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Existence and non-existence of global solutions for uniformly
parabolic equations

RODRIGO MENESES AND ALEXANDER QUAAS

Abstract. In this paper, we prove the existence of Fujita-type critical exponents for x-dependent fully
nonlinear uniformly parabolic equations of the type

(%) du = F(D*u,x)+uP in RN xR,

These exponents, which we denote by p(F), determine two intervals for the p values: in ]1, p(F)[, the
positive solutions have finite-time blow-up, and in ]p(F), +oo[, global solutions exist. The exponent
p(F) = 1+ 1/a(F) is characterized by the long-time behavior of the solutions of the equation with-
out reaction terms

du=F(D%u,x) in RN x RT.

When F is a x-independent operator and p is the critical exponent, that is, p = p(F). We prove as main
result of this paper that any non-negative solution to (x) has finite-time blow-up. With this more delicate
critical situation together with the results of Meneses and Quaas (J Math Anal Appl 376:514-527, 2011),
we completely extend the classical result for the semi-linear problem.

1. Introduction

In [10], we proved the existence of critical exponents of Fujita type for parabolic
equations of the form

du = F(D*u) +u” in RN x RT, (1)

with the operator F uniformly elliptic and positively homogeneous. In that paper, we
proved the existence of exponents p = p(F) such that for p €]1, p(F)[, positive
solutions of (1) have finite-time blow-up, and for p €]p(F), +ool, global solutions
exist. Moreover, from the local existence results for Eq. (1) (proved in [10]), we proved
that if p €]1, p(F)[, then there exists Tpyax (1) such that

lim wu(x*, 1) =00, forsomex* e RN,
11 Tinax (1)

This last behavior is usually called finite-time blow-up.
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The model problem that motivated our work is the classical semi-linear equation
du=Au+u’ in RN xR, 2)

where ppo = 1 4+ 2/N is the critical exponent, presented by H. Fujita in [4]. These
results are generalized and extended in [13] for the case p = pa, where (2) is a
particular case. Based on the existence of pa, it is possible to perform further studies
on such features as the blow-up rate, the blow-up set, and the asymptotic behavior of
global solutions. See, for example, [11] and [6] for more detail.

As the first result of this article, we prove the existence of Fujita-type exponents for
uniformly parabolic equations

du = F(D*>u,x) +u? in RN x RT, (3)

extending the results of [10] for x-dependent operators. In particular, the results of
this paper cover linear elliptic operators with bounded Lipschitz coefficients.

As our second main result, we examine Eq. (1) and we prove that the critical value
p = p(F) always belongs to the blowup case.

In Eq. (3), we consider operators F : Sy x RY — R satisfying the following
conditions:

(F1) (F uniformly elliptic) There exist 0 < A < A, such that for all x € RN and
M € Sy, we have

AMrN < F(M+ N,x)— F(M,x) < Atr M, with N >0inSy.
(F2) (F homogeneous) For o > 0,
F(aM,x) =aF(M,x), forallx € RN and M € Sy.

(F3)(i) F(M, x) continuous operator in Sy x R¥ and concave (convex) in M.
(i) There exists Lz such that

|F(M,x) = F(M,y)| < Lrllx = yll(IM]| + 1),

for all x, y in RV,

Here, Sy denotes the N x N symmetric matrix space.

For F satisfying the above conditions, we consider the Cauchy problems for (3)
subject to a non-negative initial condition ug(x) # O that is bounded and uniformly
continuous in RY, so that the local existence Theorem holds (see [10]). Moreover, for
the solution u(x, t), we can define the maximal existence time T« (#). Here and in
the rest of the paper, we suppose that uo(x) is bounded and uniformly continuous in
R . Our first main result for x-dependent F operators is presented below.

THEOREM 1.1. Let u(x, t) be the viscosity solution of (3), satisfying u(x,0) =
uo(x) in RN . There exists a unique exponent p(F) such that
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(i) If 1 < p < p(F), then Tax(u) < 00.
(ii) If p(F) < p, then there exists ug such that Ty (1) = o0.
Furthermore, if p €]1, p(F)[, then the solutions have finite-time blow-up.

Those results are obtained using comparison arguments between the viscosity sub-
and super-solutions of (3). For the construction of sub- and super-solutions, some of
the ideas are taken from [15] and [9].

The exponent p(F) is characterized by studying the long-time asymptotical behav-
ior of the solutions of

du = F(D?u,x) in RY x RY, 4)

for a class of initial condition u(x, 0) = ug(x), with some exponential spatial decay.
More precisely, we prove the existence of a unique o (F') > 0 such that for all u(x, ¢),
the solution of (4) satisfies

lim 1P Ju(, )llos < 00 (5)
11— 00
and for each o > «a(F), we have
lim t*[lu(:, 1)]loo = 00. (6)
—00

This «(F) is already found in [2] for the case of x-independent operator. For this
a(F), we characterize the Fujita-type exponent as

1
p(F) =1+ W'
For the particular case F(-, x) = tr(-) and ug(x) satisfying the above conditions, we
have «(A) = N/2 and p(A) = pa. Therefore, the result given in Theorem 1.1 is a
generalization of the result presented by Fujita in [4].
As our second and main result, we consider (1) for the critical and more delicate
case p = p(F).

THEOREM 1.2. Assume F(-) is a x-independent operator satisfying (FI), (F2).
Let u(x, t) be aviscosity solution of (1) satisfying u(x, 0) = uo(x). If p = p(F), then
u(x, t) has finite-time blow-up.

With this Theorem and the results of [10], we have a complete generalization of
the results for Eq. (2). Therefore, both results together can be seen as a sort of elliptic
analog of results of [1]. Some ideas for our approach can be found in [12] and [5].

Finally, we use the result of Theorem 1.2 to obtain qualitative results for equations
with more general reaction terms.

This article is organized as follows. In Sect. 1, we present some preliminaries defin-
ing the concept of viscosity solutions, and we prove the long-term asymptotic behavior
of solutions to (4). Section 3 is devoted to the proof of the two main Theorem. In Sect. 4,
we state and prove a more general version of our results with more general reaction
terms.
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2. Preliminaries

We begin by recalling the concept of solution we will use. For the equation we
consider, the natural concept is the viscosity solution. More precisely, we use the defi-
nition of the parabolic viscosity solution given in [8]. Below, we present the definition
used in this work. For this purpose, we will say that V c RV x RaL is a parabolic
neighborhood of (xp, 7o) if it has the form V x]#y — €, #p], where V' is a neighborhood
of xp.

DEFINITION 2.1. An upper semi-continuous function u:2 — R is a parabolic
viscosity sub solution of equation d;u = G(x, t,u, D*u) in Q if

e (x0. t0) < G(xo, 10, p(x0, 10), D*¢(x0. t9)) ©)
for any (xo, t9) € 2 and ¢ € C*(), such that u(xg, to) = ¢(xo, t9) and
u(x, 1) < @(x,t) forall (x,1) €V, ®)

where V is a parabolic neighborhood of (xo, tg). The functions ¢(xo, ty) are called
test functions of u in (xo, to).

Similarly, we define parabolic viscosity supersolutions considering u : 2 — R as
a lower semi-continuous function, satisfying (7) and (8) and switching “<” for “>".

Finally, a continuous function # : Q2 — R is a parabolic viscosity solution of
du = G(x,t,u, D?u) if it is both a parabolic viscosity subsolution and a parabolic
viscosity supersolution. In this paper, of course, G(x,t,s, X) = F(X,x) + f(u).
For the proofs, we used fundamental comparison arguments between viscosity sub-
and super-solutions. Below, we use the comparison criterion presented in [10]; see
Theorem 2.1. We continue now by presenting Pucci’s extremal operators.

Let [[%, A]] C Sy be the matrix space with eigenvalues in [A, A]. For M € Sy,
Pucci’s extremal operators are defined as

M (M) = inf (r AM), M}, (M)= sup (tr AM). 9

A A ) AcllbAL ) A,A( ) Ae[[AI,)A]]( ) ©)

They satisty (F1), (F2) directly by their definition. Moreover, for F satisfying (F1),
(F2), the following equation holds:

M; \(M) < F(M,x) < M (M) forall M € Sy, x € RN, (10)

Now, we want to find the asymptotic behaviors given in (5), (6).

We continue to assume that F' satisfies (F1), (F2), (F3), and the initial condition
up(x) # 0 non-negative function in BU C(RN), the space of bounded uniformly
continuous functions in R". We consider the Cauchy problem

_ 2 . N +
[atu_F(D u,x) in RV xR (11

u(x,0) = ug(x) in RN,
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We begin by considering the Eq. (11) with Pucci’s operators. Given the convexity and
concavity of these operators, using the existence result of [3], there is a global solution
for this case. For F satisfying (F1), (F2), (F3), from (10), using comparison arguments
and the Perron method, the problem (11) also has global solutions.

To obtain the asymptotic behavior for the solution of (11), we consider A(RY) c
BUC(RNM), a set of functions w(x) such that there exist Ag, By positive constants
such that w(x) < Ag exp{—ﬂ0||x||2}.

PROPOSITION 2.1. Let u(x, t) be a global viscosity solution of (11). If ug(x) €
A@RN), then there exists a unique o = o (F) such that (5), (6) hold.

For the proof, we need the following lemmas.

LEMMA 2.1. Let u(x,t) be the global solution for (11). If ug(x) € BUC(RN),
then for all B > O, there exist ty, C* positive constants such that u(x,ty) >

C*exp {—Bllx|}.
Proof. By the relation given in (10) and comparison arguments, the result is presented
with F(-, x) = M; 4 ().

From the concavity of the ./\/l;! A () operator, there exists w(x, t), classically satis-
fying

dw = M;j ,(D*w) in RV x RF

and the initial condition u(x, 0) = uo(x) in RV. For the existence and the regularity
of u(x, t), we use [3] and [14], respectively. By the strong maximum principle, we
can also assume that wo(x) > 0 in RV,

Letfy, @, ¥, Robe positive constants with Ry = 2/y /a. Define Q@ = RV \ B, (0),
and let ¢ (x, 1) € C*(Q2 X [1p/2, oo[) be given by

|x]2—
Pd(x,t) = exp {_atffo/Zy} X ER, 1> 10/2,
0, x e, t=1ty/2.

Taking o« = 1/(41), Qa)/B =19 and y > (AtoN)/(4)), we have
dp — M; 4 (D*¢) <0, in Qxlto/2. tol.

Let E = Qx]tp/2,19], and 9, E = 2 x {fo/2} U 92 x [t9/2, tp] be the parabolic

boundary of E.
Define
so = min w(x,t) >0,
[x|<Ro
to/2=t<ty

and ¢g(x, 1) = sp@(x, t). Because ¢ (x, t0/2) — w(x, t9/2) = —w(x, tp/2) < 0 for
x € Q,and do(x, 1) —w(x, 1) <O0for x| = Ry, tp/2 <t < 1o, using the comparison
principle of [7], we find ¢ (x, ) < w(x, t) in all E. Hence, the result follows because
(a)/t0 = B. U
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LEMMA 2.2. Let u(x, t) be a global solution of problem (11) with ug € ARM).
Then,

a(F, ug) ;= sup{a > 0 : limsup t*|ju; (-, )|lco < 00}, (12)
11— 00

is well defined.

Proof. Because ug € A(RY), there exist A, B positive constants such that ug(x) <

Aexp{—Bllx|?}.
Consider now

u(x, 1) = exp{—p)x|* + ¥ (1)}, 13)

with the sufficiently regular functions ¢, ¥ : [0, co[— [0, oo, to be determined.
For v(r, 1) with v(||x||, #) = u(x, ), from the radial representation of Pucci’s ex-
tremal operators, we have

ot — M (D%) = (—||x[1*(¢ + 4A¢?) + ¥/ + 2N rp)ut. (14)

Now, we consider ¢(t), ¥ (¢) such that ¢ + 4A<,02 =0,y +2Nxp = 0. From (14),
we have 0, — MIA(D2E) > 0in RN x R*. By substitution in (13), we obtain

0
A ||x||2].

(x. 1) = exp{¥ (O)}(1 + 4Ap(0)1) 24 exp [‘W

Taking ¢ (0) = 8 and exp{y/ (0)} = A, it follows directly that uo (x) < A exp{—pB||x||*} =
u(x, 0). Using (10) and comparison arguments, we obtain u(x, t) < u(x, t) in RN x
RY.

On the other hand, from Lemma 2.1, given B, there exist 7y, C* positive constants
such that u(x, to) > C* exp {—p||x|*}.

As in the above proof,

u(x, 1) = C*(1 + 4281~ % exp —LIIXIlz
1 +48Ar

classically satisfies dju < M;’A(ng) inRY x R*. So, by comparison, we have
u(x,t) <u(x,t+19) in RY x RY. (15)

From here and u(x, t) < u(x, t), we determine that o (F, ug) is well defined and

NA NA
— <a(F,uy) < —.
2A 2\

Now, we present the proof of Proposition 2.1.
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Proof Proposition 2.1:
Let u(l), u(z) e ARN). We need to prove that o (F, u(l)) =a(F, u(%), where « (F, uf)) is
defined in Lemma 2.2. Let u' (x, t) be the solutions of (11) with the respective initial
conditions ug, i=1,2.

Note that by assumption, there exist A; and 8 such thatu} (x) < A exp {—B1]|x]*}.
From Lemma 2.1, given 81, there exist fg, C* positive constants such that u?(x, 19) >
C*exp {—B1lx)*}. Thus,

C*
u(x, 10) < —up(x),
Ay

and by comparison,

*

C
W (x, to4+1) < —u'(x, ).
Ay

Hence, we obtain «(F, u(l)) > a(F, u(z)). In the same way, we obtain the reverse
inequality: therefore, o (F, u(l)) =ua(F, u%). O

3. Proofs of the main results

As mentioned in the Introduction, the results given in Theorem 1.1 are obtained
using comparison arguments between the viscosity sub- and super-solutions. To con-
struct those functions, we use the v(x, ) solution of (11) and the asymptotical results
presented in Proposition 2.1. We mainly follow the ideas presented in [9].

Proof of Theorem 1.1:
Part (i) Let p(F) = 1+1/a(F),witha(F) givenin Proposition2.1.Forall 1 < p <

p(F), the following holds: «(F) < ot From the asymptotic results given in (5),
p—

(6), for all v(x, ¢) satisfying (11), it holds that lim sup,_, /(=D lv(-, H)|loo = 00.
Therefore, there exist 7* > 0 and x* € RN such that

lTir;l(l—(p—l)l(v(x*,t))p_])=0, and l—(p—l)t(u(x,t))p_] > 0in RV x [0, T*[.
t *
(16)

Letu(x,t) =v(x,t)/(1—(p—1)t(v(x, t))”_l)ﬁ.ltis not hard to prove (see Lemma
4.1 of [10]) that u satisfies d;u < F(ng, x) + (w)? in RN %10, T*[. Moreover, from
(16), we have u blow-up at T*.

On the other hand, let u(x, r) be a solution of (3) satisfying the initial condition
uo(x). Asu(x, 0) = ug(x), by comparison, we have u(x, t) < u(x, t) inRY x [0, T*[.
Therefore Thax (1) < 0o, which is the result in the first case.

Part (ii) Let v(x, ) be a solution of (11). To obtain a global super solution, we
begin by presenting the following result. Using Proposition 2.1, there exists M| such
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that 1D Jv(-, )llee < My. If p > p(F), then we have a(F)(p — 1) > 1 directly.

Therefore, there exists 7y > 0 such that

o0 o0
eI ds < )P [ — 45 < 00
\ P lleo B8 = A s(p—Da(F) '
0 1o

o
By rescaling, there exists ug € BUC (RV) such that / lv(, s)||go_1 ds <
0

t -1/(p=1)
Under the condition above, for h(t) = (1 —(p— 1)/ Jlv(, s)||"’_l ds) ,
0

consider the function @(x, t) = h(f)v(x, t) defined in all RY x R*.

Given (xo, 1) € RY xR*, letg(x, t) be sufficiently regular such that (1 —¢) (x, ) >
(u — @) (x0, tp) = 01in V, a parabolic neighborhood of (xq, fo). From the definition of
u(x, 1), for y(x,1) = @(x,1)/h(t), we have (v — ¥)(x,1) = (v — ¥)(xo, %) =
0 in V. Thus, ¢ is a test function for v(x,t) in (xg,fy). Then, it holds that
o (xo, t9) > F(Dzw(xo, t9)). From the regularity of functions A(t), ¥ (x,t) the
following holds:

drp(x0, t0) = h(t0) 3 (xo, o) + ¥ (x0. t0)h (t0)
> h(10) F (D> (x0, o), X0) + ¥ (x0, 10)/ (10) a7
> F(D*p(x0, 10), X0) + ¥ (x0, 0)/(10).

Because u(xq, t9) = ¢(xo, to) and from the definition of function A (z), we have

W (xo, 10)hi(t9) = ¥ (x0, 10) |0 C-, 10) 155 hto)”
> ¥ (x0, 10) (v(x0, 10))” " hi(t9)”
> (Y (xo0, t0)) " h(to)?
> (¢(x0,20))” = (u(xo, 10))".

By substitution in (18), we have
drp(xo. 10) = F(D*¢(x0, 10), x0) + (@(x0, 10))".
Because the choice of (xg, 7o) and ¢(x, ) was arbitrary, function u(x, t) satisfies
&u > F(D’u,x)+ @)? in RY x RT.

Finally, taking u(x, t) = v(x, t) as a subsolution and using the Perron method, there
exists u(x,t), a global solution of (3), satisfying u(x,?) < u(x,t) < u(x,t) in
RN x RY. O

Based only on the asymptotic result, it is not possible to conclude directly that the
solutions are unbounded for the case p = p(F'). Generally, behaviors in the critical
cases are obtained using other types of tools.

In our second main result, we present the unbounded behavior of the solution of
Eq. (1) in the critical case. In the proof, we use the construction of self-similar solu-
tions presented in [10]. The proof presented is completely independent of the proofs
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in the semi-linear case. The idea of the proof is to show that the positive solutions of
equations of the form d;u = F(D?u)+2u?*) blow-up in finite time. Then, we obtain
the result by rescaling.

Proof of Theorem 1.2: For F(-,x) = F(-),let W(x, 1) = (t + 1) D (x//T + T)
be a solution of (4) where ® is a positive solution of

1
F(D*®) + 37 D® = —a(F)® in RY,

found in [10] (see also [2]). Moreover, we have W (-, 1) € ARY) for all # > 0, and
we can assume || P || = D(0).
Now, we want to find w(x, t) satisfying

dw = F(D’w) + (W(x, )" 1y inRY x R, and w(x, 0) = ug(x) in RY.

For this purpose, we use a comparison principle (see Theorem 2.1 in [10]) and the
Perron method with the supersolution w = ve€’, where v is a solution of (11) and
C = ®(0)?~!, and the subsolution w = W(x,t). Note that W(x,t) < w(x,1t), and
therefore, w satisfies ,w < F(D*w) + w?) in RN x RT.

Let  uy(x,1) = w(x,t)(1 — (p(F) — Dt (w(x, t))P<F>—1)ﬁ. Then, by
Lemma 4.1 of [10], we have

ity < F(Duy) +2(u)”® in RV 10, T1, and uy(x, 0) = ug(x) in RV,

for each T < Tiyax(u,). As in the previous proof, the idea is to obtain a result like
(16) for w(x, t). For this purpose, it suffices to work in the neighborhood of the point
where function w(x, ¢) reaches its maximum for a given 7.

For k € N, there exist (ax (F), ®;) € Rt x C(RV) satisfying

F(D*®) + 5y - DO = —o(F)®  in By(0)
Dr(y) >0 in By (0) (18)
Dr(y) =0 in 9B (0),

with
ax(F) =sup{u > 0: exists ¢ > 0, H(¢p) < —u¢ en Br(0), ¢(y) = 0in 0B (0)},

holding o (F) N\ a(F). See [10] for the proof. Here, By (0) denotes the ball of radius
k centered in x = 0.

Moreover, for Wy (x, 1) = (t + 1) "% Dy (x//1 + 1), we have 3, Uy = F(D>¥)
in B (0) x RT.

Take € > O suchthat ®(0) > 2 (e)l/(P(F)_l). Let N = N(¢)suchthat0 < oy (F)—
a(F) < e for all k > N. For this N, there exists 7o > 0 such that

Dx/Vi+1)> Dx/Vig + 1) > (€)/PE=D " foreach ||x|| < N, and 1 > 1.
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Then, (W (x, )"~ > —<
T

i for |x|| < N and ¢ > ty, and therefore, we have

dw > F(D*w) + ——w in By (0)x1ro00l,
t+7

holding w(x, ) > 0in d By (0) x [f9, ool.

Taking v(x,t) = (t + t)"“w(x, t), we have d;v > F(D?v) in By (0)x]tg, oo.
Based on comparison arguments in bounded domains, by rescaling, we can assume
Wy(x,t) < (@ + 1) “wx, t)in By(0) x [t9, ool.

From the previous result, and using € — (e (F) — o (F)) > 0, we have

lim (t 4+ 1)@V O2EN ot 0) < Tim *“Pw(-, 1)lleo = 00,
—o0 11— 00

and therefore, there exist 7* < oo and x* € RY such that
lTirTn (1 — (p(F) — Dt(w(x*, )P~ =0, and
t *
1 — (p(F) = Dt(w(x, )PP~ > 0in RN x [0, T*[.

Then, the solutions of problems d;u; = F(Dzug) +2(u2)p(F) in RN x Rt and
uz(x, 0) = up(x) in RY have finite-time blow-up.

Finally, if we suppose that u(x, t) is a global solution of (3), taking u>(x,t) =
(1 /2)1/ (P(F)=Dy(x, 1), we arrive at a contradiction of the previous result. [l

4. Comments

In [10], we present finite-time blow-up existence conditions for
du = F(D*u) + f(u) in RN x RT, (19)

with function £, a regular function, where f (1) = |u|P~u is a particular case. Under
certain conditions, we can associate the behaviors of f(s) fors — 0 with the behaviors
of the positive solutions of (19).

Let f : [0, co[— [0, oo[ satisfy

f1) f e c! (]Rg' ), convex and strictly non-decreasing, such that f(0) = 0.

* 1
(f2) / ds < oo forall s > 0.
s f)

The results in [10] are as follows:

sP(F)
(i) If lim sup
540 f(s)

sPF)+8

= 0, then the solutions of (19) have blow-up in finite time.

(ii) If limi %)nf > 0 for some § > 0, then (19) has non-trivial global solutions.
N

(s
From Theorem 1.2, we have the following corollary:
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p(F)
COROLLARY 4.1. Let f satisfy the conditions above. If lim sup Sf(
s40 s

< o0, the

positive solutions of (19) have finite-time blow-up.

o0

1
Proof. Let z(t; zo) satisfy z = f(z) and z(0; zo) = zo. Taking Q(s) = () dy,
N

we have

07" (Qz0) —1) if0 <1< Q)
0 if zo = 0.

z(t;20) = [

Moreover, for w(x, t) asubsolution of (19), the function u, (x, t) = Q_1 (Q(w(x,1)—
1) satisfies (again by Lemma 4.1 of [10]) 8;u, < F(D?u,) + 2f(u,) in RV x]0, T
forall 0 < T < Tiax(u5).

We show first that the solutions of

du=F(D*u) +2fw)inRY x RT (20)

blow-up in finite time, and then we obtain the result by rescaling.
Now, we want to find a subsolution w(x, t) for (19) such that there exist 0 < T* <

oo and x* € R¥ satisfying Q (w(x*, T*)) — T* = 0.
sPE)

For this purpose, we begin with lim sup
si0 S(s)

tions s”¥) | f(s), there exist € > 0 and ¢, > 0 such that

< 00. From the continuity of func-

cesPT) < f(s) for s < 2e. (1)
Assume ||uglloo < %e and consider w(x, t), global solutions of
dw = F(D*w) + cew? P (e —w) inRY x R,

satisfying w(x, 0) = up(x) in RY. This solution exists by the comparison princi-
ple (see Theorem 2.1 in [10]) and the Perron method together with the subsolu-

tion w a solution of (11). For the super solution for ¢ > 0, consider g(¢) such that

d
d—f = ceg”) (e — g) and g(0) = [lugloc. Because lim g(r) = €, W(x, 1) = g(t) is

a supersolution. Then, by comparison, we have w(x, 1) < € in RV x R(‘f . Moreover, if
lim ||w(-, )| < €, there exists § > 0 such that w(x, 1) < € — & forall (x, ) € RN x
—00

R*. Taking ws (x, 1) = 8"/PF) =Dy (x, 1), we have d,ws = F(D*ws) + ccwf" in
RY x R*, which contradicts Theorem 1.2. Then, the following holds:

lim [|w(:, Dl = €. (22)
1—00

From (21), we have cc(w(x, 1))’ (e — w(x, 1)) < ce(w(x, )P < f(w(x,1).
Then,

dw < F(D*w) + f(w) en RN x RT.
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From (22) and using condition (f2), we have liTm O(JJlw(-, t)|loo) < 00, and therefore,
100
lim Q([lw(:, 1)]loc) — 1 = —00.
ttoo

Then, equation Q(w(x,?)) — ¢t = 0 has a solution; therefore, function u,(x,t) =
0 N O(w(x, 1)) — 1) satisfies (see Lemma 4.1 of [10]) Oy < F(ngz) +2f(u,)
inR¥x1]0,T] forall0 < T < Tiax(15) and Tmax(u,) < o0o. By comparison, the
solutions of (20) have finite-time blow-up.

Finally, if we suppose that there exists u#(x, t) a global solution of (19), taking
us(x, 1) = u(x/2x, 2t), we reach a contradiction with the previous result. O

The model function without power form is f(s) = (1 + s) In”(1 4 s). From the

previous result and the results in [10] for the Cauchy problem,
u=F(D?*u)+ (1 +u)ln?(14+u) inRN x Rt 23)
u(x, 0) = uo(x) in RV,

we have:

If1 < p < p(F), then Tax (1) < o0.
If p > p(F), there exists ug such that Tiax (1) = o0.
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