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1. Introduction

Let us consider the following problem:

—Au+u+a(x)u=ul"u in RY,
(P) u>0 in RN,
lim u(x)=0,

x| =00

where a(x) is a nonnegative function in LV?(RV), p>2 and p<2N/(N —2) if N >3.
Problems of this kind arise in several contexts: for example, in the study of the
standing waves solutions of nonlinear Schrodinger equations, or equations of Klein—
Gordon type, or also in reaction—diffusion equations.
For example, if we look for standing waves solutions of the Schrodinger equation

0 h?
N N (1.1)

i.e. solutions of the form
iEt
Y1) = exp (—17) o),
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then one can easily verify that  satisfies Eq. (1.1) if and only if the function v(x)
solves the elliptic equation in R"

2
h—Avf(V(x) — E)o+ |v|P"2v=0. (1.2)
2m

In [16] Floer and Weinstein considered the case N =1 and p=3 with a potential
V' which is required to be a smooth function globally bounded in RY; for a given
nondegenerate critical point of V' they proved that, if 0 <E < infpy ¥V, then for % small
enough there exists a solution of Eq. (1.2), which concentrates around the critical point
as i —0.

Their method (based on a Lyapunov—Schmidt reduction) was extended in several
directions in order to obtain similar results for N >1 and p € ]2,2N/(N — 2)[ or also
to find solutions with multiple peaks, which concentrate around any prescribed finite
set of nondegenerate critical points of V' (see, for instance, [23-25]).

In [26] Rabinowitz used a global variational method to find solutions with minimal
energy under the assumption liminf ), V(x)> infpy V.

Other related results have been recently stated in [1,2, 5, 14].

Notice that a simple change of variables shows that Eq. (1.2) is obviously equivalent
to

—Au A+ u + a(ix)u=|u|"*u

with
h V(x)—inf V
A= and a(x)= >0.
V2myinf V — E ) infV —E —
In this paper we are concerned with problem (P) in the case that a(x) has the form
k
a(x)=">_ Alo;(ii(x = x;)) (1.3)
j=1
where Z; €RT, x; € RY and o; € LV2(RV), with ;>0 and «; Z0.
Our aim is to give sufficient conditions on the numbers 4;,...,/; and the points
X1,...,X; in order to guarantee existence and multiplicity of solutions for (P).
We shall prove that, if |x; — x;| is large enough for all i#; (i,j=1,...,k), then
there exist at least £ — 1 solutions of (P); if, in addition, 4i,...,/4; are small or large

enough, then we have at least 2k — | solutions (see Theorems 2.1 and 4.1 and also
Remark 4.2).
Let us denote by H"2(R") the closure of C;°(R") with respect to the norm

1/2
[Jull = (/ [IDMI2+M2]dx>
RN

and by | - ||z the usual norm in LV2(RY).
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The solutions of problem (P) correspond to the positive functions which are critical
points for the functional f,: H'">(R"¥)— R defined by

fa(u):/ [|Du|* + (1 + a(x))u*] dx, (1.4)
RN
constrained on the manifold

M= {ueHl’z(lRN): /R |u|? dle}. (1.5)

Since the embedding H"2(R") < LP(R") is not compact, the Palais—Smale compact-
ness condition for f, constrained on M is not satisfied. Therefore, the classical varia-
tional methods cannot be applied in the usual way to find critical points. In particular,
the infimum inf,, f, is not achieved if ||a||y, #0 (see Proposition 2.2).

Similar difficulties also occur in the study of elliptic problems in other unbounded
domains (exterior domains, for example) which have been investigated in several recent
papers (see [3, 4, 6,8-12, 15, 18, 19]).

Some methods elaborated in these papers apply in our problem too. In particular,
using the concentration-compactness principle (see [21]), it is possible to analyse the
obstructions to the compactness: in fact, it can be shown that every Palais—Smale
sequence for f, constrained on M either converges strongly to its weak limit or differs
from it by one or more sequences, which, after suitable translations, converge to a
solution of the limit problem

ue H-2(RY). (16)

{ —Au+u=ul""u in RY,
Taking also into account the uniqueness result of [20], this property allows us to find
an energy range where the Palais—Smale condition is satisfied (see Proposition 2.3).

Notice that in this paper we only require a(x) € LY>(R") and exploit the parameters
M,..., A in order to find critical values for f, on M in the range where the Palais—
Smale condition holds. However let us mention that, arguing as in [4], it iS possible
to find critical values, in the same energy range, under a suitable fast decay condition
on a(x) as |x| — oo (see [22]); under this condition, in [22] it is proved the existence
of 2k — 1 solutions for problem (P) with a(x) of the form

k

a(x)= Z oi(x — x;),

J=1

without introducing the parameters A;. Indeed there exist £k — 1 “lower energy” solu-

tions u; (i=1,...,k — 1), which (up to translations) converge to a positive solution
of Eq. (1.6) as |xi11 — x;| — oo; moreover, there exist k “highest energy” solutions
u; (j=1,...,k) which, as o; —+oo a.e. in R", tend to split as sum of two positive

solutions of Eq. (1.6), sliding to infinity in opposite directions, while they converge
(up to translations) to a positive solution of Eq. (1.6) as o; — 0 in LV2(R).
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Finally, let us remark that unlike [1, 2, 14, 16, 23-25], etc., our methods are not
local in nature: we use global variational methods, inspired by [13,4], which relate the
number of critical points of f, on M to the topological properties of its sublevels.

The paper is organized as follows: the main multiplicity results are stated in
Theorems 2.1 and 4.1; in Section 2 we describe some preliminary properties of the func-
tional f, constrained on M; in Section 3 we obtain some asymptotic estimates which
give informations on the topological properties of the sublevels of the functional f,; in
Section 4, we prove the main theorems and compare them with analogous multiplicity
results one could obtain by Morse theory (see Remark 4.2).

2. Statement of the main theorem and preliminary results
We shall prove the following theorem.

Theorem 2.1. Let p>2 and p<2N/(N —2) if N >3. Let oy,...,0 be given nonneg-
ative functions belonging to LN*(RN) such that ||o;||nj2 #0 for all j=1,...,k.

Then, there exist >0, ¢ =¢6(41)>0, &3 =63(11,42)>0,..., 60 =& (A1,..., Ak—1)
>0 and 91 = 01(A1,- .., 21, |%1]) >0, 02 = 02(A1. .., Ak, |x1 ] [x2) >0, 061 = @k —1 (A1,
v A X1l xk—1])>0 such that

. 1
if Ai<e or A>— foranyi=1,...,k
e

and

|xj|>0j—1 for any j=2,...,k,
then problem (P), with a(x) of form (1.3), has at least 2k — 1 distinct solutions.
The proof is reported in Section 4.

Let us recall some known facts which will be useful in the sequel.
Let us consider the functional f : M — R (see Eq. (1.5)) defined by

f(u):/ [|Du)® + u*]dx (2.1)
RV
and the following minimization problem

u=inf {f(u): ueM}. (2.2)

It has been shown (see, for instance, [28, 8, 20, 17]) that u is achieved by a positive
function U which is unique modulo translation and radially symmetric with respect
to 0, decreasing when the radial coordinate increases and such that

lim UG NDeH = 1 >0, (2.3)

[x|

lim IDU(x)||x| NV =D2eP =y, > 0. (2.4)

Ix|
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Moreover, it is well known (see [21]) that any minimizing sequence for u in H"2(R")
has the form

wa(x) + U(x — yy), (2.5)

where (w,),>1 is a sequence of functions converging to 0 in H'2(RY), (y,),>1 is a
sequence of points in RY and U is the positive function, spherically symmetric with
respect to 0, that realizes .

Proposition 2.2. Let ac€ LN*(RY) be a nonnegative function such that ||a||y # 0.
Then

%f fa=1 (2.6)
and the infimum is not achieved (see (1.4),(1.5),(2.2)).

Proof. Put m, = inf,, f,. Clearly u<m,.

Let us consider the sequence (u,),>1 in H2(RY) defined by u,(x)=U(x — y,),
where U € M is the positive function, spherically symmetric with respect to 0, that
realizes u (see Eq. (2.2)) and (y,),>1 is a sequence of points in RY such that
1imn—>oo |yﬂ| = +00.

In order to obtain u=m,, it suffices to show that

lim a(x)u?(x)dx=0. (2.7)

n—oo RN

Indeed, for any ¢ >0, we have

/ a(x)u(x)dx = / a(x)u?(x) dx + / a(x)u?(x)dx
RV R¥\B(0,0)

B(0,0)

AN (N-2)/N
< </ aN/z(x)dx> (/ U (x) PV -2) dx)
RN\ B(0,0) RN
—|—/ a(x)U?(x — y,)dx.
B(0,0)

Now, since |y,| — oo, by the Lebesgue convergence theorem we obtain

lim a(x)U*(x — y,)dx=0 Vo>0.

"= JB(0,0)

Moreover, we have

lim a"P(x)dx=0
200 JRV\B(0,0)

because a € LV?>(RY). Hence Eq. (2.7) is proved.
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Now, let us argue by contradiction and assume that the infimum m, is achieved by
a function u. Without any loss of generality, we can also assume u > 0. Thus, we have

MS/ [IDu|2+u2]dx§/ [1Du|?* 4+ (1 + a(x))u?]dx = g,
RY RN

which implies that u(x)=U(x — ), for a suitable y € RV, with U(x — y)>0 for all
x € RY. Hence, we deduce

0= /RN a(x)u?(x)dx = /RN a(x)U?(x — y)dx>0,

which is impossible. [J

Proposition 2.3. Let ac LY*(RY) be a nonnegative function. Let (u,),>1 be a se-
quence in M that satisfies

Jlim Salun)=c €1, 2" 2P pf,
Sy @) =0 in H-2(RY)

(i.e. (Up)n>1 is a Palais—-Smale sequence for the functional f, constrained on M at
level c¢). Then (u,),>\ is relatively compact.

For the proof it suffices to argue as in [6].
Proposition 2.4. Let a < LVN*(RY) be a nonnegative function. If a function u is a

critical point for f, constrained on M, such that f,(u)<2'=%?pu, then u has a constant
sign.

Proof. Let us suppose, by contradiction, that u=u" — u~ (u"(x)=max (u(x),0),
u™ (x) = —min (u(x),0)), with u™ 20 and u~ #0.
Taking into account Eq. (2.6), we have
o130 [ 0D 4+ (1 atolu P (28)
RN
Moreover,
[ D 1t P = o (29)
RV

because u is a critical point for f, on M.
Comparing Egs. (2.8) and (2.9), we get ||ujt||ﬁ_2 > u/ fo(u) and so fy(u)>2'=@P)y,
contradicting our assumption. [J
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3. Some asymptotic estimates

In this section we will provide some estimates in order to get information on the
topological properties of the sublevels of f, constrained on M.

Lemma 3.1. Let o be a nonnegative function in LN*(RN) with oy #0. Then we
have

(a) 1ir%sup{/12/ a(Ax)U%(x — y)dx: yeRN} =0,
L RN

(b) lim sup{/lz/ a(Ix)U%(x — y)dx: ye RN} =0, (3.1)
RN

A——+00

(c) lim sup{iz/ a(Ax)U%(x — y)dx: A>0, |y|:R} =0,
RN

R—+o0

where U is the positive function, spherically symmetric with respect to 0, that realizes
u (see Eq. (2.2)).

Proof. In order to prove Eq. (3.1)(a) we argue by contradiction: suppose there exist
a sequence (y,),>1 of points in RY and a sequence (1,),>1 of positive numbers such

that lim,_, 4, =0 and
lim 22 / (2 x)U%(x — y,)dx>0. (3.2)
n—0o0 RN

For all n> 1, Holder inequality implies that
)5/ (2 x)U%(x — y,)dx
RN
= )2 / (2 x)U%(x — y,)dx
B(y,,,l/\/i»,])

+ 12 / (2, x)U%(x — y,)dx
RV\B(yus 1/ 2n)

2/N
<2 (/ ocN/z(i,,x)dx>
B(yu, l/m)

(N=2)/N
X (/ |U(x — y,,)\zN/(N*Z) dx)
B(Yu, 1/ 7n)
2/N
+ 12 (/ aN/Z()Lnx)dx)
RN\B(yn, 1/ %)

(N=2)/N
X </ |U(x — y,,)|2N/(N_2) dx)
RV\B(yu, 1//7n)
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2/N (N—=2)/N
< ( / ocN/z(x)dx) ( / |U(x)PVNV=2) dx>
B(AnYus Vo) RV

N (N=2)/N
+ ( / M2 (x) dx> / |U @)V =2) dx )
RN RN\B(O0, 1/v/Z)

Since o€ LN?(RY) and 4, — 0 as n— oo, we have

lim M2 (x)dx =0;
1700 B Yus N o)

moreover, since U € H>2(R"), we have that

lim |U ()N =2) dx = 0.
TOC JRV\B(0,1/v/7n)

The previous computations imply that
lim A2 / a(Anx)U?(x — y,)dx =0,
RN

n—oo

which is a contradiction with Eq. (3.2).

Let us now prove 3.1(b). By contradiction, let us suppose that there exist a se-
quence (y,),>1 of points in RN and a sequence (4,),>1 of positive numbers such that
lim,_, . A, =-+00 and Eq. (3.2) holds.

For all n> 1, by using Holder inequality, we get

22 / a(Anx)U%(x — y,)dx
RN
= ii/ a(Jnx)U?(x — y,)dx
B(0,1/v/2,)

+ ii / oc(/l,,x)Uz(x — yp)dx
RN\B(0,1/v/%n)

2/N
<2 </ M2 (Apx) dx)
B(0,1/v/7n)

(N—2)/N
x ( / U(x — yn>|2N/‘N2>dx>
B(0,1/7/Z)

2N
+22 / a2 (Jx) dx
RM\B(0,1/v/7,)

(N=2)/N
X (/ |U(x — y,,)|2N/(N_2)dx>
RN\B(0,1/v/%n)
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2N (N=2)/N
< ( / W(x)dx) ( [ vy dx)
B(0,\/7n) B(0,1/7/7)

2N (N=2)/N
+ / a2 (x) dx ( / |U ()P =2) dx) .
RN\B(0,v/%,) RN

Since o € LN?(RM), we have

lim ocN/z(x)dx:/ o2 (x) dx <400
n—oo B(0,/7) RN

and
lim M2 (x)dx=0.

"% JRVAB(O, V)
Moreover, since U € H"2(RV),

lim |U(x — y)|M V=D dx = lim U)WV =2 dx =0.
100 B(0,1/3/7) 00 S By 1/V )

Hence, we get

n—oo

lim 22 / a(Anx)U%(x — y,)dx =0,
RN

that is a contradiction with Eq. (3.2).

Finally, let us argue again by contradiction to prove 3.1(c): suppose that there exist
a sequence (4,),>; of positive numbers and a sequence (y,),>1 of points in RY such
that lim,_, . |y,| = +o0 and Eq. (3.2) holds.

From 3.1 (a) and (b) we get

0 < liminf 2, < lim sup 4, <+00;

n—oo n—oo

hence, it is not restrictive to assume that lim,_, _ 4, =2¢€10,4o0].
By Holder inequality we can write, for any » and ¢>0,

22 / a(Anx)U%(x — y,)dx
RN
= /li/ (2 x)U%(x — y,)dx
B(0,0)
+22 / a(Apx)U%(x — y,)dx
R¥\B(0,0)

< /lﬁ/ a(Anx)U%(x — y,)dx
B(0,0)

2N (N=2)N
+ / oM (x)dx (/ |U(x)|2VN=2) dx) .
RN\B(0, 04 RV
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Since lim, . 4, =2€]0,+oc[ and lim,_, _ |y,| = +o0, we have
lim a(i,x)U?(x — y,)dx=0 Vo>0.
"0 JB(0.0)

It follows that

n—oo

2/N
lim sup /lﬁ/ (A, x)U%(x — y,)dx < C / o2 (x) dx Vo >0,
RN RN \B(0,07)

with C>0.
Now let us remark that

lim M2 (x)dx=0
Q=100 JRN\B(0,07)

because >0 and o« € LV?(RY). Hence we infer that [lim,_ . A2 [ny 2(A,x)U?(x —
vp)dx =0], contradicting Eq. (3.2). [

Let us define y: RY — RV, B: M — RY and, for any j=1,...,k, f;: M — R" in the
following way:

P(x) = %‘x‘ (3.3)

= [l ax (34)
and

Bi(u) = /R %\u(x)v’dx (3.5)

where x; is the point of RY which appears in Eq. (1.3).
Moreover, for any j=1,...,k, we define f;:H"“*(R")—R and f,:H"“*(R")—
R to be, respectively,

fi(u)= /R [1Dul? + u? + Ao (A;(x — x;))u’] dx (3.6)

and

fiuw)= /RN[|Du|2 + 1 + AFoy(Apxu*] dx (3.7)

where «;, 4; and x; are defined as in Eq. (1.3).
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Proposition 3.2. Assume that ||o;||n2 #0 for any j=1,... k.
Then

inf{ f,(u): ueM, f(u)=0}>p (3.8)
(see Egs. (3.7), (1.3), (3.4)).

Proof. Let us notice that Proposition 2.2 implies that

inf{ f;(u): ue M, p(u)=0}>p. (3.9)

By contradiction, let us suppose that equality holds in Eq. (3.9).
Hence there exists a sequence (u,),>; of functions belonging to M such that f(u,)
=0Vrn>1 and

i )=
Then (see [19] and Eq. (2.5)) there exist a sequence (y,),>1 of points in RV and a
sequence (w,),>1 in H-2(RY), with w, —0 in H12(RY), such that

up(x)=U(x — yu) + wy(x).

First, let us remark that (,),>1 must be a bounded sequence in R": otherwise, we
should have (up to a subsequence) |y,| — +oo, which implies

Yn
1+|yn|

lim ’ﬁ(un) -

and, as a consequence, lim
Vn>1.

Now let us prove that y, — 0: in fact assume, by contradiction, that (up to a sub-
sequence) y, — ¥ # 0; then, f(u,) — B(U(- —¥)), with f(U(- =) #0 if y#0 (as
follows easily taking into account Eq. (3.4) and the radial symmetry of U with respect
to zero); but f(u,)=0 Vn>1, so we must have y, — 0. It follows that

|p(u,)|=1. But this is impossible since P(u,)=0

n— o0

lim A7 ocj(ijx)[U(x—y,,)—&-w,,(x)]zdx:/lf/ o (;x)U%(x)dx >0,
RN RN

n—oo

where the inequality holds because U(x)>0 for all x€ RV, «; >0 in RY and a; #0.
Therefore, we have

H= lim fj(un): lim / [|D[U(x7 yn)+wn(x)]|2 + |U(x*yn)+wn(x)|2] dx
n—o0 n—co Jpn
+)“JZ/R o ()| U(x — yu) + wa(x)|* dx

:,u+)5]2/ otj(ijx)Uz(x)dx>u,
RN

which is impossible. [J
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Remark 3.3. Taking into account the radial symmetry of U with respect to zero and
the definition of 5 (see Eq. (3.4)), it is easy to verify that fJ(U)=0 and

B —yn=1(y)y VreRY (3.10)

where ©: Rt — R is a continuous function satisfying ©(¢)>0 for all ¢>0.
Hence, for any R>0, the map y— B(U(- — y)) is homotopically equivalent in
RM\{0} to the identity map of 0B(0,R).

For any h=2,...,k, let f1__» :H“2(RY)— R be the functional defined by

h
froon(u)= /[R Dul® + [u]> + Y 27a(2(x — x;))u* | dx. (3.11)
. =
Now, for all z€ R", let us define ¥, : RY — RV by
Yo(x)=x — @.(x-2)z, (3.12)
where ¢, :R— R is the following function:
1 if > |z]2,
e:()=% Fr if [f| <[z, (3.13)

—1  if t<—|z)%
moreover, for any j=2,...,k, let f;_ ;: M — R" be the map defined by

Xj—1+X;

B = [ GoTem ) (x - T) ju(o)|? dx (3.14)

(see Eq. (3.3)).
Finally, for j=2,...,k, if x; #x;_1, let us put

Siop= 4 L7821y t€[0,1] (3.15)
? 2|xj —Xj_1|
and
Tt = {xe RY: (x - @) () x_,-_l)O}. (3.16)

The following proposition can be proved arguing as in [19].

Proposition 3.4. Assume ||o;||yo#0 and 4;>0 for j=1,...,k. Then we have (see
Egs. (3.11)-(3.16)):
(a) for any h=2,....k and j=2,...,h,

Xj —Xj—1

of CueM, By (u)= + 2 =L
m {fl,...,h(“) ueM, B ;) 20x; — x4

N .
s Xjs Xj—1 eR > xj#xj—l} >

(3.17)
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(b) for any h=2,....k and j=2,...,h, if x; #xj_1,
inf{fi,..a(u): ueM, B;_yj(u)eS;—1,;}>u (3.18)

(c) for any j=2,...,k,
ﬁm(U ( _ %—ITH/ _RZ)> .

Remark 3.5. Taking into account the radial symmetry of U with respect to zero and
Egs. (3.12)—(3.16), it is easy to verify that, for j=2,...,k,

ool )

and

lim  sup =0. (3.19)

R—+00 2¢4B(0,1)

I B

ﬁjl,j(U('—Z))Zf(‘Z 2

)( _ x/lfﬂf) VT,

where T(9)>0 Yo >0.

4. Proof of the main result

Proof of Theorem 2.1. The idea is to choose the parameters Ai,..., A, X1,...,X; in
order to obtain suitable inequalities which describe the topological properties of the
sublevels of f, constrained on M and give rise to 2k — 1 distinct critical values.

More precisely, we choose consecutively Ai,..., 4, [x2 —x1], |x3 —x2l,..., |xk — Xp—1]
in such a way that every choice does not modify the inequalities previously stated and
produces new inequalities.

The proof consists of four steps.

Step 1: Choice of the parameters Ay, ..., 4.

Lemma 3.1 implies that there exists & >0 such that, if 1; <g; or 4; >1/g, then

sup{ fi(U(- = »)): ¥ €B(O.R)} <2'*Pp VR>0. 4.1)

Taking into account Proposition 3.2, it follows that we can choose a positive number
R, sufficiently large such that

sup{ f1(U(- — »)): y € 3B(0,R)} <inf{ f,(u): u €M, (u)=0}
<sup{ f1(U(- — »)): y€B(O,R;)} <2'~ 2Py, (4.2)
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Now, using again Lemma 3.1, we can fix & =¢/(A;)>0 such that, if A, <g or
A2 >1/e;, then

sup{ /,(U(- — y)): y € B(0,R)} <inf{ f,(u): ue M,p(u)=0} VYR>O. (4.3)
From Proposition 3.2, we infer that there exists R, >0 sufficiently large such that
sup{ /5(U(- = »)): y €0B(0,Ry)} < inf{ fy(u): uM,p(u)=0}
< sup{ /,(U(- = »)): y€B(0,Ry)}
< inf{ f,(u): u€M,p(u)=0}. (4.4)

Iterating this procedure, we can choose /3,...,4; in particular, we have that there ex-
ist positive numbers ¢, & =&(4,)>0,...,& =¢&(41,...,4—1)>0 and Ry,...,R; such
that, if A; <e¢; or A;>1/g;, then

1 < sup{ f,(U(- — »)): y €2B(0,R))} <inf{ f,(u): u€M,B(u)=0}
< sup{ f,(U(- — »)): y€B(O,R)}<2'"*Pp for any j=1,....k (4.5)

and

sup{ ,(U(- — y)): y €B(O,R))}
<inf{ f,_,(u): u€M,(u)=0} for any j=2,...,k. (4.6)

We shall consider A1,...,A; fixed as before.
Step 2. Behaviour of the functional with respect to the parameters xi,...,xx.
Let us first observe that

lim sup{iiz/ a(Ai(x —x))U?(x — y)dx: ye Tl,z}zo for i=1,2,
RN

|2 —x1|— 00
4.7)
since

lim dist(x;,T12)= lm  dist(xy,T1)=+00.

|y —x1|—00 [z —x1|—00
Therefore, Eqs. (4.7) and (3.8) imply that, if |x, — x;| is sufficiently large, then
p<sup{ f12(U(- = )): y € T2} <inf{ f(u): u€M,p(u)=0}. (4.8)

Moreover, from Egs. (4.7), (3.17), (3.18) and Remark 3.5 it follows that, if |x; — x|
is large enough, then

n< inf{fl,z(u): ueM, ﬁl,z(u) S S1,2} < sup{fl,z(U(- — y)) ye T1,2}

< inf{fl,z(u): u€M, B a(u)= + ﬂ} (4.9)

2|X2 —x||
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Arguing as in the proof of Lemma 3.1(c) one can show that, if r; is sufficiently large,
then

< sup{fl,z(U(- —¥)): yeéB(xl 42—x2’r1>}

< il’lf{fl’z(u)Z uGM,ﬁl,z(u)GSLz}. (4.10)

Finally, Eq. (3.19) and Remark 3.5 imply that, if ; is large enough,

the map y — 12 (U < M ;xz -7 y>) is homotopically equivalent in
RN iu to the identity map on 0B(0,1)U | T}, — Xt X .
2‘)&'2 — X1 | ’ 2

(4.11)

Analogous properties hold when |x; —x;_;| is large enough for j=2,...,k.

Step 3. Choice of the points xi,...,x; in RV,

Let x; be a fixed point in RY. Arguing as in the proof of Lemma 3.1(c), one can
show that for i=1,2,

1|im sup{ f1.2(U(- — »)): y € 0B(x;,R;)}

[x2] — 00

= sup{ f(U(- — »)): y€B(0,R;)} (4.12)

and

lim sup{ f1.2(U(- — »)): y € B, R)}

bz =00

= sup{ f(U(- = »)): y€B(O,R;)}, (4.13)

where R; and R, are the positive numbers fixed in Step 1.
Moreover, it is clear that for i =1,2,

inf{ f,(u): ueM,B(u)=0} = inf{ fi(u): ue€M,pi(u)=0}

inf{ f1.2(u): ueM, pi(u)=0}. (4.14)

Consequently, from Egs. (4.5), (4.6), (4.12)—(4.14) we infer that, if |x;| is sufficiently
large,

w < sup{ f1.2(U(- — »)): y €0B(x2,Ry)} <inf{ f12(u): ue M, f(u)=0}
< sup{fl,z(U(~ — y))! y GB(xz,Rz)}<inf{f1,2(u): u EM, ﬁl(u):0} (415)

IN

and
sup{ f1.2(U(- — ¥)): y € 0B(x1,Ry)} <inf{ f12(u): ue€ M, pi(u)=0}
<sup{ f12(U(- — »)): y €B(x1,R1)}. (4.16)
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We can now conclude that there exists g1 =901(41,..., 4, |x1|) such that, if |x;|> g1,
Egs. (4.15), (4.16) and all the properties stated in Step 2 hold.

Now fix x; € RV as before and let |x3| — oc.

One can easily verify that

‘xlliinoo sup{ f1,2,3(U(- — »)): ¥y € 0B(x3,R3)}

=sup{ f5(U(- — »)): y € 3B(0,R3)}, (4.17)

‘xlfﬂ}oo sup{ f1.2.3(U(- — »)): ¥y €B(x3,R3)}

= sup{ /3(U(- — »)): ¥ €B(0,R;)} (4.18)
and, for i=1,2,

im  sup{ f1.23(U(- — »)): y€0B(x;,R)}

1
|x3| =00

=sup{ f1,2(U(- — »)): ¥y € 0B(x;,R;)} (4.19)

and

lim sup{ f1,23(U(- — »)): y€B(xi,R;)}

|x3]—00
= sup{ f12(U(- = »)): y € B(xi,R)}, (4.20)

where R, R, and R; are the positive numbers fixed in Step 1.
It is obvious that

inf{ f3(u): ueM,p(u)=0} = inf{ f3(u): u€M,p3(u)=0}
inf{ f1.2.3(u): ueM,p3(u)=0} (4.21)

IN

and, for i=1,2,
inf{ f12(u): ueM, fi(u)=0} <inf{ fi123(u): ucM,pi(u)=0} (4.22)
Taking into account Egs. (4.5), (4.6), (4.17)—(4.22), we obtain
w < sup{ f1.23(U(- — »)): ¥y € 0B(x;, R;)} <inf{ f1,2.3(u): ue M, fi(u)=0}
< sup{ fi23(U(- = »)): ¥ €B(x,R)} for i=1,2,3 (4.23)
and

sup{ f1.2,3(U(- — »)): y€B(x;,R;)}
<inf{ fias(u): €M, Bioi(u)=0} for i=2,3. (4.24)
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Let 7, >0 be fixed in such a way that Eqs. (4.10) and (4.11) hold; one can easily
verify that

lim sup{ﬁ,z,s(U('—y))i y€53<x1 +X2»r1)}

x3| o0 2

:sup{fl,zw(- ~ ) ye aB()“ ;’”,n)} (4.25)

and

. X1 +x
lim Sup{fl,z,s(U('y))i yen,mB(l 2,r1>}

Jx3]—00 2

ZSup{fl,z(U(' —»): y€hn ﬂB<xl —;xzﬂ"l) } (4.26)

Taking into account Egs. (4.8)—(4.10), it follows that, for |x;| sufficiently large,

X1 +x
SuP{f1,2,3(U('—)’))i yETl,zﬂB< 1 7 2,1’1)}

< inf{ f,(u): u€M,B(u)=0} (4.27)

and

"< Sup{f1,2,3(U(' ~ 7)) y€dB (xl ;"%)}

< inf{flﬂm(u): MEM,ﬂ]’Q(M)GSLQ}

X +x
< Sup{fl,z,s(U('—J’))i yETl,zﬂB( 1 5 2,7’1)}

< inf{fl,m(u): ueM, pro(u)= + M} (4.28)
2|XQ — X |
Now, arguing as in Step 2, one can verify that there exists g = 2(41,..., Ak, [X1], [X2|)
>0 such that, if |x3|>0,, then Egs. (4.23), (4.24), (4.27) and (4.28) hold,
sup{ f1,23(U(- = ¥)): y € To3} <inf{ fi23(u): u€M,pi2(u) €S2} (4.29)

and, for r, sufficiently large,

n < Sup{fhz,?,(U(' — y)): ye 0B (36242—x3,r2>}

< inf{f1,2,3(u): u€M,ﬁ2,3(u)€S2,3}
< sup{ f1,23(U(- — »)): y €T3}

< inf{fl,“(u): weM, os(u)= + ﬂ} (4.30)
ZIX3 —XQ|
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Furthermore, », can be chosen large enough such that the map

Xy +Xx
y—>/32,3(U<~— 22 3—yr2>)

is homotopically equivalent in R¥\{#(x3 — x2)/(2|x3 — x2|)} to the identity map on
0B(0,1)U(T23 — (x2 +x3)/2).

Iterating this procedure we obtain that there exist ;>0 and ¢; = 0;(41,..., A, [X1], .-,
|x;|)>0, for i=1,...,k — 1, such that, if |x;11|>g;, then the functional f,= fi &
satisfies

w < inf{ fo(u): ueM,Bii1(u) €St}

X; + Xx;
< sup{ S0 = 0 vena (S ) |

< inf{ fa(u): uc M, B i(u) €Si—1,;}

2
< inf{f,(u): ueM,pi(u)y=0} fori=2,....k—1 (4.31)

< SUP{fa(U(- — ) yET 1, ﬁ3<w,rm> }

and, for i=1,...,k— 1,

"< sup{fawc ) e aB(”Z"“) }
< inf{ fo(u): ue M, p; i 1(u) €S iy1}

X; + Xx;
< sup{ fuUC = s veTna(HE ) |

< inf{fa(u): UEM, fiiy(u)= + M} <21=@p)y (4.32)
2]xip1 — xi

where 7; is large enough, such that

the map y — f; i1 (U < — % -7 y)) is homotopically equivalent in
RV \ L5 7% Lo he identity map on 0B(0, 1) U( Ty, — SEE5ED )
2)xis1 — x; ' 2
(4.33)

Furthermore, we have

)< sup{fawc ) ye Tl,zﬂB<x‘ ;xz,rl)}

< inf{ fy(u): u€M,Bis1(u)=0}
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< sup{ fu(U(- — »)): y € Bxiy1,Ri1)}

< inf{ f,(u): ueM, ;(u) =0}

< sup{ fu(U(- — »)): y€B(x;, RN} <2'""FP )y for i=1,....,k—1,  (4.34)
u < sup{ fu(U(- — y)): y € 0B(x;,R;)} <inf{ fo(u): ue M, f;(u)=0}

< sup{ fu(U(- — »)): yE€B(x;,R)}<2'"@Py for j=1,....k (4.35)

and (see Remark 3.3)
the map y — B;(U(- —x; — R;y)) is homotopically equivalent in R"\{0}
to the identity map on 0B(0,1). (4.36)

Step 4. Our aim is now to prove the existence of 2k — 1 critical points for f,
constrained on M.
Let us define, for i=1,...,k — 1,

bi=inf{ fo(u): ue M, B;iv1(u) €Siit1},

d;= sup{f;,w(- — ¥ yE T 03(%) }

and, for j=1,...,k,
e =inf{ f,(u): ue M, f;(u)=0},
gj=sup{ fu(U(- = ¥)): y € B(x;,R;)}.

Using the inequalities stated in the previous steps, we can now show the existence of
a critical value in [b;,d;], for any i=1,...,k — 1, and the existence of a critical value
in [ej,g;], for any j=1,...,k.

Let us observe that, since

u<bp1<di1<bpr<dypo<---<b <d
<eg<gi<e 1 <g1<--<e <gp<2'7@Py

the critical values we shall find are pairwise distinct; so they correspond to 2k — 1
distinct critical points for f, constrained on M; moreover, these critical points are
nonnegative functions, because of Proposition 2.4.

Let us now fix i€ {1,...,k — 1} and let us show the existence of a critical value in
[bi,d;].

Arguing by contradiction, assume that [b;,d;] does not contain any critical value.
Since u<b; <d;<2'"?/P)y and the Palais—Smale condition holds in ]u,2' =@y, it
follows that there exists #>0 such that (see, for instance, [27]) the sublevel fab[ “Mis a
deformation retract of the sublevel /% (as usual, we set fS={ucM: f,(u)<c}
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Vc € R). This means, in particular, that there exists a continuous map y;:[0,1] X
[ — £ such that

1i(0,u)=u Yue fad",

xi(l,u)efab’*” Vueff".
Let

W, [0.1] x (6B 1)U (T 0y — S50} oy \ J g et 7%
, - 2|xi+1_xi|

be a homotopy such that (see (3.19), Remark 3.5 and Eq. (4.33))
X + X
U;(0,y)=y and Vi(l,y)=P;in (U< — = Vi)/)>

for all y € 0B(0,1)U(Ti i1 — (i + xi41)/2).
Now define

I:[0,1] x (aB(o, U (Tml - ’%) N B(0, 1)) RV

Li(t, y)= i i .
() Biiv1 (/1 (Zf -1, U(' - )% - VJ))) if te [%a 1].

The function T; is well defined (because of Eq. (4.32)), it is continuous and, for all
y€0B(0,1)U(T; 41 — (x; +x:41)/2)NB(0, 1), it satisfies

Xit1 — X

L0, y)=y, L(ty)# * Vi e[0,1]

2xip1 — xi
(as we infer from Eq. (4.32) and the properties of W; and y;) and, moreover,
Li(1,¥) € Sii+1

since

Thus I} is a continuous deformation in

RN IR T N QR Sy 0B(0,1)U Tii+1_)M NB(0,1)
2xip1 — xi ’ 2

to a set which does not intersect S; .1, which is impossible.

Therefore [b;,d;] must contain a critical value c;.

On the whole we get & — 1 distinct critical points for f, constrained on M, say
U1,..., U1, such that u<b; < fu(v;) <d;<ep <2'=%Py for i=1,...,k — 1.
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Let us now fix j € {1,...,k} and prove that there exists a critical value ¢; € [}, g;].

Assume, by contradiction, that [e;,g;] does not contain any critical value for f,
constrained on M. Since the Palais—-Smale condition holds in Ju, 2!~/ y[, taking into
account Eq. (4.35), it follows that there exists ¢>0 such that the sublevel f;’ ° is a
deformation retract of £, and

sup{ fu(U(- — y)): y€0B(x;,R;)} <e; — &. (4.37)
Thus, in particular, there exists a continuous function 7y, : [ 7 ¢ such that

y)=u Yue fi " (4.38)
Moreover, we have

{U(— »): y€BER)IC fol™* (4.39)
(because of Eq. (4.37)) and

{UC =y yeBOG.R)}YC [, (4.40)

as follows from the definition of g;.
Hence, we can consider the map ©;:[0,1] x dB(0,1)— R" defined, for all z€
0B(0,1), by

6 (12— (1 —=2t)z +2tp(U(- —x; — R;z)) for t€[0,1],
(6:2) = Bioy;(U(- —x; — 2(1 — t)R;z)) for t€[4,1].

The function ©; is well defined (because of Eq. (4.40)), it is continuous (because of
Egs. (4.38) and (4.39)) and it satisfies

0;(0,z)=z and ©;(1,z)=p;07,(U(- —x;)) Vz€aB(,1). (4.41)

Moreover, taking into account Remark 3.3, Eq. (4.35), the definition of e; and the
properties of y;, we infer that

O/(t,z)#£0 Vie[0,1], Vz€aB(0,1). (4.42)

It is clear that Eqs. (4.41) and (4.42) give a contradiction, since 0B(0,1) is not con-
tractible in RV\{0}. Hence [e;,g;] must contain a critical value ¢;.

Since j€{l,...,k}, we have k distinct critical points for f, constrained on M, say
Uy,..., U, such that u<dy_; <e; < f,(v;) <y, <21*(2/P),u.

Summarizing, if we set

ui(x) = [ fu(o)]V P Pvi(x) fori=1,....k—1
and
#(x) = [f(0)]V P P5,(x) for j=1,....k

we have on the whole 2k — 1 distinct solutions of problem (P). [J



858 M. Musso, D. Passaseo | Nonlinear Analysis 39 (2000) 837-860

The proof of Theorem 2.1 suggests that a weaker multiplicity result can be stated
even when no assumption is required on the positive numbers Ai,..., A, which appears
in Eq. (1.3).

In fact, missing Step 1 and arguing as in the other steps of the proof of Theorem 2.1,
one can prove the following:

Theorem 4.1. Let p>2 and p<2N/(N —2) if N >3. Let ay,...q; be given nonneg-
ative functions belonging to LN*(RN) such that ||o;||xo#0 for all j=1,... k.

Then there exist 91 =01(Jx1|)>0,...,0k—1 =0k—1(|x1],---, |xk—1])>0 such that, if
|xj|>0j—1 for j=2,...,k, problem (P) with a(x) of the form

k

o= 3 0 —x) (443)

=1

has at least k — 1 distinct solutions.

Remark 4.2. Let us notice that the multiplicity results stated in this paper show
some possible way to choose the positive numbers i,...,A; and the points xi,...,x;
in order to obtain distinct solutions of problem (P) (indeed distinct critical values of
the corresponding functional).

On the other hand, using Morse theory (see, for example, [7]), it is possible to
obtain the same number of solutions, choosing Ai,..., A large or small enough and
|xi —x;| sufficiently large for i #j (i,j=1,...,k), without any other relation between
them. But let us point out that the solutions one could obtain by means of Morse
theory are not really distinct. they are counted with their own multiplicity (defined
in a suitable way).

For example, results like the following ones could be proved by means of Morse
theory.

Let p>2 and p<2N/(N—2)if N >3. Let a,...,0 be given nonnegative functions
belonging to LV2(RY), such that ||o||y2 #0 for all j=1,...,k.

Then:
(a) there exists >0 such that, if

|xi —x;|>0 fori#j (i,j=1,...,k), (4.44)
then problem (P), with a(x) of the form Eq. (4.43), has at least £ — 1 solutions,

which are counted with their multiplicity;
(b) there exist e>0 and ¢ =9o(/4,..., ) such that, if

1
Ai<eor A;>— foralli=1,... k,
&

and Eq. (4.44) holds, then problem (P) with a(x) of the form Eq. (1.3) has at
least 2k — 1 solutions, which are counted with their own multiplicity.
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Finally, let us remark that the proof of Theorem 2.1 gives some information about the
behaviour of the solutions uy,...,u;s_1, uy,...,u;. In fact, one can infer that

_fa(”:] )—w as |xiy1 —xi| —oo fori=1,... k-1
tip

and

fa<||;;jp) —p as A;—0or Aj—oo for j=1,... k

Therefore, taking into account [21], we obtain:
(a) if |x;11 — x;| — oo, there exist z; € RY and w; — 0 in H'?(R") such that

ui() =PI = zi) + wi);
(b) if 4;—0 or 4; — oo, there exist Z; € RV and w; — 0 in H"2(R") such that

uj(x) =PIV (x = 2) + Wilx)).
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