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Abstract. We consider the boundary value problem Awu + 2 k(z) e* = 0 in a bounded,
smooth domain £2 in R? with homogeneous Dirichlet boundary conditions. Here ¢ > 0, k(x)
is a non-negative, not identically zero function. We find conditions under which there exists a
solution u. which blows up at exactly m points as e — 0 and satisfies £ f o ke's — 8mm.
In particular, we find that if K € C?(2), info k > 0 and £2 is not simply connected then
such a solution exists for any given m > 1

1. Introduction and statement of main results

Let £2 be a bounded domain in R? with smooth boundary and € > 0. This paper is
concerned with analysis of solutions to the boundary value problem

{Au+€2 k(x)e* =0, in {2,

1.1
u=0, ondf2 (b

where k() is a non-negative, not identically zero function of class C?(£2). Some-
times called Liouville equation after [26], this problem and qualitatively similar ones
have attracted great attention over the last decades. In a two-dimensional domain
or a compact manifold this type of equation arises in a broad range of applications,
in particular in astrophysics and combustion theory, see [10,21,28] and references
therein, the prescribed Gaussian curvature problem [23,12,13], mean field limit
of vortices in Euler flows [8, 14], and vortices in the relativistic Maxwell-Chern-
Simons-Higgs theory [6,9,30,25].

In the 20th century, mathematical treatment of this problem traces back at least
to [7,21,22]. It is a standard fact that problem (1.1) does not admit any solutions
for large ¢, as testing against the first eigenfunction of the Laplacian readily shows,
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while for small € a solution close to zero exists; it represents a strict local minimizer
of the energy functional

E(u) = %/ |Vu|2—52/ k(x)e. (1.2)
Q Ie;

Moreover, Trudinger-Moser embedding yields necessary compactness to apply in
this range of ¢ the Mountain Pass Lemma thus getting a second solution, which
clearly becomes unbounded as € | 0. This second, “large” solution of (1.1) was
found in simply connected domains in [34] when k = 1, see also [11] for earlier
work on existence. While subcritical in the sense of Trudinger-Moser embedding,
this problem exhibits loss of compactness as € — 0, similar to that present in
equations at the critical exponent in higher dimensions. For instance in the Brezis-
Nirenberg problem in dimension N > 4 [5],

Au—i—EQu—&—u%j:O, in (2,
u>0, w=0, ondf2,

(1.3)

the Mountain-pass solution ceases to exist by blowing-up as € | 0. The behavior of
blowing-up families of solutions to problem (1.1) when inf; ¥ > 0 has become un-
derstood after the works [4,24,29,31]. It is known that if u. is an unbounded family
of solutions for which 2 [ o k(x)e"s remains uniformly bounded, then necessarily

lime? [ k(z)es = 8mm, (1.4)
e—0 0
for some integer m > 1. Moreover there are m-tuples of distinct points of (2,
(z5,...,x5,), separated at uniformly positive distance from each other and from

012 as € — 0 for which u. remains uniformly bounded on {2 \ U Bs(zf%) and

sup ue — +00, (1.5)
Bs(z5)
for any 6 > 0.
An obvious question is the reciprocal, namely existence of solutions of problem
(1.1) with the property (1.4). In this paper we prove that such a family indeed exists
if (2 is not simply connected.

Theorem 1. Assume that §2 is not simply connected and that info k > 0. Then
given any m > 1 there exists a family of solutions u. to (1.1) with

e—0

lim 52/ k(x)e"s = 8mm .
2

In case of existence, location of blowing-up points is well-understood: it is
established in [29,31] that the m-tuple (z5,...,z5,) in (1.5) converges, up to
subsequences, to a critical point of the functional

Pt ym) = — > _[2logk(y;) + H(y;y)] — Y Glui,y;),  (1.6)

Jj=1 i£j
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where G(z,y) is the Green’s function of the problem

—A,G =8nd,(z), x€12,
G(z,y) =0, z€099,

and H its regular part defined as

1
H(‘T>y) = G(z,y) —4log m

The proofs in [29,31] are actually for the case £ = 1 but, as pointed out in [27],
they apply to the general case. Obvious question is the reciprocal, namely presence
of multiple-bubbling solutions with concentration at a critical point of ¢, .

Baraket and Pacard [2] established that for k = 1 and any nondegenerate crit-
ical point of ¢,,, a family of solutions u. concentrating at this point as ¢ — 0
does exist. See also [35] for an extension of their technique in the radial case for
m = 1. As remarked in [2], their construction, based on a very precise approxima-
tion of the actual solution and an application of Banach fixed point theorem, uses
nondegeneracy in essential way. While generic, this assumption is hard to check in
practice. Another construction of these solutions, for the related mean field version
of problem (1.1) in a compact two-dimensional Riemannian manifold was carried
out by Chen and Lin in [15] as a major step in their program for computation
of degrees. Their construction shares elements with that of [2] but the functional-
analytic setting is closer to that of [1,32] where bubbling for problems at the critical
exponent was analyzed. This construction also seems to rely in essential way on
the assumption that the corresponding analogue of ¢,, has only non-degenerate
critical points.

In this paper we present a construction of blowing-up families of solutions
of (1.1) which lifts the nondegeneracy assumption of [2], and it is in particular
enough for the proof of Theorem 1. More precisely, we consider the role of non-
trivial critical values of ¢, in existence of solutions of (1.1). Let {2 denote the
cross product of m copies of 2. We also denote

Q={zxe/kx)>0}, (1.7)

set we always assume non-empty. An observation we make is that in any compact
subset of {2, we may define, without ambiguity,

Om(21,... ,&m) = —oo if x; = x; for some i # j.

Let D be an open set in {2™ compactly contained in ™ with smooth boundary.
We recall that @,,, links in D at critical level C relative to B and By if B and By
are closed subsets of D with B connected and By C B such that the following
conditions hold: Let us set I" to be the class of all maps ¢ € C(B, D) with the
property that there exists a function ¥ € C([0, 1] x B, D) such that:

v(0,)=Idg, ¥(1,))=®, U(t-)|p, =Idp, forallt e [0,1].
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We assume

sup @, (y) <C = inf sup pn,(P(y)), (1.8)
yE€Bo Pel’ yeB

and for all y € 0D such that ¢, (y) = C, there exists a vector 7, tangent to 9D at
y such that

Vom(y) -1y #0. (1.9)

Under these conditions a critical point § € D of ¢, with ¢,,(7) = C exists,
as a standard deformation argument involving the negative gradient flow of ¢,
shows. Condition (1.8) is a general way of describing a change of topology in the
level sets {¢,, < ¢} in D taking place at ¢ = C, while (1.9) prevents intersection
of the level set C with the boundary. It is easy to check that the above conditions
hold if

Jnf m(@) < inf @m(@), or  SUp pm(z) > SUD Pm (),
namely the case of (possibly degenerate) local minimum or maximum points of
©m. The level C may be taken in these cases respectively as that of the minimum
and the maximum of ¢,, in D. These hold also if ,, is C*-close to a function
with a non-degenerate critical point in D. We call C a non-trivial critical level of
©m inD.

In the next result we assume k > 0, k # 0 and k € C(£2) N C2(£2) where 2
is given by (1.7).

Theorem 2. Let m > 1 and assume that there is an open set D compactly contained
in 2™ where @, has a non-trivial critical level C. Then, there exists a solution u.,
with

lim 52/ k(x)e's = 8mm .
7

e—0
Moreover, there is an m-tuple (25, ... ,25%,) € D, such that as € — 0
Vom(ai, ... x5) =0, one],...,z,) —=C,

for which u. remains uniformly bounded on (2 \ @1 Bs (), and

Sup uUe — +00,
Bs(x5)

forany 6 > 0.

We will see that if {2 is not simply connected, such a set D actually exists for
any m > 1, thus yielding the result of Theorem 1. For m = 1, a multiplicity result
is also available, see Remark 7.1. If 2 has d holes, then there exist at least d + 1
solutions u., with
lim 52/ k(x)e*s = 8.

Q

e—0



Singular limits in Liouville-type equations 51

Theorem 2 is of course applicable to situations in which inf, £ = 0. As an ap-
plication in this direction we consider the following problem involving a singular
source,

Au + €2¢e* — 4madp = 0, in 02,
(1.10)

u =0, ondf2,

where dp denotes Dirac mass supported at P. Replacing u by —5G(z, P) + u,
Problem (1.10) is then equivalent to (1.1) with k(z) = e~ 2= ), 5o that k is
positive everywhere exceptat x = P and k(x) ~ |z — P|?>®. We have the validity of
the following result, analogue of Theorem 1, in which the assumption of non-simply
connectedness becomes replaced by the presence of a source with sufficiently large
weight.

Theorem 3. Assume that o > 0 and that 1 < m < 1 + «. Then there exists a
family of solutions u. to Problem (1.10) with

lim 62/ e's = 8mm.
1)

e—0

The solutions found in the above result have concentration at points different
from the locations of the source. The problem of finding solutions with additional
concentration around the source is of different nature. In case they exist, they provide
an extra contribution 87 (1 + «) to the above limit, see [3,33]. We do not treat this
case in this paper, but we believe the functional-analytic setting used in the proof of
Theorem 2 may render existence results for this type of concentration phenomena.

The proof of Theorem 2 relies on the construction of an approximate solution,
different from those in [2, 15], which turns out to be precise enough, not only with
its local maxima near a critical point of ¢,,, but everywhere in its domain. Then we
carry out a finite dimensional variational reduction for which the main ingredient is
an analysis, of independent interest, of bounded invertibility up to translations of the
linearized operator in suitable L°°-weighted spaces. This functional analytic setting
yields in fairly smooth way the reduced variational problem to be that of a functional
C'-close to ¢,, on every compact subset of its domain. L>-weighted spaces have
been used in [17,18] to detect bubbling from above the critical exponent in higher
dimensional problems improving the method in [1,32], both in lifting criticality (or
subcriticality) required there, and non-degeneracy of critical points of the analogue
of ¢, in that context. The local notion of nontrivial critical value in (1.8)—(1.9)
was introduced in [16] in the analysis of concentration phenomena in nonlinear
Schrodinger equations. After completion of this work, we have learned that in [19,
20], aresult similar to Theorem 2 under a different notion of nontrivial critical point
situation, and a different functional analytic approach has been found. Theorems 1
and 3 however do not follow from their analysis.

The rest of this paper will be devoted to the Proofs of Theorems 1 and 2. In
Sections 2 to 6, the hypotheses of Theorem 2 will always be assumed.
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2. A first approximation of the solution

In this section we will provide an ansatz for solutions of problem (1.1). The “basic
cells” for the construction of an approximate solution of problem (1.1) are the
radially symmetric solutions of the problem

Au+e* =0, inR?
2.1)

() = —o0, as|z| — oo,

which are given by the one-parameter family of functions
8u?
= 1 —_—

wﬂ(r) Og (,LL2 + 7"2)2’
where p is any positive number. .

Let m be a positive integer and choose m distinct points in (2, say &1, ... ,&n
with k(&;) > 0. Let i, j = 1,... ,m be positive numbers. We observe that the
function

82 r—&; 1
uj(z) = log . J 5 = Wy, (|§‘7>+4log—logkz(§j),
(12 4o — &) k(&) : :

satisfies in entire R2
2 .
A’U,j —+ ]{3(6])8 et =

We would like to take Z;n:1 u,; as a first approximation to a solution of the equation.
We need to modify it in order to satisfy zero Dirichlet boundary conditions. We
define H;(x) to be a solution of

—AH;(z) =0, in £,

s 2.2
Hj(z) = —wy, <|ngj> 74logé +logk(&;), on 02 @2

We consider as initial approximation U = >, (u; + H;), which by definition
satisfies the boundary conditions. This approximation is less accurate near &; than
u; alone unless H;(&;)+> 1", i Hi(&5) +ui(&5)] ~ 0ase — 0. We can achieve
this by further adjusting the numbers y1;. As we will justify below, the good choice
of these numbers is

log 817 = log k(&;) + H(&5,65) + Y G(&,&)), 2.3)
I#5

where G and H are Green’s function and its regular part as defined in the introduc-
tion. Thus we consider the first approximation

U= (u+H) Z(wi(m;fi')—logk(&)54+Hz—), 2.4)

i=1 i=1
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where w; = w,,, and with the numbers p; defined in (2.3). Let us analyze the
asymptotic behavior of H; as ¢ — 0. We observe that for x € 042,

Hj(x) = —21 log 13
i(x) = —2log 5—5—F——5 — log —=
! pre? + |z — g2 k(&5)
from where it follows that
8“? 2.2
Hj(z) = H(z,&;) — log + O(p5e%), (2.5)

k(&;)

uniformly in C2-sense for x on compact subsets of 2. Observe also that, away
from each ¢;

8113 1
w; =lo I 4 4log ———— + O(pe?),
and hence
w;(z) + Hj(z) = G(x, &) + O(e?), (2.6)

where the term O( ) is uniform in C2-sense on compact subsets of £\ {¢;}.
A useful observation is that u satisfies equation (1.1) if and only if
1
v(y) = uley) — 4log
satisfies

Av+ k(ey)e’ =0, in (2,

1 2.7
u>0, inf), v=-—4log—, onJf2.
€

where (2. = ¢71£2. We also write £ = e~1¢; and define the initial approximation
in expanded variables as V (y) = U(ey) — 4log 1. We want to measure how well

V' solves the above problem. Let us fix a small number § > 0 and observe that
k(ey)e” ™ = e*k(z)eV®) with = = ey, hence we see that

)
k(ey)eV W) = 0(*) if |y —¢&)| > - forallj=1,...,m. (2.8)
Similarly, AV (y) = e2AU(z) and (2.6) implies
)
AV(y) =0(") ifly— &> ~forallj =1,....m. (2.9)

On the other hand, assume that for certain j, [y — &;| < g. Then setting y = &) + 2
we get

8;4? "
(&)(13 + 1212)2

Key)e? ™ = k(g +e2)7
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8uf
X € +ez)+ lo +H; (& +ez
P | il ; © [ JFele — greapy) TG e

Now, by definition

log H(&, &) = G(&, ;)

! +
& — &l
Taking into account this relation, the asymptotic expansion (2.5) and the definition
of the numbers ; in (2.3) we get then that
8/@

k(ey)eV® = — 0
= - g

[1+ O(ez) + O(?)], \yf§;-|<g. (2.10)

We also have in this region

83
(13 + ly — &)12)2
In summary, combining (2.8)—(2.11) we have established the following fact: if we
set

AV (y) = Aw,, (Jy — &) + O(*) = — +0(Y). (.11

R= AV (y) + k(ey)e' ™), (2.12)
then
i 1
Riy)| <Ced ———. 2.13
[R(y)| < eglﬂy_gﬂs (2.13)

Let us stay in these expanded variables. In the rest of this paper we will look for a
solution v of (2.7) of the form v = V + ¢, where V is defined as above. Let us set

W (y) = k(ey)e¥ ™.

In terms of ¢, (2.7) becomes

{ L(¢) == Ap+ W¢ = —[R+ N(¢)], in S,
(2.14)
¢ =0, ondf2,
where
N(¢)=Wle? —1—¢]. (2.15)

A main step in solving (2.14) for small ¢ under a suitable choice of the points ¢;
is that of a solvability theory for the linear operator L. In developing this theory
we will take into account the invariance, under translations and dilations, of the
problem Aw + e* = 0 in R%. We shall devote the next section to prove bounded
invertibility of the operator L in this sense using L°°-norms naturally attached to
the setting of (2.14).
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3. Analysis of the linearized operator

In this section we will develop a solvability theory for the linearized operator under
suitable orthogonality conditions. Thus we set

L(¢) = Ap + W(y)¢,

for functions ¢ defined on 2., where

m 2

813
=) oz LTl
2 Gty gep W)

and 6. has the property that for some constant C' independent of ¢,

Z\y &l+1].

If we center the system of coordinates at, say f;- by setting z = y — &, then the
operator formally approaches the linear operator in R2,

L(0) = b+ b
A= G P
namely, equation Av + e¥ = 0 linearized around the radial solution v;(z) =

2
log Wzi% .An important fact to develop the desired solvability theory is the non-

degeneracy of v; modulo the natural invariance of the equations under translations
and dilations, ¢ — v;(z — () and s — v;(sz) + 2log s. Thus we set,

8 .

zij(z) = —acvj(z +¢)l¢=0, i=1,2,
0

205(2) = %[vj(sz) + 2log 8] |s=1-

It turns out that the only bounded solutions of L;(¢) = 0 in R? are precisely the
linear combinations of the z;;, i = 0, 1, 2, see [2] for a proof. Let us denote also
Zij(y) = 2ij(y — &)

Additionally, let us consider a large but fixed number Ry > 0 and a non-negative
function x(p) with x(p) = 1if p < Rg and x(p) = 0if p > Ry + 1. We denote

xi(w) = x(ly = &)

Given h of class C%“((2.), we consider the linear problem of finding a function ¢

and scalars ¢;; 4 = 1,2, j = 1,... ,m such that
2 m
) =h+ ZZCinjZij, in §2, (3.1)
i=1j=1

¢=0, ondfl, (3.2)
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/ X;jZij¢ =0, foralli=1,2, j=1,...,m. (3.3)
Qa

Our main result for this problem states its bounded solvability, uniform in small €
and points &; uniformly separated from each other and from the boundary. Thus
we consider the norms

-1
m

1l = sup [p()], [l =sup { Y (1+ly=&N7>+e* | [0yl
yES2: Yy € j=1
Proposition 3.1. Let § > 0 be fixed. There exist positive numbers g and C, such
that for any points &5, j = 1,... ,m in 2, with
dist (gja a_Q) 2 57 |£l - £]| Z §f0rl #] ) (34)

there is a unique solution to problem (3.1)—(3.3) for all € < 3. Moreover

1
ol < € (106 2) .. 6:5)

We observe that the orthogonality conditions in the problem above are only
taken with respect to the elements of the approximate kernel due to translations.

The proof of this result consists of some steps. The first step is to prove uni-
form a priori estimates for the problem (3.1)—(3.3) when ¢ satisfies additionally
orthogonality under dilations. Specifically, we consider the problem

L(¢) = h, inf2, (3.6)
¢»=0, ondfl, 3.7
/ XJle(b:Oa fOI"L':O,LQ7 ] = 1, ,m, (38)

=

and prove the following estimate.

Lemma 3.1. Let § > 0 be fixed. There exist positive numbers €y and C, such that
foranypoints&;, j =1, ... ,min {2, which satisfy relations (3.4), and any solution
¢ to (3.6)—(3.8), one has

[8llcc < ClIAllx, 3.9)
forall e < .

Proof. We will carry out the proof of the a priori estimate (3.9) by contradiction.

We assume then the existence of sequences £, — 0, points 7 € (2 which satisfy
relations (3.4), functions h,, with ||h, ||« — 0, ¢, With ||y, [lc =1,

L(¢n) = hp, inf2, (3.10)

¢n =0, ondf, (3.11)

/ X;Zijon =0, foralli=0,1,2, j=1,...,m. (3.12)

En
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A key step in the proof is the fact that the operator L satisfies maximum principle in
{2 outside large balls centered at the points £;. Consider the function 2o (r) = °—1

T
1+7r2°
radial solution in R? of
8

(L4227

Define a comparison function in (2,

AZO + = 0

m

:Zzo(a‘y_gﬂ)v y € (2.

Let us observe that

o sa(ally — €2~ 1)
—aZ= Z 1+a2|y RE

So that for |y — §3|2 > 100a~2 for all j,

2

_AZ>22 (L+a?ly = &?) Zy §’I4

On the other hand, in the same region,

- 1
WzZ<Cy ———.
; ly =&l

Hence if a is taken small and fixed, and R > 0is chosen sufficiently large depending
on this a, then we have that L(Z) < 0in 2. := 2.\ UL, B(&}, R). Since Z > 0
in this region we then conclude that L satisfies Maxunum prmmple namely if
L() < 0in Q. and ¢ > 0 on 2. then ¢ > 0 in (2. Let us fix such a number
R > 0 which we may take larger whenever it is needed. Now, let us consider the
“inner norm”
lplli= sup |g|.
UL B(5,R)

We make the following claim: there is a constant C' > 0 such that if L(¢) = h in
{2, then

[6lloc < Clli#ll: + lI]l]- (3.13)

We will establish this with the use of suitable barriers.
Let M be a large number such that for all j, 2. C B(¢}, AT). Consider now
the solution of the problem

2 M
—Apj = ——= + 2%, R<|y—¢&j < —,
T -gp S

Vily) = Ofor |y =& = R, |y —&| = 2.
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A direct computation shows that

1 1 1 1 M log =
o= bt m [L (M g)] g
eR
hence these functions have a uniform bound independent of € as longas 1 < R <

2%. On the other hand, let us consider the function Z(y) defined above, and let us

set
m

o(y) = 2016l1:Z(y) + |Ihl, Z%

Then, it is easily checked that, choosing R larger if necessary, ((;NS) < h, (;NS > ¢
on 812.. Hence ¢ < gb on £2.. Similarly, ¢ > —¢ on 2. and the claim follows.
Let us now go back to the contradiction argument. The above claim shows that
since || ¢y, ||lso = 1, then for some £ > 0, ||y, ||; > . Letus set ¢y, (z) = n(EF +2)
where the index j is such that supy, _¢r|<p || > K. With no loss of generality
we assume that this index j is the same for all n. Elliptic estimates readily imply
that (ﬁn converges uniformly over compacts to a bounded solution (;3 # 0 of the
problem in R?
8/@
(15 + |2[2)?

This implies that (ﬁ is a linear combination of the functions z;;, 7 = 0,1, 2. How-
ever, our assumed orthogonality conditions on ¢, pass to the limit and yield
I x \z|)z”¢ = 0 and hence necessarily ¢ = 0, a contradiction from which the
result of the lemma follows. a

Ad+ ¢ =0.

We want to establish next an a priori estimate for problem (3.6)—(3.8) with the
orthogonality conditions | x;¢Zy; = 0 dropped, namely the problem

L(¢) = h, in {2, (3.14)
¢=0, ondf2, (3.15)
/ XJZ17¢:07 fori:1,2, ]:17 ,m. (316)

€

Lemma 3.2. Let § > 0 be fixed. There exist positive numbers g and C, such that
for any points £;, j = 1,... ,m in §2 which satisfy (3.4), and any solution ¢ to
problem (3.14)—(3.16), one has

16l < C (1og ) ], (3.17)

forall e < g.
Proof. Let R > Ry + 1 be a large and fixed number, and let Z(; be the solution of
the problem

8;L?

—20.
(13 + 1y — &2

R R 1)
20j(y) = 205(R) for [y — ;| = R, Z0;(y) = Ofor |y — &}| = =

Aéoj + =0,
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A direct computation shows that this function is explicitly given by

IT ds
R szgj (s)

20i(y) = 205(r) |1 = ——>—|, r=ly=gl
3e ds
R szgj(s)

Next we consider smooth cut-off functions 7, (r) and 72 (r) with the following
properties: 11 (r) = 1 forr < R, (r) = 0forr > R+ 1, [ni(r)] < 2;ma(r) =1

forr < £, ma(r) =0forr > £, |nh(r)| < Ce, [n2(r)| < Ce?. Then we set

mi(y) =my =&, n2(y) = n2ly = &) (3.18)
and define a test function
Zoj = mjZoj + (1= n1j)mes205,  Zoj(y) = z0;(ly — &)

Intuitively, Zp; resembles the eigenfunction of the operator L associated to the
invariance of L under dilations when L is considered in the whole R?.

Let ¢ be a solution to (3.14)—(3.16). We will modify ¢ so that the orthogonality
conditions with respect to Zy;’s are satisfied. We set

(ZB = Cls + Zdjéoj
Jj=1

where the numbers d; are defined as

dj / XilZoj|* + / Xj%0j¢ = 0.
Q. Q2.
Then
L($) = h+ Y d;L(%), (3.19)
j=1
and [ Q. X]-Zol-gz; = 0 for all ¢ and all j. The previous lemma thus allows us to
estimate
18llco < CllIRIL + > 15 lI1E(Zos)l]- (3.20)
j=1
Testing equation (3.19) against Zy; we find
(6, L(Z00)) = (h, Zo1) + di{L(Z00), Zor)-
where (f, g) = |, Q. fg. This relation in combination with (3.20) gives us that

di(L(Zo0), Zot) < ClAI[L + ILGon)ll] + C D111 L(Zop)I1Z - 32D

j=1
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We will measure next the size of || L(Zy;)||.. We have
L(Z0) = 2Vmi;V (Zoj — 20;) + Amj(Zoj — 205)
+2V772jV20j + Angjéoj + 0(54).

Let us observe first that, forr € (R,R+ 1), 7 = |y — f; , we have

J"T ds
R s22.(s)
N o ) 0j
Zoj = Zoj = —20j (1) —5— —
€
R sz8,(s)

so that

C
20j — Zoj| < ,
|20j — Zoj| < log L
in this region. Similarly,
C
2! L Z/< <
|ZO] Ogl - log%
On the other hand for r € (2, £),
C
Zoi(r) < ,
OJ( ) = 10gé
and c
3] < —= .
| 0]( )| = lOg%
We observe then that from the definition of the *-norm,
- C
1 L(Zo0j) I+ < T (3.22)
Og =

where the number C' depends in principle of the chosen large constant R. Now we
want to measure the size of (L(Zq;), Zo;). We decompose

(L(Z01), Zo1) = / L(Zo1)Zoi +/ L(Zo1)Z01 + O(e)
R<r<R+1 L<r<E
=I+1I+0(e).

‘We have that
I <c / Va1l 20t 0t] + C / | Anallzal? + O(2),

hence from the above obtained estimates,

11| <
1= o T

Let us estimate now /. We have

I = 2/VT}1V(Z0j — 20j>20j +/A’I71(Z0j — éoj)fjoj + O(E)
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Thus integrating by parts we find
1= /V’IhV(ZOj - é’oj)ﬁoj — /vnl(ZOj - ZA’Oj)Vé’Oj + O(E)

Now, we observe that in the considered region r€ (R, R+1)withr = |y — &,
|20, — Zoj| < OC1 , while |2, ~ =5 + Rl . In conclusion (R is large but
independent of ¢) V\S/e find

1
R3 log

‘/Vﬁl 205 — Zo;j)Vio;| <

where D may be chosen independent of . Now,

R+1

/VmV(ZOj — 205)20j = 27?/ 11 (205 — Z05) 205 rdr
R

S
3e

2 T _ds
o R+l A(pjr)? 20 [ =)
.t 1— :
ds "
R szgj

(3 + 777
E 1
log < log <

where I is a positive constant independent on ¢. Thus we conclude, choosing I
large enough, that I ~ ——£ Combining this and the estimate for 7T we find

log
1
(bg;)] ' 629

Combining relations (3.23) with (3.21) and (3.22) we finally get that

5 N E
(L(Gou), Zo) < — 1P+O
IOg =

W|<CO% ywh

forall 5 = 1,... , m. We thus conclude from estimate (3.20) that

nwm<cQ% )m*

The proof is complete. a
We are now ready for the proof of our main result of this section.

Proof of Proposition 3.1. We begin by establishing the validity of the a priori
estimate (3.5). The previous lemma yields

1 2 m
ol < (1022 ) |1+ D lesl | 624

i=1 j=1
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hence it suffices to estimate the values of the constants |c;;|. Let us consider the
cut-off function 7,; introduced in (3.18). We test equation (3.1) against Z;;12; to
find

(D), 12 Zi3) = (hmay Zig) + iy / Gzl (3.25)

Now,
(L(9),m2;Zij) = (&, L(n2; Zij))-
We have

L(n2jZij) = AngjZij + 2Vn2;V Zi; + eO((1 + 1)~ 3)7

withr = [y —&|. Since Ang; = O(e?), Vig; = O(e), and besides Z;; = O(r~1),
VZ;; =0(r=2), we find

L(n2j Zi) = O(e%) +0((1 +1)7%).

Thus
(b, L(n2jZij))| < Cel|o]]oo

Combining this estimate with (3.25) and (3.24) we obtain

1
[eij] < C | lIRll + <log %j el |

which implies lcij| < CJh|«. It follows finally from (3.24) that |[¢|lec <
C(log 1)||h]|+ and the a priori estimate has been thus proven. It only remains to
prove the solvability assertion. To this purpose we consider the space

:{¢6H§(Q€):/ X;Zij$ = 0 fori:1,2,j:1,...,m},
-Qe

endowed with the usual inner product [¢,¢] = [, V$Vip. Problem (3.1)~(3.3)
expressed in weak form is equivalent to that of finding a ¢ € H, such that

[0, 0] = / [-Weo+ h|Y de, forall ¢ € H.

With the aid of Riesz’s representation theorem, this equation gets rewritten in H in
the operator form ¢ = K (¢)+ h, for certain b € H, where K is a compact operator
in H. Fredholm’s alternative guarantees unique solvability of this problem for any
h provided that the homogeneous equation ¢ = K (¢) has only the zero solution
in H. This last equation is equivalent to (3.1)—(3.3) with & = 0. Thus existence of
a unique solution follows from the a priori estimate (3.5). This finishes the proof.

O

The result of Proposition 3.1 implies that the unique solution ¢ = T'(h) of (3.1)-
(3.3) defines a continuous linear map from the Banach space C, of all functions h
in L for which ||h]|. < oo, into L.
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It is important for later purposes to understand the differentiability of the oper-
ator T with respect to the variables £/. Fix h € C, and let ¢ = T'(h). Let us recall
that ¢ satisfies the equation

L(¢) =h+ Y cij Zijx; »
12¥]

and the vanishing and orthogonality conditions, for some (uniquely determined)
constants ¢;;. We want to compute derivatives of ¢ with respect to the parameters
§}- Formally Z = O¢; ¢ should satisfy

2
L(Z) = =0g,(W)d+ Y ca g, (Zuxi) + ) dij Zijx;

i=1 %7

where (still formally) d;; = 8% (¢i;)- The orthogonality conditions now become
Qa

/ ZiuxiZ = */35;“(21'1)(1)(;5, i=1,2.
2.

We will recast Z as follows. Let us consider 7, a smooth cut-off function as
in (3.18) with j replaced by [. We consider the constants b;; defined as

bil/ Xl|Zil|25/ ¢ Oy, (1 Zu),
0. 0.

and the function
f=- Z { it L(na1 Zir) — i Oy, (XlZil)} + 0g, (W) ¢.
i=1
Then the function Z above can be uniquely expressed as

2
Z=T()+ Y banaZu.

i=1

This computation is not just formal. Arguing directly by definition it shows
that indeed O, ¢ = Z. Moreover, using Proposition 3.1 we find that [|f|. <

C(log 1)||A||., hence

1\ 2
||8§;HT(h)||oo <C <log 5) lh|l.  forallk =1,2,1=1,...,m. (3.26)

This estimate is of crucial importance in the arguments to come.
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4. The nonlinear problem

In what follows we keep the notation introduced in the previous sections. We recall
that our goal is to solve Problem (2.14). Rather than doing so directly, we shall
solve first the intermediate problem

2 m
L(¢) = —[R + N(¢)] + Z Z CinjZij, in QE, (41)
i=1 j=1
¢=0, on 02, 4.2)
/ X;jZij¢ =0, foralli=1,2, j=1,...,m, 4.3)
QE

using the theory developed in the previous section. We assume that the conditions
in Proposition 3.1 hold. We have the following result.

Lemma 4.1. Under the assumptions of Proposition 3.1 there exist positive numbers
C and gy, such that Problem (4.1)—(4.3) has a unique solution ¢ which satisfies

[6lloc < Cellogel.

Proof. In terms of the operator 1" defined in Proposition 3.1, Problem (4.1)—(4.3)
becomes

¢ =T(=(N(¢) + R)) = A(9) . 4.4)
For a given number v > 0, let us consider the region
Fy={o € C(£2%) : ||gllo < yellogel}.

From Proposition 3.1, we get
[A(#)lleo < Clloge] [[N(9)l+ + HRII*} -

Estimate (2.13) implies that || R||. < Ce. Also, the definition of N in (2.15) im-
mediately yields | N(¢)|« < C||¢||%. It is also immediate that N satisfies, for

¢17¢2 e F 5
IN(¢1) = N(d2)l+ < Crellogel [[¢1 — d2]loo,

where C' is independent of . Hence we get

JA() o < Cllogele |12 ¢llogel® + 1],
[A(¢1) — A(¢2)lloe < Cyellogel® g1 — dalls -

It follows that for all sufficiently small € we get that A is a contraction mapping
of ¥, and therefore a unique fixed point of A exists in this region. This concludes
the proof. a
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Since R depends continuously (in the *-norm) on the m-tuple

&= &)

the fixed point characterization obviously yields so for the map £’ +— ¢. We shall
next analyze the differentiability of this map. Assume for instance that the partial
derivative (’9% ¢ exists. Then, formally,

~0g N(¢) = 0g W(e? = ¢ — 1) + We? — 10, 6.

It is readily found that [|0¢; W{|. is uniformly bounded. Hence we conclude

106, N (@) <C {6l oc +119, Dl |16l <C [<]10g 2] +1|0e;, 61 <] 10g ]
Also observe that we have
0,6 = (0, 1) ( = (N(6) + R)) +T( = 9, [N(6) + R] )
so that, using (3.26),
10g;, ¢lloc < C'[loge] [I logel[[(N () + Rl + [0, N ()« + ||55;,R||*)]-

Since it is also easily checked that Ha&sz”* < (C¢, we conclude from the above
computation that

10e;, 0lloc < Cellogel?, forallk=1,2,1=1,...,m.

The above computation can be made rigorous by using the implicit function theorem
and the fixed point representation (4.4) which guarantees C' regularity in £’. Thus
we have the validity of the following:

Lemma 4.2. Consider the map &'+ ¢ into the space C(2.). Under the assump-
tions of Proposition 3.1 and Lemma 4.1 the derivative D¢, ¢ exists and defines a
continuous function of £'. Besides, there is a constant C > 0, such that

|Der6]. < Cellogel

After Problem (4.1)—(4.3) has been solved, we will find solutions to the full
problem (2.14) (or equivalently (1.1)) if we manage to adjust the m-tuple £ in such
a way that ¢;;(£) = 0 for all 4, j. A nice feature of this system of equations is that
it turns out to be equivalent to finding critical points of a functional of £ which is
close, in appropriate sense, to the energy of the first approximation V. We make
this precise in the next sections.
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5. Variational reduction

As we have said, after Problem (4.1)—(4.3) has been solved, we find a solution to
Problem (2.14) and hence to the original problem if £’ is such that

c;;j(€)=0 foralli,j. (5.1

This problem is indeed variational: it is equivalent to finding critical points of a
function of £ = ££’. To see that let us consider the energy functional J. associated
to Problem (1.1), namely

Je(u) = 1/ |Vu|? da — 52/ k(x)e" dx. (5.2)
2 Je o
We define

F(&) = J.(U(€) + 6(9)), (5.3)

where U is the function defined in (2.4) and ¢ = gz;(f ) = ¢(x, &) is the function
defined on {2 from the relation ¢(z, &) = (2, £), with ¢ the solution of Problem

€’e

(4.1)-(4.3) given by Proposition 3.1. Critical points of F' correspond to solutions
of (5.1) for small ¢, as the following result states.

Lemma 5.1. Under the assumptions of Proposition 3.1, the functional F(§) is of
class C*. Moreover, for all & > 0 sufficiently small, if D¢ F(€) = 0 then £ satisfies
System (5.1).

Proof. Define
1
I.(v) = 7/ |Vv\2dy—/ k(ey)e" dy. (5.4)
2 Ja. 2.

Let us differentiate the function F'(£) with respect to . Since J. (U 4 ¢) = I.(V +
¢), we can differentiate directly I.(V + ¢) under the integral sign, so that

Oe, F(€) = & DLV + 6) |9,V + g, 0]

2 m

i=1 j=1

From the results of the previous section, this expression defines a continuous func-
tion of ¢’, and hence of &. Let us assume that D¢ F'(§) = 0. Then

m

2
ZZ/Q CinjZij [85;”‘/—"-85;1(4 ZO7 k:1,2, l:l,...,m.

i=1 j=1

We recall that we proved || Dg/¢||oo < Ce |loge|?, thus we directly check that as
€ — 0, we have Og; |V + Og; ¢ = —[Zk + o(1)] with o(1) small in terms of the
L norm, as ¢ — 0.



Singular limits in Liouville-type equations 67

We get that D¢ F'(§) = 0 implies the validity of a system of equations of the
form

m 2

ZZC”‘/Q XjZij [Zu+0(1)]=0, k=12, I=1,...,m,

i=1 j=1

with o(1) small in the sense of the L°° norm as ¢ — 0. The above system is diagonal
dominant and we thus get ¢;; = 0 for all 4, j. This concludes the proof of the lemma.
O

In order to solve for critical points of the function F’, a key step is its expected
closeness to the function J.(U), which we will analyze in the next section.

Lemma 5.2. The following expansion holds
F(f) = Js(U) + 96(6) )

where

|0 + | V0| — 0,

uniformly on points satisfying the constraints in Proposition 3.1.

Proof. Since I.(V) = J.(U), I.(V + ¢) = J.(U + @), it is enough to show that
0-(&") = 0-(€’) satisfies

6] + &1 |Verbe| = o(1).
Taking into account DI.(V + ¢)[¢] = 0, a Taylor expansion gives
L(V+¢) = I(V) (5.5)

= /1 D?I.(V +tp)[¢]* (1 — t) dt (5.6)
0

:AI </QE[N(¢)+R}¢+/Q€ k(ay)ev[1—et¢]¢2) (1—1)dt.

Since ||@]|c < Celloge|, we get
L(V +¢) = L(V) = 8. = O(?|loge[*).

Let us differentiate with respect to &’. We use the representation (5.6) and differenti-
ate directly under the integral sign, thus obtaining, foreachk =1,2,1=1,...,m,

a&,’d [IE(V + ¢) - IE(V>]
= / ( 9er [(N(¢) + R) 8] +/ O¢r, [k(ey)eV [1 — '] ¢2}) (1—t)dt.
0 \Ja. .

Using the fact that ||0¢¢||. < Ce|loge|? and the computations in the proof of
Lemma 4.2 we get

ey [I(V + ¢) — I(V)] = Og; 0 = O(*| loge|*) .

The continuity in £ of all these expressions is inherited from that of ¢ and its
derivatives in ¢ in the L° norm. The proof is complete. a
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6. Asymptotics of energy of approximate solution

The purpose of this section is to give an asymptotic estimate of J.(U) where U
is the approximate solution defined in (2.4) and J. is the energy functional (5.2)
associated to Problem (1.1).

We have the following result.

Lemma 6.1. Let 6 > 0 be a fixed small number and U be the function defined in
(2.4). With the choice (2.3) for the parameters 115, the following expansion holds

J(U) = —16mn + 8mmlog 8 — 16mmloge + 4mpm (&) +€60:(§)  (6.1)

where the function ,, is defined by

m

Pm(&r Em) = =) _[2logk(&) + H(E, &) = Y _G(&.&).  (6.2)

Jj=1 i#]

Here G and H are the Green function for the Laplacian on {2 with Dirichlet
boundary condition and its regular part, as defined in section 1. In (6.1), O is
a smooth function of § = (&1,...,&m), bounded together with its derivatives, as
e — 0 uniformly on points &1, ... &, € 2 that satisfy dist (§;,002) > 0 and

|fz —§j| > 0.

Remark 6.1. In the sequel, by 6., ©. we will denote generic functions of ¢ that
are bounded, together with its derivatives, in the region dist (§;,02) > § and

|€1 —fj| > 0.

Proof. We will first evaluate the quadratic part of the energy evaluated at U, that is

1 m
5/ |VU? da = /\VU \de+2/ VU, VU, dx (6.3)
2

J#t
Let j be fixed. Using U, (z) = u;(x) + H;(z), we write

1 1 1
f/ |VUj|2d:17:f/ |vuj\2dz+/ Vu;VH;j derf/ |VH;|? dx.
2 /e 2 /o Q 2 /e

(6.4)

Since H; is harmonic in {2 and Uj is zero on the boundary 042, we first get

1 H; 1 H;
/VujVdeer?/ |VHj|2dx:/ 0 Ldo + Ha L do
02

i ov 2 7 ov
1 OH,
=3 |, Hig, o (6.5)

where v denotes the unitary outer normal of 942.
We will now evaluate [, |Vu;|? dz. Observe first that

Vs (x) = Ve (|x 5§]|) B _M?€2(-T— |$£—])§j2.
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Let now 6 > 0 be small and fixed, independent of €. We will split the previous
integral into two pieces, namely

/|Vuj|2dx:/ _ |voj\2dz+/ V@, |* da, (6.6)
2 B(gjf(s) Q\B(£j76)

with @;(z) = w; (“;751‘) Now, a direct computation yields

/ |Vu~1j|2d$:16/ . 2‘$—§j|2 22dx
B(&;.8) B(¢;.5) (H7e® + ]z — &)
= 16/ = dy y=—1
B(0,752) (1+[yl?)? £l
5

5 3 5
Hj r suj 27 chj 2r
= 327 S dr=16n / 7—/ —s
| l o ) o ()

< (e))?
=167 | —2logep; — 1 +log[(ep;)? + 6] + ———L1 (6.7)
[ ; o)+ 31+ 2
On the other hand,
|z =&

dx

V&) do = 16/
/Q\B@]»,S) ’ B8 (e + o —&[?)?

1
= 16/ ————dx + (e115)?05(&;),
2\B(g; 8 | = &I o
where ©3(§;) is a function dependent on 6 which has the explicit form
05(&) = fQ\B(fj 5 ﬁ dx + o(ep;), where o(ep;) is uniform in the region

dist (&;,012) > 6.
Since I'(z,y) = 4log lx—iy‘, we have

1
16/ ﬁdxz/ VI (2,&)|? do
N\B(&;.9) T =&l Q\B(¢;.9)

:/ Fa—chr—/ Fa—Fda
o0 Ov aB(e;.5) OV

or 1
=— H(x,&;)=—do — 327 log =,
50 ( f])ay g 5

where we use the fact that H = —1I" on 2. The last integral is a direct computation.
So we have

r 1
/ |V, do = —/ H(x,fj)a—da — 32mlog = + (ep1;)?O;
Q\B(&;,9) 00 ov )

- / H(z,6;) AL (2,6;) do
(P
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1
+ H(z, gj) (x &j)do — 32mlog = + (ep,)?O5
an 1)

1
=8nH(,&5)+ / H(x fj (x &) do— 327r10g5+(5/¢j) Oz. (6.8)

Noticing that the integral on the left hand side in (6.6) is independent from 5 ,(6.7)
and (6.8) imply that

1/ |Vu;|? dv = —87 + 167 log % +4nH(&5,&;)
iy [ @G @+ Enlels).  ©9)

with the term ©. bounded in the region dist (§;, 042) > ¢ and independent from 5.
A direct application of (2.5) yields

| He) G @) o= [ @5 @) o = 0l ).
From (6.5) and (6.9) we thus conclude that, for j = 1,... ,m,
1 1
7/ |VU;|? dz = —87 + 167 log — + 4w H (&;,&5) + £26O... (6.10)
2 /o Efj
We next deal with the mixed term in (6.3). Fix i # j.

Notice that AU; = Au; + AH; = e 2 Aw; = —e~2e%i. Moreover U; = 0 on
O0f2. Hence we can write

/ VU VU; dx = 5_2/ e“v"Uj dz
10, Q

- Buie” (e =4 1 | -

= /Q ((epi)? + |z — &[?)? |:WJ ( . J ) + log K)o +Hj(x)} dr =
8 _ |5Niy+§i—fj|> 1 1 } p

/Eli(f?ﬁi) (1+[y?)? {w] ( £ +log k(€;)e" Y

8
+/ o Hi(& tepiy) dy
2 (a-¢) (

L+ [yl?)

= / 8 log ! + log it dy
2-(0-&) (1+[yl*)? (213 + leps + & — &5[2)? k(&)

8
+/ e H (& +eny) dy
i(()*&i) (1 + |y| )

—/ 8 log L —410g# dy
2 (e-¢) (LHy?)? (€213 +lepiy + &i—&;1)? & — &l

8
— _[H.(& ) — H(6)]d
+/sii<9£7:> 5 gz (& Femy) = Hy(&)] dy
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8 8u?
- H. i —H L& 1 J d
+/E;i<ngi> <1+|y|2>2[ (&) = H & &) +log g5 | v
8 1
C H(&, &) + 41 d
+/€;<Q o) (L gy (60 &s) o dlog gl dy
= 871G (&,&)+ O (52 log i) + 0(£?), (6.11)

where O(-) terms have uniform bounds in ¢ the region considered.
Summing up all the previous information contained in (6.10) and (6.11) we
finally get the estimate for (6.3), namely

1
/ |VU|? dz = —8mm + Z 167 log ——
j=1 H

k
+4r ZH(fj,fj) +ZG(§i,€j) +e? log 295. (6.12)

=1 i

Let us now evaluate the second term in the summation in (5.2). We have

k(x)eV do = & / VeV da | + A.. (6.13)
/9 Z B(EMS)

First observe that
A, =£%0.(¢) (6.14)

with O, a uniformly bounded function as ¢ — 0. Now,

52/ ) k(z)eY dx = 62/ i Ek(x)eYi eXizi Ui dy
B(ijé) B(5j7§)

817 (z
= 52/ k( )SM Zi# (log a4k(£i)(u?+‘w_5#)2 i )) dx
B(gj,S)k(fj)(E N] \Jf—fﬂ )
(using (2.5))
1 / k(x)eH(w,ﬁjHO(EQNZ-)

S s (1 (i)

Xezi# [log WJFH(I{ )+0(*13)] da
(x — & =epyy)

_ 1 k(&5 + epjy) x eHEtenivgs)
13 (o, iy (1+ |yl*)?

e
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1 ) y s
% ez"'#j [log (2u2+|epjy+e;—€;1%)2 HH(E+ensy,8i)

k(&;)

:7]'72

Ly + 0(?)
eH(€5:83)+ 255 G(&,65) | O ().

H;
From (6.13), (6.14) and the choice (2.3) for the y;’s, we get

e2 | k(z)eV dz = 8mm 4 6.(€). (6.15)
0
Using again the expression for the y;’s by (2.3), together with formulas (6.12)
and (6.15), we can write the whole asymptotic expansion of the energy (5.2) eval-
uated at the U, namely

Je(U) = —16mm + 8mmlog 8 — 16mmloge + 4mp,, (§) +€0(§)  (6.16)

where the function ., is given by (6.2). The C'*-closeness is a direct consequence
of the fact that O, () is bounded together with its derivatives in the considered
region. a

7. Proofs of theorems

In this section we carry out the proofs of our main results.

7.1. Proof of Theorem 2

Let us consider the set D as in the statement of the theorem, C the associated critical
value and ¢ € D. According to Lemma 5.1, we have a solution of Problem (1.1) if
we adjust ¢ so that it is a critical point of F'(£) defined by (5.3). This is equivalent
to finding a critical point of

F(&) = F(&) + 16mmloge.

On the other hand, from Lemmas 5.2 and 6.1, we have that for £ € D, such that its
components satisfy |§; — &;| > 6,

aF(&) + 8= om(£) +€6-(¢)

where 6O, and V¢O. are uniformly bounded in the considered region as ¢ — 0,
and a # 0 and (3 are universal constants.

Let us observe that if M > C, then assumptions (1.8), (1.9) still hold for the
function min{ M, ¢,,,(£)} as well as for min{ M, ¢,,,(§) + O (£) }. It follows that
the function min{M, aF(f) + O} satisfies for all £ small assumptions (1.8),(1.9)
in D and therefore has a critical value C. < M which is close to C in this region.

If &, € D is a critical point at this level for a.F (&) + (3, then since
aF(&)+B<C. <M

we have that there existsa d > Osuchthat |, ;—&. ;| > 0, dist(& j,062) > 6. This
implies C"'-closeness of aF (&) + 3 and ,,, (£) at this level, hence Vi, (&) — 0.
The function u, = U (&) +¢(&:) is therefore a solution as predicted by the theorem.

O
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7.2. Proof of Theorem 1

According to the result of Theorem 2, it is sufficient to establish that given m > 1,
©m has a nontrivial critical value in some open set D, compactly contained in 2.
Our choice of D is just given by

D ={yem/dist(y,00™) > 5}

where ¢ is a small positive number yet to be chosen. We observe that in this set
function Z;”:l H (y;,y;) is bounded and 3, ; G(y;, y;) is bounded below. Con-
sequently function ¢, (y) is also bounded below in D.

Let £2; be a bounded nonempty component of R? \ {2, and consider a closed,
smooth Jordan curve -y contained in {2 which encloses {2;. We let S to be the image
ofy,Bg=0and B=8x ---x §=8™

Then define

C = inf m(P(2)), 7.1

dnf sup (@(2)) (7.1)

where @ € I if and only if &(z) = ¥(1, z) with ¥ : [0,1] x B — D continuous
and ¥ (0, z) = z.

Lemma 7.1. There exists K > 0, independent of the small number § used to define
D such that C > — K.

Proof. We need to prove the existence of X > 0 independent of small ¢ such that
if @ € I, then there exists a Z € B with

em(®(2)) > —K. (7.2)
Let us assume that 0 € {21 and write
P(z) = (P1(2), ... , P (2)).

Identifying the components of the above m-tuple with complex numbers, we shall
establish the existence of zZ € B such that

?;(2)
9;(2)]

Clearly in such a situation, there is a number ;2 > 0 depending only on m and 2
such that

— 5 forallj=1,...,m. (7.3)

19;(2) — Du1(2)| = p.

This, and the definition of ¢, clearly yields the validity of estimate (7.2) for
a number K only dependent of (2. To prove (7.3), we consider an orientation-
preserving homeomorphism 4 : S — S and the map f : T™ — T™ defined as

f(Q) = (f1(€), - -, fm(C)) with
Tmzsl x...xSl’
—_—

m
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and

Ji{G o m) = |¢<< AR

We define a homotopy F': [0,1] x T™ — T™ by

i(t,h(Cr),. .. s h(Cm))
|y7j(t’ h(Cl)v s ah(Cm)” .

Fj(tvé) =

Notice that F'(1,¢) = f(¢) and

(GO [R(Gm)

which is a homeomorphism of 7. The existence of Z such that relation (7.3) holds
follows from establishing that f is onto, which we show next.

The torus 7™ can be identified with the closed manifold embedded in R™*!
parameterized as

F(0,¢) =

),

C:(bh,...,0m) €10,2m)™
(p1€i91 ) Om—l) + (01, 02€i927 O’m—Q) R (O»m_l, pmeiem),
where 0 < p,, < -+- < p; and we have denoted O = (0,...,0), e i0; —
——
k
(cosf;,sin6;). We consider as well the solid torus T™ parameterized as
(01,...,0m,p) €[0,2m)™ x [0, pm] —
(p1€%,0pm_1) + (01, p2e™2, 0,0 2) 4 - - - + (Opu_1, pe'®m).
Obviously 87" = T™ in R™+1,

With slight abuse of notation, we consider the map f : T — T, induced
from the original f under the above identification, namely

F(©) = (p1£1(€); Om—1) + (01, 2£2(C), Om—2) + -+ + (O -1, P fin (€))-

f then can be extended continuously to the whole solid torus as f T — Rl
defined simply as

F(&p) = (p1/1(€),0m—1) + (01, p2f2(¢); Om—2) + - + (Om—1, pfm (C))-

f is homotopic to a homeomorphism of ", along a deformation which applies
OT™ into itself. Thus if P € int(T"™) then deg(f, 7™, P) # 0 and hence there
exists Q € T™ suchthat f(Q) = P.Thus if we fix angles (6%, ... ,0%,) € [0, 27)™
and p* € (0, p,,) then there exist (** € T™ and p** € (0, p,) such that

(P1S1(C7), 0m—1) + (01, p2 f2(C™), Op—2) + -+ + (01, P fir(C7)) =
(P16, 0,—1) + (01, p2€'%2, 0, —2) 4+ -+ (Opp_1, p*e™m).

A direct computation shows then that f;(¢**) = ' for all j and also p* = p**
It then follows that f is onto. This concludes the proof. a
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The second step we have to carry out to make Theorem 1 applicable is to
establish the validity of assumption (1.9). To this end we need to establish a couple
of preliminary facts on the half plane

H={(z',2%) : z' >0}
Lemma 7.2. Consider the function of k distinct points on H

U(x1,... ,x) = 74210g |z; — x5
i#]

Let I denote the set of indices i for which x} > 0 and Iy that for which z} = 0.
Then, either
Vi Wr(z1,...,25) #0, forsomei€ I,

or

%%@(xl, ooy x) #0,  forsomei € I.

Proof. We have that
0
— U (A1, ..., ATE)| a1 =

oA
ZVZ.Wk(xl mk)xz—i—ziwk(xl xk)xg.
: 7 ) ) . 6372 b) b 1
i€l i€ly ?
On the other hand,
ELD (\x Az = —4£[k(k¢ — 1) log M| #£0
I\ k 1y s ATE ) A=1 = N g Alx=1 ,
and the result follows. O

A second result we need concerns the analogue of the function ¢y, for the
half-plane H.

Let x = (21, 22%), y = (y',%?). Then regular part of Green’s function in H is
now given by

1
H(z,y) = —4log ——, 5= (y',—v°).
(=.v) |z — gl (
Then

1
G(z,y) = 4logm 7410g|7

Hence the associated function ¢y, is given by

k
1 T;— T;
Pr(T1, ..., k) :4210g7+4210gQ-
i=1

|z; — T

With identical proof as the previous lemma we now get
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Lemma 7.3. For any k distinct points ©; € int(H) we have

VQk(Il,... ,l‘k) 75 0.

We will recall here some straightforward to verify facts about the regular part

of the Green function H (z,y) = G(z,y) — 4 log Tiyl Lety € {2 be a point close

to 02 and let g be its uniquely determined reflection with respect to 942. Set

1
Y(x,y) = H(x,y) + 4log ——.
(2.9) = H(x,) + 4log [

Then it can be shown that +(x, y) is bounded in 2 x {2 and
IVato(z,y)| + [V (z,y)| < Ch. (7.4)
Using (7.4) one can derive the following estimates

1 1
|z —y| dist (y, 02

|mﬂmw+Wﬁmwsamm{ J+@.aa

Now we are ready to prove the validity of assumption (1.9) which in this case
reads as follows:

Lemma 7.4. Given K > 0, there exists a § > 0 such that if (&1,... ,&n) € 0D,
and | (&1, ..., &m)| < K, then there is a vector T, tangent to OD such that

vSﬁm(gla- . agm) - T 7é 0

Proof. Let us assume the opposite, namely the existence of a sequence § — 0 and
of points ¢ = &% for which & € D and such that

Veom(&iseoo  &m) =0 if & € (25, (7.6)

and
Veom(&asooo  m) -1 =0 if& € 092, (7.7)

for any vector 7; tangent to 9f2; at &;, where 25 = {x € 2 : dist (z,0£2) > ¢}.

From the assumption of the lemma it follows that there is a point §; € 925, such
that H(&;) — —oo as § — 0. Since the value of ¢,,, remains uniformly bounded,
necessarily we must have that at least two points &; and &; are becoming close. Let
Op = %, m = (&7, ...,&N) € §25, be a sequence of points such that (7.6), (7.7)

hold, and
Pn = 12f\§7 &' =0, asn— oco.
i#]

Without loss of generality we can assume that p,, = |} — £5|. We define

zh = ﬁ (7.8)
Pn
Clearly there exists a k, 2 < k < m such that

lim [z} <oo, j=1,....k and lim |27| =00, j>k.
n—oo n—oo
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For j < k we set
T n
i = f 7]
We consider two cases:
(1) either
dist (§1', 0425,,)
Pn
(2) or there exists cg < oo such that for almost all n we have

dist (5{1, (%Zgn)
p7L

— 00;

< Cg.

Case 1. Itis easy to see that in this case we actually have

dist (€7, 095,
Pn

o0, j=1,...,k.

Furthermore points {7, . . ., &} are all interior to {25, hence (7.6) is satisfied for all
partial derivatives 851]., j < k. Define

@m(xla .. 'axm) = @m(gl + Pnliy--- a§1 + pnmm)

We have foralll =1,2,5=1,...,k

aa:lj Pm(T) = Pnafzj om(&1 + zpn)-
Then at & = (Z1,...,&,0,...,0) we have
Oy, Pm (T) = 0.
On the other hand, using (7.5) and letting p,, — 0, we get
. n 1
lim 0,0, om (§1 + wpn) = —4 Z O, log ———— = 0.
n—00 e |37j - 3?z|
1#5,i<k

Since this last equality is true for any 7 < k,l = 1,2 we arrive at a contradiction
with Lemma 7.2 which proves impossibility of the Case 1 above.
It remains to consider:

Case 2. In this case there exists a constant C' such that
dist (£7, 952
(&7,082,) <
Pn

If points &' are all interior to {25, then after scaling with p,, we argue as in Case 1
above to reach a contradiction with Lemma 7.3.
Therefore, if Case 2 is to hold, we assume that for certain j = j* we have
dist (&7,,002,) = 0.

Jx
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Assume first that there exists a constant C' such that §,, < Cp,,. Consider the
following sum (summation here is taken with respect to all i # j5)

sn=) G(E,&)
i#E]
The leading part, as n — oo, of s, comes just from the points that become close
asn — 0. We can isolate groups of those points according to the asymptotic form
of their mutual distances. For example we can define:
1 : n n
= inf &
P = i &7 =&l
and consider those points whose mutual distances are O(p?.), and so on. For each
group of those points (also those with indices higher than k) the argument given
above in the Case 1 applies. This means that not only those points become close to
one another but also that their distance to the boundary 0f2;,, is comparable with
their mutual distance. Applying the asymptotic formula for the Green’s function
we see that

sn =0(1), asn— co. (7.9)

On the other hand we have

1
SOH(ED, €0) < H(ER, €8) + C < —4log ——— + C.
j €7 — &5

Since |§]" — EJ”*\ < 20, (because £ € 042, ) we have that

ZH(g;L,g;l) — —00, asn — oo,
J

which together with (7.9) contradicts the fact that ¢,,,(£™) is bounded uniformly
in n.

Finally assume that p,, = 0(d,,). In this case after scaling with p,, around 3
and arguing similarly as in the Case 1 we get a contradiction with Lemma 7.2 since
those points &' that are on 02, , after passing to the limit, give rise to points that
lie on the same straight line. Thus Case 2 cannot hold.

In summary we reached now a contradiction with the assumptions of the
Lemma. The proof is complete. a

Remark 7.1. 1f {2 has d holes, namely d bounded components for its complement,
then at least d + 1 solutions u, with

lim &2 / k(x)e's = 8n
e—0 0

exist. We observe that 1 (§) = H(&). Since H (&) approaches +oo as £ approaches
012, Ljusternik-Schnirelman theory yields that H has atleast cat({2) = d+1 critical
points with critical levels characterized through d+ 1 min-max quantities. The same
property is thus inherited for £'(¢) and the fact is thus established.
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7.3. Proof of Theorem 3

We want to apply Theorem 2 in this situation. Observe that the function ,, now
becomes

m
(Y1, Ym) = ZaG vi P) = H(yjui)] = Y Gyi, y)),
J=1 7]

so we want to investigate the existence of a nontrivial critical value for this function.
We proceed similarly as in the proof of Theorem 1, except that now the domain D
is chosen as D = (25" where

s ={ye R /dist(y,002) >4, ly—P| >}

with § a small positive number. We consider the same min-max quantity C as in
(7.1), except that now the curve -y is chosen to enclose the point P. We need to get
that C is uniformly bounded below independently of §. Assume P = 0. Arguing
exactly as in Theorem 1, this fact follows if we find that for y € D with the property
i B =1, m,
|y

we have that
m

AEZ&G(y], ZG YL Yi) > —
j=1

I#g
Note that |y; — y;| > Cly;| for all j # [. Clearly we have

= aZlog Z og ——— |yl +0(1)

where O(1) is a quantity uniformly bounded independently of 6. We have, for a
fixed [, that

1
alogm—z

L

—(m—1)log — ! +0(1).

=z olog m

ly =yl — 1]
Since av > m — 1 by assumption, the above quantity is uniformly bounded below,
hence the value C is bounded below independently of 9, as desired.

To prove the assertion of tangential derivatives being non-zero over the boundary
of D for uniformly bounded values of ¢,,, provided that ¢ is small enough, we
argue by contradiction in similar terms as those in Theorem 1. The situation we
end up with now, with exactly the same proof, is that all points &; that are close
to one another, say by p(d) — 0, as 6 — 0, must be at O(p) distance from 92s.
Scaling arguments as in the proof of Theorem 1 work as long as those points remain
interior to {25 or p = o(4). Once this is excluded, we only need to consider the
case C'p > 4. But this is impossible as well, since on the one hand for points ¢;
that are at O(p) from 012, G(&;,&;) remains uniformly bounded, while for those
close either to P (or to 9f2s), their contribution to the total value of ¢,, is at least
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of order [ — (m — 1)] log % (or O(log %) due to the asymptotic behavior of H); in
any case this is in contradiction with the fact that ¢, is uniformly bounded. Hence
Theorem 2 becomes applicable to this situation and the proof is concluded. ad

Acknowledgement. This work has been partly supported by Cooperation CNR/CONICYT,
grants Fondecyt 1030840, Fondecyt 1040936 and FONDAP, Chile, and Progetto Nazionale
ex 40% Metodi variazionali e topologici nello studio di fenomeni non lineari, Italy.

References

1.

2.

14.

15.

16.

18.

19.

Bahri, A., Li, Y.-Y., Rey, O.: On a variational problem with lack of compactness: the
topological effect of the critical points at infinity. Calc. Var. 3, 67-93 (1995)

Baraket, S., Pacard, F.: Construction of singular limits for a semilinear elliptic equation
in dimension 2. Calc. Var. 6, 1-38 (1998)

Bartolucci, D., Tarantello, G.: The Liouville equation with singular data: a
concentration-compactness principle via a local representation formula. J. Differen-
tial Equations 185, 161-180 (2002)

Brezis, H., Merle, F.: Uniform estimates and blow-up behavior for solutions of
—Au = V(x)e" in two dimensions. Comm. Partial Differential Equations 16, 1223—
1253 (1991)

Brezis, H., Nirenberg, L.: Positive solutions of nonlinear elliptic equations involving
critical Sobolev exponents. Comm. Pure Appl. Math. 36, 43747 (1983)

Caffarelli, L., Yang, Y.-S.: Vortex condensation in the Chern-Simons Higgs model: an
existence theorem. Comm. Math. Phys. 168, 321-336 (1995)

Fowler, R.H.: Further studies on Emden’s and similar differential equations. Quart. J.
Math. 2, 259-288 (1931)

Caglioti, E., Lions, P.L., Marchioro, C., Pulvirenti, M.: A special class of stationary
flows for two-dimensional Euler equations: a statistical mechanics description, I & II.
Comm. Math. Phys. 143, 501-525 (1992) & 174, 229-260 (1995)

Chae, D., Imanuvilov, O.: The existence of non-topological multivortex solutions in the
relativistic self-dual Chern-Simons theory. Comm. Math. Phys. 215, 119-142 (2000)

. Chandrasekhar, S.: An introduction to the study of stellar structure. Dover, New York

1957

. Crandall, M., Rabinowitz, P.H.: Some continuation and variational methods for positive

solutions of nonlinear elliptic eigenvalue problems. Arch. Rational Mech. Anal. 58,
207-218 (1975)

. Chang, S.-Y.A., Yang, P.; Conformal deformation of metrics on S>. J. Diff. Geom. 27,

259-296 (1988)

. Chang, S.-Y., Gursky, M., Yang, P.: The scalar curvature equation on 2- and 3-spheres.

Calc. Var. 1, 205-229 (1993)

Chanillo, S., Kiessling, M.: Rotational symmetry of solutions of some nonlinear prob-
lems in statistical mechanics and in geometry. Comm. Math. Phys. 160, 217-238 (1994)
Chen, C.-C., Lin, C.-S.: Topological degree for a mean field equation on Riemann
surfaces. Comm. Pure Appl. Math. 56, 1667-1727 (2003)

del Pino, M., Felmer, P.: Semi-classical states for nonlinear Schrodinger equations. J.
Funct. Anal. 149, 245-265 (1997)

. del Pino, M., Felmer, P., Musso, M.: Two-bubble solutions in the super-critical Bahri-

Coron’s problem. Calc. Var. 16, 113-145 (2003)

del Pino, M., Dolbeault, J., Musso, M.: “Bubble-tower” radial solutions in the slightly
supercritical Brezis-Nirenberg problem. J. Differential Equations 193, 280-306 (2003)
Esposito, P.: A class of Liouville-type equations arising in Chern-Simons vortex theory:
asymptotics and construction of blowing-up solutions. Ph.D. Thesis, Universitd di Roma
“Tor Vergata” (2004)



Singular limits in Liouville-type equations 81

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Esposito, P., Grossi, M., Pistoia, A.: On the existence of blowing-up solutions for a
mean field equation. Preprint 2004

Gelfand, I.M.: Some problems in the theory of quasilinear equations. Amer. Math. Soc.
Transl. 29, 295-381 (1963)

Joseph, D.D., Lundgren, T.S.: Quasilinear problems driven by positive sources. Arch.
Rat. Mech. Anal. 49, 241-269 (1973)

Kazdan, J., Warner, E.: Existence and conformal deformation of metrics with prescribed
Gaussian and scalar curvatures. Ann. Math. 101, 317-331 (1975)

Li, Y.-Y., Shafrir, I.: Blow-up analysis for solutions of —Au = Ve* in dimension two.
Indiana Univ. Math. J. 43, 1255-1270 (1994)

Lin, C.-S.: Topological degree for mean field equations on S2. Duke Math. J. 104,
501-536 (2000)

Liouville, J.: Sur L Equation aux Difference Partielles dZi‘Zi A4 ﬁ = 0.C.R. Acad.
Sci. Paris 36, 71-72 (1853)

Ma, L., Wei, J.: Convergence for a Liouville equation. Comment. Math. Helv. 76,
506-514 (2001)

Mignot, F.,, Murat, F., Puel, J.: Variation d’un point de retournement par rapport au
domaine. Comm. Partial Differential Equations 4, 1263-1297 (1979)

Nagasaki, K., Suzuki, T.: Asymptotic analysis for two-dimensional elliptic eigenvalue
problems with exponentially dominated nonlinearities. Asymptotic Anal. 3, 173-188
(1990)

Struwe, M., Tarantello, G.: On multivortex solutions in Chern-Simons gauge theory.
Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. 8, 109-121 (1998)

Suzuki, T.: Two-dimensional Emden-Fowler equation with exponential nonlinearity.
Nonlinear diffusion equations and their equilibrium states, 3 (Gregynog, 1989), pp. 493—
512 . Progr. Nonlinear Differential Equations Appl. 7. Birkhduser Boston, Boston, MA
1992

Rey, O.: The role of the Green’s function in a nonlinear elliptic equation involving the
critical Sobolev exponent J. Funct. Anal. 89, 1-52 (1990)

Tarantello, G.: A quantization property for blow-up solutions of singular Liouville-type
equations. Preprint 2003

Weston, V.H.: On the asymptotic solution of a partial differential equation with an
exponential nonlinearity. SIAM J. Math. Anal. 9, 1030-1053 (1978)

Ye, D., Zhou, F.: A generalized two dimensional Emden-Fowler equation with expo-
nential nonlinearity. Calc. Var. 13, 141-158 (2001)




