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COMMUN. IN PARTIAL DIFFERENTIAL EQUATIONS, 24(9&1 O), 1655-1 708 (1999) 

NONTRIVIAL SOLUTIONS OF SOME 

NONLINEAR ELLIPTIC PROBLEMS 

Monica Musso Donato Passaseo 

Dipartimento di Matematica 

UniversitA di Pisa 

Via Buonarroti, 2 

56127 Pisa-ITALY 

Abstract. This paper is concerned with a class of semilinear elliptic Dirich- 

let problems approximating degenerate equations. The aim is to prove the 

existence of at least 4k - 1 nontrivial solutions when the degeneration set 

consists of k distinct connected components. 

Key words. Semilinear elliptic equations. Degenerate equations. Varia- 

tional methods. Nontrivial solutions. 

1. Introduction 

In this paper we deal with multiplicity of solutions for problem 

1655 
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1656 MUSS0 AND PASSASEO 

where R is a smooth bounded domain of IRN ( N  > 1); for all 6 > 0 and 

x E R, a,(x) is a positive defined symmetric N x N matrix with coefficients 

aLJ(x) E LM(R; IR), for i, j = 1 , .  . . , N ,  and g : R x R  + R is a Caratheodory 

function, with superlinear and subcritical growth, such that g(x,  0) = 0 for 

all x E R. 

We assume that the matrix a,(x) degenerates, as 6 + 0, for all x in a suitable 

subset D (the degeneration set) of R. 

As pointed out in [19], the behaviour of a,(x) as 6 -+ 0 gives rise to a 

phenomenon of concentration of the solutions. Concentration phenomena of 

this kind also appear in other elliptic problems: for instance, in the case of 

elliptic equations with a critical or supercritical nonlinear term (see [l - 3, 7 - 

10, 20 - 251); or in the case of elliptic equations with subcritical nonlinearity 

when certain parameters are sufficiently large (see, for example, [4 - 6, 11, 

181). 

As shown by the previous examples, whenever a phenomenon of concentra- 

tion of solutions occurs, the geometrical properties of the domain affect the 

solvability of the problem, the multiplicity and the qualitative properties of 

the solutions. 

In this context we consider problem XIc. In particular, our aim is to study 

the solvability and the multiplicity of solutions for 9, in dependence of the 

geometrical properties of the degeneration set D, under suitable assumptions 

on t,he function g(x ,  r ) .  

The solvability of problem 9, depends strongly on the sign of g ' (z ,  0), where 

g' denotes the derivative of g with respect to the second variable. 

In [17] we show that, if gl(x, 0) > 0 for all x in a subset of D, then, for 

E > 0 small enough, 9, cannot have any solution with constant sign in that 

subset; in particular, 9, cannot have any positive solutions. On the other 

hand, under suitable symmetry assumptions on g, 9, may have infinitely 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1657 

many solutions for all 6 > 0, but the sign of these solutions must change very 

rapidly in the subset of V where gl(x, 0) > 0, when 6 is close to 0. 

On the contrary, when gl(x, 0) 5 0 in 52, for all c > 0 9, has at  least one 

positive solution u, such that 

and 

lim( dx)-' J D U , ( ~  dx = 1, 
s-io I I 

that is the solution u,  tends to be localized near the degeneration set 2). 

Hence the following natural question arises: what happens when, for example, 

the degeneration set consists of k (k > 1) connected components? 

The result we obtain shows that it is possible to relate the multiplicity of 

solutions to the number of connected components of V. 

Moreover, it is worth to remark that, if sup g'(z,  0) < 0, then the concentra- 
x E ~  

tion phenomena are accentuated: not only the solutions tend to be localized 

near the degeneration set V, but also they concentrate, as c -+ 0, like Dirac 

mass near some points of 2). This property allows us to estimate the number 

of the positive solutions of as, for E > 0 small enough, by the Ljusternik- 

Schnirelman category of the degeneration set (see (161); hence we may have 

more than one solution even if V is connected (i.e. k = 1) but has complex 

topology. 

Let us specify the assumptions required on a,(z) and on g: 

(a.1) for all 6 > 0 and for almost all x E 52, there exist Al = i l l (€ ,  x)  > 0 and 

A2 = A2(6, x)  > 0 such that 
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MUSS0 AND PASSASEO 

(here and later on we write, as it is usual, a$j(x)&Ej instead of 

1 
lim inf - inf Al(c, x) > 0; 

e+O cxECl 

(a.3) there exist k nonempty subsets of R, we say R1, . . , flk (the degeneration 

subsets for a,(x)), such that 

(a.4) for all r)  > 0 

lim inf inf{Al(c, z )  : z E R\ U Ot(v)} > 0, 
6+0 

t = l  

where Rt(q) = { x E R : d(x, Rt) < 77); 

(D) 01,. . ., nk are smooth domains strictly contained in R (i.e. at c R V t = 

I , .  . ., k). For all t = 1,. . ., k let us denote by Ct the union of the 

connected components of \ Rt which don't meet aR and set fl; = 

- 
We require that the subsets q, . . ., 0; are pairwise disjoined and that 

k k 
every connected component of f l \  U fl; meets dfl (notice that R \  U fl; 

t = l  t= l  
could have more than one connected component even if R is connected). 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1659 

(g.1) For all T E R ,  g(x, r )  is measurable with respect to x; for almost all 

x E 0, g(x, r )  is a C1- function with respect to T; 

(g.2) there exist positive constants a and q ,  with q < if N 2 3, such 

that, for all T E R and for almost all x E 0, 

and 

(g.3) g(., 0) = 0 a.e. in R and there exist p > 2, with p < & if N 2 3, and a 

strictly positive function X : R -+ R+, with X E Lm(R) and E Lm(R), 

such that 

lim ( )  = ~ ( x )  uniformly on R ; 
r-o (p - l ) J ~ l p - ~  

(g.4) there exists 0 €10, ;[ such that 

r 
for all r E R and for almost all x E R ,  where G(x, T) = g(x, s) ds. 

0 
Under the previous assumptions, there exists 5 > 0 such that, for all t E]O,[,  

(1) De has at least k positive solutions u , , ~ ,  . . . , u,,k (see [13]), satisfying the 

following properties: 
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1660 MUSS0 AND PASSASEO 

(2) D6 has a t  least 2k - 1 multibump positive solutions (see 1151). More 

precisely, if we choose arbitrarily r distinct subsets among i l l , .  . . , Ok 

(say Oi l , .  . . , Oi,), one can construct a positive r-bumps solution uf'l...lip 

with the following properties: 

and 

(3) 3, has a t  least k2 sign changing solutions (see [14]), having exactly two 

nodal regions (i.e. both the supports of the positive and the negative 

parts of the solutions are connected subsets of 0). Moreover the obtained 

solutions u,,i,j, for all i, j E (1,. . . , k), have the following property: 

and 

In this paper we obtain 4" 1 nontrivial solutions by showing that, if 

we choose arbitrarily some subsets Oi l , .  . . , Oiv and Ojl , . . . , Oj, among 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1661 

0 1 , .  . . , flk, then we can construct a solution of 9, whose positive (respec- 

tively negative) part can be decompose as sum of r (respectively s )  non- 

negative functions which, as 6 -+ 0 ,  tend to be localized near the subsets 

Oil ,  . . . , Rip (respectively Rj, , . . . , Rjs). 

More precisely, we shall prove the following theorem. 

Theorem 1.1. Assume that conditions (a. l) ,  . . ., (a.4), (D), (g . l ) ,  . . ., 
(9.4) are satisfied. 

Then there exists Z > 0 such that, for all E € ] O , Z [ ,  9, has at least 4k - 1 

distinct nontrivial solutions. 

Indeed, for all T+,  T -  subsets of ( 1 , .  . . , k )  and for every 6 €10, E [ ,  there 

exists a solution v T + , ~ -  of 9, such that 

and 

Moreover we have 

and 
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MUSS0 AND PASSASEO 

For the proof of this theorem we proceed as follows. We consider a functional 

f, (see (2.1)), whose critical points correspond to solutions of problem 9, 

and, in order to obtain the solution v T + , ~ -  , we find a local minimum point 

u:+lT- for f, constrained on a suitable subset MT+lT- of H ~ ' ~ ( R )  (see Def- 

inition 2.2). Then we prove that,  for t small enough, t ~ : ~ > ~ -  is indeed a 

critical point for f, and so it gives rise to a solution u T + > ~ -  = c ~ u ~ + ~ T -  

of 9,. However, it is worth to point out that MTflT- is not a smooth man- 

ifold; hence the usual methods, which consist in proving that the Lagrange 

multipliers are zero, do not apply in our case. Therefore we need a specific 

device, based on topological arguments. 

Finally we remark that the behaviour of as 6 + 0 (see Proposition 

3.10) shows that, for 6 small enough, different solutions correspond to differ- 

ent choices of the pair T + ,  T- .  Thus we have, on the whole, 4k - 1 distinct 

nontrivial solutions (notice that it is not required that T+ n T -  = 0). 

2. Notations and some preliminary properties 

Troughout the paper, H; '~(R) will denote the usual Sobolev space en- 

dowed with the norm /Iull = (J 1 D ~ 1 ~ d z ) $ ,  while we will denote by Ilullp = 
R 

(J lulp dz) the usual norm in Lp(R). 
12 

In Lp(R) we also consider the following norm 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

where X(x) is the positive function which appears in (9.3). Obviously 1 1 .  I 1 
and ( 1  . (1, are equivalent norms. 

Notice that a function v E H ~ ' ~ ( R ) ,  v $ 0, is a weak solution for 9, if and 

only if u = 6-*v is a critical point for the functional f, : H;"((n -+ IR 

defined by 

Let us introduce some useful tools. 

Definition 2.1. Let R 1 , .  . . , f l k ,  C1 . . . , Ck, R;, . . .R;  be as in condition 

(Dl .  

For every IL E ~ t ' ~ ( f l )  and E > 0 let P E ( u )  be the fzmction in H ~ ' ~ ( R )  such 

that 

and 

Set for all t = 1,.  . . , k D
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1664 MUSS0 AND PASSASEO 

Thus  i t  results 

u = P; (u) + . . . + Pi (u) + P y u )  Vu E H:" ( 0 )  

with Pf(u)  E H:'~(R;) for all t = 1 , .  . . , k (indeed Pt i s  a projection of 

H;>~(Q) o n  ~ i ' ~ ( 0 ; ) ) .  

Definition 2.2. For all T+,  T - ,  subsets of 11, . . . , k ) ,  let us  set 

For simplicity of notation, we write for all u E ~ i ' ~ ( 0 )  

and 

1 ,  1_ 
g:(x, u) = -g (x, EP-2u). 

€ 

Definition 2.3. Let us  set 

1 .  A = lim inf - ~ n f  {A, (6, x) : x E R) - 
€+O E 

and 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

- 1 .  
A = lirnsup - m f { A z ( e ,  x )  : x E U at) 

e+O -5 t=l 

(see ( a . l ) ,  (a.2) and (a.3)). 

Moreover, for all t = 1 , .  . . , k ,  we set 

and f i  = min pt .  
t € { l ,  ..., k} 

Definition 2.4. Let r, : R x R -t R, y, : 0 x R + R and T, : R x R -+ R 

be the functions defined by 

and 

st (x,.) 
x )  = { f o r r P O  

for T = 0 

for 7 # 0 

Because of (g.3),  for almost all x E R ,  I?,, y, and 7, are continuous function 

with respect to 7. 

Lemma 2.5. Let Q €10, (I&)* [ and choose p  > 0 large enough in such a 

way that 
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MUSS0 AND PASSASEO 

for all t E (1, . . . , k}. Then there exist B > 0 and > 0 such that, if 

w E ~ i ' ~ ( f 2 )  with llwll < B and E €10, E [ ,  we have 

and 

for allt E { I , . .  . , k ) .  

Proof. Arguing by contradiction, assume that for all B > 0 and S > 0 

there exist c €10, Z[ and w E H,"~(R), with 1 I W  1 1  5 B ,  such that the assertion 

does not hold. Hence there exist a sequence (en),/1 of positive numbers, 

converging to zero, a sequence of functions ( ~ , ) , ~ l ,  converging to zero in 

(R), and, for some t E (1, . . . , k), a sequence of functions (un),/l in 

H,"~(o;), with lDunI2 dx 5 p2 for all n 2 1, such that 
0: 

/ / ~ , + j / ( ~ , , ) = p  V n 2 1  and l i r n f ~ n ( ~ n + w n ) [ u ~ j < O  (2.11) 
,--tot 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1667 

I I ~ i l l ( x , ~ ) = e  V n l l  and 71300 l i r n f ~ , , ( ~ ~ + ~ , ) [ - - ~ ; ] ~ o .  (2.12) 

Let us consider, for example, the case that (2.11) holds (analogous arguments 

can be used in the case (2.12)). 

Up to  a subsequence, u, + u E H ~ ' ~ ( R ; ) ,  weakly in H ~ ' ~ ( R ; ) ,  in LP(R;), in 

L ~ ( R ; )  and a.e. in R;, with 1 IDuI2 dx _< p2 and lIu+J I ( X , p )  = e. 
4 

Moreover (2.11) and condition (a.4) imply that 

Notice that condition (9.3) implies 

Hence (9.2) and (9.3) (where we can assume q 2 p) allow us to apply the 

Lebesgue convergence theorem to obtain 

lim / g,,, ( s ,  U, + wn)u; dx = / X(Z) l ~ t l p  dx. 
n300  

(2.15) 

Then, from (2.11), (2.13) and (2.15), we infer that 
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1668 MUSS0 AND PASSASEO 

where the last inequality is due to the choice of e. Hence we get a contradic- 

tion. 5 

Definition 2.6. For all e > 0 ,  let a, be the functional defined by  

Notice that Q, is a C1 functional for all e > 0 and for all w, U ,  v E fItl'(n) 

Lemma 2.7. Let 2 > 0 and choose p > 0 large enough in such a way that 

Then there exist B > 0 and > 0 such that, if w E H:~ ' (S~ )  with I I w ( (  < B 

and E €10, z[, we have 

and 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1669 

Proof. Suppose, by contradiction, that for all B > 0 and E > 0 there exist 

E €]0,5[ and w E H;"(R), with llwll < B, such that the first or the second 

inequality do not hold. Hence there exist a sequence of positive num- 

bers, converging to zero, a sequence (wn),>1 - of functions in H ~ ~ ~ ( R ) ,  con- 
1 2  verging to zero in H,,' (R), and a sequence of functions ( u ~ ) ~ ~ ~  in H ~ ~ ~ ( R ) ,  

with llunll 5 Ti for all n > 1, such that 

a I I u ;  I ~ ( A , ~ )  > Z V n  2 1 and lim -Q," (w,, un)[-u;] 1 0. (2.17) 
n+m Ou 

Let us consider the case (2.16) (analogous arguments hold in the case (2.17)). 

Up to a subsequence, un -+ u E H;'~(R) weakly in H;"(R), in Lp(R), in 

L4(R) and a.e. in R, with llull < p and I I u + ~ ~ ( ~ , ~ )  > e. 
By (g.3), we have, for almost all x E R, 

Taking into account (9.2) and (g.3), we can apply the Lebesgue convergence 

theorem and obtain 
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MUSS0 AND PASSASEO 

a 1 + p > p - 2 -  
lim - @ E , , ( ~ n , ~ n ) [ ~ ~ ]  = Z ( ~ - 2 ) I I ~  II(r,p, - T@ > O l  

n-+m d u  

which contradicts (2.16). 

3. Local minima and proof of the main result 

In this section T+ and T -  are fixed subsets of (1,. . . , k). 

Definition 3.1. For all Q > 0, let us set 

Definition 3.2. For all B > 0, let US def ine  

and  
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

Definition 3.3. For all E > 0 ,  let Q,  : H ~ ' ~ ( R )  t R be defined by 

Definition 3.4. For all t E {I, .  . . , k ) ,  let us choose a function vt E 
1 2  No'  (at) such that ( j ~ : ( j ( ~ , ~ )  = I I V ~ I ( ( ~ , ~ )  = 1 (we consider vt extended i n  R 

by setting vt = 0 in  R \ Rt) .  

Then we put 

Let us remark that, for all t E (1, . . . , k ) ,  1 lv: 1 1  2 pt and 1 1 1  1 pt (see 

Definition 2.3) .  

Proposition 3.5. For all t E {I, .  . . , k), let vt be the function introduced in  

Definition 3.4 .  Then, for all 6 > 0, there exist some positive numbers a,,t, 

for t E T + ,  and for t E T - ,  such that 

(see Definition 3.4). Moreover, we have 

and D
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1672 MUSS0 AND PASSASEO 

Proof. For all t E T+, let us consider the mapping z E R+ + f,(av$). 

Because of (9.3) and (g.4), this mapping has a local minimum in z = 0 and 

lim f , ( zv t )  = -w. Then there exists a maximum point a,,t > 0 such 
z++w 

that f , (a , , tv t )  > 0 and f:(a, , tvt)[aB,tvtf l  = 0. 

In an analogous way, if we consider, for all t E T - ,  the mapping z E R+ -t 

f,(-zv,), we find a maximum point P,,t > 0 such that fE(-Pc,tv;) > 0 and 

Now let us consider v,  = a,,tvtf - &v;. 
t€T+ t€T-  

Taking into account the properties of a,,t and &, it is easy to verify that 

Let us show that lim C ~ C Y ~ , ~  = 0, for all t E T+; in fact, by contradiction, 
€-to 

suppose that there exists a sequence (&,),>I of positive numbers such that 

lim en = 0 and lim en*aen,t = at > 0 for some t E T+. Then, since 
n+w n-tm 
under our assumptions G ( x ,  t )  > 0 for t > 0 ,  we get 

- 
1 z~llvt91I2 lim sup f,,, ( a r n , t v t )  < li~ll SUP - {ot - 

n-+w n-+m en& 2 

which is in contradiction with the fact that f, , ,(a,,,tv~) > 0 for all n 2 1. 

Since lim e*aE,t = 0 for all t E T+ and since (g.2), (9.3) allow us to apply 
€-to 

the Lebesgue convergence theorem, it follows that 

lim - J g t (x ,  a.,tvt)a.,tvt dx = lim ye($, a c , t u t ) ( v t f ) p  dx 
€-to a&' E+O 

Q l 
J 
n : 

Moreover, f:(a,,tvt)[a,,tv:] = 0 means that 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1673 

Thus, taking into account Definition 2.3, we obtain for all t E T+ 

(nllv$l12)* 5 liminfa,,t 5 l im~upcu,,~ 5 (~llv:11~)*. 
,-to E-+O 

In analogous way one can prove that, for all t E T - ,  lim E*& = 0 and 
€+O 

( A ~ I V ; ~ / ~ ) P - ~  5 lim inf ,& 5 limsup& < (ill~v; 1l2)&. 
E+O e-tO 

Lemma 3.6. Let Q €10, (&) * [. Then there exists -i > 0 such that 

{u E n : (P:u)+ 0 Vt @ T+, (P&)- = 0 Vt $ T - ,  

and P E u  - 0) # 0 VE €]O,E[; 

moreover 

limsupinf{f,(u) : u E n ~ z l > ~  (P,tu)+ = 0 Vt $ T + ,  
E - i O  

(P:u)- 0 Vt $ T-, and P E u  E 0) 

(see Definitions 2 .3 ,  3.1 and 3 .4 ) .  

Proof. Because of the definition of ,ii and since Q < (&i)*, Proposition 

3.5 implies that v, E K ~ ~ ~ ~ -  for all E > 0 small enough. 

Let us now consider a sequence (€,),>I - of positive numbers such that lim 
n-tw 

E ,  = 0 and 
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1674 MUSS0 AND PASSASEO 

limsup inf{fE(u) : u E M:+>~- n K ~ + , ~ - ,  (P&)+ zi 0 V t  @ T + ,  
€+O 

E 3 e  

(Ptu)- 0 V t  $ T-,  and P E u  E 0) 

= lim inf{fEn(u) :u E M:+'~- n (Pfnu)+ = 0 W @ T + ,  
n+m 

(P,Enu)- = 0 V t  $ T-, and P E n u ~ O ) .  (3.1) 

From Proposition 3.5 we infer that, for all n large enough, there exist aen,t, 

for t E T+,and PEnrt, for t E T- ,  such that 

(see Definition 3.4). 

Moreover, by construction, we have that (Ftnv,,)' - 0 for all t $ T+,  

(P,'n~,,)- E 0 for all t @ T- and Ph"v,, = 0. 

Arguing as in the proof of Proposition 3.5, one can show that lim en& 
n+m - 

a,,,t = 0 for all t E T+,  lim cnp12&,,t = 0 for a11 t E T-  and, up to a 
n--+M 

subsequence, 

, . 

lim a"-2 - lirn $ax, v$ dx Qt E T', 
n-+m E n , t  - n+m 

(3.2) 

Q t  

Moreover we have, for all t E T + ,  
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1675 

and, for all t E T - ,  

Taking into account that (9.2) and (g.3) allow us to apply the Lebesgue 

convergence theorem, (3.1), (3.2) and (3.3) imply (see Definition 3.3) 
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1676 MUSS0 AND PASSASEO 

Corollary 3.7. Let B > 0 and Q €10, (&)A [. 
Then we have 

Lim sup inf{ fE(u) : u t M T + > ~ -  n xT,'lT- n N ~ ' , ~ -  
E+O 

E,B 1 

(see Definitions 2.3, 3.2 and 3.4). 

Lemma 3.8. Let Q €10, (hi)&[. Then there exist 5 > 0 and B > 0 such 

that, for all t €]O,Z[, 

is achieved b y  a function u,, which satisfies sup \lu,ll < +m 
0<6<Z 

Proof. Let B > 0 and choose 51 > 0 so small that 

(see Le~nma 3.6), 

and 

sup inf{f,(u) : u E ~ f + . ~  n n N $ ' ~ - }  < +m (3.6) 
EE]O,?I[ 

(see Corollary 3.7). 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1677 

For all E €10, z l [ ,  let (u;),?~ be a sequence of functions in M T + > ~ -  n ~ ~ + ) ~ -  ~ , e  n 
N ~ + , ~ -  

E,B such that 

First we prove that ( u ; ) , ~ ~  is bounded in ~ : ' ~ ( ( n ) .  

Taking into account that uh E N $ . . ~ -  for all n 2 1, we have that the sets 

{p'uk : n > 1 , ~  € ] O , F ~ [ ) ,  {(Ptuk)+ : n > 1 , ~  € ] O , E ~ [ ) ,  for t $ T+,  and 

{ ( P ; u ~ ) -  : n 2 l , t  E ] ~ , z ~ [ ) ,  for t $ T - ,  are bounded in H ~ ' ~ ( R ) .  Hence 

(9.2) implies 

- ] G.(x, (PIuC)' + P'u;) dx] 

fil 

- 1 G, ( x ,  - (P;uC)- + P'U;) dx] -CO 

a: 

for a suitable constant Co 2 0. 

For all t E T+,  since uk E MT+lT- and since (9.4) holds, we have 
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MUSS0 AND PASSASEO 

If we set Rk = { x  E R : -PEu:(x) 5 (Ptu:)+(x) 5 &P%:(x)) and 

0: = { z  E 0 : & P ~ U ~ ( X )  5 (P~u: )+  ( x )  5 -PEu:(z)) ,  since under our 

assumptions g,(z, s) 2 0 for all s > 0 and g,(x, s )  < 0 for all s 5 0, we 

obtain 

for a suitable constant C1 > 0, as (PEuk),21 is bounded in ~i"((s2 and (9.2) 

holds. 

Hence from (3.8) and (3.9) it follows that there exists a suitable constant 
- 
C > 0 such that, for all t E T+,  
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

In analogous way, for all t E T - ,  we have 

If we set R; = { x  E R : -PEu; ( x )  5 - (P;u;)-(x) 5 AP'u; ( x ) )  and 

0; = {x E R : &,peu;(x)  5 -(P;u;)-(x) 5 - P E u ~ ( x ) ) ,  arguing as 

before, we find a positive constant C2 such that 

From (3.11) and (3.12) it follows that there exists a constant 6 > 0 such 

that, for all t E T - ,  
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MUSS0 AND PASSASEO 

Taking into account (3.7), (3.10) and (3.13), we can find a positive constant 

C > 0 such that 

Because of (3.6) ,  (u:) ,?~ is bounded in H;"(R) for all e €10, ~ l [ ;  hence, up 

to a subsequence, (u;),>l converges to u ,  E H t " ( 0 )  weakly in H ; ' ~ ( Q ) ,  

in LP(R) ,  in Lq( f l )  and a.e. in f l  So we have u ,  E K $ ~ -  n N $ ' ~ - ,  

f : ( u , ) [ ( ~ & ) + ]  < 0 for all t E T+,  fl(u,)[-(P;U,)-] 5 0 for all t E T -  and 

Furthermore, from (3.6) and (3.14) we get 

and 

Now choose g €10, Q[ and p, greater than max sup I I (PtEu,)+ I I and max 
tET+ O<E<?, t € T -  

sup (I(P&)-I/; then we can fix 5 €10, 51[ and B > 0 such that the asser- 
O<E<FI 
tions of Lemma 2.5 and Lemma 2.7 hold. 

In order to prove that, for all 6 €10, Z[, u ,  realizes 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1681 

it remains to show that u, E MT+tT-. 

Denote by I+ the subset of all t E T+ such that f:(u,)[(P,'u,)+] < 0 and 

by I -  the subset of all t E T -  such that f:(u,)[-(P,'u,)-] < 0. Arguing by 

contradiction, suppose that I+ # 0 or I -  # 0. 

For all t E I+, since I I (P,EU,)+~~(~,~)  2 Q ,  there exists $, E ] O , ~ ]  such that 

I Itt (P,'u,)+ 1 / ( x , ~ )  = Q; taking into account that (3.16) holds, that 1 lPEu, I I 5 

B and that I I f t  (P,'u,)+II 5 p, Lemma 2.5 implies f: (P", + ct (P,EU,)+) 

[ J t ( ~ ; u , ) + ]  > 0. On the other hand, f:(u,)[(~,tu,)+] < 0. Hence there exists 

[t € I F t ,  1 [ such that f: (P'u, + & (P,'u,)+) [[t (P,"u,)+] = 0. 

In analogous way, for all t E I -  one can find St ~ jO, l ]  such that Q = 

1 (P,'u,)- 1 1  since (3.17) holds, since I I PEuE 1 1  l B and I l'iTt (P{u,)- 1 1  5 

p, from Lemma 2.5 we get f;(PEu, -~,(P,'U,)-)[-;ri,(P,'u,)-] > 0. Again, as 

f:(u,)[-(P,'u,)-] < 0, there exists qt E ] q t ,  1[ such that f ; ( ~ ' u ,  - ~]t(P{u,)-) 

i-T]t(P,'u,)-] = 0. 

Let us define 

It is clear that 

Thus, for all t E I+, we have 
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1682 MUSS0 AND PASSASEO 

(see Definition 2.6) for a suitable [ E]&, l[. 

Taking into account that II<(P:u,)+II(~,,) > @ 1 Z, IIt(P&)+ll 5 F and 

llPEu,l ( 5 B ,  Lemma 2.7 implies 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1683 

where the last equality follows from the fact that f : (pku ,  + &(P:u,)+) 

[tt(Pt'u€)+l = 0. 

Now for all t E I -  we have 

lim { -  -%3, ,  (P;u:,)-ax3 (P;u;)- d~ 
n+W 2 1 E 

"I 
- / G E ( x 1  -(P;ui)- + PEu:) dx} 

" I 
= 1% ( x ,  - (P&,)- + P'u,) [-(P;u,)-] dx 2 

" l 
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1684 MUSS0 AND PASSASEO 

where the last equality follows from the fact that f;(~'u, - ~t(P;u,)-) 

[Vt(P:u,)-] = 0. 

Hence, by using (3.18) and (3.19), we conclude that, if I+ # 0 or I -  f 0, 

then 

- / GE(x. Ft(P&)+ + PEu,) dx) 
4 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

which is impossible since uE E M T I T  n ,e n N $ " .  Hence I+ = 0 

and I -  = 8. 

Finally it remains to remark that sup I/u,II < +m, which follows easily 
O<E<Z 

T+,T- from (3.16) and (3.17), taking into account that u, E Nc,B . 0 

Lemma 3.9. Let 0 < p < (G)* and 0 < B < (n$fif)*. Then there 

exists E > 0 such that, for all 6 €10, E [ ,  

Proof. Let us argue by contradiction: suppose there exists a sequence 

( E , ) , ~ I  of positive numbers converging to  zero such that 

Hence there exists a sequence of functions (u,),?~ in M:+>~- fl K:tLT- n 

8 ~ : ' ~ ~ -  n ,B such that 
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1686 MUSS0 AND PASSASEO 

T T T+,T- " N:lg~- }, lim sup f,, (u,) 5 lim sup inf{ f,, (u) : u E Men n K,, ,@ 
, 3 0 3  n+cc 

(3.21) 

The proof consists of 3 steps. 

STEP 1. The sequence (u,),>~ - is bounded in Hh12(s2). 

From Corollary 3.7, from (3.20) and (3.21) we have 

1 
limsup fE,(un) j (-  - L)I*M < +m. (3.22) 

n--+m 2 P 

Since u, E  ME+,^- n N2tgT- for all n > 1, arguing as in Lemma 3.8 one 

can prove that the sequences ((P:nun)+)nLl, for t E T t ,  and ( (p tnun) - ) ,  

for t E T - ,  are bounded in H;>~(R). Hence the sequence (u,),>l is bounded 

in ~ A - ~ ( s 2 ) ,  as u, E aN:tBT-; it follows that, up to a subsequence, un -+ 
u E H ~ ' ~ ( Q )  weakly in H ; " ( C ~ ) ,  in LP(R), in LQ(s2) and a.e. in R. 

Now, since (f,n(un))n21 is bounded, from (a.4) we infer that 
k 

S (Dul2 dz = 0; hence, u z 0 in R \ (J 0; and so we can write u = 
t=l 

a, (j fit 
t=1 

u l + . . . + u k  withut E ~ h ' ~ ( s 2 ; )  and S l ~ u ~ 1 ~ d x = 0 f o r a l l t  (1, . . . ,  k ) .  
n:wt 

Moreover ( ( ~ , f / ( ( ~ , , )  > Q for all t E T+, ( ( u ; ( / ( ~ , ~ )  > Q for all t E T-  and 

C S ( D u , ~ ( ~  dx + C S (Du, l 2  dx 5 B2. 
t4T+ n: t4T- n: 

STEP 2. We prove that (up to a subsequence) 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

- 1 G,,, ( x ,  - (Pinun)- + pEnun) dx] 

a: 

+ ' 1 gax, Pen unaZJ PEn u, dx) 
2 C n  

R 

(see Definition 3.3). Since un E M:+,~ - ,  we have, for t E T+,  

and, for t E T - ,  

nl 

= / y e n  ( x ,  - ( ~ - u , ) -  + Prnun)[-(Pinu,)-] dx (3.25) 

a: 

= 14" ( x ,  - (Pinun)- + P E n u n )  - (Pinun)- + P ' ~ U , ~ ~ - ' [ - ( P ~ ~ U , ) - ]  dx. 

4 

Since 
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1688 MUSS0 AND PASSASEO 

J limsup A d x i  (Pinun)+aX, (P,'"u,)+ dx < +M V t E T+ 
n+cc En 

a: 

and 

J a? limsup -ax, (Pinun)-&, (Pinu,)- dx < +M V t E T - ,  
n+cc En 

a; 

we can assume that (up to a subsequence) the limits 
* $3  

lim J ?ax, (P,Enun)+ar, (ptnun)+ dx, 
n-+cc 4 
lim / $ax, (Ptnun)-ax, (Ptnun)- dx do exist. 

n --t cc 
a: 

Taking into account that 

lim en& ((Pinun)+ + PCnun)(x) = 0 a.e. in 01, 'dt E T+ 
n+m 

and 

lim (-(P,E"u,)- + PBnun)(x)  = 0 a.e. in n;, V t  E T - ,  
n-tcc 

from (g.2), (g.3), (3.24) and (3.25) it follows that 

. . 
a:: 

lirn / -8,. (P,Enun)+&, (Ptnun)+ dx  = Vt  t T' (3.26) 
n+cc 

0; 

and 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1689 

lim 1 2 8 , .  (Pfnun)-a, ,  (Pfnu,) -  dx = 1 Iu; V t  E T - .  (3.27) 
n+m en 
4 

Again, by using (g.2) and (g .3) ,  one can prove that 

1 
lirn / G,,, (z, (P;nun)+ + P E n u n )  dx = - ~ I U Z ~ I ~ , ~ ,  V t  B T' (3.28) 

n+m P 

and 

Since (a.4) implies PEnu,  -+ 0 in Lq(R),  (3.23) follows from (3.26),  (3.27),  

(3.28) and (3.29).  

STEP 3. We arrive at  a contradiction. 

Since u,  t 8~::~~- for all n 2 1, we have 

Taking into account that Phun + (P tnun)+  -+ u; for all t E T +  and, for 

all t E T - ,  P t w n  + (P,Enun)- -+ u; in L P ( @ )  and a.e., arguing as in 

Proposition 3.5, one can prove that, for n large enough, there exist some 

positive numbers cut,, for t E T +  and Pt, ,  for t E T - ,  such that 

and 
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1690 MUSS0 AND PASSASEO 

Clearly z, t ~l:~~- ; hence, (3.21) implies that, up to a subsequence, 

Arguing as in the proof of Proposition 3.5, from (3.32) one can easily prove 
- 

that lim tnh at,, = 0 V t  E T f  and lim t ,p12& = 0 V t  E T - .  
n+m n+m 

Since (9.2) and (9.3) hold, by using the facts that zn E M;+.~-  for all n large 

enough and that u, + ul + . . + u k  (with ut E H ~ ' ~ ( R : )  for t  = 1,. . . , k )  in 

LP(S1) and in Lq(R), one can prove that, 

and 

Comparing respectively (3.26) with (3.34) and (3.27) with (3.35), it follows 

that 

lim at , ,  = 1 V t  E T+ and lim ,&,, = 1 V t  E T - .  
n-+m n-+m 

(3.36) 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

Thus, from (g.2), (9.3) and (3.36) we get 

By using (3.23), (3.37) and (3.30), we obtain (up to a subsequence) 
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1692 MUSS0 AND PASSASEO 

- 1 G.,, (r, - (Ptn un)- + pen u,) d x }  
t,T- 

a: 

where the last inequality is due to the fact that 0 < B < ( ~ 4 1 1 )  &. 
Thus we have a contradiction with (3.33). 0 

Proposition 3.10. Let 0 < p < (&)&. Then there exist B > 0 and 

5 > 0 such. that, for all E €10, 5[ and for all T+ and T -  subsets of (1,. . . , k ) ,  

there exists a function uy+lT- which minimizes the functional f ,  in the set 

M T ' , ,  n K T : ~ ~ -  n ~$1,- and such that 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1693 

Moreover u T + , ~ -  satisfies the following properties: 

(1) 

Proof. Let Q, T+ and T -  be as in our assumptions. From Lemma 3.8 

we infer that, if B > 0 and F > O are small enough, for all 6 €]0,5[, there 
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1694 MUSS0 AND PASSASEO 

exists u:'$~- minimizing f. in ~ 6 ' 1 ~ -  n K T + ~ ~ -  9 e fl ~ : i ~ ~  and satisfying 

Moreover Lemma 2.5 implies 

If, in addition, we choose B < (b5,Gf )A, Lemma 3.9 implies 

Proving part (1) is equivalent to show that 

By contradition, assume that there exist p €10, B] and a sequence ( e n ) ~ > l  of 

positive numbers converging to 0, such that 

Notice that the sequence ( U ~ I ~ - ) , > ~  - is bounded in  HA'^(^). Hence, up to 

a subsequence, uTn+lT- converges to uTCIT- E ~ A ~ ~ ( f 2 )  weakly in HA"(f2), 

in Lp(R), in Lq(f2) and a.e. in R. Moreover, from assumption (a.4) and 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1695 

Corollary 3.7, it follows that S IDuI2 dx = 0; therefore we can write 

a, 0 Qt 
t=1 

k 
u = C ut, with ut E H:~~(S~;) for all t E (1,. . . , k ) .  

t=1 
Arguing as in STEP 2 of Lemma 3.9, one can obtain that (up to a subse- 

quence) 

a,, ( P ; ~ u E + ' ~ -  )+a,J (P;- uT,+lT)+ dx 

+ c ri/3! n a,, (P:. u z q - a , ,  (P;- uT+ en ,T- )-  dx 
t@T- 2 En 

Q I 

Now set, for n large enough, 
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1696 MUSS0 AND PASSASEO 

and f,, (2,) > 0 (the existence of these numbers follows arguing as in Propo- 

sition 3.5). 

By definition, zn E NTT:~- and SO 

Moreover, arguing as in STEP 3 of Lemma 3.9, one can prove that 

lim ( Y ~ , ~  = 1 Vt  E T+ and lim ,&,, = 1 V t  E T - .  (3.42) 
n+w n+ w 

Hence, from (3.39), (3.38) and (3.42), we infer that 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

where the last inequality is due to the fact that 0 < /3 5 B < (h$,Li$) A. 
Thus we have obtained a contradiction with (3.41). 

Part (2) follows easily from assumption (a.4) and Corollary 3.7, taking into 

account that u T ' > ~ -  E M T + , ~ - .  
In order to prove part (3) we argue by contradiction and assume that there 

exist I+ C T+, I+ # 0, or I -  C T - ,  I -  # 0, and a sequence of 

positive numbers converging to zero, such that 

and 

Arguing as before, we have (up to a subsequence) uE+lT- + uT+)T- E 

H;"(R) weakly in H,$~(R), in Lp(R), in L4(R) and a.e. in R; moreover, 
k 

uT+lT- = ut, with ut E HA,~(RL) and lDuI2 dx = 0 for all t  = 
t=l nlw, 

1, . . . ,  k .  

Notice that I / U ; / ~ ( ~ , , )  > e V t  E T+ and I I U ~ I / ( ~ , ~ ,  2 e V t  E T -  because 

U;+,~- KT+,T- 
, ,e  ' 

Since uz+lT- E for all n > 1, (9.2) and (9.3) imply D
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and 

MUSS0 AND PASSASEO 

where the last inequalities in (3.45) and (3.46) follow respectively from (3.43) 

and (3.44). Hence we get a contradiction. 

0 

For the proof of Theorem 1.1 we need the following result. 

Lemma 3.11. Let B,z,T+,T- be as in Proposition 3.10. For all e E 

l o , [ ,  let u5+lT- be a function which minimizes the functional f, in the set 
MF+,T- T+,T- NETi,T- 

Kc,, 

Then we have 

and 

Proof. Taking into account that uT+lT- E M T + ~ ~ - ,  we have 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1699 

and 

(see Definition 2.4). 

Arguing by contradiction, assume that there exists a sequence of positive 

numbers ( E ~ ) ~ ? ~ ,  converging to zero, such that 

lim f:: (UZ+'~-)[(P,'"UT,~'~-)+]~ > (2 - p ) e p  for some t E T+ (3.51) 
n-+w D
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1700 MUSS0 AND PASSASEO 

lim j:: (u:' 
n+m 

'1T-)[(~:nuTn+'T-)-]2 > (2 - p)p for some t E T - .  (3.52) 

From Lemma 3.9 and Proposition 3.10 we have (up to a subsequence) PEn 

u T ~ ~ ) ~ -  --+ 0 and -+ ut E H~"(Q;) in LP(R;), in L ~ ( Q ; )  and a.e. 

in R: for all t E (1,. . . , k). 
Let us consider, for example, the case that (3.51) holds for some t E T+. 

Notice that I I U ~ I ( ( ~ , ~ )  2 Q since uTn+lT- E  KC;^- for all n 1 1. More- 

over assumptions (9.2) and (9.3) allow us to apply the Lebesgue convergence 

theorern obtaining 

and 

Hence we have 

which contradicts (3.51). 

An analogous contradiction could be found in the case that (3.52) holds for 

some t E T - .  

0 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 1701 

Proof of Theorem 1.1. In order to prove this theorem, it suffices to show 

that for all T+,  T-, subsets of (1,. . . , k), and for all E > 0 small enough, 

every function u : + > ~ - ,  which minimizes f ,  in the set MT+lT- n K T : , ~ -  n 

~ : i ~ ~ -  , is a critical point for f.. The behaviour of u T i T  as a i 0 (see 

Proposition 3.10) guarantees that, for 6 small enough, different solutions 

correspond to different choices of the pair T + ,  T- .  

Notice that, for a sufficiently small, we have 

and 

Set T+ = (11,. . . , l,), T -  = {ml , .  . . , m,) (with r ,  s 5 k and li # l j ,  mi # 
m j  for i # j )  and consider the functions u, and 11, defined as follows. The 

function g, : R'+" + H : ) ~ ( R )  is defined, for all 6 = ( [ t , .  . . , J:,(;, . . . ,(',), 

by 

t=1 t=l  

while $, : H ~ , ~ ( R )  + is the function defined by 

Notice that $,(u) = 0 if and only if u E MTtlT-. 
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1702 MUSS0 AND PASSASEO 

For all 6 > 0, let us set B(6) = {< E Rr+' : < 6) and aB(6) = {< E 

Rr+\ I[[ = 6). Because of (3.53) and (3.54), since ur+lT- E M T + ~ ~ - ,  

there exists 5 > 0, sufficiently small, such that 

and 

(here (.) denotes the usual scalar product in Rr+").  

Moreover, taking also into account Proposition 3.10, 6 can be chosen small 

enough, in such a way to have, in addition, 

In order to show that uT+lT- is a critical point for f,, that is 

we assume, by contradiction, that there exists E H;'~(R) such that 

f: ( U T + > ~ - ) [ W ]  < 0. Since f i  (u)[o]  depends continuously on u, there exists a 

neighbourhood ~ , ( u T + l ~ - )  of u:+,~- in ~ t ' ~ ( ( s 2 )  such that 

For all 6 > 0, let z6 E CO(R'+~; IR) be a function satisfying the following 

conditions: 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

0 5 za (6) 1 6 V[ E IRr+', 

Hence we can choose b > 0 small enough, such that 

zg ( [ )=O V E E  a ~ ( s ) ,  
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Therefore 

MUSS0 AND PASSASEO 

and 

Since 0 is the unique maximum point for f, o a, in B(J),  it follows that 

Taking into account that a,(O) = uFf r T -  minimizes f, in M:+,~-  n ~ $ l ~ -  n  
and that o . (E)+s ( f )Z  E K T : . T - ~ N ~ ~ , ~ -  V[ E B(T), from (3.66) 

we infer that 

Now. consider the continuous fuxlction cp, : B@) -t defined by 

(see (3.56)). 

Because of (3.63) and (3.58) we have 

Hence, by well known topological arguments (see, for example, [12]), we infer 

that there exists E B(B) such that cp,(C) = 0, i.e. 
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SOLUTIONS OF NONLINEAR ELLIPTIC PROBLEMS 

in contradiction with (3.67). 

All the qualitative properties of the solutions vr i lT-  = E ~ - ~ U T + > T -  follow 

easily from Proposition 3.10. 

0 

Remark 3.12. Under the assumption that g(x, .) is an odd function, well 

known results guarantee the existence of infinitely many solutions for 9,. 

On the contrary, no symmetry assumption is required in Theorem 1.1. The 

multiplicity result and the qualitative properties of the solutions of a,, for E 

small enough, depend only on the geometrical properties of the degeneration 

set D and on the behaviour of g(x, 7) as r + 0. Moreover, let us point out 

that condition (9.3) could also be weakened by requiring only that there exist 

p+,p- > 2, with p+,p-  < & if N 2 3, and two strictly positive functions 

A+, A- : Zn -+ R, with A + ,  A- ,  &, & ;1= Lm(f2), such that 

, 
lim (xl r ,  = Ai(x) and lim 

r + ~ +  (p+ - 1 ) / ~ 1 ~ + - ~  7 4 0 -  (p -  - l ) l r l ~ - - ~  

In fact it is easy to verify that all the claims and the proofs continue to  hold 

(with obvious modifications). 
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