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Abstract

We consider the problem Au + |u| ﬁ u=0in 2¢, u =00n 082, where £2; := 2\ B(0, ¢) and £2 is a bounded smooth domain
in RN, which contains the origin and is symmetric with respect to the origin, N > 3 and ¢ is a positive parameter. As & goes to
zero, we construct sign changing solutions with multiple blow up at the origin.
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Nous considérons le probleme —Au = |u| ﬁ u dans 2, u =0 sur 082, ou 2, := 2\ B(0, ¢), 2 est un domaine borné de RN
contenant 1’origine et symétrique par rapport a I’origine, N > 3 ; ¢ est un parametre positif. Quand ¢ — 0, nous construisons des
solutions changeant de signe qui ressemblent a une superposition de solutions transitoires centrées dans 1’origine.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let D be a smooth bounded domain in R, N > 3. Consider the following nonlinear elliptic problem:

{Au+|u|1\’42u:0 in D, (1)
u=>0 on 0Dt.
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It is well known that the Sobolev embedding HOl (D) — L% (D) is not compact and that this lack of compactness
makes the question of solvability of (1.1) quite delicate.

Pohozaev’s identity [31] shows that problem (1.1) has only the trivial solution if the domain D is assumed to be
strictly starshaped. On the other hand, Kazdan and Warner showed in [25] that if D is an annulus then (1.1) has a
(unique) positive solution in the class of functions with radial symmetry. In [7], the authors study the asymptotic
behavior of this solution as the radius of the inner ball of the annulus tends to zero. In the nonsymmetric case,
Coron [16] found via variational methods that (1.1) is solvable and that it admits a positive solution under the assump-
tion that D is a domain with a small hole. Substantial improvement of this result was obtained by Bahri and Coron [5],
showing that if some homology group of D with coefficients in Z, is not trivial, then (1.1) has at least one positive
solution. See also [4,6,11,20,22,32] for related results.

An interesting question is the study of the asymptotic behavior of Coron’s solution as the size of the hole tends
to zero. Under the assumption that the hole is symmetric (a ball of radius p), then the solution concentrates around
the hole and it converges, as p — 0, in the sense of measure to a Dirac delta centered at the center of the hole. In the
literature this is what is known as a (simple) bubbling solution. We refer the reader to [26,28,33] where the study of
existence of positive solutions to (1.1) in domains with several small symmetric holes and their asymptotic behavior
as the size of the holes goes to zero is carried out.

When the hole in D is not symmetric as in Coron’s setting, a recent result by Clapp and Weth [15] shows that,
besides the positive solution discovered by Coron in [16], problem (1.1) has another solution. The argument in [15]
is by contradiction and the authors can not describe the second solution, in particular they can not say whether it
is positive or it changes sign. In fact, we believe that this second solution changes sign. Existence and qualitative
behavior of sign changing solutions for elliptic problems with critical nonlinearity have been investigated by several
authors in the last years. We refer the reader for instance to [1,2,8,9,13,14,23,24,29].

In this paper we treat the case of a bounded and smooth domain £2 in RN, N >3, which contains the origin and is
symmetric with respect to the origin, i.e. x € §2 if and only if —x € §2. We define 2, = 2 \ B(0, ¢), for some ¢ > 0.
We prove that problem

{Au+|u|ﬁu=0 in 2, (1.2)
u=0 on 052,

admits any arbitrary number of sign changing solutions, provided ¢ is sufficiently small. Not only this, we construct
sign changing solutions as a superposition of bubbles with alternating sign centered at the center of the hole, the
origin.

The result is the following:

Theorem 1.1. For any integer k > 1, there exists g > 0 such that for any € € (0, i) there exists a pair of solutions
ue and —u, to problem (1.2) such that

N2

k 2i—1
ue(x) =ay y (=) (Mg—k> " (1+0(),

pras]
i=1 MPe¥ ™% + |xf?

where ay == [N(N —2)] ¥, My, ..., My are positive constants depending only on N and k and o(1) — O uniformly
on compact subsets of §2, as ¢ — 0. Moreover, u; is even with respect to the origin, i.e. ug(x) = ug(—x).

Observe that no positive solutions to (1.1) exhibiting this feature of superposition of bubbles can be found, as proved
in [27]. The novelty of the result obtained in Theorem 1.1 is the existence of solutions for the problem at the critical
Sobolev exponent which are superpositions of bubble of different heights and necessarily alternating sign: a first
positive bubble, whose maximum is of size 8_% , a second negative bubble, whose minimum is of order 8_% , up to the
last bubble, which in absolute value has maximum of order 872+%.

We point out that in [30] the authors proved the existence of sign changing solutions with multiple blow up at the
origin for a slightly sub critical problem in a symmetric domain. It seems that sign changing solutions that naturally
appear in critical problems look like superpositions of bubbles. The phenomenon of superposition of bubbles for
problems related with the critical Sobolev exponent is already known in the literature. Concerning superposition of



512 M. Musso, A. Pistoia / J. Math. Pures Appl. 86 (2006) 510-528

positive bubbles, we refer the reader to [17-19], where the case of domains with symmetry is treated, and to [21],
where the results obtained in [17] is generalized to a generic domain with no assumption on its symmetry.

In fact, in view of the results contained in [21,33], we conjecture that the following result holds true: Given a
domain £2 not necessarily symmetric, if we drop a small ball with center in any arbitrary point inside 2, then there
exists a sign changing solution to problem (1.2) which looks like a superposition of an arbitrary number of bubbles
with alternating sign and which concentrates around the center of the hole, provided the hole is sufficiently small.

We will prove Theorem 1.1 with the aim of a Liapunov—Schmidt reduction, which we describe, together with the
scheme of the proof, in Section 2.

We would like to thank the referee for the helpful comments on the results contained in Theorem 1.1 and for the
remarks on the organization of the paper, which helped us to improve its presentation.

2. Ansatz and sketch of the proof
Let us denote with p the critical Sobolev exponent %—“_L% The basic elements to construct sign changing solutions
to (1.2) are the functions w,,, defined by:
N-2

wy(y) =ay , u>0,

N-2
W2 +1yH =
with ay :=[N(N — 2)]¥. It is well known (see [3,12,34]) that these functions are the only radial solutions of the
equation —Au = u” in RY. In order to fit the homogeneous Dirichlet boundary conditions in (1.2), we project wy
onto HOl (£2¢). We define m, . to be the unique solution to the problem:

Amy e =0 in 82,
Tpe=—W, ONOIE,.
Then the function P,w,, :=wy, + 7,  is the projection onto H}(§2,) of the function wy,, namely it satisfies:
—APow, = wﬁ in £2,,
Pow, =0 on 952;.

As already observed in [17-19,30], a useful way to construct superpositions of bubbles, or tower of bubbles, is to
rewrite problem (1.2) in different variables. We introduce spherical coordinates y = y(p, ®) centered at the origin
givenby p=|y|and ® = |yl| We define the transformation:

1\ 7T
—1\ 7 -
v(x, ©) =T W) (x, O) = (%) e “ule"70). 2.1)
We denote by D, the subset of S := R x S¥~! obtained from £2, under the transformation (2.1), namely
De:={(x,0): ro(®) <x <re, SV,

where 7 : SN ~1 5 R is a continuous function. We remark that, after the change of variables, the ball B(0, ¢) becomes
the set [—NT_Z loge, 400) x S¥~1 and the domain £2 becomes a subset D of R x SV~ so that we can write:

N-2

D; = D\ [rg, +00) X SN_I, where r; ;= — loge.

After these changes of variables, problem (1.2) becomes:

{Lo(v) =[v[?~'v in Dy, 2.2)

v=0 on oD,

where

—1\?2
Lo(v) = _(pT> Agv-1v —v" +v. (2.3)
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Ly is the transformed operator associated to —A. Here and in what follows, ' = % and Agv-1 denotes the Laplace—
Beltrami operator on SV,
We observe then that

T(wp)(x, @) = We(x) :=W(x —§),

where

N2

W(x) = Cye ™ (1+e 72%) 7 7 | withpu=e 72¢, 2.4)

N2
7

and Cy = (%) * The function W is the unique solution of the problem:

W'—W4+WP=0 inR,

w’(0) =0, W >0, (2.5)
W(x)—0 as x — +oo.
We see also that setting
Il o = T(”M,€)5 with u = e—ﬁé’ (2.6)

then [T ; solves the boundary problem:

2.7

Lo(ng,g) =0 in Dq,
Mg e =—Wg onodD;.

Let &; be positive points in R with 0 < &) <& < --- <& and u; = e_ﬁs". We look for a solution to (2.2) of the
form:

k
v(x,0) = Z(—l)’ (Wx — &)+ [z, o (x, 0)) + ¢ (x, 0), (2.8)
i=1
where the rest term ¢ is a small function which is symmetric with respect to the variables @1, ..., @y. In original

variables, the solution to (1.2) takes the form

k
w(y) = (= (wy;, (3) + 70 (0)) + Y (). (2.9)
i=1
where ¥ is a small function which is symmetric with respect to the origin.
A crucial remark is that v(x) ~ ZL] (—D'W(x — &) solves (2.2) if and only if (going back in the change of
variables)

k _1351'2 N=2
, e N-
M()’)"’“N § (_1)l< 4¢; )
i e N2+ |y?

solves (1.2). Therefore, the ansatz given for v provides (for large values of the &;’s) a sign changing bubble-tower
solution for (1.2).
Let us write:

k
Wi) =W —&). M=Mge. Vi=Wi+M, Vi=) (~D'Vi (2.10)
i=1
We consider the ansatz v =V + ¢. In terms of ¢, problem (2.2) becomes:

{L(«p) =N($)+ R inD;,

=0 on 4Dy, 2.11)

where
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L(¢) :=Lo(p) — f'(V)¢, (2.12)
N@):=f(V+¢)—f(V)= f(V)g, (2.13)
k
R:=f(V)=Y (-1)w}. (2.14)
i=1
Here, we set f(s) :=|s|" " Ls.
Fori =1,...,k we will choose points &; such that
e 5 =g%);, forsomeA; >0, (2.15)
where
20—1N-2 |
o= — i=1,... k. (2.16)
k 4

We choose the ;s to be solutions to the linear system:
201 + 20, =N — 2,
201 =apy — oy,
(2.17)
200 = o — Olf—1.

Rather than solving (2.11) directly, we consider first the following intermediate problem: given points & :=
&1,...,&) € R, or equivalently parameters A := (Ay,...,Ag) € Rﬁ, find a function ¢ symmetric with respect to
the variables ®1, ..., ®y such that, for certain constants c;, it satisfies:

k
L@$)=N@) +R+Y cZ inD,

i=1

¢=0 on 4D, (2.18)
/Z,-qbdxd@:O ifi=1,...,k,
Dy

where the Z;’s are defined as follows. Let:

2
wy, (y) fori=1,...,k, with u; =e” ¥=25

0
zi(y) = wi o

i
Each z; solves the linearized problem (see [10]):
—Az= pwﬁi_lz in RV,

Let P.z; be the projection onto H(l)(s?g) of the function z;, i.e. AP,z; = Az; in 2., P.z; =0o0n d82,.Let Z; (x, ®) :=
T (P.z;)(x,®). Then Z; solves:

—1 .
{Lo(Zi) =pw!™'z; inD,, (2.19)
Zi=0 onoD,.
Unique solvability in certain class of functions for problem (2.18) is proved in Section 3.
According to (2.18), the problem has been reduced to that of finding points A; so that the constants ¢; are all equal
to zero. Thus, we need to solve the system of equations

ci(x)=0 foranyi=1,...,k. (2.20)
If (2.20) holds, then v = V + ¢ will be a solution to (2.11) or equivalently to (2.2). In Section 4 we see that solving
this system turns out to be equivalent to finding critical points of the function (Ay, ..., Ax) = I.(V). Here I is the

energy functional given by:

1/p—1\> 1 1
1. (v) ;:5(1’7> /|V@v|2dxd@+§/(|v/|2+|v|2)dxd@—m[le“dxd@ (2.21)
D, D D,
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naturally associated to problem (2.2).
Using (2.15), (2.16), we compute the asymptotic expansion for /. (V) and we conclude the proof of Theorem 1.1.
This is done in Section 4. In the last section we collect some technical lemmas, whose results we use throughout the

paper.
3. The reduction method

In order to solve problem (2.18), it is necessary to understand first its linear part. Given a function %, we consider
the problem of finding ¢ such that for certain real numbers c; the following is satisfied:

k
L(¢)=h+)Y cZ inD,,

i=1

¢=0 on 9D, (3.1)
fZi¢dxd@=0 ifi=1,...,k,
Dy

where the linear operator L is defined in (2.12). We need uniformly bounded solvability in proper functional spaces
for problem (3.1). To this end, it is convenient to introduce the following norm. Given an arbitrarily small but fixed
number o > 0, we define:

k -1
lglls == sup (Ze“”'”"') |g(x, 0)]. (32)
(x,0)eD

i=1

Although this norm depends on ¢ and the numbers 0 < & < --- < &, we do not indicate this dependence in our

notation. In fact, different choices of o and A = (A1, ..., Ax) lead to equivalent norms. Let C, be the Banach space
of all continuous functions g : D, — R which are symmetric with respect to the variables @1, ..., ®y and for which
gl < +o0.

First of all, we obtain the following result.

Proposition 3.1. For any § > 0, there exist e > 0 and C > 0 such that if ¢ € (0, &) and if 6 < Aj < s7li=1,....k
then for any h € C, problem (3.1) admits a unique solution Tg(\, h) € Cy, with

|T- )|, <Cliklls  and |ci| < Cllh]s.

Proof. The proof of this proposition consists of 2 steps.
Step 1. An a-priori estimate. Assume the existence of sequences of numbers ¢, — 0, c;’, functions ¢, and k,,, with
[/, ]l%« — O so that

k
L) =hy+ ) clZi inDy,
i=1

¢ =0 on dD,,, (3.3)
/Ziqb,,dxd@:O ifi=1,...,k.
Dy,

Then necessarily ||¢, |« — 0. We will first show that ||¢, ||coc — 0. Assume by contradiction that ||@,]lcc = 1. A first
fact to observe is that ¢! — 0 as n — oo for all i. This follows by testing equation in (3.3) against Z; and integrating
by parts. These two operations give that the constants ¢} solve an almost diagonal system. This fact, together with
(2.19), implies that lim,_, ¢} = 0. Now let (x,,6,) € D;, be such that ¢, (x,,6,) = 1. We claim that, for n large
enough, there exist R > 0 and i € {1, ..., k} such that |x, — &'| < R. We argue by contradiction and suppose that
|x, — &'l = 400 asn — +oo forany i =1, ..., k. Then either |x,| — o0 or |x,| remains bounded. Assume first
that |x,| — +o0.

Let us define:

Gn(x, ©) = ¢y (x + x5, O).
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We may assume that, up to subsequences, ¢, converges uniformly over compact sets to a function ¢. Define
¥ =T~ 1($). Then, from elliptic estimates, ¥ satisfies:

Ay =0 inRV\{0}.
Moreover, ||¢||c>o =1, translates into |1ﬁ(y)| < y| (N=2)/2 1t follows that w extends smoothly to 0, to a harmonic
function in RV with this decay condition, hence ¥ = 0, yielding a contradiction.
Arguing in a similar way one shows that |x,| cannot be bounded. Hence, there exists an integer [ € {1, ..., k} and
a positive number R > 0 such that, for n sufficiently large, |x, — &/'| < R. Let again q~5n (x,0)=¢,(x + &', ©). This
relation implies that ¢, converges uniformly over compacts to a function ¢. Define again ¥ = 7 ~'(¢). Then ¥/ is a
nontrivial solution of

AV +pw! 'Y =0 nRY\ {0}

with [ (y)| < C |y| ? for all y. Thus we get a classical solution in RV \ {0} which decays at infinity and hence
equals a linear comblnatlon of the z,,,’s. It follows that ¢ is a linear combination of the Z,,’s. But then the orthogonality
relations imply $=0, again a contradiction. We have thus proven ||¢,||cc — 0 as n — 0o. Next we shall establish
that ||, ||« — 0. We write the equation in (3.3) as Lo(¢,) = gn with g, = f'(V)¢, + hy + Y _c!'Z; and we observe
that the operator L satisfies the maximum principle. Furthermore we have that

1gn| < Gp=m, Ze—ﬂ—a)lx—;n

for some constant m,, — 0. Let us now define {,, = K G,. Direct substitution shows that Lo(y,) < —G, in weak
sense, provided that K is chosen large enough but independent of n. From Maximum Principle, we obtain then that
¢n < ¥, Similarly we obtain ¢, > —,. Since, as well ¥, < C G, this shows that ||¢, |+ — 0, and the proof of
Step 1 is thus concluded.

Step 2. Let us consider the space:

H= {¢ € Hy(Dy): le-¢dx =0Vi},
De

endowed with the usual inner product:

1/p—1\° 1 L
[¢,w]=5<7) /v@¢~v@w+5/(¢w + oY),
D

&

Problem (3.1) expressed in weak form is equivalent to that of finding a ¢ € H such that
9. ¥]= /[f/(V)dJ +hlydx VY eH.

With the aid of Riesz’s representation theorem, this equation gets rewritten in H in the operational form ¢ = K (¢) +h,
for certain h € H, where K is a compact operator in H. Fredholm’s alternative guarantees unique solvability of this
problem for any 4 provided that the homogeneous equation ¢ = K (¢) has only the zero solution in H. Let us observe
that this last equation is precisely equivalent to (3.1) with 42 = 0. Thus existence of a unique solution follows. The
bounded solvability in the sense of the || ||.-norm follows after an indirect argument from Step 1. The bound on the
constants ¢; is obtained arguing as in the first part of Step 1. O

Remark 3.2. Under the same assumptions of Proposition 3.1 we have that the map A — T, (A, k), with values in
L(C), is of class C! and

IDATe )| oo, < €
uniformly in A.

Now, we are ready to solve problem (2.18). Just observe that, directly from the definitions (2.13) and (2.14), we
get:

IN@|, <ClglZ, IRl <Ce'x =), (3.4)
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Proposition 3.2. For any § > 0, there exist eg > 0 and C > 0 such that if ¢ € (0, &9) and if § < A; < sl i=1,...k

there exists a unique solution ¢ = ¢(L),c = (c1(X), ..., ck(X)) to problem (2.18) which satisfies |||« < Ce N (1-0),

Moreover; the map » — ¢ (1) is of class C! for the || - ||xnorm and || D¢ |« < celm-0),

Proof. In terms of the operator T defined in Proposition 3.1, problem (2.18) becomes:
¢=T(N(¢)+R) =A(¢). (3.5)
where N (¢) and R where defined in (2.13) and (2.14). For a given M, let us consider the region:
F={pcC(D): gl < Me"T 1=},
From Proposition 3.1, we get:
lA@ |, <CIN@D], + IRl
By (3.4), we thus obtain:
[a@)], < Me=0=,

provided M is chosen large, but fixed.
On the other hand we can easily check that N satisfies, for ¢1, ¢ € F,

|N@) = N@)|, < CiMe™ % 1= gy — o]

We conclude that A is a contraction mapping of F, and therefore a unique fixed point of A exists in this region.
Concerning now the differentiability of the function ¢ (1), let us write:

B(h,¢):=¢ —T(N(¢) +R).
Of course we have B(A, ¢) = 0. Now we write:
DyB(\,$)[01=0 — T(0Dy(N($))) =:0 + M(0).
It is not hard to check that the following estimate holds:
[M@©], < ce™= =)o,

It follows that for small ¢, the linear operator Dy B(A, ¢) is invertible in Cy, with uniformly bounded inverse. It also
depends continuously on its parameters. Let us differentiate with respect to A. We have:

D3B(h,¢) = —(DyT)(N(¢) + R) — T((DiN)(A, ) + DiR),

where all the previous expressions depend continuously on their parameters. Hence the implicit function theorem
yields that ¢ (A) isa C I function into C,. Moreover, we have:

Dy =—(DyB(h.9)) ' [DrB(, 9)].
so that
IDxoll« <C(|N(p)+ R|, + |DaNO, ¢)|,) < CeSR0-0)

This concludes the proof of the proposition. O
4. Estimates for the reduced functional

Let ¢ = ¢(X) and ¢; = ¢; (A) be solutions to (2.18) given by Proposition 3.2. Our problem reduces to
ci(x)=0 foranyi=1,...,k. 4.1

This system turns out to be equivalent to a variational problem, related to the functional (2.21) associated to
problem (2.2). Indeed, by the same (standard) arguments as given on p. 301 in [17], the following result is proved.
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Lemma 4.1. The function V + ¢ is a solution to (2.2) if A is a critical point of the function,
L) =LV + ¢),

where ¢ = ¢ (L) is given by Proposition 3.2 and I, is defined in (2.21).
The following estimate is crucial to find critical points of I.

Lemma 4.2. The following expansion holds:
.0y = L.(V) +0(e T 1-9),

where the term O(8¥(17d)) is uniform over all A;’s satisfying 8 < A; <8~ ', i=1,...,k, for some given § > 0.

Proof. Taking into account that 0 = DI.(V + ¢)[¢], a Taylor expansion gives:

1

I(V+¢)—I(V) =/Dzlg<v +t¢)[p*]r dt
0

1
=/(/[N(¢)+R]¢+/p[v1"1 - (V—i—tqb)[’_]]d)z)tdt.
0 D D
Since ||¢||« = O(e e a- 2)), we get:
1.0y = 1.(V) = O("F 1-9)),

uniformly on points satisfying 0 < A; < 8! Differentiating now with respect to the A variables, we get that

1 00
D [I.(\) — I(V) =/</D,\ N(¢)+R)gb]tdtﬂa/0A [((V+1p)r~! —vPT)g? ]).
0 ‘D, 0

Using the computations in the proof of Proposition 3.2, we get that the first integral can be estimated by O(e MPa- )y,
so does the second. Hence the proof of Lemma 4.2 is complete. 0O

The advantage of the choice of £;’s made in (2.15) is the validity of the expansion of the functional (2.21) given in
the following proposition.

Proposition 4.3. For any § > 0, there exists g9 > 0 such that for any € € (0, &9) the following expansion holds:

N-2 N-2
L(V)=kai +& % W(hi,..., ) +o(e X ), 4.2)
where
1 i+1
WO, hi) 1= agh +a3)‘1%+a42 ’l 4.3)
and as ¢ — 0 the term 0(8N2_;2) converges to 0 uniformly on the set of »;’s with § < 1; <8~ ', i=1,... k. Here, we

have:
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1
ap = ﬁwN—l/Werl(y)dyv “4.4)
R
Cw .
ai=H0,0—~oy-1 [ WP (y)dy, (4.5)
R
C ,
az = TNqu/e-‘ WP (y)dy, (4.6)
R
a4 = Cyon-1 / WP (y)dy, @.7)
R

and wy_1 is the surface area of SV~

The proof of this expansion relies on arguments inspired by [17—19]. For the convenience of the reader, we partly
reproduce the proofs here. As a first step, we collect some asymptotic estimates in the following two lemmata.

Lemma 4.4. It holds:

k
Z L:(V;) = kat + ape™ %" + aze 275 1 o(e™ %), (4.8)

i=1

where a1, ar and asz are given in (4.4), (4.5) and (4.6).

Proof. By definition of the function V; and using the mean value theorem, we deduce that

S ! P _
= <§ - ﬁ) / IWil7 ™! deds - E/HthdedQ - E/IW,- +uIPT IR dxdg, (49)
D, D, D.
for some #; = #; (x) € [0, 1].
We see first that
/'Wil”“dxd9= / WPl (y) dyde
D; De—§;
= WN-1 / wrtl +O(e—(l’+1)5i +e—(p+1)(rg—%‘,-))
R
=wN_1fWP+1+o(82“l). (4.10)
R

Here and in the following D, — & = {(y,0): r0(0) — & <y <r.—§;, 0 € SN_I}. By (A.5) we deduce:

—fniwi”dxde=cN/e—x—ffH(e—”T”xe,o)Wi”(x)dxde
D, D,
+CN/e—2’8+fi+XWiP(x)dxde+/pi(x,9)wl.”dxd9. 4.11)
D, Dy

We have (setting x =y + &;):
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/e—x—ffH(e—pT”Xe),0)Wl.”(x)dxd9
b,
= / e_y_2§iH(e—%4()'+§i)9’O)W[’(y)dydg

De—&;

—e 2 <H<0, 0)on-—1 f e WP (y)dy +o(1)>, (4.12)

and
/ e M HETTWI (x) v df = / WP (y) dy df
Ds D£ _Ei

— e~ 20re—8) (le /e)’ WP (y)dy + o(l)) . (4.13)
R

By (A.6) we get (setting x =y + &;):

‘/pi(x,e)wi”dxde‘gc / (e™ (P& 4 =2 YV WP (y) dy dd
D,

De—§;
— O(e—(IH-l)Si + e—2rs) — 0(8(17+1)Oti + EN—2) — 0(820”). (4.14)
Finally, by (4.1) and (4.2) we deduce:
/|W,- + 411;|P~ T dx dO = o(e71). (4.15)

D,

The claim follows by all the estimates (4.9)—(4.15). O

Lemma 4.5. Considering the numbers x1 =0, x; = E”‘2—+$’, 1=2,...,k, Xr+1 =r¢ and setting Dé ={(x,®) € Dq:
X1 <X < X141}, we have forl =1, ...k,

/Wiij =o(e20=9)) i1, (4.16)
Dl

/W,”Wj =age” 578 o(e210=0)) yr £, 4.17)
D!

/[‘/ZP+1 _ |V|[7+l + (p + 1)‘/117 Z(_l)l-‘rjvj] =0(52a1(1_0)), (4.18)
DL J#l

/(Wip — V)V =o(?=) ifi #j, (4.19)
DL

where aq is given in (4.7).

Proof. Throughout this proof, C stands for a generic constant depending only on N and k whose value may change
in every step of the calculation. From (2.4) we directly deduce the estimate:

|[W(x)| < Ce ™™ in D, (4.20)
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which will be frequently used in the following:

We start by verifying (4.16), first for i #1[ and j #[. In this case (4.20) implies:

Xi+1
/Wiij <C / o= Plv—tilg—lx—5;]
D! X1

(Xi+1 — X1) max{e—l’\Xl—Ei\’ e Plxi+1-6il } max{e—|Xl—§j‘7e—|Xl+1—5j‘}

1+1 —&—1 =gl Bl o+ 2 —a
%e T e 3 SC(—logs)glal ajl+5 ey —a;l

— 0(82011(170)).

<C
<C

Next we consider j =1. By (4.20) for i </ (so that & < §_1) setting x — § =y, we get:

§41-8
Xi+1 2
/Wisz<C / e PO—E) ot gy — Co—PE—E) / (=3 gy
DL Xi §-1-4

2

< CePE—E) (DT B -8

< CelF @) - o(e21(1=2))

For i > (so that & < &_1) setting x — & = y, we find similarly,

§r1-8
Xi+1 2
/WPWzSC / P68 gy — CoPE—E) / =1 gy
4
D! X §i—1-5
2
418

< CeP@—E) (=D < oo T3 G —t)
< CSPTH(OQH—O() — 0(52111(1—0))’

and thus (4.16) is proved in all cases.

Next we derive (4.17) for j <[, using the definition of W given in (2.4) and setting x — & =y and D! — & =
(0, 0): (v +&,0) € Dy}

fwlp(x)wj(x)dxde=/Wf’(y)W(y+éz—éj)dydé’
D} D}
:CNe—(El—Sj)/Wp(y)e—y(l_'_e—ﬁ(yﬂ-él—éj))_NT_z dydo
D}

= Cye~ @) (CUNI / WP (y)e™ dy + 0(1)>
R

— a3e*|§j*‘§l| + 0(80‘1*0‘1') — a3e*‘§j*§l| + 0(82011(1*0)).

The proof for j > [ is similar, since W (—x) = W(x) for all x € R. In particular, (4.16) and (4.17) yield:

/W{’Wj =0(e*1=9)) ifi#lorj#£L (4.21)
D}
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Let us show (4.18). Via a Taylor expansion, we get:

/(‘/}P+1 _ |v|p+1 +(p_+_1)vlp Z(_1)1+jvl>

Dl J#
— p+1 I+j p p I+j
= (V" =i+ DY DY Y (DY,
D! J#l J#l
k p=1/k 2
1 -
cretd )f< V./) (Zvj) <cmax/V,-” 'v?
p. V= 7 ;;élDé
=1 1
V4
scma_x</vipvj> (/VJP“)
L)
J# DL DL
p=l 1
p p
com{furw) " (fur7) v
l’]
J#l DL D!

where (4.16) and (4.21) was used in the last line. Hence (4.18) is proved.
Let us prove (4.18). By the mean value theorem and (A.7), we get for i # j,
o< [ =viyvi<-p [wrrtmy;<e [ s e wrtwga,
D; D; D;
By Holder’s inequality and by estimates (4.16) and (4.17), we get:

p—1

1
P ?
/e—&—xWiP—IWjdx < (/Wiij dx) (/e—P(§i+x)Wj dx)

D; D; D;
1
2 p—1 P
=0(e “lp)</e—/’<5f+”wj dx)
D;
If j </ (sothat&; <& _1)and setting x — & =y, we get:
Xi+1 —m{%
/ e PEI W dx < ¢ / o PEio—(—E)) {y — / e Phie—0Hi—£) gy
D! Xl §1-1—41

&

2

) _s-178
< Cefpfz 7%‘1+‘§17 2 < ce*PélJr

) — 0(82011(1—0))‘

§-1-§
2

1

=0(eP T 2

If j > 1 (sothat &; > & 1) and setting x — & =y, we get:

g g
/e*P(Eier)Wj dx <c / e PS8 dx = / e~ P6i oy tE1—Ej dy
DL X §-1-5
2

&41-81 §14+1-8 1419

< ce PEHE—E T e PEI— :O(Epaw“f)zo(gzal(l—a))'

4.22)

(4.23)

(4.24)

(4.25)
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If j =1, we get:
Xi+1 Xi+1
/e—p(sfﬂ)Wjdx <e / e PE+0) 81 gy _ o Phi—tim f e (=D g
DL X Xl
< ce—(PHDEg—(p—DTFL _ O(ePHDe+(p=DFF=E) _ (2 (1-0)) (4.26)
By (4.23)—-(4.26) we deduce that
/ e S WPTIW, dx = o(g201 (179, (4.27)
Dl
Now, let us estimate:
Xi+1
/ 2ty dy < / i 2retr () g
DL Xt
Leebi 2 (g — x) < ce® N2 log e = o(e201179)). (4.28)

Finally, by (4.22), (4.27) and (4.28) we deduce (4.18). O
That concludes the proof.

Proof of Proposition 4.3 (completed). Direct computations yield:

k k
1 1
IS(V)—ZIS(VI')—ﬁ/[ZVI-” —IVII’H} Z( 1)'+fpr
i=l1 D, =l i,j=1
i l>]

Let x; and Dé be defined as in Lemma 4.5. Since 0 < V; < W; for all i, we can replace the letter W by V once or
twice in the estimate (4.16), and thus we obtain:

k
IE<V>—ZIE(VZ»>— Zf[ VP virt e o+ ) Y =Dty } o(e*)
i=1

I>]

p+1 Z/[Vp+l |V|p+l+(p+1)2( l)l-l-]v}’ i|

J#
+ZZ( 1)l+ff(wl’ 1\ Z( 1)’+J/W”(v, W)
I=1 j#l I=1 j>I

—ZZ( 1)’+1/W”W,+o( 1) (using (4.18), (4.19) and (A.14))

=1 j>I

——ZZ( 1)l+f/WpW]+o( 201)  (using (4.16) and (4.17))

=1 j>I

k—1 k—1
=> / W/ Wig1 +o(e) =a3 Y e o178 4 o(e21). (4.29)
= =1
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Combining estimates (4.29) and (4.8) with the choice in (2.15), we deduce that

k—1
I.(V)=kay + azefzg1 + a3eN*262§k +ay Z e lEin—&il 4 0(52"‘1)
i=1

=kay + aye®® A3 + aze™N " 2”"‘ + as Ze“‘“ —a l— 0(82"‘1),
and the claim follows, because of the choice (2.16) for the «;’s. O

Let us complete the proof of the existence of sign changing-bubble tower solutions to problem (1.2).

Proof of Theorem 1.1. In virtue of Lemma 4.1, we need to find a critical point of the function fg. From Lemma 4.2
and Proposition 4.3, we get:

I.(\) =ka) + ¢ 5 (lI/k(A) +o(1)),

where the term o(1) is uniform.

We claim that the function ¥ has a minimum point A* = (A7, ..., A{), where A* >0, i =1, ..., k. In fact, it holds
|Ml_l)rgoo Yy (A) = 400, (4.30)

and
)\liiglo (M) =400 foranyi=1,...,k. 4.31)

Let us prove (4.30). Assume |1| — +o00. If A1 = +o00, then the claim follows, since Wi (1) > 612)\.%. If X1 is bounded
then ’\j\—fl — —+oo for some i (otherwise |A| will be bounded!) and the claim again follows, since ¥ (1) > a3 )"k—f' Let

us prove (4.31). If Ax — 0, then the claim follows, since ¥ (1) > %azkiz. If A; — O for some j=1,...,k—1, then
k

either > )\ — 400 for some i > j or ’\‘X—“ is bounded for any i = j, ...,k — 1. In the first case, it is clear that the
claim 1mmed1ately follows. In the second case, we deduce that Ay — 0 and the claim again follows.
Since A* is stable with respect to uniform perturbation, for & small enough there exists A° = (A%, ..., Ai) critical

point of I, (1), such that A —Afase—0,fori=1,... k.
Therefore, the function V + ¢ (£%) is a solution to (2.2).

U

The claim follows, since u; =e~ ¥- vezbi =i N2 %5 and M;i:=)""7. O

Appendix A
Lemma A.1. It holds:
) N2
N=2 & 2 1
Pew,(x) =w,(x) —ayu 2 H(x,0) — O‘N(SZ T M2> V-2 + Re (X)),
where

N-2
_ I
0< Re p(x) < cpV 2[| = 2+M + &V ] X € §2¢,

for some positive and fixed constant c.

Proof. The function R, ,, solves:
—ARS’MZO, xega,

N;Z NEZ N2*2 1

w o &

R, (x):otN|:— — + +( ) i|, x €052,
o (2 + |x|2)Lz2 |x|N=2 e2 4 u? |x|N=2

Re,(x) =ayp' T H(x,0), xcdB,.
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Let i?\g,u(y) = M’#ngu(ey), ye€ §2/e\ By. Then k\g,u solves:

~AR.,, =0, yE€R/e\ B,
~ 1 1 1
Ry, (y)=OlN[— — + + - } y€aR/e, (A.1)
o W2+ 2y eV TEINT? 2y 2y R N2
RS,M(X)ZaNH(Syvo)v yeaBl.
In particular, there exists a positive constant ¢ such that
0< Rep(y) <cu’, Vyedf/e, O<R.,(y)<c, VyedBi. (A2)

Let ¥ be the solution to

W (y)=cu®, ye€dByk, (A.3)
Y(y)=c¢,  ye€dBi,
where d := diam §2, so that £2 /¢ C By/.. An easy computation gives that

c dV20 =) Na s N
lp:sz_gNz[ Y2 +d" T put—¢ ] (A4)

{—AW:O, Yy € Byse \ By,

By (A.1)—(A.3), using maximum principle, we deduce that 0 < 1”?\8,,1 (y) < ¥(y) forany y € £2/¢ \ B and by (A.4)
the claim follows. O

It is useful to write Lemma A.1 in the following equivalent way.

Lemma A.2. It holds:
;(x,0) = _cNe*X*ffH(e*"T"lm, 0) — Cye 2= HH 4 i (x,6), (A.5)
where
|pi(x,0)| < c(e™ P54 e 275t (x,0) € D,. (A.6)
In particular
|17 (x, 0)| < c(e™ 5 +e72+H6) - (x,0) € D,. (A7)
Lemma A.3. It holds:
O(e—(p+1)&') if N >5,
[ acan =Y oty N = (A8)
b, OE™)  ifN=3,
and
O(e=(P+DU:=8)y  jf N > 5,
/ Wi P12 dx dg = § O(re 080y if N =4, (A9)
b, 0(6*4(%*&)) if N =3.

Proof. Let us prove (A.8). We have:

/ |W; |[’—1e—2(x+fi) dxdo < C/e—([’—l)(x—fi)(l + e—([’—1)(X—Ei))_2e—2(x+$i) dx de. (A.10)
De De
If N =3 wesetx —& =y and, we get:
/ e~ (P=DE=8) (1 4 o~ (P=De=8)) 26206 g 4
D,
o / e~ (PHDY(] 1 o= (P=13) 2-2048) gy dg — O(c 4.

D, _fi
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Here D — & ={(,0): ro(0) —& <y <&, 0 e SN 1L IfN>5

/ e—(ﬂ—l)(x—&'i)(l + e—(P—1)(X—§i))_26—2(x+§i) dx do
D,
< f e (P D) 2p— D) =20+ 4 4
D,
— oG / P~ 4 dg = Ofe~PHE).
D,

The case N =4 can be deduced by previous estimate.
Let us prove (A.9). We have:

C/ W [P=1e2(-2r+46) 4y g <C/ef<p71)<xfs,~>(1 e (PmDE=E)) 222t gy gy,

D, D,

If N =3 wesetx —§ =y and, we get:

/ e~ (PG5 (] 4 e—([)—l)(x—&))_262(—2rs+x+éi) dx do
D,
_ o 4eE) / e (P (1 e (P=D) 2 gy dg = O (e~ 40 ),
Ds_éi
Here D, — & = {(y,0): ro(0) — & <y <&, 6 € SN},
If N >5 wesetx —r, =y and, we get:

f e~ (P8 (] 4 ¢~ (P=DO—8)) 22248 g dg
D;
— o~ (PTD(e—E) / e (P (1 4 ef<p71)(y+rgfsfi))*2 dydo
Dg—rg
< e (P06 / e~ (7= dy dg = O (e~ (P8,
Dg—re
Here Dy —re = {(,0): ro(6) —re <y <re, 0 € SN},
The case N =4 can be deduced by previous estimate. [0

Lemma A .4. It holds:

/ WP 2 dx do = o(£2),

D,
/|Hl~|P+1dxd9 =o(e™),

D,

/W;’Hj dxdd =o(e®™), i#j.
D,

Proof. Let us prove (A.12). By (A.7), using estimates (A.8) and (A.9), we get:

(A.11)

(A.12)

(A.13)

(A.14)
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f|Wi|”_1Hi2dxd9 gc/ |W; [P~ te 20+ dx d6+c/ |W; [P~ 1eX(Z2re x40 qx dg
D, D, D,

—o(e %) + (e 20—E),

Let us prove (A.13). By (A.7) we get (setting in the second integral x —r; = y):

f |I7; P dx do < ¢ / e~ PTDEFN 4y dg + ¢ / ePHD(=2re i) gy dg

D, D, D,

< ce-(PHDE / e~ (DX Gy dg 4 co— (PHDE—E) f P+ 4y dg

D, Dg—re
= O™ PHVE 4 e~ (PHDe8)) = O(P+ D 4 8<p+1)<¥—ai>) =o(eX).  (A.15)

Here Dy —re = {(,0): ro(0) —re <y <0, 6 € SN~} Let us prove (A.14). By (A.7), setting x — & = y we deduce
that

[wravs—vpar < [ et wr e ar
De D¢

<c / (efj—2fs+%’i+y+e—§j—$i—Y)WP(y)dy

De—&;

< cebiT et /ey WP (y)dy + ce 55 /e‘pr(y) dy
R R
=0(e5 2= th) L O(e 5 75) = o(e2). (A.16)
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