¢;;,i =
0,1,2,j=1,...,k, it satisfies

2k
L(¢) = h+zzcijzij§j, in Q, (3.12)
i=0 j=1
¢ =0, onadQ, (3.13)
/z,,»gqu =0, foralli, ;. (3.14)
Q

Consider the norm

[Plloc = sup ¢ (x)].
xeQ
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Proposition 3.1 Let § > 0 be fixed. Under the same assumptions of Proposition 2.1, for
any h € L%°(R), there is a unique solution ¢ =: T, (h) to problem (3.12)—(3.14) for all X
positive and sufficiently small. Moreover

¢lloo = CliAlls. (3.15)

We omit the proof of Proposition 3.1, since it can be obtained with minor changes from
the proof of Proposition 2.1 in [17].

We proceed then to prove Proposition 2.1.
Proof of Proposition 2.1 To solve problem (3.2)—(3.4) in L°°(£2), we recast it in fixed point
form

¢ =T.(—E — N@)) = A(¢), (3.16)

where T}, is the operator in Proposition 3.1. We will show that A has a fixed point in the set
B={¢/ |¢llc < MA} for a sufficiently large and fixed M and all small X.
We recall the definition of N (¢) in (3.7),

N@) = 10 +0) = £~ £+ | D)= F e e o2
J

Since f/(U) = 22A10? + 1)(3“72, we have that f/(U) = O()) away from the points
&;. Repeating the corresponding computations to obtain the estimate of || E||, in (3.10), we
readily get that

< Chx. (3.17)

*

| 7@y =3 e 2em
J

Furthermore, for any ¢ € B we write f(U +¢) — f(l7) - f’(ﬁ)¢ = M(ﬁz for some
0<r<l. Using again the computations to obtain the estimate of || E ||, in (3.10), we readily
get that || f”(U)|« < C. Using a Taylor expansion we find that

IN@) I« < Cllgl% + CAlPloo- (3.18)

This estimate, Proposition 2.3, and estimate (3.10) imply that A(B) C B, for a sufficiently
large and fixed M and all small A. Indeed, if ¢ € 5, then

1A@) oo = IT:(~E = N@Dllow = ¢ (IElL + IN@I.) = CA(L+2)

for some proper positive constants ¢ and C, independent of A. Thus, choosing M in the
definition of B large, but independent of A, we get that if ¢ € B then A(¢) € B. Besides, a
direct computation gives that, for any ¢y, ¢ in B, we have

N@D = N@2) = [ £ +80) = £+ — /D)@ — )]
+[f’(l7) — Zs—zewf']@l —$2).
J
Estimate (3.17) readily gives

H [f/(f/) -> e*Ze"’f}(él )
J

< Cxl¢1 — d2lloo
*
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for some constant C > 0. On the other hand, for some 0 < ¢ < 1, we have that
[0+ = 7@+ = D)1 =] = 1T + 11 = $)Id1 — T
Since || f(U + t(¢1 — $2)) I+« < C, for some positive constant C, we get readily
[[£@+60 = 1@+ - @ - d2]| = cCldr - Ik

Thus it is directly checked that the operator A has a small Lipschitz constant in B for all
small A. Indeed, for any ¢ and ¢, in B,

A(@1) — A(@2)llso < clIN(1) — N(¢2)lls

= o (14191 = alloe) 11 = B2llow = Chld1 — f2llos

for constants ¢, C positive and independent of A.

Thus, the contraction mapping principle leads to a solution ¢ of (3.2)—(3.4) with ||¢ oo <
CA. This gives (2.22). The C'-dependence of the function ¢ on the points &, the parameter
m and the corresponding estimates (2.23) can be obtained as in [17, Sect.4].

We will next show the validity of (2.24). Letus fix h € {0, 1,2}and! € {1, ..., k}. Multi-
ply Eq. 3.3 against Z;;¢; and integrate all over 2. Since fQ ZiitiZpt = Cafz(Sﬂ(l +o(1)),
with C a positive constant, and o(1) — 0 as A — 0, we have that

eme] 2C(1+ o(1)) =/L(<5)th§k+/EZh1€k+/N(¢~>)Zh1§k- (3.19)
Q Q Q

We will estimate each of the terms in the right hand side of the above formula. Using the
definition of the cut off functions ¢; in (2.18), the definition of the || - ||«-norm in (3.9) and
the estimate (3.10), we first observe that

/Ezh,;k < C|E| / e e | ZylG < Che; 2,
Q B(&,0¢1)

for some o > 0 and C > 0, independent of A. On the other hand, we have

/N(&)zhzck < CIIN@)ll / e 2e" | ZylG < CA2e;

Q B(&.0¢1)

since (3.18) holds and ||d~>||OO < CX.Since AZy; + sl_2e“’l Zp = 0, a double integration by
parts in the remaining term in (3.19) yields to

/L(&)th;k = 2/vzmva+/ztha (1+ o(1)).
Q Q Q
A direct computation shows that | [, VZu V| [q ZuAg| < Ckel_z. Thus, combining

all the above estimates in (3.19), yields the validity of the first one of the estimates in
(2.24). Next we will estimate Dgc;;. To fix the ideas, we will consider D¢ c;;. Define

Z=0,0,Z=27+ > ab %a.bZablp, Where

b = fQ ¢a’§11(zab§h)
¢ Jo(Zavtp)*
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As shown in [17, Sect. 4], we have that fQ ZZ,-.,{‘,- =0 foralli, j, Z =00n0<Q and

k
L(Z) = =g, [ D ;%" | ¢+ D cijoe, (Zij¢))

j=1 ij
+ D @ap L(Zaplo) + D 0k (€ij) Zij ;.
iJ
Arguing as before, we get that
16y, ¢ij] < Cll Zlloo < Cllg, bllco,

which, together with (2.23), readily gives |0¢,,c;j| < CA. The remaining estimates in (2.24)
on | Dy,c;j| can be obtained in a similar way, so we omit the details. This concludes the proof
of the Proposition. O

4 Proof of Proposition 2.2

We start with the following.

Proposition 4.1 Let § > 0 be a fixed small number; let U be the function defined in (2.9)
and ¢ the function given by Proposition 2.1. Assume the parameters |1j and € are defined
as in (2.7) and (2.8), and assume that X is a free parameter. Then, as .. — 0, the following
expansions hold true

/ V(U + @) dx = 4k {1+ Afi (5, m) + 2705 (6, m)} , 4.1
Q

where

k
feem) =2 | > m% (b+2log2m? + H(;.6)) = D mim;G&. &) | (42)

j=1 i#]

with b = 21og8 — 2 > 0. Furthermore, as A — 0,

k k
/e<U+¢>2 dx = |Q| + 167 Zmﬁ+xzm§/02(x,§,-)dx+AZ®A(g,m). (4.3)
Q j=1 =l g

In (4.1) and (4.3), ©, (&, m) denotes a smooth function, uniformly bounded together with its
derivatives, as . — 0, for (¢, m) satisfying constraint (2.6).

Proof We write

/|V(U+¢)|2dx :/|VU|2+2/VUV¢dx+/|V¢|2.
Q Q Q

Q
In [17] Lemma 6.1, formula (6.11), we showed that

k
1
/|VU|2:47rk L+ afi(& m)+ > el log —0,(E,m) 1 4.4)
Q j=l !
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where f is the function defined in (4.2) and 6, is a smooth function, uniformly bounded, as
A — 0, in the region for (&, m) satisfying (2.6). In [17, Lemma 6.1], we also showed that

/|VU| = dwkADg (fi (€, m))-l—Ze log— 0:(5, m), 4.5)
j=1
5 1
Dy, /IVUI = 4mk)Dp (fic(€, M))+ZS 10g* 0,.(§,m), (4.6)
Q j=1

where again 6 denotes a smooth function, uniformly bounded, as A — 0, in the region for
(&, m) satisfying (2.6). Observe that, given the definition of the parameters ¢; in (2.8), in
(4.4), (4.5) and (4.6) we get that 8? log % = o(»?). In order to get (4.1), we are left with

the estimate of 2 [, VUV dx + [, [V¢|*. Observe first that 2 [, VUV dx + [, |[V¢|*> <

2[[q VUV dx + [, IVeI*].
If we multiply Eq. (2.19) against ¢ and then integrate on €2, we get through an integration
by parts

/VUV¢dx + / IVo[? = A/(U 1 peUte’y 4.7)
Q Q

Q

since we recall that ¢ = 0 on 92 and the orthogonality conditions (2.21) hold. By (2.22) we
have ||@|lco < CA%, for some fixed constant C independent of A, and hence

/ U+ $)eV+’g| < Ca3 / (U + ¢)eU+9”
Q Q

Now, a Taylor expansion on the last integral also gives,

/(U +§)e V| < calfraci? /UeU2 +23C. (4.8)
Q Q

We now write, for some § > 0 small,
2 2 k 2
/UeU dx = / UeV” + Z / UeY”.
Q Q\U; B(;,8/57) I=1B&;5 /o)

Since in the region Q2 \ U;B(§;,8,/¢;) the function U (x) satisfies U(x) = «/X(Zj m;
G(x,&;) +o(l)), with o(1) — 0 as A — 0, a Taylor expansion gives

2
k
fzmj/c(x EN|THA D miGi.gp | | (1 +0(1)
Q\U; B(E;.8,/57) Q =l
k
= «/sz,/c(x £)dx(1 + o(1)).
Jj=1 Q
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Let us now fix an index j. We write

2

2 2
UeV” = eV + UeV" =1, + I.
B(§}.5./€7) B(&;.5¢;1log e ]) B(£;.8 JED\B(&;.5¢; | loge; )

We estimate first /1. Performing the change of variables y = e
Vi(y) =2y;U(ejy +§j) — 2)/1'2 and y; = log 5;4, we have
Vi 22
L= iey; / (Vi) +2y])e QT dy
B(0,6]loge,|)

2
=23y [ e+ o)
B(0, 5\1ogaj|)

=2miV1 / w dy(1+o(1
(y)(l n | 72 ¥( (D).
On the other hand
-3
85/ ]oazr
| e
L] < C/a / —e rdr
r
8| logej|
(t =logr)
log8+% 10g8+ 3
72z+— 3
=CVn / e i dt < CNVn / e 'dt <CAr2. 4.9)
log($)+logy; log($)+logy;
We thus conclude that
/UeU2 dx = V2.0, &, m)(1 + o(1)) (4.10)
Q

where ©, (&, m) is bounded together with its derivatives in the considered region, as A — 0.
This fact, together with (4.7) and (4.8), gives

/VUV¢dx+/|V¢|2:)\3®,\($,m).
Q Q

We conclude that estimate (4.1) holds in the C%-sense. Next we show the C!-closeness in
estimate (4.1), namely we prove that

D;/ V(U + ¢)>dx = 4mkADs fi (&, m) + 12O (&, m) 4.11)
Q
and
Dy / IV(U + ¢)|*> dx = 4kAD,, fi (€, m) + A2 O, (&, m), (4.12)
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for a function ®, (&, m) which is bounded in the considered region, as . — 0. The proof
of (4.12) follows the lines of the proof of (4.11). For this reason, we will focus only on the
proof of (4.11).

An integration by parts gives that

D§/|V(U+¢)|2dx=—2/(U+¢)AU§ —2/(U—|—¢>)A¢g.
Q Q Q

By definition, far from the points &;, say in |x — &;| > & for any j, the function U writes
as U (x) = ﬁ(z’;zl m;G(x, £;) + 0(1)) , while in each set [x — £ <8,/ = 1,....k,
one has that U (x) > a~/A for some positive number a. We refer to (2.9), (2.11), (2.15). On

the other hand, Proposition 2.1 gives that ||¢||cc < C A% for some positive constant C. Thus
we get that

Dg/|V(U+¢)|2dx=—2 /UAUg)(l—I—)\O(l) -2 /UAqbg)(l—i-AO(l) ,
Q Q Q

where O(1) is a continuous function of & and m, which is uniformly bounded, in the con-
sidered region, as A — 0.
Observe now that, using a further integration by parts, we have

/UA¢5 _ /AU@ scn¢g||oo/|AU|.
Q

Q Q

Now taking into account (3.11) and (2.11), it is straightforward to show that fQ AUl < C h
for some positive constant C. We thus conclude that

/UAd)g < CA\?,

Q

and thus, recollecting the previous estimates, we conclude that

Dg/|V(U+¢)|2dx = Z/VUVDEU—i-)»z@,\(S,m)
Q Q

= Ds/IVU|2+k2®x(S,m) 4.13)
Q

where again ® (&, m) is uniformly bounded, for £ and m varying in the corresponding region,
as & — 0. From (4.13) and (4.5) we deduce the validity of (4.11) and henceforth the validity
of (4.1).

Let us now evaluate fQ U+ A Taylor expansion, together with estimate (4.10), gives
that

/e(u+¢>)2 _ /euz 4220, m). (4.14)

Q Q
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Now we write

k
/eUz dx=|> eVl dx | + Ay (4.15)
Q I=1B&;.5 /o)
Since in the region 2\ U; B(§;, § /) we have

U)=~u D mjGx, &) +o) |,
J
with o(1) — 0 as A — 0, a Taylor expansion gives

k
A, = / 1+ miG (x, &) | (1+0(1)
Q\U; B(E;.8/57) /=1

k
=19 —i—)\Zm%/G2(x,§j)dx+)uz®)\(§,m).
FET

Now, we write

/ eU2 dx = / eU2 dx + / eU2 dx

B(§;.8,/27) B(&;,8¢j]loge;) B(§;.8,/c)\B(£;,3¢j|loge;|)
=1L+ Db.

We will show next that

L = 167tm§ + 105 (&, m), I =x10,(E, m) (4.16)
for some function ®;, uniformly bounded together with its derivatives, as A — 0. Indeed,
performing the change of variables y = % and using the notations V;(y) =2y;U(e;y +
&) — 2]/].2 and y; = log 8;4, we have

Vi)
Vit

e i dy

2
I = 8?6)//

B(0.5]loge;[)

8
— 2 _ 2
= 2mj/ TENNEE dy + 10, (&, m) = 1671'mj [1+ 10,8, m)].
RZ

On the other hand
_1
de; ’ log? r
Ll <C / Lt rar=o0,
3]loge;| :

by the calculations in (4.9).

We can thus conclude that estimate (4.3) holds true in C%-sense. The C!-closeness in (4.3)
can be obtained proceeding as in the proof of the C'-closeness in (4.1). We leave the details
to the reader. ]
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We are now ready to give the proof of Proposition 2.2.
Proof of Proposition 2.2. Let R’ be the subset of R defined as follows

R'={(&,m)eR : fr(§,m) #0}.
Replacing expansion (4.1) into (2.27), we see that (2.27) gives
M€, m) + 22058, 1) = a. 4.17)

In R’, the relation (4.17) defines A as a function of «, & and m, which is smooth in (&, m) in
the region R’. Furthermore, as « — 0, we have

o 012

A= +
Ju€&,m) — f3E m)

®C((E’ m)7

where ®, is a smooth function of (£, m), which is uniformly bounded together with its
derivatives, in the region R’, as o — 0.
Assume now (2.27). We shall prove (2.28). Let us define the functional

1 A
J(u) = 5/|W|2— 5/euz
Q Q

for functions u € H(; (£2). Under our assumptions, we have that

J'(U+¢)[oU +¢)] =0, (4.18)
where with 9 we either denote the partial derivative with respecttom ; forany j =1,... k,
or the partial derivative with respectto §;; for j =1,...,k,i =1, 2.

Indeed, a direct computation gives

J(U + U + )] = / VWU + $)VOU +¢)) - A/(U + $)e V(U + )
Q

Q

1 A
Sy /|v(u+¢)|2 -2 /6<U+¢>2 —o.

Q Q

where we used the fact that 9 (fQ V(U + ¢)|2) = 0 since (2.27) holds, and the assumption
that § ([ eV+97) = 0.
Let us now consider the following change of variables

Loua B (x—§1)+ 1
ﬁ( @) (x) = myy; ” T

forsome! =1, ..., k. A direct consequence of (2.15) is

8
w0 = w0+ Y (0ley +5 ~&D +0ED), forlyl == @19)
7

A straightforward computation gives that

JWU + @) = Ii(v),
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2
m
o =0 /|sz| dx—m / 1

with Q; = QE;]‘SZ Furthermore,

where

J' U+l +¢)] = I (v)dv]. (4.20)
Now, since (U + ¢) solves (2.19) in 2, we see that v;(y) solves in €2;
mlefz [Aﬁl+evl(1+2xm12vl)e)“"’/2vl2:| :ZCU[ (M) S;ZZij (M)
ij Ej Sj
Thus from (4.18) and (4.20) we get
0 = I/ (@)[dv]

_Z/ gy+&—§& _, eay+é&—§;
€j

)e; “zij( yovdy | cij.

£j
Y

Now assume that d = 9, . Fix two indices i and j. To compute the coefficient in front of
¢ij in the above expression, we choose / = j and obtain

/{ (M) 8/'_2Zij (M) Dy vidy = M Z(Z)j(y) dy (1+o(1)).

£; £; amq
J J
Q R2

Thus we conclude that, forany h =1, ..., k,

8/1,]

0=> - 25, dy | coj (1+0(1)).
J R2

If we now assume that 0 = d¢,, fora =1,2,b =1, ..., k, adirect argument shows on the

other hand that

i
OZZ T /ZOJ(y)dy coj + /Z%,-(y)dy cab (1 +0(1)).
J

2

We can conclude that D¢, I (§, m) = 0 implies the validity of a system of equations of the
form

9
S B | Aoy =0, j=1,....k 421)
; omy,

o
A gercoitaa (o) =0 a=12 b=l k (422

for some fixed constant A, with o(1) small in the sense of the L® norm as A — 0. The
conclusion of the Lemma follows if we show that the matrix (D, ;) ; of dimension k X k is
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invertible in the range for the points §; and parameters m ; we are considering. Indeed, this
fact implies unique solvability of (4.21). Inserting this in (4.22) we get unique solvability of
(4.22).

We will now show that (D, i) is invertible. Consider the definition of the u;’s, in terms
of m’s and points &; given in (2.7). These relations correspond to the gradient D, F'(m, &)
of the function F' defined as follows

k
1
Fn,§) = 5 > m? [log2m? —log8u3 — 1 — H(&. &) | + X G&i. &mim,.
j=1 i#]
It is natural to perform the change of variable s; = m? With abuse of notation, the above
function now reads as follows
k
1
Fs.6) =5 D s [log2s; —log8u — 1 = H(E;. )| + D G(&. 6)y5is;.
Jj=1 i#]

This is a strictly convex function of the parameters s, for parameters s ; uniformly bounded
and uniformly bounded away from 0 and for points &; in €2 uniformly far away from each
P*F
0s; dsj
parameters and points we are considering. Thus, by the implicit function theorem, relation

other and from the boundary. For this reason, the matrix ( is invertible in the range of

(2.7) defines a diffeomorphism between 1 ; and m ;. This fact gives the invertibility of (M>

am;
we were aiming at.

This concludes the proof of Proposition 2.2. O

5 Proof of Theorem 1.1

In this section we assume that 2 is a bounded domain with smooth boundary and we let
k = 1. Thus in this case the point £ € €2 and the parameter m € R satisfy the constraints

dist(£,9Q) > 8, s <m <o L. (5.1)
Condition (2.27) reduces to
Af1(E,m) + 22O, m) =« (5.2)
where
fi(E.m) =2m* (b + 2log2m® + H (£, £)). (5.3)

In (5.2), ®,(&, m) is a smooth function, uniformly bounded together with its derivatives,
as L — 0, for (&, m) satisfying constraint (2.6). For simplicity we introduce the change of
variables s = m?. Observe that, for any £ € ©, the function s — b + 2log2s + H (£, ) is

. . . . - —bHHES .
strictly monotone in (0, 00), it has a unique zero 5§ = 5(§) = %e 2, it is negative for

0 < s < 5 and strictly positive for s > 5. We thus conclude that in the region

G eR ={E s E§€Q,s>5)

where f1 (&, s) is strictly positive, relation (5.2) defines A as a smooth function of @ and (&, s).
More precisely,

o

A=
1. 5)

+ a2 fi(&,5)Ou (&, 5)
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where ©, is a smooth function of (£, s), uniformly bounded together with its derivatives, as
a — 0.
Replacing (5.3) and (5.2) in (4.3) for k = 1, we get that
o [o G*(x, &) dx
2(b+2log2s + H(&, §))

g(&,s) :z/e“”"’)2 dx = |Q| + 167s +
Q

2
o
+(2s(b+210g2s+H(§,$))) Ou (s, 5), ©4
where ©,, is a smooth function which is uniformly bounded together with its derivatives in
the region R’.

As a consequence of (5.2) and of Proposition 2.2, we have that the function u = U + ¢,
where U is defined in (2.9) and ¢ is given by Proposition 2.1, is a solution to our problem
(2.3) if we establish the existence of a critical point (£, s) for the function g given by (5.4).

We claim that, given § > 0, for all « > 0 small enough, the function

o [ G*(x,€)dx
2(b+2log2s + H(&, §))
has a critical point in the region dist(¢, 9€2) > S and 5(§) +8/a < 5 < 5(§) +58~! /o, with

_b+HES . . .
value (IQl + 8me 2 ) (14 0(/@)), asa — 0, in the region considered. Furthermore,

wa(§,5) == |2+ 16ms + (5.5)

we show that this critical point situation is stable under proper small C! perturbation of ¢, to
be more precise, any function v such that | — @y ||co + | V¥ — V@u | < Ca in the region
considered, also has a critical point. This fact will conclude the proof of Theorem 1.1 since,
in the above region, the function g(&, s) given by (5.4) is a proper small C! perturbation of
¢y as o — 0 in the sense described above.

Thus what is left of this section is devoted to prove the existence of a C!-stable critical
point situation for ¢, (see Proposition 4.1).

Consider the new change of variable t = s — §, so that # > 0 in the region we are

considering. In this new variable, the function ¢, takes the form

o [o G*(x,§)dx
2log(1 + %) '

Let Hy > 0 be the minimum value of the function H inside 2. Let § > 0 be such that the

set Q25 :={& € Q : H(, &) < Hy + 1068} is strictly contained in 2.
Let

vu(§,1) = |Q| + 167 (5 + 1) + (5.6)

D = Qs x R4
and let B = s'z% x [8/a, 8 \/a] and By = 5‘2% x {8/a, 871 \/ar}. Consider the set I of all
functions ¢ € C(B, D) such that there exists ¥ € C([0, 1] x B; D) with
v(0,)=1Idg, ¥(1,)=¢, ¥, ) =Idp,.
Define

sup inf ¢@u(&,1) =c.
¢EIE(§,1)53 *

Observe that the value c is strictly positive, as a direct consequence of the definition of ¢,
in the region considered. We will show that, given § > 0 small, for all « > 0 small enough,
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(a)

inf 1) >
@J)GBO%(E ) >c¢

(b) there exists K > 0 independent of § > 0 such that
c< K

(c) if 8 > 0 is small enough, then for any (&, ) € 9D such that ¢, (&, t) = c there exists a
tangent vector t to d D such that

Voo (&, 1) - T #0.

Under the conditions (a), (b), (c), a critical point (é, 1) for ¢, with @y (5, ) = c exists, as
a standard deformation argument involving the negative gradient flow of ¢, shows. This
structure is clearly preserved for small C'!(D)-perturbations of ¢, and hence a stable critical
point situation for the functional g, which is C'-close to ¢, is established.

Proof of (a) We start with the following observations. For any given &, since o« > 0 the func-
tion t — @y (&, 1) is strictly convex and positive in (0, 0o), thus it has a unique minimum

which we denote by 7 = 7(£). This minimum is non degenerate, namely %gﬂa (&,1) #0, as
a direct computation shows. From 9,¢, (€, ) = 0 we get that

- - 2
log? (1 n i) (1 ¥ é) _ oG x. Hdx. (5.7)
K K 327s

The function A (r) := log2(1 +r) (14r) is strictly monotone in (0, co) and a Taylor expansion
gives

h(r) =r*+0@G?) as r — 0.

In particular, as « — 0, from (5.7) we obtain

Jas /[ G2(x, &) dx
f= fiz/ﬁ + o(/as). (5.8)

Choosing, if necessary, a smaller §, we may assume that, for any & € Qs, we have that

—1

8 _ 8
SV i) = 7«/&.
In particular, this fact gives the validity of (a). ]

Proof of (b) Inserting (5.8) in (5.5), we get

0o (£, 1) = |2+ 1675(5) + o (&), (5.9
where
G2
Gul€) = Va5 | 4 g/cz(mH Ve Jo x.5) + oo
(5.10)
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From (5.9) we thus get the following estimates for @y (£, 7(£))

b+H(.§)

Pa(§,1(8)) = Q|+ 16me” 2 + O(Va). (5.11)

From this we conclude that there exists a constant M independent of § such that

_brHES
¢ < sup (|§2|+16ne 2 +M).
EeQ

Thus (b) is proven. ]

Proof of (c) We argue by contradiction: assume that for a sequence § — 0, points (£, t) with
0o (E,1) = cand (€, 1) € D we have that Vg, (€, 1) - T = 0 for any tangent vector 7 to 9 D.
Since c is uniformly bounded above and below away from zero, we have that ¢ is uniformly
bounded above and away from 0. Thus we assume that 9,¢, (&, f) = 0 (otherwise we would

get a contradiction right away). But if this is the case, our function ¢, (£, 7) is given by (5.9),
. . _btHES . . .
or equivalently (5.11). Now, since § — e 2 has a maximum in the region 25, we have

the existence of a tangent vector T to 325 such that Vg, (£, 1) - T # 0. This concludes our
argument, and also the proof of Theorem 1.1. O

6 Proof of Theorem 1.2
In this section we assume that €2 is not simply connected and that k = 2. In this case
£=(£,86) e Q®andm = (m;, my) € R satisfy
dist(§;,0Q) > 8, |6 —&|>8, §<m; <87! 6.1)
for some given § > 0 small, but independent of «. We denote
Qf = (€ = (51.5) € Q1 dist(&. 89) > 8. [§1 — &2 > 3). (6.2)
Condition (2.27) reduces to
M6 m) + 220, m) = o 6.3)

where

2
fEm)y =2 > mib+2log2m} + HE &) —mimaGE1L &) | . (64)
j=1

From now on, we will use the change of variables m? =sj,j=12
‘We will next describe the set

Z={(5) e QxR & #&, 5150 #0, fr(£.5) =0} (6.5)

For any fixed £ = (1, &) € Q2?, with &1 # &, there exists a unique intersection in Rﬁ_
between the set

Ze ={s €RL 5150 #0, fr(€,5) =0} (6.6)

and the lines s = ts1, for any O < ¢ < oo. This gives a parametrization of the curve
described by Zg. Namely

1 t
Zs ={s =(s51,%) € Ri 15 = Ee‘z’@”), Sy = Ee‘z’(é”), 0<t < oo}

@ Springer



566 M. del Pino et al.

where

VIGE, &) — (1+0b— H(&, &) —1H (5, &) — 2logt

2(1+1) ©7

¢, 1) =

In particular, the set Z¢ is asmooth curve inR? , which s diffeomorphic to {s +s5 = 1}NR%,
and it divides Ri into two connected components, one bounded and the other unbounded. In
the unbounded component f> is positive. We call this region Zg' and we denote by Z; the
region given by

Z5 ={(&,5) € 2 x Ry 5150 #0, fo(E,5) > O}
In Z; relation (6.3) defines A as a smooth function of the free parameter « and of the points
(&, s). More precisely,

o 062

A=
HEs) | fHEs)

where ®, is a smooth function of (£, s), uniformly bounded together with its derivatives, as
a — 0.
Replacing (6.4) and (6.3) in (4.3) for k = 2, we get that

Oy (£, 5)

) Uit ah(&,s)
g, s) .:Q/e( O dx = Q| + 167 (s1 + 52) + .5
+( : )2®a<s,s>, (6.8)
HEs)
where
heE, 5) =s1/G%x,sl)dx+sz/62<x,sz>dx, 6.9)

Q Q

/> is defined in (6.4) and ®,, is a smooth function which is uniformly bounded together with
its derivatives in Z;, asa — 0.

As a consequence of Proposition 2.2, we have that the function u = U + ¢, where U is
defined in (2.9) and ¢ is given by Proposition 2.1, is a solution to our problem (2.3) if we
establish the existence of a critical point (£, s) for the function g given by (6.8). We will
devote the rest of this Section to prove the above assertion.

We first introduce a further change of variables. For any fixed & € Q2. we consider
the connected region Zgr in Rﬁ_ where f>(&,s) > 0. We perform the following change of

variable: for any & € Qg and ¢ € (0, 00), we define s = (1 + r)s, where

HED f PED
2 72

5= (18,0, 5(6,1) = ( (6.10)

with ¢ given by (6.7), and r € R. In particular, s € Z¢ and if » > O then (1 +r)5 € Z;.
In the new variables (&, ¢, r) the function g takes the form
g, t,r) = |Q|+ 167 (1 + r)(s1 + 52)
ah(, (1+7r)s) ( o
f2(&, (1 +1)5) f2(&, (1 +1)s)

2
) Ou, (1 +71)s). (6.11)
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Finding critical points for g(£, s), for £ € Q(% and s € Z; , is equivalent to finding critical
points for g(&,t,r) for & € Qg and (t,r) € Rf_.
We claim that, given § > 0, for all @ > 0 small enough, the function
o ah(&, (1+7r)s)

0o (&, t,r) = Q|+ 167 (1 +7)(51 +52) + HE d+15) (6.12)
has a critical point in the region dist (§;, 02) > 4,161 —&| > 6,8 <t < 5! and S Ja <
r < 81 /a, with value (|| + O(1)) (1 + O(y/@)), as a — 0, in the region considered.
Furthermore, we show that this critical point situation is stable under proper small C' pertur-
bation of ¢, : to be more precise, any function ¥ such that || — @y ||co+ | V¥ —V@y oo < Ca
in the region considered, also has a critical point. Since g is properly C!-close to ¢, (see
Proposition 4.1) this fact will conclude the proof of Theorem 1.2.

Let us fix a small number § > 0 to be chosen later. We define D to be

D=Q3 xR2, where Q}={ye Q%/dist(y, 9% > 5}. (6.13)

Denote by 2 a bounded nonempty component of R? \ € and assume that 0 € §2;. Consider
a closed, smooth Jordan curve y contained in 2 which encloses €2;. We let S be the image
ofyand B=S x § x [4, 5711 x [6/«, S_Iﬁ]. Thus B is a closed and connected subset
of D. Define By = S x § x [8,87'] x {8/a, ' \/a}. By is a closed subset of B.

Let I' be the class of all maps ® € C(B, D) with the property that there exists a function
v e C([0, 1] x B, D) such that

VO, )=Idg, W(,)=&, W, ), =Idy. (6.14)
Then we define
C = sup inf ¢4 (P(2)). (6.15)
el 2€8

We will show that, given é > 0 small, for all « > 0 small enough,
(@)

infopy(&,t,r) > C
By

(b) there exists K > 0 independent of § > 0 such that
C<K

(c) if § > 0 is small enough, then for any (&, ¢,7) € 9D such that ¢,(&,t,r) = C there
exists a tangent vector 7 to D such that

Voo, t,r)-t #0.

As in Sect.5, the conditions (a), (b) and (c) yield a critical point (€,7,7) for ¢, with
@u(€,1,7) = C, by a standard deformation argument involving the negative gradient flow
of ¢ . This structure is preserved for small C'(D)-perturbations of ¢, and hence we have a
stable critical point situation for the functional g, which is C'-close to ¢q.

Proof of (a) We claim that, given § > 0 small, for any £ € Q2, with dist(§;, 9Q) > &, |&] —
£&| > 68, and t € RT the function r — ¢4 (&,t,r) has a non degenerate minimum in
[6/c, 8 -1 /). Indeed, observe that in this region, the function ¢, takes the form

(pol(g’tvr)=¢(X(Ea[sr)+a6)0t($7[’r) (616)
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where
ah(€,s)
[asl fZ(Sv E)El + asz fZ(E? E)EZ]"

and Oy (&, ¢, r) is a smooth function, uniformly bounded together with its derivatives, as
o — 0. A direct computation gives

(ﬁa(%.’t’r) = |Q| + 16”(1 +}")(§1 +§2) +

_ . V52
5, f2(5,5) =2\ b+ 2log2s + 2+ H(§1,61) — ﬁG(fl»&) ,

05, f2(5,5) =2 (b +2log25 +2+ H(5, &) — 2\\//%(;(51, 52))
and, since f,(£,5) = 0, we get that
05, 2§, 5)51 + 05, 2(§, 5)s2 = 4(51 + 52).

Observe that, in the region we are considering, we have thatm < 514352 < m~!, foracertain
positive constant m depending on §, but independent of «. Inserting the above computation
in @y, we get

- _ ah(&,s

GulE1,7) = 190+ 167(1+ PG +52) + &5
4(s1 + S2)r

Since « > 0 and i > 0, the function r — @4 (£, ¢, r) has a critical point 7 given by

Vh(&,s) m
8T +52)

which is a non degenerate minimum, since

r =

ah(&,s)

25 o
0 pq(§,t,1) = W

Choosing, if necessary, a smaller §, we may assume that, for any & € f2§ and§ <r <871,
we have that

-1

3 8
5 (XE’:@J)ET\/&-
In particular, this fact gives the validity of (a). O

Proof of (b) Inserting the value of 7 in @, see (6.16), we get
P (&,1,7) = Q| + 167 (51 + 52) + Va 2/7 Vh(E, 1) + O(@),
and thus from (6.16) and (6.10)

Q| + 16751 + 52) + O (Va)
= Q| + 87 (1 + )e?ED + 0(Ja). 6.17)

(pa(sst’ f)

To prove (b), we need to show the existence of K > 0 independent of small § such that if
® e T, then there exists a point 7 € B for which

o (P(2)) < K. (6.18)
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We write

2=(21,22,23,24),  P(2) = (P1(2), P2(2), P3(2), P4(2)),
with

(z1,22), (P1(2), P2(2)) € SA?% 73, 24, P3(2), P4(z) € Ry.

Since by definition (6.14) the map W keeps By fixed, we have that for any (z1,z2) € S x S
and z3 € [8, 87!], there exists Z4 € [8+/a, 871 /a] so that for this z

¢a(P(2) < |Q] + 8 (1 + @3(2))e? 190D 1 0(Ja).

We now claim that for any z3 € ]R_%_ there exists a z € S x S such that ®;(Z, z3, Z4) and
®(Z, z3, Z4) have antipodal directions, more precisely

Q1(Z,23,24) Dy (2, 23, 24)
A A - T A A )
|P1(2Z, 23, 24)| | P2 (2, 23, 24)]

(6.19)

where R, denotes a rotation in the plane of an angle 7. This implies the existence of a number
M > 0, which depends only on €, such that G (@1(2, 23, 24), ®2(Z, z3, 24)) < M. This
yields by (6.7)

~ N _b _ tlogt
0o (P(Z,23,24)) < |Q +8me 2(1 +1)e” ™ <K

for some explicit number K, which depends on M, but is independent of §. This gives
estimate (6.18).

We prove (6.19) by a degree argument. For fixed z3, consider an orientation-preserv-
ing homeomorphism # : S' — S! and the map f : S' x §! — S! x S! defined as

@) = (fi©). f20)) with
@1 (h(81), h($2), 23, 24) P2 (h(81), h($2), 23, 24)
f1¢1,8) = — @1, 0) = —
[P1(7(81), h(£2), 23, 24) ] [D2(h(51), h(£2), 23, 24)]
If we show that f is onto, we get in particular the validity of (6.19).

By (6.14) there exists a map W € I such that W(1,-) = ®. Let W;(¢, -) denote the
components of the map W and set \IJ (t,€1,&) = Vi (1, &, &, 73, Z4). We then have \IJ €
C([0, 1] x S' x S, Q2), ¥;(0, ) = Idgi g1 and ¥; (1, -) = ®;,i = 1, 2. We now define a
homotopy F : [0, 1] x Sl x$1 o> g1y s by

Fi(t.¢) = ‘f’l(t,h({l),h@z)) and Fy(r.0) = ‘f’z(t,h(él),h(tz)) .
W1 (2, h(£1), h(52))] [Wa(t, h(81), h(52))]

Note that F(1,¢) = f(¢) and

F(0,8) = (h(51), h(£2)).

This function defines a homeomorphism of S! x S!, which we regard as embedded in R,
parametrized as follows:

¢ :(61,62) € [0,21)% > (p1 cos by, pisinéy, 0) + (0, pa cos b2, pa sin ba),
for 0 < pa < p1. The map f defined above can be read in the introduced variables as

F &) = (p1/1(5),0) + (0, p2. /2()).
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and it can be extended to a continuous map f : T — T, where T is the solid torus described
by

01, 602, p) € [0, 271)2 X [0, p2] = (p1 cos by, p1 sinfy, 0) + (0, pcosbs, psinbs),
with
F&. p) = (o1fi(£).0) + (0, pf2(0)).
Note that f is homotopic to a homeomorphism of T, along a deformation which maps
9T = S! x S! into itself. This implies that deg( f , T, P) # 0 for all P lying in the interior

of T. This implies that f is onto: indeed, taking (6}, 65) € [0, 27)% and p* € (0, p2), there
exist £** € §' x S! and p*™* € (0, p») such that

(p1 1 (&™), 0) + (0, p™ f2(£™)) = (p1 cos B, p1sin 6], 0) + (0, p* cos 63, p* sin 63),

which implies that f1(£**) = (cos 6}, sin ), f2(¢**) = (coséy,sin6) and p* = p**.
Thus f is onto, and this concludes the proof of (6.19). O

Proof of (c) Consider (§,¢,r) € 9D with ¢y (&,¢,r) = C. Since C is uniformly bounded
above and below away from zero, we have that r is uniformly bounded above and away
from 0. Thus we may assume that 9, ¢y (€, t, ) = 0 (otherwise we would get the result right
away). But if this is the case, our function ¢, (€, ¢, r) takes the form (6.17). Let us set

(€ 1) = |2+ 81 +1)e? D, (6.20)

We argue by contradiction. Let us assume there exist a sequence 6 = 6, — 0 and points
&, ty, 7 (&n, 1)) € 0D such that ¥ (&, t,) = Cand V¢ (&,, t,) - T = O for all tangent vector
T to dD.

Passing to a subsequence, if necessary, we have that (§,, t,) — (£, 1) € Q% x Ry, with
(E,DHed (S_Z2 X R+) and (€, 1) = C. We will show the existence of a vector T # 0, tangent
to the boundary of Q2 x Ry such that Vi (€, 7) - T # 0, reaching thus a contradiction.

We start with the following observation: given any “;‘ (&1, &), the function 1 €
(0, 00) — (£, t) has a unique non degenerate maximum ¢ = 7(£). Indeed, observe that
X _btHE D . _btH(E .8)
lim ¥ (&,t) = 8me 2, lim (&, t) =8me 2,
1—0t t—+400
oED
0y, 1) =dme T [L(E, 1)+ H(E1, &) — H(&, &)] (6.21)
where
L. 1) = G(Sl §) —2logt.

\[

The function t — £(&, t) is monotone decreasing in (0, 00),

lim ¢(&,1) = +oo, lim £(&,f) =—
t—0+ t——+00

and
L&, 1) = G(éé) 2 0, forall >0
=— ——-< or a > 0.
; o \[ 1,62
Letf = £(£) be the unique non degenerate maximum point of ¥ (£, ), defined by the relation
17 -
= 62) —2logt = H(§,6) — H(1, §1). (6.22)
Wi
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A key fact is that there exists a positive constant ¢ > 0, independent of §, such that
¢ <t < ¢!, This fact is a direct consequence of the definition of 7 given by (6.22) and of
the following property: there exists a positive number C, independent of §, such that

H(&2,86) — H(§1,51) -
2G (&1, &) -

C. (6.23)

We postpone the proof of (6.23).

Assume now first that (§,7) € 9 (Q* x Ry), with & € Q2. This implies that , —
0 or t, — oo. In both cases, thanks to the above discussion and to (6.21), we get that
Vi (€, t,)| = M, for some positive fixed M, as n — oco. We thus get the result.

Let us consider now the case in which dist(§>, 92) = §. As § — 0, this fact implies that
H (&>, &) — oo, but then we must also have that |§; — &| — O to keep the value of ¥
bounded. By construction we have dist(&1, 32) > 8. Two cases arise: if V1 (€, ) # 0, then
we can choose 7 parallel to Vv (&, 7). Otherwise, we are in the case in which Vv (&, 7) = 0.
This implies that 7 = f. What is left of this proof concerns the analysis of this case.

We recall that the case we are discussing is the following: dist(&, 02) = §,& — &,
with dist(€1, 9Q) > 8, V, ¥ (£, 1) = 0, with i = 7. Inserting the value of 7 given by (6.22)
into the expression of ¥, we get

7

V(. 7€) = 8ne (1 +De
We assume by contradiction that
Ve, (€, 1)-1=0 (6.24)

for any vector t tangent to 025 at &>, where Qs = {x € Q : dist(x, dR2) = §}. Taking into
account (6.22) we have that

VideG (&1, &) — 20:H (1, &)
1 .

Ve (6.0 =y (€, 1)

We denote p = |£1 — & | — 0. Only two cases may occur, namely 35 soor 3p < cop, for
some constant co. We shall show that in both cases relation (6.24) is impossible.
Let us assume first that % — 00 and define

:Sz—éj
0

X for j=1,2

and X; = lims_,¢ x;. Let us define

@(x1,x2) = @2(&1 + px1, & + px2, 5).

Since away from the boundary the function H (x, x) is bounded, we get
1
lim V, =—Coy, log—— #0
lim Ve, @2(8 + px) ; 10g 7o —— 7

contradicting (6.24). Thus, we necessarily have that % is bounded. The interesting case is
when & € 9€2s. If not, we can reproduce the argument above to reach a contradiction. The
case § = o(p) cannot happen because of (6.23). Let us assume then that % — ¢. We consider

the scaled domain = §~'Q, whose associated Green’s function G and regular part H are
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given by (6.26). In this scaled domain the number ¢ defined by relation (6.22) remains away
from 0 and 1, since the quantity

H(&, &) — H(EL &)

2G (&1, &)
remains bounded. Furthermore, after a rotation and translation, we may assume that §2 =
%2 — (0,1),& := %‘ — (a, 1), for some a > 0, as § — 0 and the domain 2 becomes

the half-plane x, > 0. Under this condition, we see that the derivative of ¢, in the direction
e = (0, 1) is not 0, reaching again a contradiction with (6.24), and the proof is concluded.

In the rest of this proof, we will show the validity of (6.23). We assume by contradiction
that

. H&. &) - HEL§)
- 2G (1. 62)

We have § = dist(&, 0€2). Let us denote di = dist(§1, 9R2), and d = | — &>|. Condi-
tion (6.25) implies that d; and d — 0, with § = o(dy) and § = o(d). Let us consider the
expanded domain = § €2 and observe that for this domain its associated Green’s function
and regular part are given by

ﬁ(xl,xz) =4logd + H(sx1, 6x2), G(xl,xz) = G(8x1, 6x2). (6.26)

0

— +00. (6.25)

Furthermore, dist(&>, 02) = § implies dist(%z, BQ) = 1. After a rotation and translation,

we assume that %2 = (0, 1) and as 6 — 0 the domain Q becomes the half-plane x, > 0. We
denote respectively by G and Hy Green’s function and its regular part, associated to the half
plane x» > 0. The expressions for Gy and Hy are explicit:

1 _
Ho(x,y) =4log [P y=01-y)

where y = (y1, y2), and

Go(x,y) =4log —4log

lx — vl lx =31

We thus compute the expression in (6.25)
o< HE 8) — HE L&) _ A2, 2) - HE S

B 2G (&1, &) 2G (3, 2)

Ho((0, 1), (0, 1)) — 4log -2z + o(1) o)
= 8 = N
4log =y

but this is in contradiction with (6.25). m]

7 Proof of Theorem 1.3

In this section we assume that Q = B(0, b) \E(O, a) with 0 < a < b and we fix an integer
k. We look for a solution to Problem (2.4)—(2.5), or equivalently for a critical point of the
functional I (1) constrained to S, for u > 4wk (see (1.2)), in the class of functions that are
invariant under rotations of angle 27”
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To be more precise, we build a solution of the form
ux) =U(x)+¢x)
where U (x) is given by (2.9), with the following choice for the points &; and the parameters
mj

271(/71)1- .
Ej=re ¥ ', mj=m forall j=1,...,k

with r > 0, m > 0. Recall that the function ¢ is a solution to the nonlinear Problem (2.19)—
(2.21).

Since by construction the function U is invariant under rotations of 27” and it is even in
the x,-direction, a direct consequence of the uniqueness of ¢ guaranteed by Proposition 2.1
is that the function ¢ shares the same symmetries. These facts, together with the uniqueness
of ¢, imply that the constants ¢;; that appear in Eq.2.19 satisfy the following conditions

cij=ciy forall j=2,...k, forall i =0,1,2
and
c1 =0.

We thus conclude that if we work in the class of functions that are invariant under rotations
of 27” and even in the x;-direction, the function U + ¢ is a solution to (2.4)—(2.5) if there
exists a proper choice of A, » > 0 and m > 0 such that

/|V(U+¢)|2d.x =4 k(l +(1), and col = C11 = 0.
Q

From Proposition 4.1 we deduce that the first of the above conditions reduces to
W fi(rom) + 220, (r,m) = a (7.1)

where

felrom) = 2km? [b +2log2m®) + H(€1, £1) — > G(&, s»}
i>1
and ®, (r, m) is a smooth function of the variables r, m, which is uniformly bounded together
with its derivatives, as A — 0, intheregiona +8 <r <b—4§,8 < m < 8~ for any given
5> 0.
For simplicity we introduce the change of variables s = m?, and we define H(r) =
HEé,é)and G(r) = Zi>] G (&1, &). The function f; gets rewritten as

Je(r,s) =2ks [b+210g25 +H®) — G(r)],

o | _btHO)-G@) .
Forany r € (a, b), lets = s(r) = e 2 . In the region

(r,s) e R ={(r,s):r € (a,b),s > 5()},
fi(r, s) is strictly positive and relation (7.1) defines A as a smooth function of « and (r, s).
More precisely,

o 0{2

A=
frs) | fersy

Oy (1, s)
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where ®,, is a smooth function of (r, s) uniformly bounded, together with its derivatives, as
a — 0.
Inserting this information into (4.3) we get that

a [o G*(x, £ dx
2(b+2log2s + H(r) — G(r))

g(r,s) = /e(U+¢)2dx =|Q|+ 167 ks +
Q

2
o
+ (2s(b T 2log2s + H(r) — G(r))) Oa(r. ), 7:2)

where ©, is a smooth function which is uniformly bounded together with its derivatives in
the region R’.

As a consequence of Proposition 2.2 and the symmetries of the function U + ¢, we have
that u = U + ¢ is a solution to Problem (2.4)—(2.5) if we establish the existence of a critical
point (r, s) for the function g given by (7.2).

Arguing as in Sect.5 we will prove that, given § > 0, for all « > 0 small enough, the
function

a [o G*x, &) dx

s = Q 16 k
Pa(r,s) = |Q] + 167 S+2(b+2log2s+H(V)—G(r))

(7.3)

has a critical point in the regiona 48 < r < b—8and5(r)+8/o < s < §(r)+8~ !/, with
value |2| + 8ne‘w + O(J/a), as @ — 0, in the region considered. Furthermore,
we show that this critical point situation is stable under proper small C! perturbation of @y :
to be more precise, any function v such that ||y — ¢ulleo + [|V¥ — V@ullee < Ca in the
region considered, also has a critical point. This fact will conclude the proof of Theorem 1.3.

Thus what is left of this section is devoted to prove the existence of a C!-stable critical
point situation for ¢y .

Consider the new change of variable t = s — 5, so that + > 0 in the region we are
considering. In this new variable, the function ¢, takes the form

o [ G*(x, &) dx

2log(1+ %) e

0 (r, 1) = Q|+ 167k (5+1) +

Since the points &; are uniformly separated from each other, the function G (r) is bounded
from above in the interval (a, b). Since lim, ., H(r) = lim,_,;, H(r) = o0, the function
H(r) — G(r) has a minimum rg in (a, b). Let § > 0 and define the set Is := {r € (a, b) :
h(r) < H(ro) — G(rg) + 104}. Let

D:=1I5 xR,

B = _% x [8/a, 8~ /a]and By := I_% x {8/ar, 871 /ar}. Consider the set I" of all function
¢ € C(B, D) such that there exists ¥ € C([0, 1] x B; D) with

Ip(o’ '):IdBv 1/,(17):(1)’ .(//(tv ')\30 :]dB(y
Define

sup inf r,t) =c.
¢E¥(r,t)eB(pa( )

The value c is strictly positive, as a consequence of the definition of ¢, in the region consid-
ered. As in Sect. 5 one proves that for given § > 0 small and for all « > 0 small enough,
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(@) inf nep, pou(r,t) > ¢

(b) there exists K > 0 independent of § > 0 such that ¢ < K

(c) if § > 0 is small enough, then for any (r, t) € dD such that ¢, (r, t) = c there exists a
tangent vector T to d D such that Vo, (r,t) - T # 0.

From (a), (b) and (c) one obtains as in Sect. 5 a critical point (7, ) for ¢, with ¢y (7, 1) = ¢,
by a standard deformation argument involving the negative gradient flow of ¢,,. This structure
is clearly preserved for small C'(D)-perturbations of ¢,, and hence a stable critical point
situation for the functional g, which is C I_close to @y, 1s established.

This concludes the proof of Theorem 1.3. O
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