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1. INTRODUCTION 

This paper is concerned with a class of semilinear elliptic problems of the form 

{ 

div(ac(z)Du) + g(z, u) = 0 in R 
p,_ uf0 in s1 

u=o on 82 , 

where s1 is a bounded domain of RN, for all c > 0 and 2 E Q a,(z) is a positive defined 
symmetric N x N matrix, g : Q x R ---f R is a given function such that g(z, 0) = 0 t/r E R. 
We shall assume that the matrix a,(z) degenerates as 6 --t 0 for all z in a subset V of R. 
Our aim is to study existence, nonexistence and multiplicity of solutions of PC under 
suitable assumptions on the degeneration set ZJ and the function g(z,t). 
Let us specify the assumptions required on a,(z) and on g: 

(a.1) for all 6 > 0 and almost all x E Q there exist Ai = Ai(t-,x) > 0 and 112 = A~(c,x) > 0 
such that 

N 

(a.3) there exists a smooth domain D C_ R, 2, # 0, such that 

liIns;p 5 sup{Aa(c, z) : zED}< +oo 

and, if V # R, for all 71 > 0 

lizifinf{Al(E, z) : E E i-2 \ D(v)} > 0 
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where 
D(q) := {z E R : dist(a:,P) < 7j); 

(g.1) 9 and gt (th e d erivative of g with respect to the second variable) are Caratheodory 
functions and there exist positive constants a and q, with q < $$ if N 2 3, such 
that, for all t E R and almost all 2 E Q, 

and 

l!Jt(~,~)l L u + ~l~l~-2; 

(g.2) for t # 0 and for almost all t E R 

(g.3) there exists 0 ~10, f[ such that 

H(2, t) < &h(s, t) 

for all t E R and almost all I E s1, where h(cc,t) = g(z,t) - gl(;c,O)t and H(c,t) = 

jh(z,r)dr. 

The iign of g1 (z, 0) seems to play a key role for the solvability of PC: if gt (z, 0) > 0 in a 
subset of ‘D, then we shall prove a general nonexistence result (Theorem 2.1), which, in 
particular, implies that no positive solution of P, can exist for E > 0 small enough. 
On the contrary, if gt(z, 0) 5 0 for all z E R, under our assumptions it is easy to prove 
that P, has at least one positive solution for all E > 0. 

In [5] it is proved that the solutions tend to concentrate near the degeneration set as 
t --+ 0. Concentration phenomena of this type play a fundamental role in existence, 
non existence and multiplicity of solutions for elliptic problems involving critical and 
supercritical exponents and allow to relate the number of solutions to the shape of 
the domain. In our case, although the nonlinear term g has subcritical growth, these 
phenomena occur because of the degeneration of the equations and allow us to relate the 
number of solutions to the geometric properties of the degeneration set. 
In fact, in the case gt(z, 0) 5 0 Vz E R, if there exist smooth domains IDi, , &, ill, , fl1, 

satisfying: 

(1) 
(2) 
(3) 
(4) 

v= hVi) 
i=l 

O#VjcRicc!d Vi=l,...,k, 
Si;flQ.j=@ifi#j, 

every connected component of a \ b Ri meets aR, 
i=l 
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then there exists T > 0, such that, for all c E]O,5[, the following multiplicity results hold: 
(1) P, has at least k positive solutions I&,~, . . , U,,k (see [l]), satisfying the following 

properties: 

iii 
s 

lDUc,$ dz = 0 
n 

and 
:$a (/ IDU<,i12 dZ)-’ / (DU,,i(‘d3: = 1 V i E (1,. . G y k}. 

i-l ni 

(2) P, has multibump positive solutions (see [3]). RI ore p recisely, if we choose arbitrarily 
P distinct subsets among Ri, . . . , fik (say Szi, , . . , Sz;,), we can construct a positive 
r-bumps solution ~tlj...r~r with the following properties: 

and 
liy_$nf ( 

s 
IDu, +q2dz)-’ / pUf’~“‘J”-[2dE > 0 v s E (1,. . .,r}. 

s-l a,, 

Thus, for all r E (1,. . .,k}, we obtain at least (I) positive solutions having r bumps; 
so, on the whole, we get at least Zk - 1 distinct positive solutions. 

(3) PC has at least k2 nodal solutions having exactly two nodal regions, that is both the 
supports of the positive and the negative part of u are connected subsets of R (see 
[a]). Moreover the obtained solutions ~,,i,j, for all i, j E (1, , . . , k}, have the following 
properties: 

f$ 
s 

JDU,,$ dz = 0, 
Cl 

and 
ii-n(: ( J IDu,i,j12dZ)-1 J pu,i,i12d2 = 1. R a, 

If supgi(z,O) < 0, the concentration phenomena are accentuated and the number of 
rE0 

solutions can increase: we can have more than one solution even if the degeneration set 
is connected (i.e. k = l), provided that it is topologically complex. 
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In fact, if we assume that 

if 2) is not contractible in itself and if we denote by m its Ljusternik-Schnirelman category, 
then there exists 5 > 0 such that, for all E E]O,F[, P, has at least m + 1 distinct positive 
solutions of, . . . , uy, uy+l, which converge to zero in H~'2(Q) as E * 0. 

Moreover, for all i = 1,. , m, the function (J ]Du~,]~ &E)-~(Du:(x)]~ concentrates, as E - 0, 

like Dirac mass near points of 2, (see [4]): while (J lou~+112d2)-1(D~rIa+1(2)(2 can be 

decomposed as sum of two functions, which concenkate, as t --) 0, like Dirac mass near 
points of V . 

2. NONEXISTENCE RESULT 

In this section we assume that gt(z, 0) > 0 somewhere in 2) and prove a nonexistence 
result, which implies, in particular, that P, has no positive solutions for t > 0 small 
enough. 
On the other hand, under symmetry assumptions on g, well known topological methods 
of the Calculus of Variations guarantee the existence of infinitely many solutions of P, 
for all E > 0; because of next theorem, these solutions must change sign in every subset 
of ?), where gt(z,O) > 0, for t > 0 small enough. 

Theorem 2.1. Assume (a.l), (g.1) and (g.2). 
Moreover assume that: 

(a.2)’ there exists Z > 0 such that 

(a.3)’ there exists a smooth domain V c Q such that 

lirn sup A2(E, 2) = 0 
r-4 ZEZ) 

(notice that (a.2) and (a.3) imply (a.2)’ and (a.3)’ respectively). 
Then, for every open subset S C_ 2) , with S # 0, such that 

there exists T > 0 such that, for all E E]O,F[, P, has no solutions having constant sign in 
S. 
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Proof. Suppose, contrary to our claim, that there exist an open subset S, with S # 0! 
and a sequence (fn),,>r of positive numbers such that lim c n = 0 and each one of P,, n~oo 

has a solution Us, which is, for instance, positive in S. 

Since ul,% is a solution of PE,, then u,, E H,‘>‘(R) satisfies 

N 

SC u~~(x)a,*u~na,jv dx - s g(x, uc,)v dx = 0 v v E &J2(cq. (2.2) 
n i,j=l n 

Let us define 

8% := inf{Q6,(U) : u E Hts2(S), 
/ 

ju(‘dl: = 1) V n 2 1 (2.3) 
S 

where, for all n > 1, Qr, : HiJ2(S) -+ R+ is defined by 

Q&(U) := / 5 uf~(x)a~,ua,ju de. 
s i,j=l 

First we see that 

lim pEn = 0. n-02 

In fact, let us fix ‘p E H,‘>2(S) with J IpI2 dz = 1; from (a.3)’ we get 
S 

(2.4) 

Since QE,(cp) 2 pLr, > 0 for all n 2 1, (2.4) follows. 

Since S is a smooth bounded domain in RN and (a.2)’ holds, /I~,, is achieved for n large 

enough; let cpf, be a minimizing function for pc,. We can assume (pc, > 0, since otherwise 

we replace (pf, by Ipoc, I; moreover (pb, f 0. 
Since (P<, is a minimum point for Qc,, on {U E Hi>‘(S) : J(~(~dz = l}, which is a 

Cl-manifold in HiP2(S), the Lagrange multiplier’s rule impl& that 

(2.5) 

Now let us consider the function &,, E IY;.~(~) such that E,,, - Us, in R \ S and 
Q:, (n,,,)[v] = 0 Vv E H;12(S). 
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Since u,, 2 0 in S, also TiCn 2 0 in S As Q:,(.)[.] is a symmetric quadratic form in 
H,‘12(S) and (g.2), (2.2) and (2.5) hold, we obtain 

N 

o= 
Jc 

uZ~(C)a+iU~nd13(PL, “- 
s 

s(r> K,,)(P~,, dx 
n i,j=l 

= $&:.(~~J[u~n - %,I - / gt(x,O)ur,~r, dx - /[g(x, UJ - gl(z, O)u,,]Fcn dx 
S S 

= PC, s ‘PC,, (uc, - a,_) dx - I 4x, %,,~c, dx - 
J 

[dx, uc,) - gt(x, O)u,,]~,, dx 

I ~P&gt(x,o)]~ 
S S 

PL,UL, dx - 
J 

[/or,,%, + dx, ur,) - gt(x, O)u&E,, dx 
P S S 

Taking into account that (2.4) holds, that inngl(x,O) > 0 and that Ju~,(P~, dx > o if 
s 

u,,, f 0 in S, from (2.6) we obtain 

0 I L% - fp(x, O>l s (PC, u,, dx < 0 for all n large enough, 
S 

which is a contradiction, 
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