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Abstract

We study the existence of radial ground state solutions for the problem

v
—div<7u) =u?, u>0 inRY,

V14 |Vul?

u(x) -0 as|x| — oo,

>3, g > 1. It is known that this problem has infinitely many ground states when g > %, while no
solutions exist if g < % A question raised by Ni and Serrin in [W.-M. Ni, J. Serrin, Existence and non-
existence theorems for ground states for quasilinear partial differential equations, Atti Convegni Lincei 77
(1985) 231-257] is whether or not ground state solutions exist for 57— N <q <35 N In this paper we prove
the existence of a large, finite number of ground states with fast decay 0(|x|2 N ) as |x| — +oo provided
that ¢ lies below but close enough to the critical exponent N+ These solutions develop a bubble-tower
profile as g approaches the critical exponent.
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1. Introduction

This paper deals with the question of finding radially symmetric solutions u = u(|x|) of the
following prescribed mean curvature equation:

\%

—div<7u) =u? inRV,
V1+|Vul?

u>0 in RN,

Iim u(x)=0.
[x]—+o00

(D

We refer to these solutions as ground states. Radial (singular) solutions of (1) when u? is replaced
by «u have been studied in the context of the analysis of capillary surfaces [2,3,6,11,14,18,24,
27]. Existence and nonexistence of radial ground states for problem (1) when ¢ > 1 has been
considered by several authors. Ni and Serrin in [20,21] established that if 1 <g < N/(N —2)
no positive solutions exist. On the contrary, if ¢ > (N + 2)/(N — 2) there is a continuum of
solutions [20]. For any ¢, radial ground states must satisfy the upper bound u(0) < (4Ngq)'/@+D,
see [1,26].
Whether or not ground states of problem (1) exist in the range

N N+2

—_— —_— 2

N—2" 1 N2 @
was left as an open question in [21]. Partial progress was achieved by Clément, Mitidieri and
Mandsevich in [5] who proved a Liouville type theorem for problem (4), with ¢ in the range (2):
there is an explicit positive constant C (N, ¢g) such that no radial ground state u exists with u(0) <
C(N, g). In addition, let us recall that for the standard Lane—-Emden—Fowler problem

—Au=u? inRY,

u > 0 in RN, (3)
Iim u(x)=0
|x]— 400

ground states do not exist if ¢ < %—f% as established by Gidas and Spruck in [16]. Finally note

that replacing u? by —au + u? there exists exponentially decaying ground states for sufficiently
small @ > 0 and ¢ in the range (2), see [7,25].

In this paper we will prove that, in striking opposition to the above facts, many ground states
of problem (1) do exist if g is less than but sufficiently close to (N +2)/(N —2). Thus we assume
in what follows that N > 3 and consider the problem

Vu N+2
—div(i)mm*zs in RV,

V14 |Vuf?

u>0 1in RN, “)
lim wu(x)=0,
|x]—+o00

where ¢ > 0 is a small parameter. We have the validity of the following result which in particular
states that an increasingly large number of solutions exist as & gets smaller and smaller.
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Theorem 1. Given k > 1 there exists a number g > 0 such that for all 0 < & < ¢ there exists a
radially symmetric solution u. to problem (4) which asymptotically takes the form

N=2

k
ug(x)zyZ( —— ) ’ gff%aj(wo(l)), (5)

TN+ (ajelm W) N2 [x]2)

> | —

where o(1) — 0 uniformly in RN as ¢ — 0. Here the o ;s are (explicit) positive constants and
N-2
y=WNWN-=-2)+.

‘We recall that the “bubbles”

%
wm(x)=y< ) m, m>0,

(1 +m¥2 |x]?)

constitute all radial positive solutions of the equation Aw + w¥-2 = (. The solutions found in

Theorem 1 constitute at main order superposition of k “flat” bubbles with small maximum values
which approach zero uniformly as ¢ — 0. The bubble-tower phenomenon, with tall elements, has
been detected in slightly supercritical problems for the Laplacian operator in [9,10,13,15].

The question of existence of ground states for (4) remains open for the full range (2). We
could mention the possible analogy existing between this problem and

—Au=ul+u* inRY,

u>0 inRY, 6)
Iim u(x)=0
|x|—>+00

with ¢ lying in the range (2) and s > (N + 2)/(N — 2). It was proven in [4] the existence of a
number g € (N/(N —2), (N +2)/(N — 2)), such that no ground states of problem (6) exist if
qe(N/(N—-2),q),while they doif g € [g, (N +2)/(N — 2)), with increasing number of them
as g approaches (N 4 2)/(N — 2). We conjecture that a similar fact holds for problem (4).

The proof of Theorem 1 follows a scheme close in spirit to that in [9]. It is based on a trans-
formation of the ODE equivalent to the problem of finding radially symmetric solutions, via an
Emden-Fowler type transformation, after which the problem of finding the desired solution be-
comes equivalent to that of finding a multibump solution in which the centers are located toward
400, at the same time far away one to each other. The e-dependent location of the bumps is then
derived as stationary configurations for critical points of the energy functional along a suitable
manifold of approximate solutions. This procedure gets rigorously carried out via a Lyapunov—
Schmidt procedure broadly used in elliptic singular perturbation problems starting with [12],
after which actual critical points of the full energy are found close to those on the approximate
manifold. The phenomenon here described has resemblance with spike clustering as found for
instance in [8,19,22,23].

We carry out this program in what remains of this paper.
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2. The set up and energy computations
2.1. Scaling

For the analysis we shall study the problem

_<nN—17f’7 > =nN"1f4 forn>o0, (7N
J1+ef/n
Jn(0) =0, f(m) —0 asn— oo, ®)

which is the radial form of problem (1) under the scaling

—1

1 1
f@):=¢e FTu(@r) and n —elqFTy

In particular we study f. solution of

_(nN_l i) )=nN—1f%—e for n > 0. ©)
n

J1+ef?

In terms of f;, the expansion (5) takes the form

N-2

)Taf_laj(l +o(D)), (10)

k 1
fem =y Z(

. _4
=N+ (ajel = =2|n|2)

where o(1) — O uniformly in RY as ¢ — 0. Here o] = Al_1 and o; = Al_1 ]_[3-=2 Aj for
i=2,...,k, where A; are explicitly given at the end of Section 3. See Fig. 1 for numerical
solutions of (9)—(8) of the form (10) with k =1, 2, 3.

2 2
Note that this scaling is invariant for the Emden—Fowler variable, so na-T f(n) = ra-Tu(r).
For g > (N +2)/(N — 2) by the Ni and Serrin result [20], we have existence for (7) with the
initial boundary values

fO=y>0 and f,©0)=0 (11)

provided that ¢ is small. Because (7) is a regular perturbation of Eq. (7) with ¢ = 0, the solution f
of (7) with initial values (11) has the property that f — u, as & — 0, uniformly in compact sets
[0, R], where u) solves (7) with ¢ = 0 and initial values (11). It was shown in [17] that when
q > (N +2)/(N — 2) the solution u, has infinitely many oscillations in the Emden—Fowler
variable for ¢ close to (N 4 2)/(N — 2), so the behavior of f will be close to that as we see in
Fig. 2. The case g = (N +2)/(N —2) is more delicate. By the previous argument the solution f
converges uniformly, as ¢ — 0, to the unique solution of (3) in [0, R]. But we can say more, we
conjecture that the structure of f is given by (10) with k = oo, as we see numerically in Fig. 2.
Consequently as ¢ — 0 the first bubble will remain in the same position and the others will move
towards infinity in slow manner.
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g=p—cand N =6

=2 ¢ =264
6l n ,‘/ k=2, £ =2.64e-006 |
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Fig. 1. Ground state solutions of Eq. (9) in the Emden—Fowler variable for k = 1, 2, 3, for ¢ small. It is not seen here, but
the first bumps are moving to the left as k increase, as shown by the formula of 7.

N=6,qg=p, gq=p+0.1 and € =0.035
7 . . . . .

f(n)

2

nqAJ

5 0 5 10 15 20 25 30 35 40
log(n)

Fig. 2. Ground states of (7) with f(0) = 0.9 and ¢ small, plotted in the Emden—Fowler variable. For ¢ = (N +2)/(N —2)
(regular line), the solution is conjectured to be a superposition of infinitely many bumps. For ¢ > (N +2)/(N —2) (thick
line), the solution behaves as Eq. (3), here we draw the case ¢ near (N 4 2)/(N — 2).
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2.2. Emden—Fowler transformation

For the analysis we make the following change of variables
vie) =t Pty =, T=——,
where p = (N +2)/(N — 2). This gives

Fyn) =T 1m0t o)y = Ve~ Ds (o — ),

pt+l—¢

where ¢ = 727~ . Note that £ — 7V as & — 0. Using this, problem (9) becomes
v —v ! v —v e se
4 +vP7e* =0 onR,
V1 +ele=(P+Ds (v/ — p)2 V14 gle=+Ds v/ —p)2

v>0, v(E)—>0 ass— *oo.
The functional associated to problem (12) is given by

e ¢]

E.(w) = f é(\/l—ksﬁe_(/’“)s(w’—w)z—l)e(’”‘l)sds
—00
o
—ﬁ / wP =088 g
—00

but we have the Taylor’s expansion

i(\/l +ele(PHDs (@' — w)2 — l)e(p-i-l)s
el

= l(w’ —w)? — gée_(“l)s (w —w)*

2
00 / 2m
2,-20405 N (. N3~ m=3)(pDs (W~ W)
+&2e mg c(m, N)e" e G
where D, (m, N) = (—0)"~12m — 1) ]‘['}1;12(2 j + 1)2. This yields
o0
Ec(w) = I, (w) — %Z / e~ PHVs () —w)tds + 2 T (w)
—00

with

117

(12)

13)
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17 7
L =3 [ @ —wias——— [ ereias (14)
—0o0 —0o0
00 o0
B o (w/_w)Zm
Jew)= 3" " 3D (m, N f m-np+ns B 4 15
e(w) m_gs e(m,N) [ e a9 (15)
- —0Q

Let us consider the unique solution U (s) to the problem

U'—U+UP=0 on(—o00,00),
U'(0)=0, (16)
U>0, U(s)—>0 ass— *oo,

which is the well-known function,

2-N

2s 2 .
U(s)=Cy cosh<—> with Cy = < a7n

N-2

N \WV-2/4
)

Let us consider points —oo0 < £ < & < -+ - < &. We look for a solution of (12) of the form

k
vi) =Y Uls—&)+¢,

i=1

where ¢ is small. Note that v(s) ~ Zf:l U (s — &;) solves (12) if and only if (going back in the
change of variables)

k 1 N2
fan~y 2(45> e "
i=1 N\ + e N-2p2
solves (9).
Let us write
k
Ui)=U(s—&), w=) U. (18)

We shall work out asymptotics for the energy functional associated at the function w, assuming
that the numbers &; are very far apart but at comparable distances from each other.
We make the following choices for the points &;:

€1 =log Ay,
$i+]_si:_log8_log/‘i+], i:],...,k—l, (19)

where the A;’s are positive parameters. For notational convenience, we also set

A= (A1, Az, .o Ap).
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The advantage of the above choice is the validity of the expansion of the energy E, defined by
(13) given as follows.

Lemma 1. Fix a small number § > 0 and assume that
§<Aj<8 ' foralli=1,... k. (20)
Let w be given by (18). Then, with the choice (19) of the points &;, there are positive numbers

ai, i =0,...,4, depending only on N (which have the explicit expressions (29)) such that the
following expansion holds:

Es(W) = kag + eW(A) — kage + £0, (A), 1)
k
W(A) = —kaylog A1 —az A7 PV + 3 [k —i + Dazlog A; — a1 A7), (22)
i=2

and as € — 0, the term 0;(A) converges to 0 uniformly and in the C'-sense on the set of A;’s
satisfying constraints (20).

Proof. We will estimate the different terms in the expansion of E.(w) with V defined by (18),
for the &;’s given by (19)—(20). Let I be the functional in (14). We may write

0
1
L (w) = Ip(w) — —— & _ 1) wlPHds + A,,
e (W) o(w) P+ 1 (g )|W| S+ Ag
—00
1 1 v 1 T
As — ( _ ) / 68S|W|p+8+1 ds + —— / ees(|w|p+1 _ |w|p—8+l)ds.
p+1 p—e+1 p+1
—00 —00
Then, we find that
1 T 1 T
A, =—ke|l—— [ Ut 1o Uds~|—7/U”+lds +o(e). 23
. <p+1f g TESIE ©) (23)
—00 —00
On the other hand, for the same reason, we have
o0 o0
/(e“ —hwitlds =e / swPtlds + o(e)
—00 —00

k o0
:s(Za) / UPHds +o(e). (24)

i=1 /%

Now, we have the validity of the identity
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k
1
Io(w) =Y Io(Up) + ——B, (25)
i=1 p+1

where

Or i k p+1
B= [ZUZ.”H—(ZU,-) +(p+1)ZUipUj:|ds.

i<j

Indeed we have

o0 o0 o0
/(W/—W)st=/|W’|2ds+/|W|2ds
—00 —00 —00

for W =w, U; ... Uy and so

1 Or k k p+1
+IB_/[ZU1PH—(ZU"> ]ds
p oo Li=1 i=1

i=

oo
=Y | (UU;+UU;)ds
i<j _so
00 o0
= f(—U,-”JrUi)Ujds:Z /U{’.U,-ds.
iI<Jj _so iI<Jj _so

To estimate this latter quantity, we consider the numbers

1
H1 = —00, M1=§(§171+§1), 1=2,...,k, Mi+1 = +00,

and decompose B as B = —Cq + C; where

Hi+1

Co=(p+1) Y | U'U;dx.
1<I<k

SoT

We follow the argument in [9,10] and find that C1 = o(e). Let us now estimate Cy. We have for
[=1,...,k that

Mi+1 Hit+1—81
f Ul Ui ds = / UP(s)U (s — (&141 — &) ds.
] =&

On the other hand, according to (17), it is directly checked that
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|U(s —&)— 2(N=2)/2 Cy e—IE—S|| — O(e—PIE—S\)
as & — 4-00. We conclude then that

9]

k—1
Co=(p+ 1))y e En=thW=272 ¢y / SU )P ds + o(e).
=1 %
This yields
k—1
B=—aq Ze—‘SH—I—EI‘ +o0(g) (26)
I=1
with a; =2WV=272Cy [% eSU(s)P ds.
Continuing our estimate of I, (w), we have now to consider Io(U;) fori =1, ..., k. We find
1 T 1 T
Io(U;) = ap = - / (U +U?*)dx — — / UPtldx foralli >2. (27)
2 p+1
—0o0

Finally, as for the last term in the decomposition (13), we easily check that
o0 o0
f e PHDs (W — w)tds = e~ (PHDE / P |U'(s) — U(s)| ds +ole).  (28)
—00 —00

Summarizing, we obtain from estimates (23)—(28) the validity of the following expansion:

k k
E.(W) = kay — a; Ze—lém—fz\ _ a28<25i>

=1 i=1

—gaze” PTVE _ kase + 0(e).
Here the constants a;, i =0, ..., 4, depend only on N and can be expressed as follows:

ap=% (% (IU')> + U?dx — p+1
a) = Z(N_z)/ZCN foo eSUPds,
- [ UPtLds, (29)

f Urtlygs,

‘_

a

p+
_2\N _ .
a3 =g("72)" [ e PTINU — Uy s,
ay= 57 [ UM ogUds + b [25, UPT ds.

These constants can be explicitly computed using the explicit expression for U given by (17) and
the identity



122 M. del Pino, I. Guerra/ J. Differential Equations 241 (2007) 112-129

o0
2\ [ (4=e) T (Lte
/ cosh P e =L 2972(N — 2)M
N=2 r@

—00

for all ¢ > max{«, —«}. The above decomposition of E, finally reads
E.(w) =kag + eWr(A) — kage + 0(¢),

with Y given by (22). In fact, the term o(e) is uniform on the A;’s satisfying (20). A further
computation along the same lines shows that differentiation with respect to the A;’s leaves the
term o(e) of the same order in the C!-sense. This concludes the proof of Lemma 1. O

Before proving existence, let us analyze the critical points of W:

k

W (A) = @i (AD + Y (A,
=2

(p’f(t) = —kaylogt — a3t~ PtV and  @i(t) =k —i + Dao logt — ayt.

Now the equation <,0]1C (t) =0 yields

1
Db p+1

t=t = (M)I Withblza—3,

k a»

which is a maximum for (plf .
On the other hand, each of the functions ¢; has exactly one nondegenerate critical point,
a maximum,

t=((k—j+1)by foreachj=2,...,k,

with b» = az/a;. Now we compute by and b,. We find that

o () (N—2?% v o Ty
=2N—2 N_2 CN72 2 , — CN722N_3 2 ,
“ (N=2Cy X2y @ N N T'(N)

FEHIER

=2N—5 N —2 N+1C4
a ( ST o

and we obtain

N+4 3N—4
blzﬁ—l(N—Z)%“N%—lr(N)r( z ()

a 4 r¥zren)

and

L@ _N-2Trdy?)
Ta T2 NT(N)
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Lemma 2. The function Wy (A) has exactly one critical point, given by
A= (tk, (k—Dbs, (k—2)bs, ..., bz).

This critical point is nondegenerate.

3. Linear theory

Let us consider points —oo < §1 < & < --- < & and a large number R > 0, which is for now
arbitrary, such that

&y1—& >R foralli=1,...,k—1. (30)
Associated to these points we consider the functions
Uix) =U(x — &), Zix)=U'(x - &)

and, for a number 0 < o < 1 the norms

. @1 = llas + 18 s + 110" k-

k -1
el = sup( Y e ) {R(x)
xeR

j=1

In this notation the dependence of the norms on the points &; and the number o is understood but
will not be made explicit as long as it does not create confusion. Let us denote

w=Y"u. 31

Given a function /4 for which ||/ ||« < 400 we consider the problem of finding a function ¢ such
that for certain constants cy, ..., ¢ the following equation holds

k
¢ +pwlo—¢p=h+Y ciZy iR,
i=1 (32)
lim ¢ (x) =0,
|x]—+o00

where x;(x) =1if [x — &| < § and = 0 otherwise.
Our main result in this section is the following.

Proposition 1. There exist positive numbers R and C such that if the points & satisfy con-

straints (30), then for all h with ||h| s« < 400, problem (32) has a solution ¢ =: T (h), which
defines a linear operator of h and satisfies

ITh)|, < Clihlw and |ci| < Cllh]ls.
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Proof. For the proof of this result we will consider first the basic case k = 1, £&; = 0, namely the
problem

¢ +pUP Yo —p=h+cZy inR,
lim ¢(x)=0, (33)
[x]—-+o00
where Z =U’, x(x) =11if |x| < g and = 0 otherwise. We will find a solution of this problem

by means of an explicit formula.
The function Z solves the homogeneous equation

¢"+pUP'p—¢p=0 xeR
Its asymptotic behavior is given by
Z(x)~e M as x| > 400.
One can find a second, linearly independent solution Z(x) of this equation normalized such that
the (constant) Wronskian ZZ’' — ZZ' is identically equal to 1. Its asymptotic behavior is then
given by
Z(x) ~ el as|x| - 4oo0.

For a bounded function 4 with ||2]|++« < 400 let us choose the constant ¢ as

B [T h(s)Z(s)ds
T Xz xds

The formula of variation of parameters then gives us a solution ¢ of problem (33) as
X X
¢ (x) = To(h) = —Z(x)fﬁ(s)Z(s)ds + Z(x) / h(s)Z(s)ds, (34)
0 —00

where i = h + cZ x . Observe that with this choice of ¢ we have ffooo ﬁ(s)Z(s) ds =0 and thus,
if we just allow R > 1, we find a constant C independent of R such that

|To() |, < CllAl s

Ty of course defines a linear operator in 4. We want to use this operator in order to construct,
by linear perturbations, an inverse with similar properties for the full equation (32). First, we
observe that the problem

¢ +pU' o —p=h+cZjx; inR,
Iim ¢x)=0

|x]—+o00

(35)
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has a solution given by

¢p:=T;j(h) = ‘Eng(‘L'_gj/’l),
where t:h(x) = h(x +§&;), which satisfies a similar bound, provided that R > 1. In order to solve

problem (32) we consider now a smooth cut-off function n(s) with n(s) =1if s <1 and =0 if
s > 2. We also set

nj () =n(lx —&;1/R).

We look for a solution ¢ of the form

¢=D njdj+v. (36)

where ¢;’s and ¥ solve the following coupled linear system:

k
—" + (1 - f(w)(l - Zx,))w =8@1..... 4. ), G7
j=1

with
k k
g<¢1,...,¢k,h>=2(2n;¢;+n;’¢j+n,-(f(w>—f(w,->))¢j—(I—Zx,)h, (38)
j=1 j=1
and
O+ (fw) = 1)p; =—=fWxj¥ + xjh+cjZjxj j=1.....k (39)

Here we have denoted f(w) = pwP~!. Let us assume that l¢; Il is finite for all j. Then Eq. (37)
has a unique bounded solution v for R large enough. More precisely, we see that if 6’ < o then

k
g(@1, .., b, )| < e“R[uhn** +> ||¢j||*e“"”f'},

j=1

for some @ > 0 depending on o and o’. Since for all R large enough we have that f(w)(1 —
> j Xj)) becomes as small as we wish, then by the use of a suitable barrier we get as well that
this solution v satisfies

k
|y ()| < Ce @k Ze“’”"‘sﬂ.

j=1

Y defines a linear operator of the k + 1-tuple (@1, ..., ¢, ). Thus, in order to get a solution of
problem (32) we just need to solve the linear system
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;i =Ti(—fWx;jV(@1,....0. B +hx;), j=1,....,k (40)

Let us observe that, by construction, if 0 — ¢’ < p — 1, then

k
| WX ¥ @1 ... b 0, < Ce™ ™Y N1l
j=I1

Using this, the boundedness of the operator 7; and Banach fixed point theorem, the existence of
a unique solution (¢, ..., ¢x) follows, which besides satisfies

k
D 151k < Cll s
Jj=1

This k-tuple determines ¢ given by (36), as a linear operator in 4 with the desired bounds. This
concludes the proof of the proposition. O

4. Proof of Theorem 1

We start by restating problem (12) in the following way.

S) = U”—U—f—vp_sess“‘Ml(v):O on (—00, 00), (41)
v>0, v(i)—>0 ass— Foo,
where
gle~(PtDs v — v
Mi(v) =— F(—(p+ DO =) +20" — ")
2 (14 ele—(PHDs (v — v)2)2

Vi l

+ (v —v)(l— ) (42)
V14 ele=(P+Ds v/ — )2

We consider now points &; chosen according to formula (19)—(20) and the function w defined by
(31) for these &;’s. We shall look for a solution to (41) of the form

V=W ¢

for a small ¢ > 0. We write problem (41) in terms of ¢ as

¢+ pwPlp — =R — Ni(¢) — Na(¢) inR,
lim ¢(x)=0, “3)
[x]——+00
where

R=S(w), N1(9) = Mi(W + ¢) — M1 (W)

and
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Na(@) = [(W+ )P e — W+ )]+ (W+ )" —w’ — pw! g,
Instead of dealing directly with (43) we consider the intermediate nonlinear problem
k
¢"+pwP g — ¢ =R — Ni(¢) — N2(¢) + ZCiZiXi inR,

j=0 (44)
Iim ¢(x)=0.

|x|—>+00

Let T be the operator defined in Proposition 1. Then we obtain a solution of (44) if ¢ solves the
fixed point problem

¢ =T (R — Ni(9) — N2(9)). (45)

Let us be more explicit in what regards to the size of the expression for the error of approximation
of w. We have that

k
R = wP—€e% _ Z Uip
i=1

868_(174'1)5 w/ —w
2 (14 gle=(PtDs(w — w)2)3/2 (-

(P + 1)(W/ _ W)2 + 2(W/ _ W)W”)

1
+ W' — 1-— : 46
v W)< V14 ele=P+Ds(w — w)2) (#0)

From this expression we directly check the validity of the following estimate:

| R s < CE)L
with 0 < A < 1. Let us consider the region of all functions ¢ of class C> for which ||¢|l < Me*
for a large constant M. We check directly that for ¢1, ¢ in this region we have

IN1(@1) — Ni(@2)],, + | N2(d1) — Na(2) |, < Ce®ll1 — 2l

We conclude from these estimates and the boundedness of the operator T that the fixed point
problem (45) actually has a unique solution ¢ in the region |||, < Me* for some suitably
chosen M. The dependence of ¢ on the points £ is by construction continuous. It only remains
to choose these points in such a way that the constants ¢; are all zero.

Testing Eq. (44) against Z; for i = 1, ..., k, we obtain an almost diagonal system for the
relations ¢; = O for all i. In fact we obtain that these relations hold if

o0
/RZ,~+0(8):0 foralli=1,...,k, A7
—00
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where the term o(¢e) encodes a continuous function of the parameters A; which approaches zero
uniformly in the considered range as ¢ — 0. Let us observe that

]

/RZi= / S(W)0g, W= 0g, E(W).

—00

According to the expansion in C'-sense found for E.(w) in Lemma 1, we then have that system
(47) takes the form

e(V¥(A) +0(1)) =0,

where the quantity o(1) goes to zero uniformly on the considered region for the parameters
A; and depends continuously on them. We recall that according to Lemma 2 the functional ¥
possesses one and only one critical point A*, which is nondegenerate. The above equation thus
have a solution which lies close to A*. The proof of the theorem is concluded.
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