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1. Introduction and statement of main results

This paper deals with the construction of finite energy solutions to the Yamabe equation in R",

Au+yluPlu=0 inR" (1.1)
where n > 3 and p is the critical Sobolev exponent p = % and the constant y > 0 is chosen (for

normalization purposes) as

_n(n—2)

By finite energy solutions of problem (1.1) we mean critical points of the functional
J) = l/ |Vul? — 2 / P, ueD"(RY)
3 P+ ; ;
R" R"

where DV2(RN) = {u € LPHI(RN)/Vu e L2(RN)}.
It has been known after the work by Obata [14] that the only finite energy positive solutions
to (1.1) are given by the family of functions

N-2

7

PU i x—8),  UE = 2 )T feRr =0 (12)
® " 1+ |x|? o

2

corresponding to the extremals for the critical Sobolev embedding [1,17]. These functions are indeed
all positive solutions of (1.1), even without the finite energy requirement, see Caffarelli, Gidas and
Spruck [6]. Finite energy sign-changing solutions to (1.1) are only partly understood. Radially sym-
metric ones for instance do not exist as it readily follows from Pohozaev’s identity [15]. On the other
hand, via stereographic projection to S" Eq. (1.1), which is conformally invariant becomes

4 .
Asnv+y(lv|72v —v)=0 inS", (1.3)

see for instance [16,9]. Ding [8] found that compactness of critical Sobolev’s embedding holds within
functions of the form

vx) =v(lx1l, Ix2]), x=(x1,%) € S" C R =RF 5 RM1K | > 2,

so that infinitely many solutions of this form exist, for any n > 3, thanks to Ljusternik-Schnirelmann
theory. No qualitative features of these solutions other than their radial symmetry are known. See
also [10].

Using a different method, we have built in [7] sequences of sign changing solutions for prob-
lem (1.3) for n > 4 without radial symmetry. These solutions have large energy and exhibit concentra-
tion patterns of their energy densities along special submanifolds of S™. They can be visualized as a
large number of bubbles of the form (1.2) with small scaling parameters . Among the possible con-
centration sets included are great circles in S" and higher-dimensional sets such as the Clifford torus
%251 X %251 x {0} ¢ S" c R™1 for n > 5. The construction in [7] does not include the 3-dimensional
case.

The purpose of this paper is to devise an approach which provides examples of non-radial so-
lutions in all dimensions n > 3, at the same time providing fine knowledge on the core asymptotic
behavior. We will concentrate on the simplest case considered in [7]: solutions of (1.3) concentrating
on a great circle. We construct for any n > 3 a solution to Eq. (1.1) which looks like the soliton U
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crowned with k negative spikes arranged on a regular polygon with radius 1, and precisely described in our
main result:

Theorem 1. Let n > 3 and write R" = C x R" 2 and let 5}‘ = (e% ,0), j=1,..., k. Then for any sufficiently
large k there is a finite energy solution of the form

n—2

k
w ) =U® -y e > U(ue x—£)) +o(1),

j=1
where

Cn

M= forn=4,

2 forn=3.

o
"~ k2(logk)?

Moreover,

Ju) = k+1)JU)+0(). (14)
Here O (1) remains bounded and o(1) — 0 uniformly as k — +oo0.

The proof of this result consists of linearizing the equation around a first approximation and devis-
ing an invertibility theory for the linearized operator which takes advantage of the symmetry of the
configuration, and reduces the problem to just slightly adjusting the scaling parameter (. The ba-
sic outline is similar to that in [7], but with the main ingredient worked out in a different way:
in order to cover the lower-dimensional case, the invertibility theory for the linearization needs to
involve norms which describe in more accurate way the behavior of the error of approximation
and the corresponding remainders. In this way, together with covering the case n = 3, the above
result describes a more precise asymptotic behavior for n > 4 than that in the parallel construc-
tion [7].

We believe that the approach devised in this paper may also be applicable to cover lower dimen-
sions in higher-dimensional lattices, for instance for n =4 in the Clifford torus. We will not treat these
issues in this paper but just concentrate in the simplest case of the crown solution. We point out that
the idea of using the (large) number of bubbles as a parameter of the problem has been previously
developed by Wei and Yan in [18] for critical problems with the presence of weights. The possibil-
ity of concentration of positive solutions on lattices is discussed in [13]. Finally, we point out that
sign-changing, non-radial solutions were found in [4,5] in the subcritical range while in the critical
exponent case and n =3 the topology of lower energy level sets was analyzed in [2,3]. The result de-
scribed here is the first semi-explicit construction, with an approach which naturally yields spectral
information on the linearization. Such properties for finite-energy solutions may be important for in-
stance in understanding the long-term dynamics in the corresponding Schrodinger equations, a topic
of recent high interest, see [11,12].

The rest of the paper will be devoted to the proof of Theorem 1.

2. First approximation and the error

In this section we construct a first approximation to find a solution to our problem (1.1). As men-
tioned in the introduction, it is known that all positive solutions of (1.1) are given by the family

wu(y—£), E€R", >0, where w,(y):=p""T U(uly), (21)

with U defined in (1.2). Eq. (1.1) is invariant under Kelvin’s transform. This means that if u(y) solves
(1.1) in R", then so does
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a(y) =y u(lyl2y)
in R"\ {0}.
The solution U in (1.2) has the characteristic of being invariant under this transformation. We may

wonder, more generally when the function w, (y —&) satisfies this property. As simple algebra shows,
this happens if and only if

E°+pu2=1.

We build an approximation U, to a solution of (1.1) as follows. Let k be a large positive integer
and let us select k points &1, ..., & with

&7 =1—p?
where @ > 0 is a small number which we write in the form

2
sz 52
forn > 4, =
oot M= 2 ogk)?

u= forn=3. (2.2)

In what follows we assume that § is a parameter with uniform lower and upper bounds &y, 81,

0<dp << (2.3)
for k large. Moreover, we assume that the points &; are arranged symmetrically, as the vertices of a

planar regular polygon.
We denote points y ¢ R", n >3, as

y=y), ¥=0ny2d. Y =03....y.

Using complex notation for y variables, we then assume

&-:,/]—p@((?Mi,O,...,O), j=1,...,k.

We write

Ui :=wu(y —§&), Jj=1,....k
and consider the function

k
U.(y):=U) =Y _Uj. (24)

j=1
For a large number k, which at the same time makes the concentration parameter w very small, we

have that U, defines a rather good approximation to a solution of (1.1), which is in addition invariant
under Kelvin's transform:

U(y) = 1y "UL(1y17%y).
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Next we derive some estimates on the error of approximation, defined as

4
E:=AU, +y|U |72 U,. (2.5)

A basic issue is to measure the size of the error near and far from the concentration points ;.
For reasons that will become apparent later, it is convenient to do this measurement using the
following norm: Let us fix a number q > % and consider the weighted L9 norm

Wl = [ (115D % B o (2.6)

To be more precise, we will estimate the || - ||.«-norm of the error term E first in the exterior region
ﬂlj‘-?lhﬂy —&j| > %}, then in_the interior regions {|y .—sjl < %}, for any j= 1,.._.,k. Here n>0isa
positive and small constant, independent of k. We will do it in what is left of this section.

In the exterior region. Observe first that

For y € ﬂ’j‘-:1{|y —&j| > {1} we can estimate

k

_ &.n—=2
iz ly —&;jl

MWM<C[

1
1+ 1y>)?
ltiﬁ 1
C )
(LHM%ZEhy—aWJ

Now we compute the weighted L9 norm above for this quantity. We get, for n > 4,

+2—
1 +1y)" ElHM(mJ1\y &>

k 1
e 1 (n+2)q—2n 1 7
< C,uTz Z a+1yh dy
— A +1yH2 |y —gj|n=24
= y-g1-1
1 2
2 tnfl q = k" 2 1_n
<Cu 2 k(/t(n—Z)q ) <C kz ] < Ck (2.7)
1
k
On the other hand, if n =3, we get
n-+2— C
11+ 1y1) E”LQ(ﬂ] L x—gl> 1) S logk’ (2.8)

where C depends on 1 and on positive upper and lower bounds for the parameter 4.
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In the interior regions. Now, if |y —&;| < % for some j e ({1,...,k} fixed, we have
p—1
y—1E:p(uj+s(—ZU,-+U>> (—ZU,-+U>—UP+ZU,P. (2.9)
i#] i#] i#]

Note that very close to &j, Uj = O(u’%z). More in general taking 7 small, we have that U;
dominates globally the other terms. Note that in particular

n+2

2 n
Zgﬁw“”(n_'—zﬂ%:o(]) fOranyn>3.
i#j o

It is convenient to measure the error after a change of scale. Define

~ n+2 n
Eiy):=pn 2 EEG+uy), lyl<—.
uk

We observe that

WTUE +py)=Uy) and Ui(y)=p~ 7 U (y - &)).

Thus

n—2
Wz Ui +py) =U(y — w G —&)).
Notice also that
-1
_ 122 ..
® 1|si—sj|~7u—z|

. " .
hence for i # j and |y| < 7k We estimate

3 C,un—an—Z
U(y — K 1(§i —fj)) < W
Therefore we obtain that for some s € (0, 1)

~ n— P—]
vy Ej(yn) = p(um +s(—ZU(y T E - ED) T UG +My))>
i#]

X (— ZU(y —u N E - &)+ M%U(gj -HW))
i#]

+ 3 UP(y — 7 & — ) — 1T UPE + ). (210)
i#]



2574 M. del Pino et al. /. Differential Equations 251 (2011) 2568-2597

Hence we can estimate for |y| < % and when n >4

n—-2
mz n+2
.
T+ M }

\Ej(y)|<c[

We compute now

2-2n - n=2 —2-2n
” (1 + |y|)"+ "Ei» ||L£1(U’I<']lf%) Sew? ” (1 + |y|)” ! ”LQ(\y|<n/f%)'
Since
_1
” nu 2 .
e i o~ / (1412811 gp < ¢~ "5
Li(lyl<nu2) o

it follows that, for n > 4,

n42-20 - 1
) TEW| Sy SC
Li(lyl<nu2) ka

[(1+ 1yl
When n = 3, one gets the estimate

1

n+2
<C——r.
) w0  klogk

_2n .
”(1+|y| ! EJ(Y)”Lq(\y|<

3. Alinear result

We consider the operator Ly defined as

Lo(¢) := Ap + pyUP~ 1.

(2.11)

(212)

(213)

(31)

It is well known that the set of bounded solutions of the homogeneous equation Ly(¢) =0 is spanned

by the n+ 1 functions
n—2
Zg=0yU, £=1,...,n and Zy4 :y-VU+TU.
This section is devoted to establish an invertibility theory for

Lo(¢) =h(y) inR".

To do so, let us introduce the norm

Il = [ (14 1Y) | oo eny

We have the following result.

(3.2)

(3.3)
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Lemma 3.1. Assume that % < q < n in the definition of the norm || - ||« in (2.6). Let h(y) be a function such
that ||h|| s < +o0, and

/Zgh:O forallt=1,...,n+1. (3.4)

Rn

Then Eq. (3.2) has a unique solution ¢ with ||¢||. < +0o0, such that

/Up_]qub:O forallt=1,....n+1.
Rn

Moreover, there is a constant C depending only on q and n such that

@1l < Cllhllss- (3.5)

Proof. Let us consider the subspace
H= {qﬁ eD1’2(R“)//U”_lzmzoforalle:l,...,n+ 1}.
Rn

Observe that for h as in the statement of the lemma,

h <c|@ 2T 36
Il 2, o < €I+ 1) | oy (3.6)
as a direct consequence of Holder inequality
; G
+2)q—2 )
[ < ( J AR R ) ( @+ ) ,
R" R™ R"
with r= ’12% Let us consider the problem of finding a function ¢ € H such that
/Vqsw - p/up—lw +/hw =0 forally eH, (3.7)
R™ Rn R?

which makes sense because of (3.6) and Sobolev’s embedding. Since the orthogonality conditions (3.4)
hold, we easily check that a solution of problem (3.7) produces a weak solution of (3.2).

Now, for f € Ln% (R™), let us denote by ¢ = A(f) € H the unique solution of the problem

/V¢Vw+/fw=0 forally € H, (3.8)
RH

Rn

2n
given by Riesz’s theorem. Then A defines a continuous linear map between L#+2 (R™) and H. Problem
(3.7) can be formulated as

¢ —A(pyUP~'¢)=A(h), ¢eH. (3.9)
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The map ¢ € H— UP ¢ € L%(]R”) is easily seen to be compact, thanks to local compactness of
Sobolev's embeddings and the fact that UP~1 = 0(|y|~).

Hence, Fredholm’s alternative applies to problem (3.9): for f =0, (3.9) reduces to Lo(¢) =0 with
¢ € H. Elliptic regularity yields that ¢ is also bounded, and hence it is a linear combination of the
functions Z,. Then, the definition of H implies that necessarily ¢ = 0. We conclude that problem (3.9)
is uniquely solvable in H for any h. Besides,

)n+2— %Tn

1962 + 181, 20, < C(1+1yl B g qan)-

It remains to prove that ¢ satisfies the estimate (3.14). Being ¢ solution to (3.9), local elliptic estimates
yield

“D2¢’|Lq(31) + ID@llLacs,) + @l < C|(1+ |J’|)n+2_%nhHLq(Rn)‘
Now, let us consider Kelvin’s transform of ¢,
W =1y "e(lyI"2y).
Then we check that ¢ satisfies the equation
Ag+pyUP~I(»$=h inR™\ {0}, (3.10)
where hi(y) = |y|™"2h(]y|~2y). We observe that
||E||Lq<|y\<2) = |||Y|n+27%h“m(\y|>%) <Cf(1+ |Y|)n+2_%nh||Lq(Rn)’

and

IV@lzn + 191, 2 =1V lizny + 101 20, -

oy | m=Z (R")
Then we get, from elliptic estimates applied to Eq. (3.10),

2n
q

2_ n
)n+ h”Lq(R")'

|D?6 a5, + IDBl1ay) + IBll2(sy) < Clihlliazy < CJ[(1+ 1y

But

161181y = [1Y1" 2 oo e 5,

and we also check that

2n

|||y|n+1_?D¢'”Lq(R”\B1) < C[HDZ‘Z”LQ(BQ + ”D‘i;”Lq(B])]'
Combining the above estimates, relation (3.14) follows. The proof is concluded. O
For later purpose we consider now the following perturbation of problem (3.2):
n+1

Lo@) +ae=gy)+ ) cUP'Z, inR" (3.11)
=1
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where
/Up”zm:o foralle=1,...,n+1 (312)
Rﬂ
and
CZ/Up_lzéz:/(a(y)¢>—g(y))25¢>:0 forallé=1,...,n+1. (3.13)
R" Rr

Lemma 3.2. Let 2 < v < n. There exist numbers §, C > 0 depending on v, n such that the following holds:
If g and ¢ are such that (1 + |y|")gllec < +00, [|(1+ [¥]""H¢lloc < 00, and [[(1 + |y|*)allec < 8, and
(3.11)-(3.13) are satisfied, then

[+ 1y 2] <l +1y1")g] - (3.14)

Proof. By contradiction, let us assume the existence of functions ¢y, an, g, and constants c} such that
(3.11)-(3.13) hold, and

[+ yM)enle =0 O+ )l =1 [ +1yP)an], — 0.

Clearly we have that ||(1 + |y|")anénlleo — 0, and also that by their definition that cj; — 0, so that
with no loss of generality we may assume that a} =0, and cj = 0. We claim first that

[¢lloc — 0.

Indeed, otherwise there are numbers y, R > 0 and points x,; such that

|gn(xn)| =y, Ixal <R.

Passing to a subsequence, and using local elliptic estimates, we find that ¢, converges locally uni-
formly over compact sets to a bounded function ¢ # 0 with

Lo(¢o) =0 and fUp_1¢>Zg:O forall £
]Rn

which gives ¢¢ =0, a contradiction.
Since v < N we have that for some constants dg, Rg we have

—Lo(ly*™") > doly|™ forall |y| > Ro.
Therefore if we let
hn(y) = (dg ' [1y1” & o + llgnllooRy ) I¥1*™"

maximum principle yields

|én(y)| <hn(y) forall |y| > Ro.
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From here we obtain that actually

[(1+11")¢nll o > 0.
a contradiction that finishes the proof. O

4. A gluing procedure

To prove our result Theorem 1 we will show that problem (1.1) admits a solution of the form

u(y)=U(y) +oy)

where ¢ is a function small when compared with U,. Then Eq. (1.1) gets rewritten in terms of ¢ as

Ap+pyIlUJP ¢ +E+yN($) =0 (41)

where E is defined in (2.5) and

N(@) = |Us+ 1P (Ui + @) — |ULIP U, — plULIP 1.

In this section we prove the existence of a function ¢ solution to (4.1).
Let ¢; be a cut-off function defined as follows. Let £(s) be a smooth function such that ¢(s) =1
for s <1 and ¢(s) =0 for s > 2. We also let £~ (s) = ¢(2s). Then we set

ckn~ Uyl 21y — ElyDD) iflyl > 1,

{'(y)={ ]
! ckn~y — 1) if [y <1,

in such a way that

G =¢i(y/1y?).

We consider in addition the cut-off functions gj_ (y), defined as above with ¢ replaced by ¢~.
A function ¢ of the form

k
b= ¢i+v
j=1
is a solution of problem (4.1) if we can solve the following coupled system of elliptic equations in

¢=$1.....H) and y:

Adj+py|ULIP7" ) +§j|:P)’|U*|p_lw +E+ yN(é; +> i+ w)] =0, j=1,....k
i#]
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k k
AY +pyUP~ly + |:py(|U*|p] —ur (1 - Z;J-) +pyuP! Z;]}w
j=1 j=1

k k
+pyIULPTY (A —¢pes+ (l —Z;j) (E+VN< Zéjw)) =0. (4.3)
j j=1

j=1

To solve this system (4.2)-(4.3) we will solve first problem (4.3) for given qu's of a special form
that we describe next. We assume that

<y

$i(3.¥)=d1(e®'y.y), j=1.....k—1. (44)
On the other hand, we assume that ¢; is even in the variables y, ..., y,, namely
G Y YD) =11 =Y Ya). §=2....m, (4.5)
and invariant under Kelvin’s transform:
$1(0) =1y "1 (ly12y). (46)
We also assume that
n—-2 ~
P11l <o where ¢1(y) :=pu 2 $1(61 + 1y), (4.7)

for a p fixed, but sufficiently small. The following result holds.

Lemma 4.1. There exist constants ko, C, po, such that for all k > kg the following holds: Let </3]~, ji=1,...k
satisfy conditions (4.4)-(4.7), with p < po. Then there exists a unique solution = ¥ (¢1) to Eq. (4.3), that
satisfies the symmetries

YV, Y3, Ve Y=V, Y3, ., =Yoo Yn), £=3,...,n, (4.8)
_ i _ .
v(y.y)=vE*'y.y), j=1,...k-1, (4.9)
() =1y " (ly1"%y), (4.10)
and such that
C , .
III//||*<IQ—71+CII¢1II* ifn>4 (411)
kq
and
C 5y .
Wl < — +Clig1lly ifn=3. (4.12)
logk

Moreover, the operator ¥ satisfies the Lipschitz condition

[w (@) —w (@), <cler -],
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Proof. Let us write Eq. (4.3) in the form

AY +pyUPTI DY +y VDY +py |ULPTT Y (1 - ¢+ My) =0 (413)
J
where
k k
V() :=p(U.P~" —UPT) (1 - Z;,-) +pUP Y g, (4.14)
j=1 j=1
Vi(y) Va(y)
and

k k
M) := (1—29) <E+yN<Z</Sj+w>>. (415)

j=1 j=1

The desired result will be a consequence of a corresponding linear result and an application of the
contraction mapping principle. Thus we consider first the linear problem

Ay +pyUPTI(y)y =h inR", (4.16)
where h is a function that satisfies symmetries (4.8), (4.9), and
h(y) =1y 2h(1y|%y). (417)
and in addition such that ||h||ss < +00.

Claim. Eq. (4.16) has a unique bounded solution ¢ = T (h) that satisfies symmetries (4.8), (4.9), (4.10). More-
over, there is a constant C, dependent only on q and n such that

11l < CliRT e (418)

To prove this claim we will apply Lemma 3.1. We will check that under the symmetries assumed
we have that

/Zgh:O forall¢=1,...,n+1. (419)
Rn
For I =3,...,n, this is a consequence of the oddness of Z; and assumption (4.5) on h. Now, we

consider the vector integral
h -
I=/h[?} dy:cn/iznydy
2 1 2
J FANCERITD
Changing the variables y into eZT”'f and using the symmetry (4.9) we get the identity
eTil=1,

which yields I =0, since k > 2.
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Define now for A > 0

1) =1"7 / UGy)h(y)dy.
Rn

Changing variables y into y|y|~2 yields I(») = I(»~1), and hence fR,, hZy+1 = 0, 1(\)|=1 = 0. Given
the orthogonality conditions checked above, Lemma 3.1 then yields the existence of a unique solution
to Eq. (4.16) such that

fuw4aw=0fmmu=1wwn+n (4.20)
Rn

and in addition, estimate (4.18) holds. Now, the functions

Ye¥) =¥ (¥, ¥3,.... =Ye,....¥n), £=3,....n

also solve (4.16) and satisfy relations (4.20). Hence ¢ = v, and thus  satisfies symmetries (4.8).
The same argument applies to the functions

2 _
Y12(0) ==Y (e %'y, ¥3. ... =Y. .., Yn)

and

Y1 (V) =1y P " (ly17%y),

therefore giving the symmetries (4.9) and (4.10). The proof of the claim is complete.
Let us go back to problem (4.13). Let T be the linear operator defined in the claim. Then we write
our problem in fixed point form as

v = —T(vw + YUY - £y + M(¢)> =M@). YeX, (421)
j

where X is the space of continuous functions v with |||« < +oo that satisfy symmetries (4.8), (4.9)
and (4.10). Indeed, we readily check that if i satisfies those properties then Vi + M(y) inherits
symmetries (4.8), (4.9), and (4.10), so that the operator M is well defined.

We will see that the operator M is a contraction mapping in the || ||, norm, in a small ball
centered at the origin in X.

With reference to (4.14), we check that

Vi <pp— DU

p—2 72
p-2 :
(Bwn) st g

k
— SZU;‘
i=1

Thus, if |y —&j| > ¢ for all j, we get

11—2

Viy | < Cllyll.UP~ ](y)ZW’
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and, as in the computation in (2.7), we obtain
n+2)— c
Vil = | (1 + 1Y) O Vi | g gny < = Il forn>4
ca
and

C
IVivl 10gklllﬁll orn

Now,

V2l < C|{|1y] = 1] < ck}[I¥ 1l < %III#II*,

hence, since q > 3,

C C
IVl a7 ¥l foralln vyl long” ifn

ka
We observe that

J
2

6/ < CUMd1I =7 ms 5|"2

For the moment we shall only assume that

Il + Il < 20

for a sufficiently small p.
Let us assume that |y —&j| > 2L for all j. Then we find in this region

2k
2
< CUH( - |w|2>.

N(]Xi;(ﬁj‘i“ﬂ)

k
2.9

j=1

But

upr—2

Z%

As a conclusion, using again the computation in (2.7), we find that

c c 2 2
M@, < 7 + = lI¢112 +cllyl? foralln>4
ka ka
and, if n=3,

_c 2 2
M), < logk + logk||<1>1|| +cllv -

< Cligr 2 UPZ 5|2<" 5 UPTg R <UP v

(4.22)

(4.23)

(4.24)
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Given 1, ¥ satisfying similar constraints, we also find,

IM@1) = M) |, < Cpllvn — ¥l (4.25)

Using the above estimates, we readily see that if p is fixed sufficiently small, but k-independent,
then the operator M in (4.21) defines a contraction map in the set of functions ¥ € X with

Iyl < [l 2 + k'],

in dimension 4 or higher, and

vl < C[lIg1lI* + (logh)~1],

if n = 3. The existence result of the lemma thus follows. The Lipschitz condition is straightforwardly
checked. O

Let us consider the operator ¥(¢7) defined in the above lemma. Then all Egs. (4.2) reduce to just
one, say that for ¢;. Then we will find a solution to our problem if we solve

Ad1+py UP b + ¢ [pyw*v’”w(m) +E+ yN(q% +) i+ wl))] =0 inR".
i#1
(4.26)

We write this equation in the form
Ag1+py|ULIP T g1 + GLE+ YN (1) =0 inR". (427)

A key observation we make is the following: if the symmetry assumptions (4.8), (4.9), (4.10) hold,
then thanks to the properties of ¥ (¢¢) we find that the function

h(y) = 1E + N (¢1)
satisfies the symmetries (4.8), (4.9) and the invariance
h(y) =1yI™"*h(1y12y). (4.28)

For a general function fl(y) satisfying the above properties, we consider first the linear problem

AG+pyUPT ¢+ h(y) =cnp1UP " Zyyy inR™, (4.29)
where
~ _n=2 _ n EZ +1
Znoi =12 Znaa (k' —8D), onpri= %
fR” Ul Zn+l

We have the following result.
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Lemma 4.2. Let us assume that h is even with respect to each of the variables y, ..

the invariance (4.28). We assume in addition that

n42 ~
h(y) :=pn 2z hé1 + pny)

., Yn and that it satisfies

(4.30)

satisfies ||h |« < -+o0o. Then problem (4.29) has a unique solution ¢ := T (h) that is even with respect to each

of the variables y», ..., yy, invariant under Kelvin’s transform

o) =1y "¢y 2y),

and with

$(y) =17 $(E1 + uy)

satisfying

/¢UP—1zn+1 =0, [I¢llx < Cllhllx.
Rn

Proof. With no loss of generality we may assume that

/ hZpiq =0.

RT]

(4.31)

(4.32)

(4.33)

Let us scale out « and consider the equivalent problem, for ¢ and h given by (4.32) and (4.30),

Ap+pylUPT'g=h(y) inR"
The evenness of h in the n — 1 last coordinates guarantees that we have
/th:O, £=2,...,n+1.
Rn
We need to show that condition (4.28) implies the solvability condition
/ hzy =o0.
Rn

We have that

Ur(y) = wpu(y — &) where w, () =~ "2 U(u'y),

& =(£1,0,...,0). We let

I(t) = f W (y — ténh(y)dy

Rﬂ

(4.34)
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and observe that

51/1121 =8 1(t) =—$1/8y1wu(y—$1)h(y)dy-
t=1

R" R"

After changing variables we obtain
1) = / wy(1yI72y = t&)h(ly1=?y)lyl 7" dy = / Wy (¥ = sO&)h(y)dy
R Rn

where

ut t

) JE R N V() . S—
MO= e O arEee

Hence

), =u<1>/auwu<y—s1>
Rn

pn=1

We readily check that

f Wy —&)|  hydy= / Znir(Dh(y)dy =0
Rn H=r Rn

and §(1) =1 — 2|&;|%. Hence, using (4.35) and (4.36) we obtain
& [hzi=g'(1- 27 [ nz,
R R!

hence g, hZ1 =0, as desired.
It follows from Lemma 3.1 that Eq. (4.34) possesses a unique solution ¢; with

/q&Zg:O forallé=1,....,n+1,

h(y)dy — $(1)& / By, W (O(y — E)h(y)dy.
Rn

2585

(4.35)

(4.36)

and ||¢|ls < C||h|l««. Arguing by uniqueness, as in the proof of Lemma 4.1, we find that ¢ satisfies the

corresponding symmetries. The proof is complete. O

We use the above lemma to solve the corresponding projected version of (4.27),

A1+ pyIULIPT ¢t + GE + Y N(@1) = 1 UP ' Zyy inR",

_ S @E+yN @) Znia

Cnt1: =
p—152
f]R” U] ZTH—]

(4.37)

(4.38)
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Let T be the linear operator predicted by Lemma 4.2. Then we can set up problem (4.37) as that
of solving the fixed point problem

¢1=T(0E+yN@)) = M(@). (4.39)
We will solve this problem by means of contraction mapping principle. We recall that
N(¢1) = p(IUIP~ 1 = U117 )y

+ [mu*w—lw]) +N(q”>1 +) di+ ml))]. (4.40)
i#1

In general, we denote
- n42
fM=wn7 fé +uy.
Assume that n > 4. Let us consider first the linear term
A =pa (U= U11P ).

Then we have that for |y| < 7.

fin| =

k p—1
p<<U(y) + ZU(}’ +u N E - ) - u% U +uy)> - U"l(y)>¢1 )

j=2

We notice that, independently of small 7, we have
k k 1
YU +uE —E)) <Y =2
j=2 j=1
and hence we find
- n=2 _
A <Cuz u@mPiga s
Just like in the computation dealing with estimate (2.11), we then find that

1)), <Cu¥ligil.. (4.41)

Now, we consider the term

fo=( - DU gy

=

Now we have, for |y|>cu™2,

|[F20)| <UPW)lIgn s
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Combining these estimates we find then that

1 Fallee < C2 [[gb1 [ (4.42)

Now, let

f3=cplUP~ W (¢1).

1

Then, for |y| < nu™2 we obtain

!f3(y)\<CU”*1M%HW(¢1)HM<CUP1 TZ(||¢]|| 4k q)_
Thus

1F3llee < Cpe2 (Jipy 2 + K17 7). (4.43)

Now, for

fa= aN(qS] +> i+ «1/(«1)1)).
i1
Let us notice that

N@) = (Vi + P — VP —pvP'§

where ¢(y) := ,u%a)(& +u1y), and

k
Vi) =U®) + Y U(y+ 7 € — &) — 17 UG + ).

j=2
Thus for
p=¢1+ Y di+¥(o)
i#1
we get
|Fa)| < C[UPT "2 ligalls + UP~ "2 (a1 + k' 71)]
thus

- o i )
Il fallse < C[p2 ||¢,1||*+qu[||¢*||+,<1 a]7]. (4.44)

We recall that for the error fs = ¢1E we have already determined in (2.12) the estimate

I fs e < Cpe%. (4.45)
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A direct consequence of the fact that ¢ < n and the validity of estimates (4.41)-(4.45) is that M
defined in (4.39) maps functions ¢ with ||¢1]l« <cp? in the same class of functions. Furthermore,
in a very similar way one proves the small Lipschitz character of the operators involved.

When n =3, estimates (4.41)-(4.45) read respectively as follows

- - 1
, <Cor—r ,
1 1sees 1| 21k k(logh) 1l

- 1
I F3llae < € o1 112 +
klogk

1
klogk )’

- 1 1
s S Cf —— * P 2
Il fall [klogk”d)]” + ]ng[lltﬁll* + klogkﬂ

and from (2.13)

folls <C .
Il f5 I klogk

Besides, one can prove that the map M is a contraction in the set of functions ¢; with ||¢1]ls <

1
€ Rlogk" Thus we conclude

Proposition 4.1. There exists a unique small solution ¢ = ®(8) to problem (4.37)-(4.38). This solution sat-
isfies

1P, <Ck™@, Vn>4

and

@l < Ck~(logk)™! ifn=3.

We also have

2n

[N@)]|,, <Ck™c vn>4

and

|N(@®)|, < Ck2(logk)™® ifn=3.
Furthermore, there is a continuous dependence on § on these operators.
5. Conclusion: Proof of Theorem 1
In this section we will adjust the parameter § defined in (2.2), which we have so far left free be-

tween two uniform bounds (2.3), in such a way the constant cp4+1 = cp+1(8) in problem (4.37)-(4.38)
be equal to zero. Indeed this fact gives that the function

uy)=U.(y) +oy)

is the solution to problem (1.1) predicted by Theorem 1. In the above formula we recall that U, is the
function defined in (2.4) and ¢ is the function defined by
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k
p=Y $i+Vv

Jj=1
with ¢ given by Proposition 4.1,

21
k

Gj(¥.y3. ...y =¢1(e % 'Y y3.....¥n). J=2.....k

and v is given by Lemma 4.1.
Thus we need to choose § such that

(G E + YN ($1))Zn
a1 (3) = Jrn (€1 );71 Eq;l)) 1 _o.
fR" Ul Zn+1

This is equivalent to find & such that
Cny1(8) = /(§1E + YN (1)) Zns1 =0.
]Rl’l
In the rest of this section, with ©(8) we will denote a generic continuous function of the vari-

able 8, which is uniformly bounded as k — .
Let n > 4. We claim that

N 8 1
Ene1(8) = —An 5y 180n — 11+ 15 O(d) (51)

where
An =py / UpierH»] dx and an :2%(—1’"
RN
with @, the positive number defined as

k

lim L L a

Ty ~  ~ _ 5 —Un,

k—s 0o kN2 P 1€ — éj|n_2

~ ~ 2(G=1) ;A
where & =(1,0,...,0) and §j=e~ & '&.
Let now n = 3. We claim that

Cnr1(8) =—A 8 [6as — 1]+ ! Or(8) (5.2)
= T gk k2(logk)2 ’

where

A3=p)//Up_1Z4dx and a3 = /243

RN



2590 M. del Pino et al. /. Differential Equations 251 (2011) 2568-2597

with

k 1

lim —%
k—oo klogk ; &1 — &

=(~13 > 0.

We assume for the moment the validity of (5.1) and (5.2). By continuity, we have the existence of a
positive § solution to

Eni1(8) =0.

Furthermore, § = ;—n +0(3) if the dimensions are greater or equal to 4 and § = % + O(m) if n=3.
This proves the existence of the solutions predicted by Theorem 1.
In order to prove the key estimates (5.1) and (5.2) we write

Ent1(8) = / EZpi1 + f (&1 = DEZpy1 + / YN (D) Zn1.
Rn Rn Rn

Taking into account the definition of w given in (2.2), it is easy to check that estimates (5.1) and (5.2)
are direct consequences of the following claims, to be established below.

Claim 1.
/EZ { —Ants [0y — 1]+ 55 64 (8) ifn>4, 53)
n+1 = § 1 . .
R _A3klogk[5a3 —-1]+ —kz(logk)z @k(a) lle =3,

where Ap and ay, are the positive constants defined in (5.1)-(5.2) and ®(8) is a continuous function of §,
which is uniformly bounded as k — oo.

Claim 2. For k large

. k17" Ok (5) ifn>4,
—1EZpiq = 54
R[ €1 = D2 {kzaogk)z@k(a) ifn=3, G4

where O (8) is a continuous function of the variable §, which is uniformly bounded as k — oo.

Claim 3. For k large

_2n .
/N(@)Zm = [k § Ok Yn>4, (5.5)
i k=2log 2 kO,(8) ifn=3,

where @ (8) is a continuous function of 8, which is uniformly bounded as k — oo.

Claim 4. Assume n > 5. Estimate (5.5) can be improved as follows: for k large

/ N(@)Zni1 =5 04(6) (5.6)
Rn

where O (8) is a continuous function of 8, which is uniformly bounded as k — oco.
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Let us finally observe that an easy adaptation of the arguments used to prove estimates (5.3)-(5.6)
also gives the expansion of the energy contained in (1.4) in the statement of Theorem 1, which we
do not include in the paper.

The rest of this section is devoted to prove estimates (5.3)-(5.6).

Proof of Claim 1. Let > 0 be a small number, independent of k. We write

/ EZni1 = / EZns1 + f EZu+ Y f EZui1. (57)

R By RM\(J; B; i#1p

where Bj = B(&j, ).
The main contribution in the above integral is given by the first term fB1 EZn41. After scaling

x=py +& and denoting E;(y) = W E(E + 1Y), we get

/ EZy = f E1(9)Zns1 (9) dy.

n
By B(O, %)

In the region |y| < we use the expansion (2.10) and we obtain

Mk

/ Ex()Zna()dy=—yp ) _ / UPTU(y — ' (& — £1)) Zn

J#1
B(0, ) B(O, 75)

n—2
+ypp T / UPT'U &1 + 1y) Znsar dy

B(0, uk)

+yp f [(U) +5V)" ™ = UV (9)Znta dy

B(O uk
- / Py — 1€ — E0) Zns
17&18(0 uk
%y / UP &+ 1Y) Znsa (5.8)
B(0,-L)

uk
where
V(y)= (—ZU(y — N - E)) T UG +My))-
j#1
We see that, for j #1,

n- 1
/ U (y = TN - 60) Znan =27 clu”—zm(l + (1k)* O1(8))
i — &1

B(0,-7 ma)



2592 M. del Pino et al. /. Differential Equations 251 (2011) 2568-2597

where C1 = fR” UP~1Z,41 and §1 =(1,0,...,0) and é'j = e2 (I{il)’él. Furthermore, a Taylor expansion
gives
n-2 p—1 n-2 2
' UPTYU 1 + uy) Zagrdy = C1i "7 (14 (1k)26k(8)).
B(0. 7%)

On the other hand, the remaining terms in (5.8) are higher order. Indeed, we have

‘ / [(U(y)+sv)p‘1—Up‘l]V(y)Zany‘ > / UP(y — (& — £1)) Znga
i#1
) BO. )

B(0,-L

uk uk

c MTH—Z / 1
-2
Sie—gre G

)

and

42 n+2 1 n-2_ _
’ 2y / UP(Ej+uy)Zny1| <Cu 2 / A+ynp2 <Cp 7 k™2,
BO. 1) BO. )

In the above estimates, C denotes a positive constant independent of k.
To estimate the second term in (5.7), by Holder inequality, we observe that

- _2n
EZn1 ) E||LQ(R"\UB]')“(1+|Y|) R Znt1 || &

<C|(1 41yl Uy

R™M\UJ; Bj
From the definition of 2n+1 in (4.29)

a9

q—1

-2 ly —& 2" JaT\ T

A e O W =
1O+ 2 NITh U (1+1y"2%

R™M\B;

1 =1
n—1 q _
<cu's (/tidt> <Cu'TRT
k

N|
N

=27

Thus we conclude that

n—2k2(n—2)

w
<C Kkn—1

‘ / EZpin (5.9)

RM\(J; Bj

. _2n n=2 _n
since [|(1+ [y 9 Ellagen sy < Cp 'z k" 2k!
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Let us now fix j # 1 and denote E‘j(y) = ;L#E(Sj + wy). Performing the change of variables
x=py —§j

’/ EZnJrl

= ’;ﬁ / Ej(¥)Zni1(ny +&j)dy

Bj B(O~%)
<cu'? [(1+ |J/|)nJr2 HLq(B(o
(1) " o 222n+1(3’+“7]@f—$l))” LT (B0, 1)
uk
Now
n—2+2 -2 T
[ +1y) ™ T Zua (v + 1 6 - 80) | LT (30, )

n—2

-1
q n—s
M2 2-1
C| 51|”2</ (-2 L, dt) <C—|Sj_§1|n_2(/¢k) q
1

2n ~
Since in this region the error can be estimated as follows [ (1 + |y|)”+2_7Ej||Lq(B(0 2) <
iz

C(uk) ™24, we conclude that

nz n—2
( k)”“[ ZIS —&I”z]

> f EZni1| <

J#1p J#1
Thus we have that
5 12 no2 1 12
EZyi1=—ypCi|27 1 ﬁ_ﬂ 2
Rn j#1 |$] - Sl |n7
Mn72k2(n72) 3 3 1
+|:kn—_1+k Z/Ln 2 T Ok (5),

where Cq = f]Rn UP~1Z,+1 and O is a continuous function of the parameter 8, uniformly bounded as
k — oo. This fact gives the validity of (5.3). O

Proof of Claim 2. We first observe that

< C‘ / EZni1|.

— n
[x=&11> %

‘/(a ~1DEZps1
Rn
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We now write

/ Ean:( f +y / )Ezn+1

[x—&11>} Ny lx—g1> 1) 7 gjl<f
In the region ﬂ’;‘=1 {Ix—&;l > %}, we already observed that

n—2

k
n2 1
|E(X)| < C(-l + |X|2)2 ; |X—

g

where C is a positive constant, independent of k. Furthermore, in this region, we have Z1(x)
n—2
C # Thus we can estimate

. _, [t 2
/ EZpi1 < Cku™ 2/t2”_4 dt < Ckp™2k"4
Ny lx=g51> 1) 3

and we conclude that

. = 1@k(5) ifn >4,
/ EZni1 = (5.10)

Ok(®) ifn=3.
k2(logk)2
My x—&j1> 1) el

On the other hand, performing the change of variables uy =x —&;, we get

~ n4+2 1
/ EZni1=p 2 /E(§j+uy)2n+1(y+u (Ej — &)

Ix—&;1< yI<zg

n—2

We already observed that, for |y| ﬁ Furthermore, in the

n+2
< ki the error 2 |E(&j+ py)| < C

same region, |Zp4+1(y + /L*](EJ &) < U 11:1 >. Thus we have

> [ <

1
Ny g<n

n—2
1 nz
< Ck o k)2 / ———dy < C——.
nz (k) RENTOE y X
lyl<gh

This last estimate, together with (5.10), concludes the proof of (5.4). O

Proof of Claim 3. Using the change of variables x = uy + &1,

f N(@1)Zny dx = / NGO Znir (0 (x — £1)) dx
Rn Rn

_ f W N @)Y + £ Znp1 (v) dy.

Rn
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Thus we have

q-—1
5 n+2 1 a
[ N0 2usr x| <l N(m)wym)H**( / —zndy)
1+1yD
RH R”
< Ck_% ifn>4,
Ck=2log%k ifn=3,
where C is a positive constant independent of k. O
Proof of Claim 4. Assume n > 5. It is convenient to decompose
N($1) =N($1) + N(¢1)
where
K@) =p(UP~e1 = UY )1 + p&a|ULIP 0 (91)
+N(q§1 +) bi+ W«m)) - N(g)
J#1
and
N(@1) = |Us + 1177 (Us + §1) — |ULlP " Us — pIULIP 1.
We have that
- ~ n+2 ~
1:/N%ﬂm=M2/N@M&Hm%H®W
RN RN
so that, from the estimates found we readily check
11| < Ck*k'~a / UPY Zns1 . (511)

Rn

On the other hand, if we let

= / N@D)Znir

RN

we find that

1 < ||¢1||*/UP*1|¢1||Z,1+1|.
Rn
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Now, we notice from Eq. (4.37), that we can write

Lo@) +a()d1 =g+ Y cUP'Z, wherea(y) = u"F y N@1) & + 1)
14

so that

lay)| <CUP Vg ll., and |g(y)| <cu'T (1+1y) "

Thus, applying Lemma 3.2 with v =4, assuming that n > 5, we find

o] <cu' (1+1y) 2
As a conclusion,

n—2
2

I < Clignllop™s < k>4

Combining this estimate with (5.11) we then find

< kX'

‘ / N (1) Zn41
RN

and relation (5.6) is established. O
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