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Abstract. The paper is concerned with a class of semilinear elliptic Dirichlet
problems approximating degenerate equations. By using variational methods, it
is proved that, if the degeneration set consists ofk connected components, then
there exist at least 2k − 1 multibump positive solutions.

1. Introduction and statement of the main theorem

Let Ω be a smooth bounded domain ofR
N (N ≥ 1) andg(x, t) a given function

which behaves liket |t |p−2 as t → 0, with p > 2 andp < 2N
N−2 if N ≥ 3.

We are concerned with the existence and multiplicity of nontrivial solutions
for problems like {

div(aε(x)Du) + g(x, u) = 0 in Ω
u = 0 on∂Ω

where, for allε > 0 andx ∈ Ω, aε(x) = (ai ,j
ε (x)) is a positive defined symmetric

N × N matrix with coefficientsai ,j
ε belonging toL∞(Ω, R).

We will assume that the matrixaε(x) degenerates, asε → 0, for all x in a
suitable subset ofΩ (the degeneration set). Our aim is to relate the number of
nontrivial solutions, forε > 0 small enough, to the geometric properties of the
degeneration set.

Some phenomena, pointed out in [31], describing the behaviour of the so-
lutions asε → 0, allow us to show that, if the degeneration set consists ofk
connected components, then there exist (for allε > 0 small enough) at leastk +1
positive solutions (see [20]) and at leastk2 nodal solutions (see [21]) having
exactly two nodal regions (i.e. both the positive and the negative part of the
solutions have connected supports).

Similar phenomena also arise in some recent results concerning the spiked
solutions to singularly perturbed semilinear equations, such as the nonlinear
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Schr̈odinger equation (as in [17], [25], [26], [27], [32], [14], [23], [24], etc.)
and the Ginzburg-Landau equations (see [8], [2], [35], [19], [15], etc.).

In several nonlinear problems, when it is possible to show that the solutions
tend to be localized near some regions or points, one can relate the number of
the solutions to the metric and topological properties of the domain (see, for
example, [5], [6], [7], [11] and the references therein).

Concentration phenomena of this type play a fundamental role in existence,
non existence and multiplicity results for elliptic problems involving critical or
supercritical Sobolev exponents, that have been very much investigated in recent
years (see, for example, [9], [10], [28], [29], [30], [16], [13], [33], [34], [3] and
the references therein).

In our case, although the nonlinear termg has a subcritical growth, these
phenomena occur because of the degeneration of the equation.

Let us specify the conditions on the matrixaε(x) we shall assume throughout
the paper:

(a.1) for all ε > 0 and for almost allx ∈ Ω there existΛ1 = Λ1(ε, x) > 0 and
Λ2 = Λ2(ε, x) > 0 such that

Λ1|ξ|2 ≤ ai ,j
ε (x)ξi ξj ≤ Λ2|ξ|2 ∀ ξ ∈ R

N (1.1)

(here and later on we write, as it is usual,ai ,j
ε (x)ξi ξj instead of

N∑
i ,j =1

ai ,j
ε (x)ξi ξj );

(a.2)

lim inf
ε→0

1
ε

inf
x∈Ω

Λ1(ε, x) > 0; (1.2)

(a.3) there existk nonempty subsets ofΩ, we sayΩ1, · · · , Ωk (the degeneration
subsets foraε(x)), such that

lim sup
ε→0

1
ε

sup

{
Λ2(ε, x) : x ∈

k⋃
s=1

Ωs

}
< +∞ ; (1.3)

(a.4) for allη > 0

lim inf
ε→0

inf

{
Λ1(ε, x) : x ∈ Ω\

k⋃
t=1

Ωt (η)

}
> 0, (1.4)

whereΩt (η) = {x ∈ Ω : d(x, Ωt ) < η};
(D) Ω1, . . ., Ωk are smooth domains strictly contained inΩ (i.e. Ωs ⊂ Ω ∀ s =

1, . . ., k). For all s = 1, . . ., k let us denote byCs the union of the connected
components ofΩ \ Ωs which don’t meet∂Ω and setΩ

′
s = Ωs ∪ Cs.

We require that the subsetsΩ′
1, . . ., Ω

′
k are pairwise disjoined and that every

connected component ofΩ \
k⋃

t=1
Ω

′
t meets∂Ω.
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Roughly speaking, condition (D) means that, although the disjoint compo-
nentsΩs (s = 1, . . . , k) of the degeneration set may have holes (i.e.Ω

′
s /= Ωs),

they are contained in pairwise disjoint subsetsΩ′
s, without holes, whose union

does not contain holes.
The positive solutionsuε,1, . . . , uε,k+1 obtained in [20] have the following

property:

lim
ε→0


∫

Ω

|uε,t |p dx




−1 ∫
Ω

′
t

|uε,t |p dx = 1 ∀t ∈ {1, . . . , k}

and there exist at most two subsets amongΩ
′
1, . . . , Ω

′
k (we sayΩ

′
t1 andΩ

′
t2) such

that

lim
ε→0


∫

Ω

|uε,k+1|p dx




−1 ∫
Ω

′
t1

∪Ω
′
t2

|uε,k+1|p dx = 1.

Analogous properties hold for the positive and the negative parts of the nodal
solutions uε,r ,s (r , s ∈ {1, . . . , k}) obtained in [21]. In fact we have for all
r , s ∈ {1, . . . , k}:

lim
ε→0


∫

Ω

|u+
ε,r ,s|p dx




−1 ∫
Ω′

r

|u+
ε,r ,s|p dx = 1

and

lim
ε→0


∫

Ω

|u−
ε,r ,s|p dx




−1 ∫
Ω′

s

|u−
ε,r ,s|p dx = 1.

These properties show that, forε > 0 small enough, the solutions are localized
near some of the subsetsΩ

′
1, . . . , Ω

′
k of the degeneration set.

So a natural question arises: is it possible to find multibump solutions, i.e.
solutions which can be decomposed as sum of functions localized near different
subsets chosen amongΩ

′
1, . . . , Ω

′
k?

In this paper we answer this question obtaining positive solutions of this type.
In recent years several papers have been devoted to study multibump solu-

tions for elliptic equations (see, for example, [33], [1], [18], [4]) as well as for
hamiltonian systems (see [12] and the references therein).

Let us specify the assumptions required on the functiong : Ω × R
+ → R:

(g.1) for all t ≥ 0, g(x, t) is measurable with respect tox; for almost all x ∈
Ω, g(x, t) is a C1- function with respect tot ;

(g.2) there exist positive constantsa and q, with q < 2N
N−2 if N ≥ 3, such that,

for all t ≥ 0 and for almost allx ∈ Ω,

|g(x, t)| ≤ a + atq−1 (1.5)
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and
|g′

(x, t)| ≤ a + atq−2 (1.6)

whereg
′
(x, t) denotes the derivative ofg with respect tot ;

(g.3) there existp > 2, with p < 2N
N−2 if N ≥ 3, and a strictly positive function

λ : Ω → R
+, with λ ∈ L∞(Ω) and 1

λ ∈ L∞(Ω), such that

lim
t→0+

g
′
(x, t)

(p − 1)tp−2
= λ(x) uniformly on Ω ; (1.7)

(g.4) there existsθ ∈]0, 1
2[ such that

G(x, t) ≤ θtg(x, t) (1.8)

for all t ≥ 0 and for almost allx ∈ Ω, whereG(x, t) =
t∫

0
g(x, τ ) dτ.

We can now state the following multiplicity result:

Theorem 1.1. Assume that conditions (a.1)–(a.4), (D), (g.1)–(g.4) are satisfied.
Then there existsε > 0 such that, for allε ∈]0, ε[, the problem

Pε

{
div(aε(x)Du) + g(x, u) = 0 in Ω
u > 0 in Ω
u = 0 on ∂Ω

has at least2k − 1 distinct positive solutions.
Indeed, for every subset{t1, . . . , tr } of {1, . . . , k} and for all ε ∈]0, ε[, there

exists a solutionvt1,...,tr
ε of Pε such that

lim
ε→0

ε
p

2−p

∫
Ω\

r⋃
s=1

Ω
′
ts

(vt1,...,tr
ε )p dx = 0

lim inf
ε→0

ε
p

2−p

∫
Ω

′
ts

(vt1,...,tr
ε )p dx > 0 ∀s ∈ {1, . . . , r }

(other properties ofvt1,...,tr
ε are described in Sect.4).

Notice that it is possible to obtain more than one solution even if the degen-
eration set is connected (i.e.k = 1), but it is topologically complex: in [22] we
estimate the number of solutions ofPε by the Ljusternik-Schnirelman category
of the degeneration set (under somehow different assumptions ong).

The paper is organized as follows. In Sect. 2 we state some preliminary results
concerning the properties of the functionalfε related to our problem. In Sect. 3,
for every choice of the subsets{t1, . . . , tr } ⊆ {1, . . . , k}, we introduce suitable
subsets ofH 1,2

0 (Ω) and prove the existence of the minimum forfε constrained
on each of these subsets. Moreover we state some properties of the minimizing
functionsut1,...,tr

ε , which are used in Sect. 4 in order to show, forε > 0 small
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enough, thatut1,...,tr
ε is a local minimum point forfε constrained on a suitable

subsetM t1,...,tr
ε of H 1,2

0 (Ω), thatM t1,...,tr
ε is a smooth submanifold in a neighbour-

hood ofut1,...,tr
ε and, finally, thatut1,...,tr

ε is a critical point forfε, giving rise to a

solutionvt1,...,tr
ε = ε

1
p−2 ut1,...,tr

ε of problemPε, satisfying the properties described
in Theorem 1.1.

Thus we obtain, for allr ∈ {1, . . . , k}, at least
(k

r

)
solutions havingr bumps;

so, on the whole, we get 2k − 1 distinct positive solutions.

2. Preliminary results

Throughout the paperH 1,2
0 (Ω) will denote the usual Sobolev space endowed with

the norm‖u‖ = (
∫
Ω

|Du|2 dx)
1
2 , while we will denote by‖u‖p = (

∫
Ω

|u|p dx)
1
p the

usual norm inLp(Ω).
In Lp(Ω) we will also consider the following norm:

‖u‖(λ,p) = (
∫
Ω

λ(x)|u|p dx)
1
p

whereλ is the positive function which appears in (g.3).‖ · ‖(λ,p) is equivalent to
‖ · ‖p in Lp(Ω).

A function v ∈ H 1,2
0 (Ω) is a weak solution forPε if and only if u = ε− 1

p−2 v

is a nontrivial critical point for the functionalfε : H 1,2
0 (Ω) → R

fε(u) =
1
2

∫
Ω

ai ,j
ε

ε
∂xi u∂xj u dx − 1

ε
p

p−2

∫
Ω

G(x, ε
1

p−2 u) dx. (2.1)

Here we intend that the functiong is extended toΩ ×R by settingg(x, t) = 0 for
all t ≤ 0 and forx ∈ Ω. Let us observe that (g.3) and (g.4) implyg(x, t) > 0 if
t > 0. So every nontrivial critical point forfε is a positive function, which gives
rise to a solution of problemPε by the maximum principle.

Definition 2.1. Let Ω1, . . . , Ωk , C1 . . . , Ck , Ω
′
1, . . . Ω

′
k be as in condition (D) of

Sect.1.
For every u∈ H 1,2

0 (Ω) and ε > 0 let Pε(u) be the function in H1,2
0 (Ω) such

that

Pε(u) ≡ u in Ω \
k⋃

t=1

Ω
′
t

∫
Ω

′
t

ai ,j
ε (x)∂xi P

ε(u)∂xj v dx = 0 ∀v ∈ H 1,2
0 (Ω

′
t ), ∀t = 1, . . . , k.

Set for all t = 1, . . . , k

Pε
t (u) = u − Pε(u) in Ω

′
t , Pε

t (u) = 0 elsewhere.
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Thus it results

u = Pε
1(u) + . . . + Pε

k (u) + Pε(u) ∀u ∈ H 1,2
0 (Ω)

with Pε
t (u) ∈ H 1,2

0 (Ω
′
t ) for all t = 1, . . . , k (indeed Pεt is a projection of H1,2

0 (Ω)
on H1,2

0 (Ω
′
t )).

Definition 2.2. Let r be a fixed integer with1 ≤ r ≤ k.
Let t1, . . . , tr be r distinct integers such that1 ≤ ti ≤ k for all i = 1, . . . , r .

We set

M t1,...,tr
ε =

{
u ∈ H 1,2

0 (Ω) : f
′
ε (u)[Pε

t (u)] = 0 ∀t ∈ {t1, . . . , tr }
}

.

We shall obtain 2k − 1 solutions forPε in the following way: first, for every
choice of the subset{t1, . . . , tr } ⊆ {1, . . . , k}, we obtain a constrained minimum
point for fε on M t1,...,tr

ε , for all ε > 0 small enough; then we show that, for
ε > 0 small enough, different minimum points correspond to different choices of
the subsets{t1, . . . , tr }; finally we prove that these minimum points are indeed
critical points for fε for all ε > 0 small enough; hence we obtain the desired
number of solutions.

We need some further notations and definitions which will be useful in the
next sections.

For simplicity of notation we write for allu ∈ H 1,2
0 (Ω)

Gε(x, u) =
1

ε
p

p−2
G(x, ε

1
p−2 u), (2.2)

gε(x, u) =
1

ε
p−1
p−2

g(x, ε
1

p−2 u) (2.3)

and

g
′
ε(x, u) =

1
ε
g

′
(x, ε

1
p−2 u). (2.4)

Moreover, for everyu ∈ H 1,2
0 (Ω), u+ and u− denote respectively the positive

and the negative part ofu.

Definition 2.3. We call

Λ = lim inf
ε→0

1
ε

inf {Λ1(ε, x) : x ∈ Ω} (2.5)

and

Λ = lim sup
ε→0

1
ε

sup

{
Λ2(ε, x) : x ∈

k⋃
t=1

Ωt

}
(2.6)

(see (a.1), (a.2), (a.3)).
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Definition 2.4. For all t = 1, . . . , k let

mt = inf




∫
Ωt

|Du|2 dx : u ∈ H 1,2
0 (Ω

′
t ) ,

∫
Ω

′
t \Ωt

|Du|2 dx = 0 ,

∫
Ω

′
t

λ(x)|u(x)|p dx = 1




and set m= min
t∈{1,...,k}

mt .

Notice that


u ∈ H 1,2

0 (Ω
′
t ) :

∫
Ω

′
t \Ωt

|Du|2 dx = 0,
∫

Ω
′
t

λ(x)|u(x)|p dx = 1


 /=

∅ and the infimum mt is achieved since p< 2N
N−2. For all t ∈ {1, . . . , k}, let

vt ∈ H 1,2
0 (Ω

′
t ), with

∫
Ω

′
t \Ωt

|Dvt |2 dx = 0 and
∫

Ω
′
t

λ(x)|vt (x)|p dx = 1, be a positive

function that realizes mt .

The imposition of vanishing ofDu on the setΩ
′
t \Ωt (the union of the holes

of Ωt ) will be clear below: it is related to the fact that, because of condition
(a.4), the critical points forfε we shall find are functions which tend to be flat

in Ω \
k⋃

t=1
Ωt as ε → 0; moreover, since they belong toH 1,2

0 (Ω), they converge

to zero inΩ \
k⋃

t=1
Ω

′
t , because of condition (D), and the limit function can be

decomposed as sum of functions inH 1,2
0 (Ω

′
t ) (t = 1, . . . , k).

Definition 2.5. Let Γε : Ω × R → R, γε : Ω × R → R and γ̃ε : Ω × R → R be
the functions defined by

Γε(x, t) =




Gε(x,t)
tp for t > 0

λ(x)
p for t = 0

0 for t < 0,

(2.7)

γε(x, t) =




gε(x,t)
tp−1 for t > 0

λ(x) for t = 0
0 for t < 0

(2.8)

and

γ̃ε(x, t) =




g
′
ε(x,t)
tp−2 for t > 0

(p − 1)λ(x) for t = 0
0 for t < 0.

(2.9)

Because of (1.7), Γε, γε and γ̃ε are continuous fort → 0+ uniformly in Ω.
We now prove some properties off

′
ε which are used to obtain the existence

of local minimum points forfε constrained onM t1,...,tr
ε (see Definition 2.2).
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Lemma 2.6. For all µ > 0 and % ∈]0, (Λm)
1

p−2 [, there exist B> 0 and ε > 0
such that, ifw ∈ H 1,2

0 (Ω) with ‖w‖ ≤ B andε ∈]0, ε[, then

inf


f

′
ε (u + w)[u] : u ∈ H 1,2

0 (Ω
′
t ),


∫

Ω
′
t

|Du|2 dx




1
2

≤ µ, ‖u+‖(λ,p) = %


 > 0,

for all t ∈ {1, . . . k}.

Proof. By contradiction, suppose that for allB > 0 andε > 0 there existε ∈]0, ε[
andw ∈ H 1,2

0 (Ω), with ‖w‖ ≤ B, such that the assertion does not hold.
Hence there exist an infinitesimal sequence (εn)n≥1 of positive numbers and

a sequence (wn)n≥1 of functions inH 1,2
0 (Ω), with ‖wn‖ → 0 asn → ∞, such

that

inf


f

′
εn

(u + wn)[u] : u ∈ H 1,2
0 (Ω

′
t ) ,


∫

Ω
′
t

|Du|2 dx




1
2

≤ µ, ‖u+‖(λ,p) = %


 ≤ 0

∀n ≥ 1 . (2.10)

It follows that one can find a sequence (un)n≥1 of functions inH 1,2
0 (Ω

′
t ), with∫

Ω
′
t

|Dun|2 dx ≤ µ2 and‖u+
n ‖(λ,p) = % for all n ≥ 1, such that

lim
n→∞ f

′
εn

(un + wn)[un] ≤ 0. (2.11)

Since (un)n≥1 is bounded inH 1,2
0 (Ω

′
t ), up to a subsequenceun → u ∈ H 1,2

0 (Ω
′
t )

weakly in H 1,2
0 (Ω

′
t ), in Lp(Ω

′
t ), in Lq(Ω

′
t ) and a.e. inΩ

′
t , with

∫
Ω

′
t

|Du|2 dx ≤ µ2

and‖u+‖(λ,p) = %.
Moreover, sincewn → 0 in H 1,2

0 (Ω) and

lim inf
ε→0

1
ε

inf


Λ1(ε, x) : x ∈

k⋃
j =1

Ωj (η)


 = +∞ ∀ η > 0,

(2.11) implies ∫
Ω

′
t \Ωt

|Du|2 dx = 0. (2.12)

Since lim
n→∞ ‖wn‖ = 0 andun → u a.e. inΩ

′
t and since (g.3) holds, from (2.8)

we have

lim
n→∞ gεn (x, (un + wn))un

= lim
n→∞ γεn (x, (un + wn))|un + wn|p−1un = λ(x)(u+)p a.e. inΩ

′
t ;
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moreover, assumingq ≥ p, (g.2) and (g.3) imply the existence ofC > 0 and
η > 0 such that

|γεn (x, un + wn)|un + wn|p−1un|≤


(λ(x)+C)
p ((p − 1)|un + wn|p + |un|p) if |εn

1
p−2 (un + wn)| ≤ η;

a
pηp−1 ((p − 1)|un + wn|p + |un|p)

+a
q εn

q−p
p−2 ((q − 1)|un + wn|q + |un|q) if |εn

1
p−2 (un + wn)| > η.

Sinceun → u andwn → 0 in Lp andLq, from the generalized Lebesgue theorem
we infer that

lim
n→∞

∫
Ω

′
t

gεn (x, un + wn)un dx =
∫
Ω

′
t

λ(x)(u+)p dx. (2.13)

From (2.11), by using (2.5), (2.12), (2.13) and Definition 2.4, we obtain

0 ≥ lim
n→∞ f

′
εn

(un + wn)[un] ≥ Λ lim inf
n→∞

∫
Ω

′
t

|Dun|2 dx − ∫
Ω

′
t

λ(x)(u+)p dx

≥ Λ

∫
Ωt

|Du|2 dx

(
∫

Ω
′
t

λ(x)|u|p dx)
2
p

(
∫
Ω

′
t

λ(x)|u|p dx)
2
p −

∫
Ω

′
t

λ(x)(u+)p dx

≥ Λm(
∫
Ω

′
t

λ(x)(u+)p dx)
2
p −

∫
Ω

′
t

λ(x)(u+)p dx

= Λm‖u+‖2
(λ,p) − ‖u+‖p

(λ,p)

= Λm%2 − %p > 0

where the last inequality is due to the choice of%.
Hence we get a contradiction. �

Definition 2.7. For all ε > 0 let Φε : H 1,2
0 (Ω) → R be the functional defined by

Φε(u) =
1
2

∫
Ω

gε(x, u)u dx −
∫
Ω

Gε(x, u) dx

(see (2.2) and (2.3)).

For all ε > 0, Φε belongs toC1(H 1,2
0 (Ω); R) and

Φ
′
ε(u)[u] =

1
2




∫
Ω

g
′
ε(x, u)u2 dx −

∫
Ω

gε(x, u)u dx




(see (2.4)).
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Lemma 2.8. For all µ > 0 and% > 0, there exist B> 0 and ε > 0 such that, if
w ∈ H 1,2

0 (Ω) with ‖w‖ ≤ B andε ∈]0, ε[, then

inf
{

Φ
′
ε(u + w)[u] : u ∈ H 1,2

0 (Ω), ‖u‖ ≤ µ, ‖u+‖(λ,p) ≥ %
}

> 0.

Proof. By contradiction, suppose that for allB > 0 and for allε > 0 there exist
ε ∈]0, ε[ and w ∈ H 1,2

0 (Ω) with ‖w‖ ≤ B, such that the claim does not hold.
Hence there exist an infinitesimal sequence (εn)n≥1 of positive numbers and

a sequence (wn)n≥1 in H 1,2
0 (Ω), with ‖wn‖ → 0 asn → ∞, such that

inf
{

Φ
′
εn

(u + wn)[u] : u ∈ H 1,2
0 (Ω), ‖u‖ ≤ µ, ‖u+‖(λ,p) ≥ %

}
≤ 0. (2.14)

It follows that there exists a sequence (un)n≥1 of functions in H 1,2
0 (Ω), with

‖un‖ ≤ µ and‖u+
n ‖(λ,p) ≥ %, such that

lim
n→∞ Φ

′
εn

(un + wn)[un] ≤ 0. (2.15)

Since (un)n≥1 is bounded inH 1,2
0 (Ω), up to a subsequence,un → u ∈ H 1,2

0 (Ω)
weakly in H 1,2

0 (Ω), in Lp(Ω), in Lq(Ω) and a.e. inΩ. It is clear that‖u‖ ≤ µ
and‖u+‖(λ,p) ≥ %.

Since‖wn‖ → 0 asn → ∞, (g.3) yields

lim
n→∞ gεn (x, un + wn)un = lim

n→∞ γεn (x, un + wn)|un + wn|p−1un

= λ(x)(u+)p a.e. inΩ (2.16)

(see (2.8)) and

lim
n→∞ g

′
εn

(x, un + wn)u2
n = lim

n→∞ γ̃εn (x, un + wn)|un + wn|p−2u2
n

= (p − 1)λ(x)(u+)p a.e. inΩ (2.17)

(see (2.9)).
Moreover, assumingq ≥ p, (g.2) and (g.3) imply that there exist some

constantsC > 0 andη > 0 such that

|γεn (x, un + wn)|un + wn|p−1un|≤


(λ(x)+C)
p ((p − 1)|un + wn|p + |un|p) if |εn

1
p−2 (un + wn)| ≤ η

a
pηp−1 ((p − 1)|un + wn|p + |un|p)

+a
q εn

q−p
p−2 ((q − 1)|un + wn|q + |un|q) if |εn

1
p−2 (un + wn)| > η;

and
|γ̃εn (x, un + wn)|un + wn|p−2u2

n |≤


(p − 1)(λ(x)+C)
p ((p − 2)|un + wn|p + 2|un|p) if |εn

1
p−2 (un + wn)| ≤ η

a
pηp−2 ((p − 2)|un + wn|p + 2|un|p)

+a
q εn

q−p
p−2 ((q − 2)|un + wn|q + 2|un|q) if |εn

1
p−2 (un + wn)| > η.
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From (2.15), sinceun → u andwn → 0 in Lp(Ω) and inLq(Ω) and since (2.17),
(2.18) hold, the generalized Lebesgue theorem implies

0 ≥ lim
n→∞ Φ

′
εn

(un + wn)[un]

=
1
2


(p − 1)

∫
Ω

′
t

λ(x)(u+)p dx −
∫
Ω

′
t

λ(x)(u+)p dx


 ≥ p − 2

2
%p > 0,

which is a contradiction. �

3. Constrained minimum points

Let us introduce two useful notations.

Definition 3.1. Let r ∈ {1, . . . , k} and {t1, . . . , tr } ⊆ {1, . . . , k} with ti /= tj if

i /= j . For all % ∈]0, (Λm)
1

p−2 [ (see Definition2.1) let us set

K t1,...,tr
ε,% =

{
u ∈ H 1,2

0 (Ω) : ‖(Pε
tsu)+‖(λ,p) ≥ % ∀ s = 1, . . . , r

}
.

Definition 3.2. Let B > 0, r ∈ {1, . . . , k} and {t1, . . . , tr } ⊆ {1, . . . , k} with
ti /= tj if i /= j . Let us define

N t1,...,tr
ε,B =


u ∈ H 1,2

0 (Ω) :
∫
Ω

|DPεu|2 dx +
∑

t /∈{t1,...,tr }

∫
Ω

′
t

|DPε
t u|2 dx ≤ B2




and

∂N t1,...,tr
ε,B =


u ∈ H 1,2

0 (Ω) :
∫
Ω

|DPεu|2 dx +
∑

t /∈{t1,...,tr }

∫
Ω

′
t

|DPε
t u|2 dx = B2


 .

Proposition 3.3. Let{t1, . . . , tr } ⊆ {1, . . . , k}. For all s = 1, . . . , r , let vts be the
positive function in H1,2

0 (Ω
′
ts), with

∫
Ω

′
ts

\Ωts

|Dvts |2 dx = 0 and
∫

Ω
′
ts

λ(x)vp
ts dx = 1,

which achieves mts.
Then, for allε > 0, there exist some positive numbersαε,1, . . . , αε,r such that

the function

vε =
r∑

s=1

αε,svts ∈ M t1,...,tr
ε .

Moreover, for all s= 1, . . . , r ,

(Λmts)
1

p−2 ≤ lim inf
ε→0

αε,s ≤ lim sup
ε→0

αε,s ≤ (Λmts)
1

p−2

(see Definitions2.2, 2.3, 2.4).
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Proof. For all s = 1, . . . , r let us consider the mappingz ∈ R
+ → fε(zvts). From

(g.3) and (g.4) it follows that it has a local minimum inz = 0 and lim
z→+∞ fε(zvts) =

−∞.
Then there exists a maximum pointαε,s such that fε(αε,svts) > 0 and

f
′
ε (αε,svts) ·[αε,svts ] = 0 for all s = 1, . . . r , i.e. vε ∈ M t1,...,tr

ε .

Let us show that∀s = 1, . . . , r lim
ε→0

ε
1

p−2 αε,s = 0; in fact, by contradiction,

suppose that there exists an infinitesimal sequence (εn)n≥1 of positive numbers

such that lim
n→∞ εn

1
p−2 αεn,s = αs > 0 for somes ∈ {1, . . . r }. Then, sinceG(x, t) >

0 for t > 0 (by (g.3) and (g.4)), we get

lim sup
n→∞

fεn (αεn,svts) ≤ lim sup
n→∞

1

εn
2

p−2


αs

2 Λmts

2
− 1

εn

∫
Ωts

G(x, αsvts) dx


 = −∞

which is a contradiction with the fact thatfεn (αεn,svts) > 0 ∀n ≥ 1.
Because of (g.2) and (g.3), there existC > 0 andη > 0 such that, for all

s = 1, . . . , r ,

|γε(x, αε,svts)v
p
ts |≤

{
(λ(x) + C)vp

ts if |ε 1
p−2 αε,svts | ≤ η

a
ηp−1 v

p
ts + a(ε

1
p−2 αε,s)q−pvq

ts if |ε 1
p−2 αε,svts | > η.

Since lim
ε→0

ε
1

p−2 αε,s = 0 ∀ s = 1, . . . , r , it follows that

lim
ε→0

1
αε,s

p

∫
Ω

′
ts

gε(x, αε,svts)αε,svts dx

= lim
ε→0

∫
Ω

′
ts

γε(x, αε,svts)v
p
ts dx = ‖vts‖p

(λ,p) = 1 ∀s = 1, . . . , r .

Moreoverf
′
ε (αε,svts)[αε,svts ] = 0 implies

1
αp

ε,s

∫
Ω

′
ts

gε(x, αε,svts)αε,svts dx =
1

αp−2
ε,s

∫
Ω

′
ts

ai ,j
ε (x)
ε

∂xi vts∂xj vts dx ∀ s = 1, . . . r .

Thus, taking into account Definitions 2.3 and 2.4, we obtain, for alls = 1, . . . , r ,

(Λmts)
1

p−2 ≤ lim inf
ε→0

αε,s ≤ lim sup
ε→0

αε,s ≤ (Λmts)
1

p−2 .

�

Definition 3.4. For all ε > 0 let Qε : H 1,2
0 (Ω) → R be defined by

Qε(u) =
∫
Ω

ai ,j
ε

ε
∂xi u∂xj u dx.
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Lemma 3.5. Let {t1, . . . , tr } ⊆ {1, . . . , k} and% ∈]0, (Λm)
1

p−2 [.
Then there existsε > 0 such that{
u ∈ M t1,...,tr

ε ∩ K t1,...,tr
ε,% : Pε

t (u) ≡ 0 ∀t /∈ {t1, . . . , tr } , Pε(u) ≡ 0
}

/= ∅
∀ε ∈]0, ε[

and we have

lim sup
ε→0

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% , Pε
t (u) ≡ 0

∀t /∈ {t1, . . . , tr } , Pε(u) ≡ 0}

≤ (
1
2

− 1
p

)
r∑

s=1

(
Λmts

) p
p−2 < +∞ .

Proof. First let us observe that, since% < (Λm)
1

p−2 , Proposition 3.3 implies that
vε ∈ K t1,...,tr

ε,% for all ε > 0 small enough.
Let us now consider an infinitesimal sequence (εn)n≥1 of positive numbers

such that

lim sup
ε→0

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% , Pε
t (u) ≡ 0

∀t /∈ {t1, . . . , tr } , Pε(u) ≡ 0}
= lim

n→∞ inf
{

fεn (u) : u ∈ M t1,...,tr
εn

∩ K t1,...,tr
εn,% ,

Pεn
t (u) ≡ 0 ∀t /∈ {t1, . . . , tr } , Pεn (u) ≡ 0} . (3.1)

From Proposition 3.3, for all n large enough there existαn,1, . . . , αn,r > 0 such

that vεn =
r∑

s=1
αn,svts ∈ M t1,...,tr

εn
∩ K t1,...,tr

εn,% .

MoreoverPεn
t (vεn ) ≡ 0 ∀ t /∈ {t1, . . . , tr } andPεn (vεn ) ≡ 0.

As in the proof of Proposition 3.3 one can show that lim
n→∞ εn

1
p−2 αn,s = 0 for

all s = 1, . . . , r and, up to a subsequence,

lim
n→∞ αp−2

n,s = lim
n→∞

∫
Ωts

ai ,j
εn

εn
∂xi vts∂xj vts dx ∀ s = 1, . . . , r (3.2)

by usingvεn ∈ M t1,...,tr
εn

∀ n large enough, (g.2), (g.3) and the Lebesgue theorem.
Moreover,∀ s = 1, . . . , r , it is lim

n→∞
1

αn,s
p Gεn (x, αn,svts) = lim

n→∞ Γεn (x, αn,svts)v
p
ts =

λ(x)
p vp

ts a.e. in Ω
′
ts and from (g.2) and (g.3), assumingq ≥ p, we can find

C > 0, η > 0 andb > 0 such that

|Γεn (x, αn,svts)v
p
ts |≤

{
(λ(x)

p + C)vp
ts if |εn

1
p−2 αn,svts | ≤ η

b
ηp vp

ts + b(εn
1

p−2 αn,s)q−pvq
ts if |εn

1
p−2 αn,svts | > η;

hence, from the generalized Lebesgue theorem, (3.1) and (3.2) imply
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lim sup
ε→0

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% , Pε
t (u) ≡ 0 ∀t /∈ {t1, . . . , tr } , Pε(u) ≡ 0

}
≤ lim

n→∞ fεn (vεn )

= lim
n→∞

r∑
s=1




α2
n,s

2

∫
Ωts

ai ,j
εn

εn
∂xi vts∂xj vts dx −

∫
Ω

′
ts

Gεn (x, αn,svts) dx




= lim
n→∞

r∑
s=1




α2
n,s

2

∫
Ωts

ai ,j
εn

εn
∂xi vts∂xj vts dx − αp

n,s

∫
Ω

′
ts

Gεn (x, αn,svts)
(αn,svts)p

vp
ts dx




= (
1
2

− 1
p

) lim
n→∞

r∑
s=1

(
Qεn (vts)

) p
p−2 ≤ (

1
2

− 1
p

) lim sup
ε→0

r∑
s=1

(
Qε(vts)

) p
p−2

≤ (
1
2

− 1
p

)
r∑

s=1

(
Λmts

) p
p−2 < +∞ .

ut

Lemma 3.6. Let B > 0 and % ∈]0, (Λm)
1

p−2 [. Then for all {t1, . . . , tr } ⊆
{1, . . . , k} we have

lim sup
ε→0

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B

}
≤ (

1
2

− 1
p

)
r∑

s=1

(
Λmts

) p
p−2

(see Definitions2.2, 3.1, 3.2 and 3.4).

For the proof it suffices to remark thatvε ∈ N t1,...,tr
ε,B and argue as in the proof of

Lemma 3.5.

Lemma 3.7. Let % ∈]0, (Λm)
1

p−2 [. Then there existε > 0 and B > 0 such that
for all ε ∈]0, ε[

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B

}
is achieved (see Definitions2.2, 3.1, 3.2).

Proof. Let 0 < B ≤ 1 and chooseε1 > 0 small enough that

M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B /= ∅ ∀ ε ∈]0, ε1[ (3.3)

(see Lemma 3.5),

inf

{
Λ1(ε, x)

ε
: x ∈ Ω

}
>

Λ

2
∀ ε ∈]0, ε1[ (3.4)

(see (2.5)) and
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sup
ε∈]0,ε1[

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B

}
< +∞ (3.5)

(see Lemma 3.6).
For all ε ∈]0, ε1[, let (uε

n)n≥1 be a sequence of functions inM t1,...,tr
ε ∩K t1,...,tr

ε,% ∩
N t1,...,tr

ε,B such that

lim
n→∞ fε(uε

n) = inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B

}
.

First we prove that (uε
n)n≥1 is bounded inH 1,2

0 (Ω).
If we write uε

n = Pε
1(uε

n) + · · · + Pε
k (uε

n) + Pε(uε
n) (see Definition 2.1), then we

obtain

fε(uε
n)

=
1
2

∫
Ω

ai ,j
ε

ε
∂xi u

ε
n∂xj u

ε
n dx −

∫
Ω

Gε(x, uε
n) dx

=
r∑

s=1




1
2

∫
Ω

′
ts

ai ,j
ε

ε
∂xi P

ε
tsu

ε
n∂xj P

ε
tsu

ε
n dx −

∫
Ω

′
ts

Gε(x, Pε
tsu

ε
n + Pεuε

n) dx




+
∑

t /∈{t1,...,tr }




1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

ε
t uε

n∂xj P
ε
t uε

n dx −
∫
Ω

′
t

Gε(x, Pε
t uε

n + Pεuε
n) dx




+
1
2

∫
Ω

ai ,j
ε

ε
∂xi P

εuε
n∂xj P

εuε
n dx −

∫
Ω\

k⋃
t=1

Ω
′
t

Gε(x, Pεuε
n) dx . (3.6)

Notice that the sets{Pεuε
n : n ≥ 1, ε ∈]0, ε1[} and{Pε

t uε
n : n ≥ 1, ε ∈]0, ε1[},

for all t /∈ {t1, . . . , tr }, are bounded inH 1,2
0 (Ω) sinceuε

n ∈ N t1,...,tr
ε,B with B ≤ 1.

For all t ∈ {t1, . . . , tr }, sinceuε
n ∈ M t1,...,tr

ε , we get from (g.4)

1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

ε
t uε

n∂xj P
ε
t uε

n dx −
∫
Ω

′
t

Gε(x, Pε
t uε

n + Pεuε
n) dx

≥ 1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

ε
t uε

n∂xj P
ε
t uε

n dx − θ

∫
Ω

′
t

gε(x, Pε
t uε

n + Pεuε
n)(Pε

t uε
n + Pεuε

n) dx

=
1
2

(
1
2

− θ)
∫
Ω

′
t

ai ,j
ε

ε
∂xi P

ε
t uε

n∂xj P
ε
t uε

n dx

+
∫
Ω

′
t

gε(x, Pε
t uε

n + Pεuε
n)[

1
2

(
1
2

− θ)Pε
t uε

n − θPεuε
n] dx.
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If we setΩn =
{

x ∈ Ω : −Pεuε
n(x) ≤ Pε

t uε
n(x) ≤ 4θ

1−2θ Pεuε
n(x)

}
, sincegε(x, t)

≥ 0 andgε(x, t) = 0 if t ≤ 0, we obtain∫
Ω

′
t

gε(x, Pε
t uε

n + Pεuε
n)[

1
2

(
1
2

− θ)Pε
t uε

n − θPεuε
n] dx

≥
∫
Ωn

gε(x, Pε
t uε

n + Pεuε
n)[

1
2

(
1
2

− θ)Pε
t uε

n − θPεuε
n] dx ≥ −C (3.7)

for a suitable constantC > 0, because (Pεuε
n)n≥1 is bounded inH 1,2

0 (Ω) and
(g.2) holds.

Hence we get for allt ∈ {t1, . . . , tr }
1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

ε
t uε

n∂xj P
ε
t uε

n dx −
∫
Ω

′
t

Gε(x, Pε
t uε

n + Pεuε
n) dx ≥ 1

C1
‖Pε

t uε
n‖2 − C1.

(3.8)
for a suitable constantC1 > 0.

From (3.6) and (3.8), taking into account thatuε
n ∈ N t1,...,tr

ε,B with B ≤ 1, we
infer that there exists a constantC2 > 0 such that

fε(uε
n) ≥ 1

C2
‖uε

n‖2 − C2 ∀ n ≥ 1, ∀ ε ∈]0, ε1[. (3.9)

It follows that (uε
n)n≥1 is bounded inH 1,2

0 (Ω) for all ε ∈]0, ε1[ ; hence, up to a
subsequence, (uε

n)n≥1 converges touε ∈ H 1,2
0 (Ω) weakly in H 1,2

0 (Ω), in Lp(Ω),
in Lq(Ω) and a.e. inΩ. So we haveuε ∈ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B , f

′
ε (uε)[Pε

tsuε] ≤ 0
for s = 1, . . . , r and

fε(uε) ≤ lim
n→∞ fε(uε

n) = inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B

}
. (3.10)

Moreover (3.5), (3.8) and (3.9) imply

sup
0<ε<ε1

‖Pε
t uε‖ < +∞ ∀ t ∈ {t1, . . . , tr } . (3.11)

Now, choose% ∈]0, %[ andµ, µ greater than sup
0<ε<ε1

‖Pε
t uε‖ for all t ∈ {t1, . . . tr },

fix ε ∈]0, ε1[ and B ∈]0, 1] such that the assertions of Lemma 2.6 and 2.8 hold.
In order to prove that, for allε ∈]0, ε[, uε is a function that realizes

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B

}
,

it remains to show thatuε ∈ M t1,...,tr
ε .

By contradiction, suppose there existsI ⊆ {t1, . . . , tr }, I /= ∅, such that
f

′
ε (uε)[Pε

t uε] < 0 for all t ∈ I .
Let us fix t ∈ I . Since‖(Pε

t uε)+‖(λ,p) ≥ %, there existsξt ∈ ]0, 1] such that
% = ‖ξt (P

ε
t uε)+‖(λ,p); since (3.11) holds,‖Pεuε‖ ≤ B and ‖ξt P

ε
t uε‖ ≤ µ, then

Lemma 2.6 implies thatf
′
ε (Pεuε + ξt P

ε
t uε)[ξt P

ε
t uε] > 0.
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On the other hand,f
′
ε (Pεuε + Pε

t uε)[Pε
t uε] < 0.

Hence there existsξt ∈]ξt , 1[ such thatf
′
ε (Pεuε + ξt Pε

t uε)[ξt Pε
t uε] = 0, i.e.

vε =
∑

t∈{1,...k}\I
Pε

t (uε) +
∑
t∈I

ξt Pε
t uε + Pεuε ∈ M t1,...,tr

ε .

For everyF ⊆ Ω, let us set

fε|F
(u) =

1
2

∫
F

ai ,j
ε

ε
∂xi u∂xj u dx −

∫
F

Gε(x, u) dx.

Sinceuε
n ∈ M t1,...,tr

ε , we obtain, for allt ∈ I ,

lim
n→∞ fε|Ω′

t

(uε
n)

= lim
n→∞




1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

εuε
n∂xj P

εuε
n dx

+
1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

ε
t uε

n∂xj P
ε
t uε

n dx −
∫
Ω

′
t

Gε(x, Pε
t uε

n + Pεuε
n) dx




= lim
n→∞




1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

εuε
n∂xj P

εuε
n dx +

1
2

∫
Ω

′
t

gε(x, Pε
t uε

n + Pεuε
n)Pε

t uε
n dx

−
∫
Ω

′
t

Gε(x, Pε
t uε

n + Pεuε
n) dx




≥ 1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

εuε∂xj P
εuε dx +

1
2

∫
Ω

′
t

gε(x, Pε
t uε + Pεuε)(Pε

t uε) dx

−
∫
Ω

′
t

Gε(x, Pε
t uε + Pεuε) dx

=
1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

εuε∂xj P
εuε dx +

1
2

∫
Ω

′
t

gε(x, ξt P
ε
t uε + Pεuε)(ξt P

ε
t uε) dx

−
∫
Ω

′
t

Gε(x, ξt P
ε
t uε + Pεuε) dx + (1 − ξt )Φ

′
ε(x, ξPε

t uε + Pεuε)[Pε
t uε]

for a suitableξ ∈]ξt , 1[.
Since‖ξ(Pε

t uε)+‖(λ,p) ≥ % ≥ %, ‖ξPε
t uε‖ ≤ µ and‖Pεuε‖ ≤ B, then Lemma

2.8 can be applied obtaining

lim
n→∞ fε|Ω′

t

(uε
n) >

1
2

∫
Ω

′
t

ai ,j
ε

ε
∂xi P

εuε∂xj P
εuε dx
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+
1
2

∫
Ω

′
t

gε(x, ξt P
ε
t uε + Pεuε)(ξt P

ε
t uε) dx

−
∫
Ω

′
t

Gε(x, ξt P
ε
t uε + Pεuε) dx

= fε|Ω′
t

(ξt P
ε
t uε + Pεuε) ,

where the last equality holds becausef
′
ε (ξt Pε

t uε + Pεuε)[ξt Pε
t uε] = 0.

Sincefε =
∑
t∈I

fε|Ω′
t

+ fε|Ω\
⋃
t∈I

Ω
′
t

, we have found a functionvε ∈ M t1,...,tr
ε such

that
fε(vε) =

∑
t∈I

fε|Ω′
t

(vε) + fε|Ω\
⋃
t∈I

Ω
′
t

(vε) < lim
n→∞ fε(uε

n),

which is a contradiction with (3.10), sincevε ∈ K t1,...,tr
ε,% ∩ N t1,...,tr

ε,B .
HenceI = ∅. �

Lemma 3.8. Let 0 < % < (Λm)
1

p−2 and0 < B <
(
Λ p

2m
p
2

) 1
p−2

. Then there exists

ε > 0 such that, for all{t1, . . . , tr } ⊆ {1, . . . , k} and for all ε ∈]0, ε[,

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B

}
< inf

{
fε(u) : u ∈ M t1,...,tr

ε ∩ K t1,...,tr
ε,% ∩ ∂N t1,...,tr

ε,B

}
(see Definitions2.3, 3.1, 3.2).

Proof. Suppose, by contradiction, there exists an infinitesimal sequence (εn)n≥1

of positive numbers such that

inf
{

fεn (u) : u ∈ M t1,...,tr
εn

∩ K t1,...,tr
εn,% ∩ ∂N t1,...,tr

εn,B

}
≤ inf

{
fεn (u) : u ∈ M t1,...,tr

εn
∩ K t1,...,tr

εn,% ∩ N t1,...,tr
εn,B

}
, (3.12)

for some{t1, . . . , tr } fixed as in our assumption.
Hence there exists a sequence of functions (un)n≥1 in M t1,...,tr

εn
∩ K t1,...,tr

εn,% ∩
∂N t1,...tr

εn,B such that

lim sup
n→∞

fεn (un) ≤ lim sup
n→∞

inf
{

fεn (u) : u ∈ M t1,...,tr
εn

∩ K t1,...,tr
εn,% ∩ N t1,...tr

εn,B

}
.

(3.13)
The proof consists of 3 steps.
STEP 1. (un)n≥1 is bounded inH 1,2

0 (Ω).
From Proposition 3.5, from (3.12) and (3.13), we have

lim sup
n→∞

fεn (un) ≤ (
1
2

− 1
p

)
r∑

s=1

(
Λmts

) p
p−2 < +∞. (3.14)
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Sinceun ∈ M t1,...tr
εn

, for all s = 1, . . . , r , we have

lim inf
n→∞




1
2

∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn un∂xj P
εn un dx +

1
2

∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx

−
∫

Ω
′
ts

Gεn (x, Pεn
ts un + Pεn un) dx




≥ lim inf
n→∞




1
2

∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn un∂xj P
εn un dx

+
1
2

(
1
2

− θ)
∫

Ω
′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx

+
∫

Ω
′
ts

gεn (x, Pεn
ts un + Pεn un)[

1
2

(
1
2

− θ)Pεn
ts un − θPεn un] dx




≥ (
1
2

− θ)
Λ

2
lim inf
n→∞

∫
Ω

′
ts

[|DPεn un|2 + |DPεn
ts un|2] dx − C (3.15)

where the last inequality holds with a suitable constantC > 0, sinceun ∈ N t1,...,tr
ε,B

and so (Pεn un)n≥1 is bounded inH 1,2
0 (Ω).

Taking into account that (Pεn
t un)n≥1 is bounded inH 1,2

0 (Ω) for all t ∈
{1, . . . , k} \ {t1, . . . tr }, (3.15) implies

lim sup
n→∞

fεn (un) ≥ 1
2

(
1
2

− θ)Λ lim inf
n→∞

∫
Ω

|Dun|2 dx − C1

for a suitable constantC1.
Thus, because of (3.14), (un)n≥1 is bounded inH 1,2

0 (Ω); as a consequence,
un → u ∈ H 1,2

0 (Ω) weakly in H 1,2
0 (Ω), in Lp(Ω), in Lq(Ω) and a.e. inΩ .

Now, since (fεn (un))n≥1 is bounded and for allη > 0

lim inf
ε→0

1
ε

inf

{
Λ1(ε, x) : x ∈

k⋃
t=1

Ωt (η)

}
= +∞,
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it must be
∫

Ω\
k⋃

t=1

Ωt

|Du|2 dx = 0; henceu ≡ 0 in Ω \
k⋃

t=1
Ω

′
t and so we can

write u = u1 + · · · + uk with ut ∈ H 1,2
0 (Ω

′
t ),

∫
Ω

′
t \Ωt

|Dut |2 dx = 0 for all

t ∈ {1, . . . , k}. Moreover we have‖(uts)
+‖(λ,p) ≥ % for all s = 1, . . . , r and∑

t /∈{t1,...tr }

∫
Ω

′
t

|Dut |2 dx ≤ B2.

STEP 2. We prove that (up to a subsequence)

lim
n→∞ fεn (un) = lim

n→∞

{
(
1
2

− 1
p

)
r∑

s=1

Qεn (Pεn
ts (un))

+
∑

t /∈{t1,...,tr }


1

2

∫
Ω

′
t

ai ,j
εn

εn
∂xi P

εn
t un∂xj P

εn
t un dx

−
∫
Ω

′
t

Gεn (x, Pεn
t un + Pεn un) dx




+
1
2

∫
Ω

ai ,j
εn

εn
∂xi P

εn un∂xj P
εn un dx


 . (3.16)

Sinceun ∈ M t1,...,tr
εn

, for all s = 1, . . . , r we have∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx

=
∫

Ω
′
ts

gεn (x, Pεn
ts un + Pεn un)Pεn

ts un dx

=
∫

Ω
′
ts

γεn (x, Pεn
ts un + Pεn un)|Pεn

ts un + Pεn un|p−1Pεn
ts un dx ; (3.17)

as lim sup
n→∞

∫
Ω

′
ts

ai ,j
εn
εn

∂xi P
εn
ts un∂xj P

εn
ts un dx < +∞, we can assume that (up to a subse-

quence) there exists lim
n→∞

∫
Ω

′
ts

ai ,j
εn
εn

∂xi P
εn
ts un∂xj P

εn
ts un dx.

As in the proof of Proposition 3.3, since lim
n→∞ εn

1
p−2 (Pεn

ts un + Pεn un)(x) = 0

a.e. inΩ
′
ts ∀ s = 1, . . . , r , from (g.3) we get

lim
n→∞ γεn (x, Pεn

ts un + Pεn un)|Pεn
ts un + Pεn un|p−1Pεn

ts un = λ(x)(u+
ts)

p a.e. in Ω
′
ts .
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Moreover, (g.2) and (g.3) (assumingq ≥ p) imply that there existC > 0 and
η > 0 such that

|γεn (x, Pεn
ts un + Pεn un)|Pεn

ts un + Pεn un|p−1Pεn
ts un|≤




(λ(x)+C)
p ((p − 1)|Pεn

ts un + Pεn un|p + |Pεn
ts un|p) if |εn

1
p−2 (Pεn

ts un + Pεn un)| ≤ η

a
pηp−1 ((p − 1)|Pεn

ts un + Pεn un|p + |Pεn
ts un|p)+

a
q εn

q−p
p−2 ((q − 1)|Pεn

ts un + Pεn un|q + |Pεn
ts un|q) if |εn

1
p−2 (Pεn

ts un + Pεn un)| > η.

SincePεn
ts un + Pεn un → uts in Lp(Ω

′
ts) and inLq(Ω

′
ts), it follows

lim
n→∞

∫
Ω

′
ts

ai ,j
εn

εn
∂xi Ptsun∂xj Ptsun dx = ‖(Ptsu)+‖p

(λ,p) ∀ s = 1, . . . , r . (3.18)

Moreover, from (g.3), we get

lim
n→∞ Γεn (x, Pεn

ts un + Pεn un)|Pεn
ts un + Pεn un|p =

λ(x)
p

u+
ts a.e. inΩ

′
ts∀s = 1, . . . , r ;

besides, (g.2) and (g.3) imply the existence ofC > 0, η > 0, andb > 0 such
that, for all s = 1, . . . , r

|Γεn (x, Pεn
ts un + Pεn un)|Pεn

ts un + Pεn un|p|≤




(λ(x)
p + C)|Pεn

ts un + Pεn un|p if |εn
1

p−2 (Pεn
ts un + Pεn un)| ≤ η

b
ηp |Pεn

ts un + Pεn un|p
+bεn

q−p
p−2 |Pεn

ts un + Pεn un|q if |εn
1

p−2 (Pεn
ts un + Pεn un)| > η.

So we obtain

lim
n→∞

∫
Ω

′
ts

Gεn (x, Pεn
ts un + Pεn un) dx

= lim
n→∞

∫
Ω

′
ts

Γεn (x, Pεn
ts un + Pεn un)|Pεn

ts un + Pεn un|p dx

=
1
p

‖u+
ts‖p

(λ,p) . (3.19)

SincePεn un → 0 in Lq(Ω), from (3.18) and (3.19) we get (up to a subsequence)
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lim
n→∞ fεn (un) = lim

n→∞




r∑
s=1

[1
2

∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx

−
∫

Ω
′
ts

Gεn (x, Pεn
ts un + Pεn un) dx

]

+
∑

t /∈{t1,...,tr }


1

2

∫
Ω

′
t

ai ,j
εn

εn
∂xi P

εn
t un∂xj P

εn
t un dx −

∫
Ω

′
t

Gεn (x, Pεn
t un + Pεn un) dx




+
1
2

∫
Ω

ai ,j
εn

εn
∂xi P

εn un∂xj P
εn un dx −

∫
Ω\

k⋃
t=1

Ω
′
t

Gεn (x, Pεn un) dx




= lim
n→∞




r∑
s=1

[
(
1
2

− 1
p

)
∫

Ω
′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx

]

+
∑

t /∈{t1,...,tr }

[1
2

∫
Ω

′
t

ai ,j
εn

εn
∂xi P

εn
t un∂xj P

εn
t un dx

−
∫
Ω

′
t

Gεn (x, Pεn
t un + Pεn un) dx

]
+

1
2

∫
Ω

ai ,j
εn

εn
∂xi P

εn un∂xj P
εn un dx


 .

STEP 3. We arrive at a contradiction.
We have

‖Pεn un‖2 +
∑

t /∈{t1,...,tr }
‖Pεn

t un‖2 = B2 (3.20)

asun ∈ ∂N t1,...,tr
εn,B for all n ≥ 1. Since for alls = 1, . . . , r P εn

ts un +Pεn un → uts

in Lp(Ω
′
ts) and a.e. inΩ

′
ts , arguing as in the proof of Proposition 3.3 one can

prove that for alln large enough there existξ1,n, . . . , ξs,n > 0 such that

zn =
r∑

s=1

ξs,nPεn
ts un ∈ M t1,...,tr

εn
∩ K t1,...,tr

εn,% (3.21)

and
fεn (ξs,nPεn

ts un) > 0 ∀ s = 1, . . . , r .

By definition, zn ∈ N t1,...tr
εn,B asPεn zn ≡ 0 andPεn

t zn ≡ 0 ∀ t /∈ {t1, . . . , tr }.
From (3.13) (up to a subsequence) we obtain

lim
n→∞ fεn (un) ≤ lim

n→∞ fεn (zn). (3.22)
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As in the proof of Proposition 3.3, fεn (ξs,nPεn
ts un) > 0 implies lim

n→∞ εn
1

p−2 ξs,n = 0

for all s = 1, . . . , r .
Sincezn ∈ M t1,...,tr

εn,% , for all s = 1, . . . , r we have

ξs,n
2
∫

Ω
′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx =

∫
Ω

′
ts

gεn (x, ξs,nPεn
ts un)ξs,nPεn

ts un dx

= ξs,n
p
∫

Ω
′
ts

γεn (x, ξs,nPεn
ts un)|Pεn

ts un|p dx . (3.23)

From (g.3) we have lim
n→∞ γεn (x, ξs,nPεn

ts un(x))|Pεn
ts un(x)|p = λ(x)(u+

ts)
p a.e. inΩ

′
ts

for all s = 1, . . . , r .
Assumingq ≥ p, (g.2) and (g.3) imply

|γεn (x, ξs,nPεn
ts un)|Pεn

ts un|p|≤{
(λ(x) + C)|Pεn

ts un|p if |εn
1

p−2 ξs,nPεn
ts un| ≤ η

a
ηp−1 |Pεn

ts un|p + a(εn
1

p−2 ξs,n)q−p|Pεn
ts un|q if |εn

1
p−2 ξs,nPεn

ts un| > η,

for suitable positive constantsC andη.
Hence, sincePεn

ts un → uts in Lq(Ω
′
ts) for all s = 1, . . . , r , from (3.23) we

obtain

lim
n→∞

∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx = ‖(uts)

+‖p
(λ,p) lim

n→∞ ξs,n
p−2. (3.24)

Comparing (3.18) and (3.24), we get

lim
n→∞ ξs,n = 1 for all s = 1, . . . , r . (3.25)

Moreover, (g.3) implies lim
n→∞ Γεn (x, ξs,nPεn

ts un)|Pεn
ts un|p = λ(x)(u+

ts)
pa.e. in Ω

′
ts

and, using (g.2) and (g.3) as before, one can show that

lim
n→∞

∫
Ω

′
ts

Γεn (x, ξs,nPεn
ts un)|Pεn

ts un|p dx =
1
p

‖u+
ts‖p

(λ,p).

Thus, from (3.24) and (3.25), we get

lim
n→∞ fεn (zn)

= lim
n→∞

r∑
s=1




ξ2
s,n

2

∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx −

∫
Ω

′
ts

Gεn (x, ξs,nPεn
ts un) dx
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= lim
n→∞

r∑
s=1




ξ2
s,n

2

∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx

−ξp
s,n

∫
Ω

′
ts

Γεn (x, ξs,nPεn
ts un)|Pεn

ts un|p dx




= lim
n→∞(

1
2

− 1
p

)
r∑

s=1

∫
Ω

′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx . (3.26)

By using (3.16), (3.26), (3.20) and the fact thatun ∈ ∂N t1,...tr
εn,B , we obtain

lim
n→∞

[
fεn (un) − fεn (zn)

]

= lim
n→∞




r∑
s=1

[
(
1
2

− 1
p

)
∫

Ω
′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx

]

+
∑

t /∈{t1,...,tr }

[1
2

∫
Ω

′
t

ai ,j
εn

εn
∂xi P

εn
t un∂xj P

εn
t un dx −

∫
Ω

′
t

Gεn (x, Pεn
t un + Pεn un) dx

]

+
1
2

∫
Ω

ai ,j
εn

εn
∂xi P

εn un∂xj P
εn un dx

−
r∑

s=1

[
(
1
2

− 1
p

)
∫

Ω
′
ts

ai ,j
εn

εn
∂xi P

εn
ts un∂xj P

εn
ts un dx

]



= lim
n→∞




∑
t /∈{t1,...,tr }

[1
2

∫
Ω

′
t

ai ,j
εn

εn
∂xi P

εn
t un∂xj P

εn
t un dx

−
∫
Ω

′
t

Gεn (x, Pεn
t un + Pεn un) dx

]
+

1
2

∫
Ω

ai ,j
εn

εn
∂xi P

εn un∂xj P
εn un dx




≥ lim inf
n→∞




∑
t /∈{t1,...,tr }

[Λ

2

∫
Ω

′
t

|DPεn
t un|2 dx

−
∫
Ω

′
t

Gεn (x, Pεn
t un + Pεn un) dx

]
+

Λ

2

∫
Ω

|DPεn un|2 dx
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=
Λ

2
B2 − lim

n→∞

∑
t /∈{t1,...tr }

∫
Ω

′
t

Gεn (x, Pεn
t un + Pεn un) dx

=
Λ

2
B2 −

∑
t /∈{t1,...tr }

‖ut‖p
(λ,p)

p

≥ Λ

2
B2 −

∑
t /∈{t1,...tr }

(‖ut‖2)
p
2

pm
p
2

t

≥ Λ

2
B2 − 1

pm
p
2

[ ∑
t /∈{t1,...tr }

‖ut‖2
] p

2

≥ Λ

2
B2 − 1

pm
p
2

Bp > 0

where the last inequality is due to the fact that 0< B <
(
Λ p

2m
p
2

) 1
p−2

.

We have just found a contradiction with (3.22). �

Proposition 3.9. Let 0 < % < (Λm)
1

p−2 and 0 < B <
(
Λ p

2m
p
2

) 1
p−2

. Assume

B small enough, such that the inequality in Lemma 2.6 holds. Then there exists
ε > 0 such that, for allε ∈]0, ε[ and for all {t1, . . . , tr } ⊆ {1, . . . , k}, there exists
a function ut1,...,tr

ε which minimizes the functional fε in the set Mt1,...,tr
ε ∩K t1,...,tr

ε,% ∩
N t1,...,tr

ε,B with ‖(Ptsu
t1,...,tr
ε )+‖(λ,p) > % for all s = 1, . . . , r and ‖Put1,...,tr

ε ‖2 +∑
t /∈{t1,...tr }

‖Pt ut1,...,tr
ε ‖2 < B2 .

Moreover ut1,...,tr
ε verifies the following properties:

(I)

lim
ε→0

∫
Ω

|DPεut1,...,tr
ε |2 dx = 0 (3.27)

and

lim
ε→0

∫
Ω

′
t

|DPε
t ut1,...,tr

ε |2 dx = 0 ∀ t ∈ {1, . . . , k} \ {t1, . . . tr } ; (3.28)

(II)

lim
ε→0

∫
Ω

′
t \Ωt

|Dut1,...,tr
ε |2 dx = 0; (3.29)

(III)

lim inf
ε→0

(∫
Ω

′
ts

λ(x)|(ut1,...,tr
ε )+|p dx

) 1
p ≥ (Λm)

1
p−2 ∀ s = 1, . . . , r . (3.30)

Proof. Let {t1, . . . , tr } ⊆ {1, . . . , k}. The existence ofε > 0 and ut1,...,tr
ε ∈

M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B for all ε ∈]0, ε[ follows from Lemma 3.7.

Moreover, forε small enough, Lemma 3.8 implies
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‖Pεut1,...,tr
ε ‖2 +

∑
t /∈{t1,...tr }

‖Pε
t ut1,...,tr

ε ‖2 < B2 ,

while Lemma 2.6 implies‖(Pε
tsu

t1,...,tr
ε )+‖(λ,p) > % for all s = 1, . . . , r .

(I ) Proving (3.27) and (3.28) is equivalent to show that

lim
ε→0


‖Pεut1,...,tr

ε ‖2 +
∑

t /∈{t1,...,tr }
‖Pε

t ut1,...,tr
ε ‖2


 = 0.

By contradiction, suppose there existβ ∈]0, B] and a sequence (εn)n≥1 of positive
numbers, with lim

n→∞ εn = 0, such that

lim
n→∞


‖Pεn ut1,...,tr

εn
‖2 +

∑
t /∈{t1,...,tr }

‖Pεn
t ut1,...,tr

εn
‖2


 = β2. (3.31)

From Lemma 3.6 it follows that

lim sup
n→∞

fεn (ut1,...,tr
εn

) ≤ (
1
2

− 1
p

)
r∑

s=1

(
Λmts

) p
p−2 < +∞. (3.32)

Sinceut1,...,tr
εn

∈ N t1,...tr
εn,B for all n ≥ 1, (Pεn ut1,...,tr

εn
)n≥1 and (Pεn

t ut1,...,tr
εn

)n≥1 (for all

t ∈ {1, . . . , k} \ {t1, . . . , tr }) are bounded inH 1,2
0 (Ω); sinceut1,...,tr

εn
∈ M t1,...,tr

εn

for all n ≥ 1 and (3.32) holds, arguing as in the proof of Lemma 3.8 one
can show that (ut1,...tr

εn
)n≥1 is bounded inH 1,2

0 (Ω). Hence, up to a subsequence,

ut1,...,tr
εn

→ ut1,...,tr ∈ H 1,2
0 (Ω), weakly inH 1,2

0 (Ω), in Lp(Ω), in Lq(Ω) and a.e. in
Ω.

Moreover, since∀ η > 0

lim inf
ε→0

1
ε

inf


Λ1(ε, x) : x ∈

k⋃
j =1

Ωj (η)


 = +∞,

from (3.32) we get
∫

Ω\
k⋃

t=1

Ωt

|Du|2 dx = 0; it follows that one can writeut1,...,tr =

u1 + · · · + uk with ut ∈ H 1,2
0 (Ω

′
t ) for all t ∈ {1, . . . , k}.

Arguing as in STEP 2 of Lemma 3.8, one can see that (up to a subsequence)

lim
n→∞ fεn (ut1,...,tr

εn
) = lim

n→∞

{
(
1
2

− 1
p

)
r∑

s=1

Qεn (Pεn
ts ut1,...,tr

εn
)

+
∑

t /∈{t1,...,tr }

[1
2

∫
Ω

′
t

ai ,j
εn

εn
∂xi P

εn
t ut1,...,tr

εn
∂xj P

εn
t ut1,...,tr

εn
dx

−
∫
Ω

′
t

Gεn (x, Pεn
t ut1,...,tr

εn
+ Pεn ut1,...,tr

εn
) dx

]
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+
1
2

∫
Ω

ai ,j
εn

εn
∂xi P

εn ut1,...,tr
εn

∂xj P
εn ut1,...,tr

εn
dx


 . (3.33)

Let us now define (zn) (for n large enough) in the following way:zn =
r∑

s=1
ξn,sPεn

ts ut1,...,tr
εn

, with ξn,s > 0 ∀ s = 1, . . . , r such thatzn ∈ M t1,...,tr
εn

∩
K t1,...,tr

εn,% and fεn (zn) > 0; the existence of such numbers, forn large enough,
follows arguing as in the proof of Proposition 3.3. It is clear thatzn ∈ N t1,...,tr

εn,B ,
and so (forn large enough)

fεn (ut1,...,tr
εn

) ≤ fεn (zn). (3.34)

Sincezn ∈ M t1,...,tr
εn

∩ K t1,...tr
εn,% andPεn

ts zn → uts a.e. inΩ
′
ts , in Lp(Ω

′
ts), in Lq(Ω

′
ts),

arguing as in STEP 3 of Lemma 3.8, one can prove that for alls = 1, . . . , r

lim
n→∞ ξn,s = 1. (3.35)

Hence, from (3.31), (3.33), (3.35), we get (up to a subsequence)

lim
n→∞

[
fεn (ut1,...,tr

εn
) − fεn (zn)

]
= lim

n→∞

{
k∑

s=1

(
1
2

− 1
p

)Qεn (Pεn
ts ut1,...,tr

εn
)

+
∑

t /∈{t1,...,tr }

[1
2

∫
Ω

′
t

ai ,j
εn

εn
∂xi P

εn
t ut1,...,tr

εn
∂xj P

εn
t ut1,...,tr

εn
dx

−
∫
Ω

′
t

Gεn (x, Pεn
t ut1,...,tr

εn
+ Pεn ut1,...,tr

εn
) dx

]

+
1
2

∫
Ω

ai ,j
εn

εn
∂xi P

εn ut1,...,tr
εn

∂xj P
εn ut1,...,tr

εn
dx

−
k∑

s=1

(
1
2

− 1
p

)ξ2
n,sQεn (Pεn

ts ut1,...,tr
εn

)

}

≥ lim
n→∞




∑
t /∈{t1,...,tr }

[1
2

∫
Ω

′
t

ai ,j
εn

εn
∂xi P

εn
t ut1,...,tr

εn
∂xj P

εn
t ut1,...,tr

εn
dx

−
∫
Ω

′
t

Gεn (x, Pεn
t ut1,...,tr

εn
+ Pεn ut1,...,tr

εn
) dx

]

+
1
2

∫
Ω

ai ,j
εn

εn
∂xi P

εn ut1,...,tr
εn

∂xj P
εn ut1,...,tr

εn
dx
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≥ 1
2
Λ lim

n→∞


‖Pεn ut1,...,tr

εn
‖2 +

∑
t /∈{t1,...,tr }

‖Pεn
t ut1,...,tr

εn
‖2




−
∑

t /∈{t1,...,tr }

1
p

‖ut‖p
(λ,p)

≥ Λ

2
β2 − 1

pm
p
2


 ∑

t /∈{t1,...,tr }
‖ut‖2




p
2

≥ Λ

2
β2 − 1

pm
p
2
βp > 0

where the last inequality is due to the fact that 0< β ≤ B < (Λ p
2m

p
2 )

1
p−2 .

This is a contradiction with (3.34).
(II ) (3.29) follows from assumption (a.4) taking into account that the

minimizing functionut1,...,tr
ε ∈ M t1,...,tr

ε and

lim sup
ε→0

fε(ut1,...,tr
ε ) ≤ (

1
2

− 1
p

)
r∑

s=1

(
Λmts

) p
p−2 < +∞

(see Definitions 2.4, 3.4 and Lemma 3.6).
(III ) By contradiction, suppose there existI ⊆ {1, . . . , r }, with I /= ∅, and an
infinitesimal sequence (εn)n≥1 of positive numbers such that, fors ∈ I ,

lim
n→∞




∫
Ω

′
ts

λ(x)|(ut1,...,tr
εn

)+|p dx




1
p

< (Λm)
1

p−2 . (3.36)

Arguing as in (I ), one can prove that (ut1,...,tr
εn

)n≥1 is bounded inH 1,2
0 (Ω); hence,

up to a subsequence,ut1,...,tr
εn

converges weakly inH 1,2
0 (Ω), in Lp(Ω), in Lq(Ω)

and a.e. inΩ to a functionut1,...tr which can be written asut1,...tr = u1 + · · · + uk

with ut ∈ H 1,2
0 (Ω

′
t ) and

∫
Ω

′
t \Ωt

|Dut |2 dx = 0 for all t ∈ {1, . . . , k}.

As showed in (I ), we havePεn ut1,...,tr
εn

→ 0 and Pεn
t ut1,...,tr

εn
→ 0 for all

t /∈ {t1, . . . , tr } in H 1,2
0 (Ω); so ut ≡ 0 ∀ t ∈ {1, . . . , k} \ {t1, . . . , tr }.

Moreover we have‖u+
ts‖(λ,p) ≥ % for all s = 1, . . . , r and, by (3.36),

‖u+
ts‖(λ,p) < (Λm)

1
p−2 for all s ∈ I .

Notice that

f
′
εn

(ut1,...,tr
εn

)[Pεn
ts ut1,...,tr

εn
] = 0 ∀ s = 1, . . . , r , ∀ n ≥ 1

sinceut1,...,tr
εn

∈ M t1,...,tr
εn

.
Since againPεn

ts ut1,...,tr
εn

+Pεn ut1,...,tr
εn

→ uts in Lp(Ω), in Lq(Ω), a.e. inΩ, using
(g.2), (g.3) as before, we obtain, for alls ∈ I ,
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0 = lim
n→∞ f

′
εn

(ut1,...,tr
εn

)[Pεn
ts ut1,...,tr

εn
] ≥ Λ

∫
Ωts

|Duts |2 dx − ∫
Ω

′
ts

λ(x)|u+
ts |p dx

≥ Λ

∫
Ωts

|Duts |2 dx

(
∫

Ω
′
ts

λ(x)|uts |p dx)
2
p

(
∫

Ω
′
ts

λ(x)|u+
ts |p dx)

2
p −

∫
Ω

′
ts

λ(x)|u+
ts |p dx

≥ Λm‖u+
ts‖2

(λ,p) − ‖u+
ts‖p

(λ,p) > 0,

where the last inequality is due to the fact that 0< % ≤ ‖u+
ts‖(λ,p) < (Λm)

1
p−2 .

Hence we have obtained a contradiction. �

4. Existence of multibump solutions

In order to get our main result, it remains to show that the constrained minimum
points, obtained in the previous section, are critical points for the functionalfε
and give rise to multibump solutions of our problem.

Lemma 4.1. Let 0 < % < (Λm)
1

p−2 and 0 < B <
(
Λ p

2m
p
2

) 1
p−2

. Assume B small

enough, such that the inequality in Lemma 2.6 holds. Then there existsε > 0 such
that, for all ε ∈]0, ε[, for all subset{t1, . . . , tr } of {1, . . . k}, the function ut1,...,trε ,
which achieves the minimum for fε constrained on Mt1,...,tr

ε ∩ K t1,...,tr
ε,% ∩ N t1,...,tr

ε,B
(see Lemma3.7 and Proposition3.9), is a critical point for fε.

Proof. Let {t1, . . . , tr } ⊆ {1, . . . , k} . Lemma 3.7 and Proposition 3.9 im-
ply that, for all ε > 0 small enough, there existsut1,...,tr

ε which achieves

inf
{

fε(u) : u ∈ M t1,...,tr
ε ∩ K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B

}
and satisfies‖(Pε

tsu
t1,...,tr
ε )+‖(λ,p) >

% for all s = 1, . . . , r and ‖Pεut1,...,tr
ε ‖2 +

∑
t /∈{t1,...,tr }

‖Pε
t ut1,...,tr

ε ‖2 < B2 . Hence

there exists a neighbourhood ofut1,...,tr
ε in H 1,2

0 (Ω) which is contained in
K t1,...,tr

ε,% ∩ N t1,...,tr
ε,B , i.e. ut1,...,tr

ε is a local minimum point forfε constrained on
M t1,...,tr

ε .
We shall prove first thatM t1,...,tr

ε is a smoothC1− manifold in a neighbouhood
of ut1,...,tr

ε ; then we will show that all the Lagrange multipliers are zero, i.e. that
ut1,...,tr

ε is a critical point forfε.
For simplicity of notation let us writeuε instead ofut1,...,tr

ε .
For all t ∈ {1, . . . , k}, let ht,ε : H 1,2

0 (Ω) → R be the functional defined by

ht,ε(u) = f
′
ε (u)[Pε

t u].

Under our assumptions,ht,ε ∈ C1(H 1,2
0 (Ω); R). Notice that

M t1,...,tr
ε =

{
u ∈ H 1,2

0 (Ω) : ht,ε(u) = 0 ∀ t ∈ {t1, . . . , tr }
}

.



82 M. Musso, D. Passaseo

In order to prove thatM t1,...,tr
ε is a smooth manifold in a neighbourhood ofuε,

by using the implicit function theorem, it suffices to verify that

r∑
s=1

µsh
′
s,ε(uε) = 0 ⇒ µs = 0 ∀s = 1, . . . , r .

This property holds ifε > 0 is small enough. In fact

r∑
s=1

µsh
′
s,ε(uε) = 0 ⇒

r∑
s=1

µsh
′
s,ε(uε)[Pε

tσ uε] = 0.

Therefore, sinceuε ∈ M t1,...,tr
ε , we obtain forσ ∈ {1, . . . , r }

0 =
r∑

s=1
µs

{
f

′′
ε (uε)[Ptsuε][Ptσ uε] + f

′
ε (uε)[Pε

tsP
ε
tσ uε]

}
= µσ

{
f

′′
ε (uε)[Pε

tσ uε]2 + f
′
ε (uε)[Pε

tσ uε]
}

= µσf
′′
ε (uε)[Pε

tσ uε]2.

The claim will be obtained if we shall prove that

lim sup
ε→0

f
′′
ε (uε)[Pε

tσ uε]2 ≤ (2 − p)%p < 0 ∀ σ ∈ {1, . . . , r } . (4.1)

Taking into account thatuε ∈ M t1,...,tr
ε , we have

f
′′
ε (uε)[Pε

tσ uε]2 =
∫

Ω
′
tσ

gε(x, uε)Pε
tσ uε dx −

∫
Ω

′
tσ

g
′
ε(x, uε)[Pε

tσ uε]2 dx

=
∫

Ω
′
tσ

γε(x, uε)(u+
ε )p−1Pε

tσ uε dx (4.2)

−
∫

Ω
′
tσ

γ̃ε(x, uε)(u+
ε )p−2[Pε

tσ uε]2 dx

(see notations (2.3), (2.4), (2.8), (2.9)).
Assume, by contradiction, that for someσ ∈ {1, . . . , r } there exists a se-

quence of positive numbers (εn)n≥1 → 0 such that

lim
n→∞ f

′′
εn

(uεn )[Pεn
tσ uεn ]2 > (2 − p)%p. (4.3)

From Proposition 3.9 we infer that, up to a subsequence,Pεn uεn → 0 and
Pεn

tσ uεn → utσ ∈ H 1,2
0 (Ω

′
tσ ) in Lp(Ω

′
tσ ), in Lq(Ω

′
tσ ) and a.e. inΩ

′
tσ .

Notice that‖u+
tσ‖(λ,p) ≥ % sinceuεn ∈ K t1,...,tr

εn,% for all n ≥ 1. Moreover

γεn (x, uεn )(u+
εn

)p−1Pεn
tσ uεn → λ(x)(u+

tσ )p
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and
γ̃εn (x, uεn )(u+

εn
)p−2[Pεn

tσ uεn ]2 → (p − 1)λ(x)(u+
tσ )p

a.e. inΩ
′
tσ .

Hence assumptions (g.2) and (g.3) allow us to apply the Lebesgue theorem
as above and to obtain

lim
n→∞ f

′′
εn

(uεn )[Pεn
tσ uεn ]2 = (2 − p)

∫
Ω

′
tσ

λ(x)(u+
tσ )p dx ≤ (2 − p)%p,

which is in contradiction with (4.3).
Thus (4.1) holds and soM t1,...,tr

ε is a smooth manifold in a neighbourhood
of uε for all ε > 0 small enough.

Sinceuε is a local minimum point forfε onM t1,...,tr
ε , there exist some constants

λ1,ε, . . . λr ,ε (the Lagrange multipliers) such that

f
′
ε (uε) = λ1,εh

′
1,ε(uε) + · · · + λr ,εh

′
r ,ε(uε)

i.e.

f
′
ε (uε)[ϕ] = λ1,εh

′
1,ε(uε)[ϕ] + · · · + λr ,εh

′
r ,ε(uε)[ϕ] ∀ ϕ ∈ H 1,2

0 (Ω).

Let us chooseϕ = Pε
tσ uε; sinceuε ∈ M t1,...,tr

ε , we obtain

0 = f
′
ε (uε)[Pε

tσ (uε)]

=
r∑

s=1

λs,ε

{
f

′′
ε (uε)[Pε

tsuε][Pε
tσ uε] + f

′
ε (uε)[Pε

ts(P
ε
tσ uε)]

}

= λσ,εf
′′
ε (uε)[Pε

tσ uε]2 ,

which impliesλσ,ε = 0 for ε > 0 small enough, because of (4.1).
Hence there existsε > 0 such that, for allε ∈]0, ε[, λ1,ε = · · · = λr ,ε = 0, i.e.

uε is a critical point forfε. �

Proof of Theorem 1.1.If uε is a nontrivial critical point forfε, thenvε = ε
1

p−2 uε is
a solution of problemPε by the maximum principle, sinceg(x, t) = 0 for t ≤ 0
andg(x, t) > 0 for t > 0.

The behaviour of the functionsut1,...,tr
ε as ε → 0 follows from Proposition

3.9. In particular we have that, forε > 0 small enough, different choice of the
subset{t1, . . . , tr } produce (by Lemma 4.1) different solutions of our problem.

Hence, for everyr ∈ {1, . . . , k} there exist
(k

r

)
r −bump solutions; so, on

the whole, we get 2k − 1 distinct positive solutions. �
Finally in the following proposition we summarize the main properties of the
obtained solutions.

Proposition 4.2. For all ε ∈]0, ε[ and for all {t1, . . . , tr } ⊆ {1, . . . , k} there
exists a solutionvt1,...,tr

ε of problem Pε such that
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(I)

lim sup
ε→0

ε
1

2−p ‖vt1,...,tr
ε ‖ < +∞;

(II)

lim inf
ε→0

ε
1

2−p




∫
Ω

′
ts

λ(x)|vt1,...,tr
ε |p dx




1
p

≥ (Λm)
1

p−2 ∀s ∈ {1, . . . , r } ;

(III)

lim
ε→0

ε
2

2−p

∫
Ω\

r⋃
s=1

Ωts

|Dvt1,...,tr
ε |2 dx = lim

ε→0
ε

p
2−p

∫
Ω\

r⋃
s=1

Ω
′
ts

|vt1,...,tr
ε |p dx = 0.

The proof follows easily from Proposition 3.9 and Lemma 3.7 and 4.1, taking
into account the proof of Theorem 1.1.

Remark 4.3.Let vt1,...,tr
ε be the solution of problemPε given by Theorem 1.1.

The method used in the proof shows that, up to a subsequence, the function
ut1,...,tr

ε = ε
1

2−p vt1,...,tr
ε converges, asε → 0, to a functionut1,...,tr , which can be

written as follows:

ut1,...,tr =
r∑

s=1

uts ,

where, for all s = 1, . . . , r , uts is a positive function inH 1,2
0 (Ω

′
ts) such that

Duts ≡ 0 in Ω
′
ts \ Ωts .

Moreover, if in addition we assume thataε

ε (x) → A(x) in L∞(Ωts) asε → 0,
thenuts satisfies the equation

div(A(x)Duts) + λ(x)up−1
ts = 0 ∀x ∈ Ωts

(with other conditions on the boundary ofΩ
′
ts \Ωts) and the functionuts = uts

‖uts‖(λ,p)

realizes the minimum

min




∫
Ωts

Ai ,j (x)∂xi u∂xj u dx : u ∈ H 1,2
0 (Ω

′
ts), ‖u‖(λ,p) = 1,

∫
Ω

′
ts

\Ωts

|Du|2 dx = 0


 .

Remark 4.4.The method used in the proof of Theorem 1.1 can be adapted to
state analogous multiplicity results when the coefficient matrixaε(x) degenerates
only at a finite collection of pointsx1, . . . , xk belonging toΩ.

In this case the degree of vanishing near the degeneration points plays an
important role (as in [31]).

For example, let us consider the problem



Multibump solutions for a class of nonlinear elliptic problems 85

P̃ε

{
div(Λε(x)Du) + g(x, u) = 0 in Ω
u > 0 in Ω
u = 0 on∂Ω

where, for allε > 0, Λε : Ω → R is defined by

Λε(x) = max{ε, Λ(x)}
and Λ(x) ∈ L∞(Ω) is a positive function which behaves as|x − xt |α, with
α > 2N+2p−Np

p , near the degeneration pointsxt (t = 1, . . . , k).

Then it is possible to findε > 0 such that, for allε ∈]0, ε[, P̃ε has at least
2k − 1 multispike solutionsut1,...,tr

ε ({t1, . . . , tr } ⊆ {1, . . . , k}) such thatut1,...,tr
ε

can be decomposed in the following way:

ut1,...,tr
ε =

r∑
s=1

uts
ε

where, for all s = 1, . . . , r , uts
ε → 0 in H 1,2

0 (Ω) as ε → 0 and uts
ε

‖u
t1,...,tr
ε ‖(λ,p)

concentrates like Dirac mass near the degeneration pointxts .
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