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CONSTANT MEAN CURVATURE HYPERSURFACES
CONDENSING ON A SUBMANIFOLD

F. MauMouDI1, R. MAZZEO AND F. PACARD

1 Introduction

Let S be an oriented embedded (or possibly immersed) hypersurface in a
Riemannian manifold (M™*!, g). The shape operator Ag is the symmet-
ric endomorphism of the tangent bundle T'S associated with the second
fundamental form of S, bg, by
bs(X,Y)=9s(4sX,Y), VXY eTS; here gs = g|rs .
The eigenvalues x; of the shape operator Ag are the principal curvatures
of the hypersurface S. The mean curvature Hg is defined to be the average
of these principal curvatures:
H(S):=2(k1+ ...+ k).

Constant mean curvature (CMC) hypersurfaces in a compact Rieman-
nian manifold (M™*! g) constitute an important class of submanifolds
and have been studied extensively. In this paper we are interested in de-
generating families of such submanifolds which ‘condense’ to a submanifold
K* < M™*t of codimension greater than 1. It is not hard to see that
the closer a CMC hypersurface is (e.g. in the Hausdorff metric) to such a
submanifold, the larger its mean curvature must be; in other words, the
mean curvatures of the elements of a condensing family of CMC hypersur-
faces must tend to infinity. Less obvious is the fact that under fairly mild
geometric assumptions, cf. [MaP2], the existence of such a family implies
that K is minimal. Two cases have been studied previously: Ye [Y1,2],
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proved the existence of a local foliation by constant mean curvature hy-
persurfaces condensing to a point (which is required to be a nondegenerate
critical point of the scalar curvature function); more recently, the second
and third authors [MaP2] proved the existence of a ‘partial foliation’ by
constant mean curvature hypersurfaces in a neighborhood of a nondegen-
erate closed geodesic. In this paper we extend the result and methods of
[MaP2] to handle the general case, when K is an arbitrary nondegenerate
minimal submanifold (no extra curvature hypotheses are required). As we
explain below, this more general problem has a number of new analytic
and geometric features, and despite the apparent similarities with the case
when K is one-dimensional, is considerably more subtle to analyze.

We now describe our result in more detail. Let K* be a closed (embed-
ded or immersed) submanifold in M™* 1 < k < m — 1; the geodesic tube
of radius p about K is the set

S, = {q e M™ttL. disty(g, K) = p}.
This is a smooth (immersed) hypersurface provided p is smaller than the
radius of curvature of K, and henceforth we always tacitly assume that this
is the case. An elementary computation shows that the mean curvature at

any point of this tube satisfies

H<5p)=n7;1/>‘1+0(1) as p\,0, n=m+1—k.

At first glance, it seems plausible that we should be able to perturb this
tube slightly to obtain a constant mean curvature hypersurface with H =
"W_l p~!. The standard method to do this is to consider all nearby hyper-
surfaces which can be written as normal graphs over S, and to consider
the constant mean curvature equation as a nonlinear elliptic equation, to
which one can apply familiar PDE methods. More specifically, one expects
to be able to find the solution by a contraction mapping argument using
the inverse of the linearized mean curvature operator (also known as the
Jacobi operator). The complication is that as the mean curvatures of Sp
become more nearly constant, the geometry is degenerating, so this must
be treated as a singular perturbation problem.

There are two potential obstacles to carrying this out. First, for general
submanifolds K, the difference H(S,) — ((n —1)/m)p~! does not decay as
p — 0, but is only bounded, and it turns out that this error term is too
large to solve away. When K is minimal, however, one obtains (cf. §4) the
finer estimate

H(S,) = Pt +0(p),
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and one can then proceed. Second, however, it is necessary that the Jacobi
operator on S, be invertible. This is not true at all radii; indeed, there
is a spectral flow of eigenvalues of this operator across zero as p — 0.
Fortunately, so long as one assumes that K itself is nondegenerate as a
minimal submanifold (i.e. its Jacobi operator is invertible), one can control
the rate of this spectral flow as a function of p, and hence deduce the
existence of infinitely many disjoint intervals in the p axis converging to
zero and which are disjoint from these ‘resonant’ values. It is necessary
to deduce that these nonresonant intervals are large, so as to control the
norm of the inverse of the Jacobi operator. Unfortunately, even then the
error term may be too large, so to combat this, we need to obtain much
better approximate solutions. These are constructed using a preliminary
finite iteration based on the invertibility of the Jacobi operator of K as well
as another very crude approximation to the Jacobi operator for S’p.
In the end, we prove the following:

Theorem 1.1. Let K*¥ ¢ M™*! be a closed (embedded or immersed)
minimal submanifold, 1 < k < m — 1, which is nondegenerate in the
sense that its Jacobi operator is invertible. There exists an open subset
I C (0, po), which is a countable union of disjoint open intervals, such that
for all p € I, the geodesic tube S’p may be perturbed to a constant mean
curvature hypersurface S, with H = ”7_1 p~ L. This set I is quite large in
the sense that for any q > 2, there exists a constant c; > 0 such that

[H((0,p) N 1) = p| < cqp?,
where H! denotes 1-dimensional Hausdorff measure. Furthermore, the in-

dex of the hypersurface S, (for the quadratic form associated to its Jacobi
operators) tends to +oo as p — 0, p € I.

The nondegeneracy condition on K imposed here is a mild restriction
which holds for generic metrics on M [W]. Also, for arbitrary metrics on M
it is definitely not possible to obtain a smooth family of hypersurfaces S,
for every single radius p > 0. Indeed, for generic metrics, the moduli space
of all CMC hypersurfaces (with mean curvatures assuming any value in R)
is a smooth one-dimensional manifold, and the fact that the Morse index
attains infinitely many values shows that this moduli space has infinitely
many components. For special (nongeneric) metrics, the moduli space may
be connected, but singular, and the phenomenon of resonant radii should
correspond to other families of CMC hypersurfaces bifurcating from this
main ‘tubular’ family. Explicit examples of this are known when k = 1,
cf. [MaP2], and in more general cases (also when k£ > 1) can be obtained



Vol. 16, 2006 CMC HYPERSURFACES CONDENSING ON A SUBMANIFOLD 927

by general bifurcation-theoretic techniques as in [MaP1]. When k = 1
the elements of these bifurcating families have undulations modelled on
Delaunay surfaces, but the geometric picture when k£ > 1 is unknown. (A
similar bifurcation phenomenon appears in [MM1], and of course in many
other settings too.) Finally, we note that an immediate corollary of this
theorem is the existence of CMC hypersurfaces with nontrivial topology in
any compact Riemannian manifold.

As already noted, our earlier proof of this theorem for the case k = 1
[MaP2] follows the same general pattern, but is substantially easier in all
the main technical points. Perhaps the biggest difference is that in this one-
dimensional case, the spectral gaps are automatically large and so there is
no need to estimate these or to find a sequence of improved approximate
solutions. Several new ideas are needed in order to extend the result to the
general case. These ideas were inspired by recent work of Malchiodi and
Montenegro in a somewhat different context [MM2], [M], cf. also related
work by Shatah and Zeng concerning existence of periodic solutions for a
penalized Hamiltonian system [ShZ].

Before continuing with a more detailed explanation of the contents of
this paper, we make some further remarks about the geometric problem.
One interesting question is to determine the extent to which our result
has a converse; in other words, one would like to study possible limits
of ‘condensing families of CMC hypersurfaces. This requires, however, a
more general definition of this geometric condensation. One possibility is to
consider weak limits of rescaled area and curvature densities. For example,
for the family S, constructed in Theorem 1.1, we have

PETHMLS, = W s HELK (1.1)
and, for all ¢ > 1,

PP Ag [TH™L S, — (m — k) 2w, HRC K (1.2)
as p \, 0; here |Ag|? := Tr((As)! Ag) is the norm squared of the shape
operator. In fact, the behaviour of these limits is easy to deduce for the
tubes S,, and the analogues of (1.1) and (1.2) for the family of solutions S,
are obtained because we have good quantitative control of the deviation
of these surfaces from the S’p. This leads one to think that one should be
considering more general families of CMC surfaces X, satisfying both (1.1)
and (1.2) for some submanifold K. The point is that, as is well known
in geometric measure theory, the limit is a submanifold K along with a
density function on K, but the limit need not be supported along a smooth
submanifold. Furthermore, it is unreasonable to expect the limit always to
be supported along a smooth submanifold.
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To give some sort of illustration of what might happen, we note that
one should be able to construct families of constant mean curvature hyper-
surfaces which condense along submanifolds with singularities, which are
still minimal in an appropriate sense. A simple example of this is when the
family 3, is the homothetic rescaling of a fixed Delaunay triunduloid in R3.
The geometric limit is a union of three rays meeting at a common vertex,
and the area density converges to this set with a density computable from
the Delaunay necksize on that end of the original triunduloid. Each ray is
minimal, of course, and this configuration of rays with density is ‘balanced’
in the sense that the weighted sum of the vectors along the rays vanishes.
One would hope to be able to prove some sort of structure theorem for
limiting configurations in greater generality.

As a preliminary step in this direction, Rosenberg has recently proved
[R] that if S is an embedded surface with constant mean curvature H in
a compact Riemannian 3-manifold (M, g), then if H is sufficiently large, S
separates M into two components. Furthermore, there exists a constant c
depending only on (M, g) such that the mean convex component of M \ S
does not contain any geodesic ball of radius ¢/H. This says intuitively that
S is contained in a cylinder of radius ¢/H around some 1-dimensional set,
which one expects in general can be taken as a geodesic network in M.

We now conclude this introduction with an overview of the rest of this
paper. Because of the rather technical nature of the proof of our main
result, we shall make this overview fairly detailed.

The first step, in §2, is to derive the Taylor expansion of the metric g in
Fermi coordinates about K up to second order. This is a fairly routine ge-
ometric calculation, which is quite similar to the one in [MaP2] for the case
when K is a curve, but we present it anyway since it should help prepare
the reader for what comes later. We next define the class of perturbations
of the geodesic tubes S'p. It turns out to be most convenient to describe
these using a two step process: first deform the minimal submanifold K in
the normal direction to a new k-dimensional submanifold, then form the
tube of radius p around this new submanifold and finally take a normal
graph over this tube by some function w. The first of these deformations
corresponds to a section ¢ of the normal bundle NK. For each k € K, the
normal vector ®(k) determines a linear (height) function g(®,-) on NiK,
or equivalently an element of the first nonzero eigenspace of the Lapla-
cian on the fibre of the spherical normal bundle at that point. Because of
this, we can eliminate a redundancy in the parametrization by demanding



Vol. 16, 2006 CMC HYPERSURFACES CONDENSING ON A SUBMANIFOLD 929

that w be orthogonal to this eigenspace on each such fibre. We have thus
parametrized nearby surfaces by pairs (w,®), defined and satisfying the
restrictions as written above and so denote them as S,(w, ®). We explain
the role of this normal perturbation in more detail below.

The main work in the long technical §3 is to calculate the mean curva-
ture of S,(w, ®) as a nonlinear elliptic partial differential operator, depend-
ing on p, acting on (w, ®). This requires first computing the metric (§3.3),
the unit normal vector (§3.4) and the second fundamental form (the very
intricate §3.5). During these calculations it is important to gather together
various different types of error terms, some of which depend linearly and
some nonlinearly on (w,®), and some of which are inhomogeneous terms
vanishing to some order in p. To obtain the best forms for these various
expressions, we replace w by pw; more seriously, it turns out to be helpful
to rescale the local coordinates in K by p, and to consider ® (but not w)
as a function of these rescaled coordinates. (The simultaneous use of ‘slow’
and ‘fast’ variables is commonplace in the study of homogenization prob-
lems.) The final expression (4.26) for the mean curvature of S,(w, ®) then
involves several familiar pieces: the Jacobi operator for K, Jx, the model
operator £, = —(p?Ax + Agn-1 + (n — 1)) (which can be interpreted as
acting on functions on the spherical normal bundle SNK), the contrac-
tion of the Hessian of w on K with the second fundamental form, and
various error terms. The natural sizes of both w and ® are O(p?). The
decomposition of functions on SN K into those which are orthogonal to the
linear functions on each fibre and the fibrewise linear functions, expressed
as v = pw + g(0, D), is also discussed at the end of §4.

Following these preliminaries, the actual construction can now be de-
scribed. Because the inverse of the Jacobi operator is fairly large, we first
improve the approximate solution so that it vanishes to some arbitrarily
large order in p. This is accomplished in §5 using a finite iteration using
the inverse of the operator

—(Agn1 + (n— 1)) + pg(Tx+, ©)

(the two terms here act separately on (w, ®)). Notice that we are omitting
the term Ay from £, in this step; the point is that the two terms are
completely decoupled, so we are solving for the first operator acting on
the subspace of L?(SNK) orthogonal to the nullspace of this operator,
where the position on K is only a parameter, and the second acting on
sections of NK, interpreted as being the complement in L? of the previous
subspace. Given any positive integer 7, we can now arrange that the error
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term vanishes like p’. Notice, however, that it would be impossible to use
this simpler operator for the full infinite iteration because it does not gain
regularity for w in the K directions.

Now denote the linearized mean curvature operator about this improved
approximate solution (and with all of the preceding normalizations) by L, ;.
As explained earlier, there is a spectral flow across 0 for this operator as
p — 0, and hence there exists an infinite sequence of values p; — 0 at which
IL,; is not invertible. We are interested in estimating the size of the spectral
gaps, which determine the size of the norm of the inverse. This is equivalent
to understanding the rate of this spectral flow. The usual formula for the
variation of eigenvalues with respect to p must be interpreted carefully, to
allow for multiplicities, but there is a good formalism for this, so in §6 we
show that the eigenvalues near 0 are monotone decreasing in p (when p is
small), and hence obtain an estimate for the size of the spectral gaps, and
for the Morse index of L., ;.

With all of these preliminaries, the final step of solving the precise
equation to obtain a CMC perturbation of S, is straightforward, and is
carried out in §7.

To clarify the need for such an intricate construction, let us recall the
steps in Ye’s construction [Y1], corresponding to the case k = 0, and con-
trast them with the ones here. In [Y1], one is trying to perturb the geodesic
sphere of radius p around a point p € M to have constant mean curvature.
In order to find an approximate solution to one order better than initially
expected, it is necessary to assume that p is a critical point of the scalar
curvature function; here, when k& > 0, this property is guaranteed by the
minimality of K. Next, for any value of k, the linearized operator is ‘nearly
degenerate’. When k = 0, the dimension of the ‘approximate nullspace’,
i.e. the number of small (possibly vanishing) eigenvalues is equal to n and
the translations of the center of the geodesic sphere provide the correct
set of extra parameters to compensate for the corresponding ‘approximate
cokernel’. When k > 0, on the other hand, the number of small eigenvalues
tends to infinity as p \, 0, so one needs in practice an infinite number of
parameters to compensate. This is precisely the role of the normal per-
turbation ® of K; the nondegeneracy of the Jacobi operator of K (which
is trivial when k& = 0) is needed to use these parameters effectively. Note
that when k& = 0 or 1 it is unnecessary to find an improved approximate
solution because one has good estimates for the inverse of the linearization,
but these fail when k£ > 1. At any rate, the preliminary normal translation
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of K by ® when k& > 1 corresponds precisely to the translation parameter
of the center of the sphere in Ye’s construction.

We emphasize again that despite the many formal similarities of this
problem when k£ = 1 and k£ > 1, there is a much better a priori understand-
ing of the geometry and analysis when K is a curve; the turning points
of this family of CMC tubes when k& > 1 remain unclear from a geometric
point of view, and as explained above, the details of the analysis needed
for the construction are substantially different too.

2 Expansion of the Metric in Fermi Coordinates Near K

2.1 Fermi coordinates. We now introduce Fermi coordinates in a
neighborhood of K. For a given p € K, there is a natural splitting

Ty,M =T,K ® Np,K .

Choose orthonormal bases E,, a = n +1,...,m + 1, for T,K, and L,
i=1,...,n, of NK.

NOTATION. We shall always use the convention that indices a, b, c,d,--- €
{n+1,...,m+1}, indices i, j, k,¢,--- € {1,...,n} and indices «, 3,7, - €
{1,...,m+1}.

Consider, in a neighborhood of p in K, normal geodesic coordinates
fly) =expf (y*Eq), y:= """, .. y"),
where expX is the exponential map on K and summation over repeated in-

dices is understood. This yields the coordinate vector fields X := fi(Oya).
For any E € T, K, the curve

s — yE(s) = exp (sE)
is a geodesic in K, so that
vXaXb‘p € NpK.
We define the numbers I‘fzb by
Vx, Xol, = ThyEi-
Now extend the F; along each ~vg(s) so that they are parallel with
respect to the induced connection on the normal bundle NK. This yields

an orthonormal frame field X; for NK in a neighborhood of p in K which

satisfies
vXaXi‘p S TpK,

and hence defines coefficients T, by
Vx,Xil, =T0Ep.
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A coordinate system in a neighborhood of p in M is now defined by

F(x7 y) = exp‘]f\{y) (xZXZ) ) (:1;7 y) = (x:l? A 7:I:n7 yn+17 A 7ym+1) )

with corresponding coordinate vector fields
X; = F,(0,) and X, := F(Oya).
By construction, X, |, = Eq,.
2.2 Taylor expansion of the metric. As usual, the Fermi coordinates
above are defined so that the metric coefficients

ga,@ = g(XOmXﬂ) ’
equal o3 at p; furthermore, g(X3, X;) = 0 in some neighborhood of p in K.
This implies that

Xa9(Xp, Xi) = 9(Vx, Xp, Xi) + 9(Xp, Vx,Xi) =0,
on K, which yields the identity,

Tap+Ta; =0, (233)
at p.
Denote by I'’ : N,K — R the linear form
To() = —9(VE, Ev,") = 9(VE, -, Bp) - (2.4)

We now compute higher terms in the Taylor expansions of the functions g,3.
The metric coefficients at ¢ := F'(x,0) are given in terms of geometric data
at p:= F(0,0) and |z| = dist,(p, ).
NOTATION. The symbol O(|z|") indicates a function such that it and its
partial derivatives of any order, with respect to the vector fields X, and
z'X, are bounded by c|z|" in some fixed neighborhood of 0.
We begin with the expansion of the covariant derivative.
LEMMA 2.1. At the point of ¢ = F(x,0), the following expansions hold
Vx, Xj = O(lz) Xy,
Vi, Xy = ~TH(E)X; + O(la]) X, (2.5)
Vx.Xi = Vi, Xo = To(E) Xy + O(|z]) X,

Proof. Observe that, because we are using coordinate vector fields, Vx, Xz
= Vx, X, for any a, 3. We also have Vx, X |, = 0 since any X € N, K is
tangent to the geodesic s — expé\/[ (sX), and hence

in—i—Xj (XZ + Xj)‘p =0.
Therefore

(VX,L-X]' + VXin)‘p =0,
and this completes the proof of the first estimate.
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We have by construction
Vi, Xp = Ty Xi + O(J]) X
and )
Vx,Xi=Vx,Xe =T, Xy + O(|2)) X5 .

The next two estimates follow from the definition of ' and (2.3). O

We now give the expansion of the metric coefficients. The expansion of
the g5, 1,5 = 1,...,n, agrees with the well-known expansion for the metric
in normal coordinates [SY], [LeP], [Wi], but we briefly recall the proof here
for completeness.

PROPOSITION 2.1. At the point ¢ = F(z,0), the following expansions
hold

g,-j = (5,']' + %Q(R(Ek, Ei)Eg, Ej)xkazé + O(‘$|3) s
Gai = O(|l’|2), (26)
9ab = 0ab+2T5(Ei)z'+ [g(R(Ek, Ea) Eo, Ey)+T5 (B )T Ey)] 2"z +0(|2]?),

where summation over repeated indices is understood.

Proof. By construction, g,g = 043 at p, and so
9ap = ap + O(|z]) .

Now, from

Xigap = 9(Vx, Xa, X3) + 9(Xa, Vx, Xp3)
and Lemma 2.1, we get
Xigaj‘p =0, Xz‘gjk;|p =0 and Xz'gab|p =T0, +T¢ = 2T},

This yields the first order Taylor expansion
9aj = O(|2*),  gij = 65 + O(|a*)  and  gap = dap + 2T 02" + O(Jz]?) .

To compute the second order terms, it suffices to compute X Xy g, at
p and polarize (i.e. replace Xj by X; + X, etc.). We compute

XiXkap = 9(Vi, Xar X3) +9(Xa, Vi, X5) +29(Vx, Xa, Vx, Xg) . (2.7)
To proceed, first observe that
VxX ' = V2){‘)( P’ =0,

at p’ € K, for any X € Ny K. Indeed, for all p’ € K, X € Ny K is tangent
to the geodesic s — expi‘f(sX), and so VxX = Vg(X = 0 at the point p'.

In particular, taking X = X}, + X, we obtain

0= vXk-i-EvaXk-i-an (Xk + EXj)‘p7

equating the coefficient of € to 0 gives Vx,Vx, Xy |, = —2Vx, Vx, X |,
and hence

3V, X;|, = R(Ey, Ej) By ,
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So finally, using (2.7) together with the result of Lemma 2.1, we get
Xk:Xk:gz’j‘p = 2 g(R(E, E;)Ey, Ej) .

The formula for the second order Taylor coefficient for g;; now follows at
once.

Recall that, since X, are coordinate vector fields, we have from (2.7)

Vi, Xy =V, Vx, X = Vx, Vi, Xi + R(Xi, X1) X, -
Using (2.7), this yields
X, Xpgab = 29(R( Xk, Xa) Xk, Xo) + 29(Vx, Xa, Vi, Xp)
+9(Vx, Vx, X, Xo) + 9(Xa, Vx,Vx, Xk)
Using the result of Lemma 2.1 together with the fact that VxX = 0 at
p' € K for any X € Ny K, we conclude that
X Xrgab|, = 29(R(Ey, Eq)Ey, Ep) + 2T, T'g.

and using the definition of T given in (2.4) this gives the formula for the
second order Taylor expansion for ggu,. O

Later on, we will need an expansion of some covariant derivatives which
is more accurate than the one given in Lemma 2.1. These are given in

LEMMA 2.2. At the point ¢ = F(x,0), the following expansion holds:
Vx,Xo = ~T%E)X; — g(R(Ei, E.)Ej, Ep) 2" X;
+ 3 (9(R(Ea, E)Ei, By) — T4(E)TUE)) — T4 (B)TA(E:))z' X,
+ O(Jz|)* X + O(|ZL‘|2)]X]' (2.8)
where summation over repeated indices is understood.
Proof. We compute
Xig(Vx,Xp, Xj) = 9(Vx,Vx, X0, Xj) + 9(Vx, Xp, Vx, X;)
= g(R(Xi, Xa) Xp, X;j) + 9(Vx,Vx, Xi, X;) + 9(Vx, Xp, Vi, Xj) .
Observe that, by construction, we have arranged in such a way that
ViXatex, Xi = (g + ') Xe
along the geodesic s — expf (s(E, + €Ey)). Hence, along this geodesic
Virex, Xi = (Xa+Xp) (Tg +e05)) X+ (05 +e05) VX, pex, Xe - (29)
Evaluating this at the point p and looking for the coefficient of £, we obtain
(VXavaXi + vavXaXi){p — (ngVXch + ngVXaXc)‘p S TpK.
Hence we get
9(Vx.Vx, X, X)), + 9(Vx, Vx, Xi, Xj)|, = Toi9(Vx, Xe, X)),
+T59(Vx. Xe, X)),

=T¢T] + 5Ty

ac
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Finally, we use the fact that

9(Vx,Vx.Xi, X;) = g(R(Xp, Xo) Xi, Xj) + 9(Vx,Vx,Xi, X;)
to conclude that, at the point p

29(Vx,Vx, X5, X;)|, = 9(R(Ea, Ey) Ei, Bj) + T4, + T4T%,..
Collecting these estimates together with the fact that inXj|p =0 we
conclude that

2Xig(vXaXb7 X]) ‘p

= —29(R(E;, E,)Ej, By) + g(R(Eo, Ey)E;, E;) + TS, + 5T,
This, together with the fact that g;; = &;; + O(|z|)?, easily implies (2.8). O

3 Geometry of Tubes

We derive expansions as p tends to 0 for the metric, second fundamental
form and mean curvature of the tubes S, and their perturbations. This is
an extension of the computation in [MaP2].

3.1 Perturbed tubes. We now describe a suitable class of deforma-
tions of the geodesic tubes S’p, depending on a section ® of NK and a
scalar function w on the spherical normal bundle SN K.

Fix p > 0. It will be convenient to introduce the scaled variable § = y/p;
we also use a local parametrization z — O(z) of S"~!. Now define the map

G(2,9) == F(p(1 +w(z,9)0(2) + 2(p7), p7) ,
and denote its image by S,(w, ®), so in particular
S,(0,0)=S,.
NOTATION.  Because of the definition of these hypersurfaces using the

exponential map, various vector fields we shall use may be regarded either
as fields along K or along S,(w, ®). To help allay this confusion, we write

=D E;, Oui=0pPE;, Qg =00,y E;,
O := @jEj s @z = 8Zi®jEj .
These are all vectors in the tangent space T, M at the fixed point p € K.
On the other hand, the vectors

Ui=0'X;, U, =0.0X;,
T:=0'X;, Y;:=0,.0'X;,
lie in the tangent space T,M, q = F(z,y).
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For brevity, we also write
wj = 0,w, Wg:=O0pw, w;:= 00w,
Wgp := OpaOppw,  wWgj := Ogadyw.
In terms of all this notation, the tangent space to S,(w, ®) at any point
is spanned by the vectors
Z;=Gi(0,5) = p((1+w)Yj +w;Y), j=1...,n—1,

(3.10)
Zg = Gy (0ga) = p(Xqg +wa X + ¥,), a=n+1,...,m+1.

3.2 Notation for error terms. The formulas for the various geomet-
ric quantities of S,(w,®) are potentially very complicated, and so it is
important to condense notation as much as possible. Fortunately, we do
not need to know the full structure of all of these quantities. Because it is
so fundamental, we have isolated the notational conventions we shall use
in this separate subsection.

Any expression of the form L(w,®) denotes a linear combination of
the functions w together with its derivatives with respect to the vector
fields p X, and X; up to order 2, and ®’ together with their derivatives
with respect to the vector fields X, up to order 2. The coefficients are
assumed to be smooth functions on SN K which are bounded by a constant
independent of p in the C* topology (i.e. derivatives taken with respect to
X, and Xj;).

Similarly, an expression of the form Q(w, ®) denotes a nonlinear opera-
tor in the functions w together with its derivatives with respect to the vec-
tor fields p X, and X; up to order 2, and ®’ together with their derivatives
with respect to the vector fields X, up to order 2. Again, the coefficients of
the Taylor expansion of the corresponding differential operator are smooth
functions on SN K which are bounded by a constant independent of p in
the C* topology, and @ which vanishes quadratically at (w,®) = (0,0).

In order to keep notation as simple as possible in the technical proofs,
we will use the condensed notation L and @ instead of L(w, ®) and Q(w, ®).

Finally, any term denoted O(p?) is a smooth function on SNK which
is bounded by a constant times p? in the C* topology.

3.3 The first fundamental form. The next step is the computation
of the coefficients of the first fundamental form of S,(w, ®). We set
q:=G(z,0) = F(p(1 4+ w(z,0))0(z) + ©(0),0)
and p := G(0,0). We obtain directly from (2.6) that
g(Xa, Xb) = Ogp + ZpFZ(Q) + O(:O2) + QFZ((I)) + pL(w, CD) + Q(wa CD) )
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2
9(Xi, X;j) = 6ij + 59(R(O, E;)©, E;j) + O(p°) + §(9(R(©, E))®, E;)
+9(R(®, E;)©, Ej)) + p*L(w, ®) + Q(w, D)
9(Xi, Xa) = O(p) + pL(w, @) + Q(w, D). (3.11)
We now explain a simple argument which will be used frequently through-
out the paper. Using the previous expansions, we compute
2
g(T¢ T]) = g(®a @j) + %Q(R(Qa @)@> ®]) + O(:OS)
+4(9(R(0,0)®,0;) + g(R(®,0)0,6;)) + p’L(w, ®) + Q(w, P).
However, when w = 0 and ® =0, g(Y,Y;) = 0 since T is normal and T
is tangent to S,(0,0) then, so that the sum of the first three terms on the
right, which is independent of w and ®, must also vanish. This, together
with the fact that R(©,©) = 0 implies that
g(T¢ T]) = %g(R(CI), @)@> 63) + sz(wa CD) + Q(w> (I)) . (312)
Using similar arguments, we have
2
g(T¢ T) = g(@¢ 6) + %Q(R(@a ®)®a @j) + O(p3)
+£(9(R(©,0)2,8) + g(R(®,0)0,0)) + p’L(w, @) + Q(w, ®).
This, together with the fact that g(,Y) = 1 when w = 0 and ® = 0, yields
g(0, 1) =1+ p?L(w, ®) + Q(w, D). (3.13)
Using these expansions is is easy to obtain the expansion of the first
fundamental form of S,(w, ®).
ProprosITION 3.1. We have
P 29(Za, Zy) = by + 20T5(©) + O(p°) + 2T5(®@) + pL(w, @) + Q(w, P) ,
p9(Za, Zj) = O(p°) + L(w, @) + Q(w, @),
_ 2
p~29(Zi, Z;) = 9(0:,0;) + 59(R(0,0:)0,0;) + O(p”) +29(6;, ©;)w

+ P L(w, ) + Q(w, P), (3.14)
where summation over repeated indices is understood.

3.4 The normal vector field. Our next task is to understand the
dependence on (w, ®) of the unit normal N to S,(w, ®). Define the normal
(not unitary) vector field

Ni=-T+1('Zj+ %),
where the coefficients o/ and 8% are chosen so that N is orthogonal to all
of the Z; and Z;. The unit normal vector field S,(w, ®) is defined by

= N
N = N -
We have the following;:
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PROPOSITION 3.2. With the above notation, the coefficients o’ are solu-
tions of the system
g(@i, @j)aj = wi—l—gg(R(@, @)@, @i)+p2L(w, @)—FQ(U}, (I)) y ’i:1, ce ,n—l s
where summation over j is understood, and the expansion of the coefficients
6% is given by
B = wz + g(Pq,0) + pL(w, P) + Q(w, D).
Finally N
INITH =14 p’L(w, @) + Q(w, D).
Proof. We look for coefficients of and 4% so that that N is orthogonal to
all of the Z; and Z;. This leads to a linear system for o/ and 3.
We have the following expansions
9(Y, Za) = pwa + pg(Pa, ©) + p’L + pQ,

Q(Tﬂ Zj) = pw; + %g(R(CI)? 0)6, @]) + ng + Q.

These follow from (3.11), (3.12) and (3.13), together with the fact that
9(Y,Zz) =0 and ¢g(Y,Z;) =0 when w = 0 and ® = 0.

Using Proposition 3.1, we get with little work the expansions for both

(3% and the system o/ satisfy. Collecting these, the estimate for the norm

of N follows at once. O

(3.15)

3.5 The second fundamental form. We now compute the second
fundamental form. To simplify the computations below, we henceforth
assume that, at the point ©(z) € S" 1,
g(@i,@j) :51']' and v@i@j :O, i,j:1,...,n—1, (3.16)
(where V is the connection on T'S™~1).
PRrROPOSITION 3.3. The following expansions hold:
p29(N,V 2,25) = T4(©) + pg(R(©, E4)©, E,) + pl'(O)T4(0) + O(p?)
- % Waa — g((I)aaa 6) + g(R(CI), Ea)(_')) Ea) + I‘;(@)Fg(@)
—w;I'5(0;) + pL(w, @) + %Q(w, D),
p29(N,Vz,Z;) = L + 3pg(R(©,0,)8,0;) + O(p*)
= s wij+ 5w+ 39(R(2,0,)0,6;)
+pL(w, @) + 5 Q(w, @), (3.17)
p29(N,V2,7;) = T5(0) = Lwg + O(p) + L(w, @) + L Q(w, ®),  ab,
p29(N,V2,Z;) = O(p) + % L(w, ®) + L Q(w, D),
p29(N,V2,2;) = O(p) + 1 L(w,®) + L Q(w, ®), i ],
where summation over repeated indices is understood.
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Proof. Some preliminary computations are needed. First note that by
Lemma 2.1, we have

Vx, Xy =TH(E)Xi + (O(p) + L+ Q) X,
Vx. X; = (0(p) + L+ Q) X, (3.18)
Vx, Xi = ~To(E) Xy + (0(p) + L+ Q) X,
In particular, this, together with the expression of Z3, implies that
V2. X = pLY(E)X; + (0(p?) + pL + pQ) X,
V2. Xi = —pUo(E) Xy + (O(p°) + pL + pQ) X .
We will also need the following expansion which follows from the result of
Lemma 2.2:

V., Xo =T5(Ej)X; — g(R(p© + @, E,)Ej, Ey) X;
+ 3 (9(R(Ea, By)p® + @, Ej) — T (00 + ®)TUE;) — TU(pO + )5 (E;)) X
+(O(p) + L+ Q)X+ (0O(p*) + pL + Q) X; . (3.20)
Finally, we will need the expansions
9g(T, X)) =pL+Q and g¢g(Y,Y;)=pL+Q, (3.21)

whose proof can be obtained as in §3.2, starting from the estimates (3.11)
and using the fact that g(T, X,) = ¢(T,Y;) =0 when w =0 and ® = 0.

Observe that it is enough to get these expansions when N is replaced
by N and then multiply the expansion by the expansion of |[N|~! which is
given in Proposition 3.2.

(3.19)

First estimate. We estimate g(N,V 7.Z;) when a = b since the corre-
sponding estimate, when a # b is not as important and follows from the
same proof. We must expand

p 29N,V 2.25) = p (9(N, V2, Xa) + 9(N, V2, (wa X)) + (N, V2, ¥,)) .
The proof is this estimate is broken into three steps:

Step 1: From Proposition 3.2, we get

g(N, 1) = —g(T,7) + L(a?g(Z;, ) + 5°9(Za, X)) = =1+ p’L + Q.
Substituting N = =T + (N + T) gives

9N, V2 X) =1 0p0g(T, ) + g(N + T, VzTY).
But it follows from (3.13) that
0geg(T,T) = p*L+ pQ.,
and (3.19) together with the expression of N implies that
g(N +Y,VzT)=pL+pQ.
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Collecting these estimates we get
9(N,Vz,T) =pL+Q.
Hence we conclude that
g(N, V2. (wgY)) = waag(N, T) + wag(N, V2 T) = —waz + Q.
Step 2: Next,
9(N,V2,%0) = pg(N, ¥aa) + Phg(N, V2, X;).
From (3.19), we have
®Ig(N,Vz,X;) = p*L+pQ.

Also, using the decomposition of N and (3.11), we have

9N, Waq) = =g(T, Waa) + g(N + T, W) = —9(O, Paa) + p*L + Q.
Collecting these gives

9(N,V2,¥a) = —pg(Paa, ©) + p° L+ pQ .
Step 3: FExpanding Z; gives

g(Nv vZaXa) = p(g(Na VXG,X(I) + w&g(N> VTXG) + (I)?zg(]\?a VXJXZ))) :
(3.22)
With the help of (3.18) and (3.21), we evaluate

9(N,VrXa) = Op) + L+Q,
g(N, Vx,Xa) =0(p)+L+Q,
9N+, Vx, Xa) = —a’T3(0,) + pL +Q,
and plugging these into (3.22) already gives
9(N,Vz,Xa) = —pg(Y,Vx,Xa) — paiT4(0;) + p°L + pQ..
Using (3.20) we get the expansion
Vx,Xa=-TUE})X;—g(R(pO+P, E,)Ej, E,) X;—T'¢(pO+P)'e(E;)X;
+(0(p) + L+ Q)X+ (0(p*) + pL+ QY X; .

Finally, using (3.11) again together with the fact that o; = w; + pL, we
conclude that

9(N,Vz,Xa) = pL'a(©) + p’g(R(O, E,)O, E,) + O(p*)
+pg(R(D, E,)O, E,) + pl'g(p© + 2)T(0) — pw;T(0);)
+p°L+pQ,

which, together with the results of Step 1 and Step 2, completes the proof
of the first estimate.
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Second estimate. We estimate g(]\Nf,VZ,L.Zj) when ¢ = j since, just as
before, the corresponding estimate, when i # j is not as important and
follows similarly. This part is taken directly from [MaP2]. Recall that

N ="+ 1! Z; + 5" Za),
Now write

9(N,Vz,Z;) =—-g(Vz, N, Zj)
= 9(Vz Y, Z)) = 29(Vz,(a'Z;), Z))
- %BQQ(ZCU ijZj) + %@19(5“%7 Zj) .
Step 1: We compute

g(Za7 VZJZ]) = 8ng(ZfL7 Z])_Q(Z]7 ijZ&) = ang(Zfla Z])_%aﬂag(zja Z]) )

and by (3.14), we can estimate
9(Za;V 2,Z5) = O(p") + p’L + p*Q.
Hence we already obtain
18°9(Za,V 2,25) = P°L + pQ .
Step 2: Next, using the expansion given in Proposition 3.2 together
with (3.14), we find that

%ang(ﬂaa ZELJ Z]) - pSL + pQ .
Step 3: We now estimate
C:=29(Vz Y, 7).

It is convenient to define

2
0= 7o g(Vz, (L4 )T, Z)).

It follows from (3.15) that

C=C+pQ,
hence it is enough to focus on the estimate of C’. To analyze this term, let
us revert for the moment and regard w and ® as functions of the coordinates

(z,7) and also consider p as a variable instead of just a parameter. Thus
we consider

Fp,z,5) = F(p(1 + w(z9)Y(2) + ©(ty), t7) -
The coordinate vector fields Z; are still equal to E, (92,), but now we also
have (1 +w)Y = F.(9,), which is the identity we wish to use below. Now,
from (3.14), we write
1
C'=——
14w

1

IV Zir Zj) = TTo

v9(Zj, Z;) -
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Therefore, it follows from (3.14) in Proposition 3.1 that

1
C =150 010°9(85,6;) + 3 p'g(R(0.6)6,6;) + O(p”)

2
+20%9(0,,0;)w + 2p°g(R(©,0,)®,8;) + p'L + p*Q] + pQ
1 4
=Ttw 2p9(©;,0;) + gpgg(R(Q 0,)0,0;) + O(p*)
+4pg(0;,0;)w + 2p*g(R(0,0;)®,0;) + p°L + pQ)]

4
= 2pg(0;,0;) + gp3g(R(@, ©,)0,0;) + 0(p*)

+2wg(0;,0;)p + 2p2g(R(@, 0,)®,0;) + P°L+pQ.
Step 4: Finally, we must compute
D:=g(Vyz (a'Z;), Z;)
= 9(Zi, 2j)0.50" + a'g(V 2,2, Zj)
=9(Z;i, Z;)0.:0" + 30'0,:9(Z;, Z;) .
Observe that (3.16) implies
azjg((%i, @j/) =0
at the point p. Using this together with (3.14) and the expression for the
o' given in Proposition 3.2, we get
a'd,i9(Zj, Zj) = p'L + p*Q.
It follows from (3.14) and the definition of o’ again that
9(Zi, Zj)0.50" = p°9(©:,0;)0.50" + p' L+ p*Q .
Therefore, it remains to estimate g(©;,©0;)0,; a'. By definition, we have
9(0:,9;)a" = w; + £9(R(®,0)0,0;) + p’L+ Q.
Differentiating with respect to z7 we get
(9(6:,0,)0.50" +0'.;9(0;,0;)) = wj;+50.:9(R(2,0)0,0;) +p’L+Q.
(3.23)
Again, it follows from (3.16) that 0,;9(©;,0;) = 0. Moreover this also

implies that,
VQJ.@ = @j and V@j@j = CLj@,

for some a; € R. Therefore, we have

g(R(@, @)V@j@, @]) = g(R(@, @)@j, @]) =0 N
and

g(R(®, @)@,V@J.@j) =a;g(R(®,0)0,0) =0.
Inserting these information into (3.23) yields

9(0:,0;)0,;0" = wj; + §9(R(®,0,)0,0,) + p’L+ Q.
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Collecting these estimates, we conclude that
3
D = p*wjj + & g(R(®,0,)0,0,) + p'L + p*Q,
and with the estimates of the previous steps, this finishes the proof of the
estimate.

Third estimate. Decompose
%Q(Na VZaZj) = Q(N, Tj)wt_z + Q(Na T)w&j
+ (1 +w)g(N,Vz,Y)) +wig(N,Vz,T).
As above we use the expression of N given in Proposition 3.2 to estimate
g(NvTj) = _g(TaTj) +9(N+ T¢Tj) =L+Q.

Similarly ~

gN,TY)=—-14+L+Q.
But now, by (3.19), we have

Q(Na VZ(sz) = O(p2) +pL + an

and, as already shown in the first step of the proof of the first estimate

g(vaZaT) = IOL + Qa
and the proof of the estimate follows directly. O

4 The Mean Curvature of Perturbed Tubes

Collecting the estimates of the last subsection we obtain the expansion of
the mean curvature of the hypersurface S,(w, ®). In the coordinate system
defined in the previous sections, we get

pmH(w,®) =n—1+ pl'(O)
+ (9(R(©,E4)0, Ea) + 59(R(©, E))O, E;) —T5(0)T4(0)) p* + O(p*)
— (waa + Agn1w + (n — Dw) + 2010 (©)wgy — Pl (0w
— 09(Paa; ©) + pg(R(Ea, P)E,, ©) — pL'g(®)TE(O)
+p°L(w, ®) + Q(w, P)

where summation over repeated indices is understood. We can simplify this
rather complicated expression as follows. First, note that

K minimal <=T% =0,
where summation over a is understood. Next, define
L, = —(pzAK + Agn-1 4 (n — 1)), (4.24)
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as an operator on the spherical normal bundle SN K with the expression
(4.24) in any local coordinates. Also, the Jacobi (linearized mean curvature)
operator, for K is defined by

Ji=—-AN RN _ BN, (4.25)
cf. [L]. To explain the terms here, recall that the Levi-Civita connection for
g induces not only the Levi—-Civita connection on K, but also a connection
VY on the normal bundle NK. The first term here is simply the rough
Laplacian for this connection, i.e.

AN = (VNN = VE VE, = Vo, mr-

in the coordinates we have chosen. The second term is the contraction (in

normal directions) of the curvature operator for this connection,
N
RY = _(R(Eaa ')Ea) )
where E, is (any) orthonormal frame for 7K. Finally, the second funda-
mental form

B:T,K xT,K — N,K, B(X)Y):= (VxY)V, X)Ye T,K,
defines a symmetric operator
BN .= B. B,
in terms of the coefficients I := —B(E,, Ey),
g(BNX,Y) =To(X)TH(Y),
where summation over repeated indices is understood. We also use the
Ricci tensor
Ric(X,Y) = g(R(X, E,Y)E,Y,Y) , X, YeT,M.
Finally, we introduce the operator
9(-,B) oV =g(-, B(Ea, Ey)) (VE.VE, — Vv, 5,)T)
in the coordinates we have chosen and the quadratic form
O(-) = 3g(RY - )+ § Rie(-, )+ g(BY - )
acting on N, K. In terms of all of these notations, we have
ProrosITION 4.1. Let K be a minimal submanifold. Then the mean
curvature of T,(w, ®) can be expanded as
pmH(w, ®) = (n — 1) = Q(6,0)p” + O(p*)
+ Low + pg(3P,0) —2p°g(0, B) o Vicw
+ p?L(w, ®) + Q(w, ®). (4.26)
The equation pmH = n — 1 can now be written as
Low + pg(3®,0) = 2(0,0)p” + O(p°)
+2p%9(0, B) o Viw + p?L(w, ®) + Q(w, ®). (4.27)
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4.1 Decomposition of functions on SNK. Before proceeding, we
now state more clearly our notation for functions on SNK.

Let (¢;,A;) be the eigendata of Agn-1, with eigenfunctions orthonormal
and counted with multiplicity. These individual eigenfunctions @1, ..., ¢,
do not make sense on all of SN K, but their span is a well-defined subspace
S C L*(SNK); thus v € S if its restriction to each fibre of SNK lies
in the span of {¢1,...,0,}. We denote by II and II* the L? orthogonal
projections of L?(SNK) onto S and S+, respectively.

Now, given any function v € L*(SNK), we write

v = g(®,0), II'v=pw,
so that
v=pw+g(®,0),

here ® is a section of the normal bundle N K, and the somewhat elaborate
notation in the second summand here reflects the fact that any element of
S can be written (locally) as the inner product of a section of NK and
the vector ©, whose components are the linear coordinate functions on
each S™~1. We shall often identify this summand with ®, and thus, in the
following, w and ® will always represent the components of v in S and S,
respectively.

Later on we shall further decompose

w = wpy + wy , (4.28)
where wg is a function on K, and the integral of wy over each fibre of SN K
vanishes.

Note that the operator,

J:v— g(3®,0),
defined for v = g(®,0), preserves S and is invertible since K is a non-
degerate minimal submanifold.

5 Improvement of the Approximate Solution

The first important step in solving (4.27) is to use an iteration scheme to
find a sequence of approximate solutions (w(i), q)(i)) for which the estimates
for the error term are increasingly small. Namely
pmH(w®, &0y =n — 14 0(p™*3),
for all ¢ > 1.
Letting (w(©®, ®©) = (0,0), we define the sequence (w(*1, &+ ¢
St @ S inductively as the unique solution to
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Low ™ + pg(300F,0) = Q(0,0)p° + O(p°) + p*Agw!

+20°9(0, B) o VZw + p?L(w®, @) + Q(w®, ™). (5.29)

here
Lo = —(ASn—l + (Tl — 1)) .
Observe, and this is the key point, that the operator Ag acting on functions
has been moved to the right-hand side and hence, the operator on the left-
hand side is not elliptic anymore. This equation becomes simpler when
divided into its S* and S components. Thus using that £y annihilates S
and
Q(0,0) € §*,

since it is quadratic in O, (5.29) can be rewritten as the two separate
equations:

Low™) = TTH(Q(0,0)p* + 0(p*) + p*Agw' +2p°9(0, B) o Viw®
+p?L(w®, ) + Quw®, 01)) | (5.30)
and
930D, 0) =TI(0(p?) + 20°9(O, B) o View!
+ pL(w®, @) + p 1 Q(w™, &),
since II{(Agw) =0 for all w € S.

That there is a unique solution now follows directly from the invertibility
of the operators J on S and £y on S*, so the only issue is to obtain
estimates.

LEMMA 5.1. For this sequence (w(i), Q(i)), we have the estimates
w(Z) = O(p2) ) (I)(Z) = O(p2)7
w(i-i—l) _ w(z) — O(p2+3) ’ (D(i-i-l) _ (D(Z) — O(p2+2) ’
for all i > 1.

Proof. The estimates for (w®,®™)) are immediate, and the result for
i > 1 is proved by a standard induction using the general structure of the
operators L and Q. O

As already mentioned, the operator in the right-hand side of (5.30) is not
elliptic since Ly acts on functions defined on SINK and Ly does not involve
any derivatives with respect to y*. Nevertheless, since we are working with
functions in S, the equation,

EOw = f )
can always be solved for any f € S (we have in mind that this equation is
solved on each fiber of N K with the base point as a parameter), but without
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any gain of regularity in the y* variables, and in fact there is a “loss” of two
derivatives in the y® variables at each iteration. At first glance, it would
have been more natural to work with the operator £,, which is elliptic, and
solve the equation
Lyw=f,

but the operator £, has the disadvantage of having a nontrivial kernel in S
each time ”p—_gl belongs to the spectrum of —Apg. This implies that the
corresponding iteration scheme, using the operator £, instead of Ly, does
not work for any value of p. In addition, even if %L is chosen not to belong
to the spectrum of —Ag, the norm of the inverse of £, will blow up as p
tends to 0 and hence the estimates for w; and ®; will not be as good as the
one stated in Lemma 5.1.

To conclude, the use of the iteration scheme (5.29) allows one to im-
prove the approximate solution to any finite order. Observe that the error
Q(0,0) p2 +0(p?) in (5.29) is smooth in the y variables and hence loosing
finitely regularity in these variables is not a real issue.

Finally, replacing (w, ®) by (w® + w, ®® + ®) in (4.27), the equation
we must solve becomes
L2,w+9(32,0) — 20%9(6, B)o Viw+ pLifw, @) = Oi(p™?) + 1Qs(w, @) .

(5.31)
This is of course simply the expansion of the equation
. . -1
mH(w(Z) +w, @@ + <I>) _n )
1)
The linear and nonlinear operators L; and (Q; appearing in this equation are

different from the ones before, but enjoy similar properties, uniformly in 3.
The indices ¢ are here to remind the reader that these quantities depend
on 4.

6 Estimating the Spectrum of the Linearized Operators

We now examine the mapping properties of the linear operator

(w, ®) — %[,pw + 9(3®,0) — 2p°9(0, B) o Viw + pLi(w,®)  (6.32)
which appears in (5.31). This is not precisely the usual Jacobi operator
(applied to the function pw + g(®,©)), because we are parametrizing this
hypersurface as a graph over Sp(w(i), Q(i)) using the vector field —T rather
than the unit normal.

To understand the difference between (6.32) and the Jacobi operator,
recall that if IV is the unit normal to a hypersurface ¥ and N is any other
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transverse vector field, then hypersurfaces which are C? close to ¥ can be
parameterized as either

YXoqm— expéw(vN) or X3¢~ expé‘/l({;N).
The corresponding linearized mean curvature operators Ly y and Ly, 5 are

related by _ ~
Ly 50 =Ly n(9(N,N)3) + m(N" Hx)?,

here N7 is the orthogonal projection of N onto 7. Since Ly n is self-
adjoint with respect to the usual inner product, we conclude that Ly, 5 is
self-adjoint with respect to the inner product

(v,v") :z/zvv/g(N,N)dvolg.

Now suppose that ¥ = S,(w®, &) and N = —Y. From Lemma 5.1
and Proposition 3.2 we have
9(N,~T) = 1+ O(p").
Furthermore, from Proposition 3.1 and Lemma 5.1, and the fact that K is
minimal, the volume forms of the tubes S,(w®, &) and SNK are related
by
dUOlSP(w(i)7<I>(i)) = ,0(”_1)/2(1 + O(,O2))d’UOZSNK.
We define c,; > 0 by
g(N, =T)dvolg (o a0y = P/ ?cpidvolsni , (6.33)
and the operator
L,iv = cp; (%/Jpw +9(3®,0) — 2p?g(0, B) o VEw + pL;(w, (D)) ,

where we have decomposed v = pw + ¢g(®,0) as usual. Thanks to (6.33),
we can write

Lpiv = sLow + g(3®,0) — 20%9(0, B) o Viw + pLi(w, ®),  (6.34)
where L; enjoys properties similar to the one enjoyed by L;.
Finally, multiplying (5.31) by c,; gives one further equivalent form of
this equation,
L,v= Oi(pQH) + %QZ (%HJ"U,HU) , (6.35)
where the nonlinear operator on the right has the same properties as before.

Associated to LL,; is the symmetric bilinear form form

Cpi(v,0) ::/ vL, ' dvolsni
SNK
and its associated quadratic form Q,;(v) := C,;(v,v).

We shall study these forms as perturbations of the model forms
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Co(v,v') == —/ W' (PP Agw + Agn-1w + (n — 1)w)dvolgnk
SNK

Wn—1

+
n

/ g(3®, ") dvol ,
K
and associated quadratic form Qg(v) := Co(v,v), where w,_1 = |S"7| is

the volume of S”~1. Observe that

/ g(¢,®)2dvolgNK:wn_l/ |®|dvol .
SNK no Jk

To make precise the sense in which Qg and Q,; are close, define the
weighted norm

HvH%{/1 = /SNK (PIVkw]* + |V gn-1w|* + |[w|?)dvolsn i

- / (IVk®[* + |@|*)dvolk
K

and also
ol ::/ |w|2dvolgNK—|—/ 1@ 2duvolc .
L SNK K

Using (6.33) and the properties of L;, we have the important

PROPOSITION 6.1. There exists a constant ¢ > 0 (independent of i) such
that
Cp,i(v,0') = Colw,0")| < cpllvll sy ||V ||y - (6.36)

Proof. This estimate arises from the fact that —2pg(0, B)o V4 w+ L;(w, ®)
certainly involves terms of the form w, pdyew, pdys 0, pw, 0,;w, 0,0, w and
also ®7, Oya ®J and OyaOypp ®J. Hence, after integration by parts,

/ (—2pg(©,B) o V2w + Li(w, ®)) (pw' + g(®',0))dvolgni
SNK
can be bounded by a constant times H’UHH; HU/HH;. O

6.1 Estimates for eigenfunctions with small eigenvalues. We
prove that eigenfunctions of IL,; corresponding to small eigenvalues are
localized in the sense that they are essentially functions defined on K.

LEMMA 6.1.  Let o be an eigenvalue of L,; and v = pw + g(®,0) a
corresponding eigenfunction. There exist constants c¢,co > 0 such that if
lo| < ¢p, then
_ 2 2
o — puolltyy < cplloly

for all p € (0,1), where w = wg + w; Is the decomposition from (4.28).
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Proof. For any v = pw’ + g(®’,0), we have
Cpalw.t) =0 [ (Pun’ + g(®,0)g(®, ©)dvolsi
SNK
= a/ prww dvolgn i —i—U%/ g(®, ®")dvol .
SNK n Jk
In addition, (6.36) gives

‘ / (p2VKwVKw/ + Vgn-1wVgnaw — (n—1+ O',Oz)ww/)d’UOZSNK
SNK

_ Wn—1

< cpllolly v/l - (6.37)

p /K(g(J@,(I)’)—ag(@,@’))dvol;{

Step 1: Take w’' =0and ® = &% (resp. ®’ = &) in (6.37), where T
(resp. ®7) is the L? projection of ® over the space of eigenfunctions of J
associated to positive (resp. negative) eigenvalues. This yields

/K (9(3®, 2%) — og(@, @) dvolc| < cpllv] 3 [|9(D*,0) || 1 -

Since J is invertible, there exists ¢; > 0 such that

g(@i,@)\@; < l/Kg(J@,®i)dvolK|,

201 ‘

hence N ) )
(2¢1 = [o])[|9(2%, ©) |31 < epllvllzyy -
Assuming ¢; > |o|, we conclude that
lo(@*=, 0|l < collolz,

Step 2: Now use (6.37) with ® = 0 and w’ = w; to get
‘ / (PP|Viwi|* + |Vgnrwi|* = (n — 1 — 0p) w1 [*) dvolsn i
SNK

< CPHUHH;HPMHH; :
However, since

ITw; =0 and / widvolgn-1 =0,
Sn—1
we have
2
/ ‘VSn—IQUl‘ dvolgn-1 > Qn/ w1 |*dvolgn-1
Sn—1 Sn—1

hence

/ (PPIVgwi|? + 3| Vgnrwi|* + (1 — |o]p?)|wi]?) dvolsnk
SNK

< epllvll gy llows |y -
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This implies that

lpwillzry < collvllzy, |
for all p € (0,1), provided |o| < 1/2. This completes the proof if ¢y =
min(cy, 1/2), since v — pwo = pwy + g(®, O). O

6.2 Variation of small eigenvalues with respect to p. We shall
need to obtain some information about the spectral gaps of L,; when p is
small, and to do this, it is necessary to understand the rate of variation of
the small eigenvalues of this operator.

LEMMA 6.2. There exist constants ¢y, c > 0 such that, if o is an eigenvalue
of L, ; with |o| < co, then

pO,o > 2(n—1) —cp,
provided p is small enough.

Proof. There is a well-known formula for the variation of a simple eigenvalue

8/)0 = / 'U(ap]Lp,i)vdelSNKa
SNK

where L, ;v = ov is normalized by ||v|| 2 = 1. Here, by definition,

[v]|3s = / v?dvolsn .
SNK

Complications arise in the presence of multiplicities, but a result of Kato
[K] shows that if one considers the derivative of the eigenvalue as a multi-
valued function, then an analogue of this same formula holds for self adjoint
operators:

0,0 € {/ v(0pLLp i )vdvolsni = Ly iv = ov, ||v]|2 = 1}.
SNK

Hence we must provide bounds for the set on the right. We do this by com-
paring to the model case and using the bounds for eigenfunctions obtained
in the last subsection.

Assume that L, ;v = ov, but rather than normalizing the function v by
|lv]|z2 = 1, assume instead that HvHL% = 1. In order to compute J,L,;,
recall that

w=p Tty and that ¢(J®,0) =Tlv,
SO we can write
Lpiv = —Ag(IT10) + 25 Lo(ITH0) + v — 2pg(8, B) o Vi (I v)
+ pLi(p~ T, TIv) .
Since IT and II* are independent of p, we have

Opllp v = —p%ﬁo(ﬂlv) —2¢(0, B) o V& (II1v) + Li(p~ 110, TIv) ,
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where the operator L; varies from line to line but satisfies the usual as-
sumptions. This now gives

‘ / V(0L i )vdvolsyi — %/ (IVgn—1w]® — (n — 1)|w|2)dvol5NK‘
SNK SNK
< cuv\ﬁ{; . (6.38)
Now, if v is an eigenfunction of L, ;, we have
Qpi(v) = alv|3. = a/ p*lw|?dvolsn 4ot / |®|*dvol
SNK n JK
and hence by (6.36),

‘ / (p2|VKw|2 + [Vgno1w]? — (n — 1+ O'p2)|'UJ|2)d’UOZSNK
SNK

Wn—1

=t [ (al0%.9) + ag(e, ) dvoli | < cplly . (639
K

By Lemma 6.1, if we assume that |o| < ¢g and if, as usual we decompose
v=pw+ g(P,0), we get

/ |V gn—1w|*dvol gy i +/ (IVk®[* + |@|*)dvolk < cpl|v]|F, (6.40)
SNK K P

(observe that Vgn-1w = Vgn—1w; if w is decomposed as w = wy + wy as
usual) and inserting this in (6.39) gives

/ (,02|VKw|2 —(n—1+ U)|w|2)dvolgNK| < cpllvl|% - (6.41)
SNK P
Adding these last two estimates now implies that
[l 3 < epllvllf + ¢ |w|dvolsn -
i i SNK
Thus, when p is small enough,
ol <c [ wldvols < clol; <c.
i SNK e
if we normalize v by H’UHL% = 1. From (6.40) again
/ |V gn—1w|*dvol gy i —I—/ (|VK<I>|2 + |<I>|2)dvolK <cp.
SNK K
Inserting this into (6.38), and using again that ||v||L% =1, we get
2
/ v(0pLpi)vdvolsng — —(n — 1)
SNK P

for all eigenfunction v such that L., ;u = ov which is normalized by ||v|| rz=1.

<c (6.42)

This already implies that 9,0 > 0 for p small enough. But observing
that we always have ||v||p2 < ||v]] 1z, we conclude that
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inf / v(0pL,)vdvolsn i
SNK

Lyv=0v
[vll L2=1
> inf v(09,LL,)vdvolsni
Lov=0v JgNK
loll 2 =1

and (6.42) implies that
0,0 > %(n—l)—c.
This completes the proof of the result. O

6.3 The spectral gap at 0 of L, ;. We can now prove a quantitative
statement about the clustering of the spectrum at 0 of L,,; as p ™\, 0. The
ultimate goal is to estimate the norm of the inverse of this operator, but by
self-adjointness, this is equivalent to an estimate on the size of the spectral
gap at 0.

LEMMA 6.3. Fix any q > 2. Then there exists a sequence of disjoint
nonempty open intervals I, = (p, , ,02), pét — 0 and a constant c, > 0 such
that when p € 19 := U,ly, the operator L, ; is invertible and

(L,:) ' : L*(SNK) — L*(SNK),

—k—qg+1

has norm bounded by cqp , uniformly in p € I. Furthermore, I :=

Upl, satisfies
[H ((0,p) NT9) = p| < ep?, p\0.

Proof. An estimate for the size of the spectral gap at 0 is related to the
spectral flow of L, ;, and so it suffices to find an asymptotic estimate for
the number of negative eigenvalues of L., ;. Define the two quadratic forms

Q™ (v) = Qo(v) £ ypllvllEy -
From (6.36), if v > 0 is sufficiently large, then
Q" <Q,i<QF,
and this will give a two-sided bound for the index of Q,;, i.e. the dimension
of the largest space where Q,; is negative.

Given any function w defined on SN K, we write

D (w) := (1 :l:%o)/ P?|V gw|*dvolgng — (n — 1 $7p)/ lw|?dvol
K K

Df(w) = (1 :I:’yp)/ (p2|va|2 + |V5n—1w|2)dUOlSNK
SNK

—(n—17F ’yp)/ lw|dvoly |
SNK
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and finally, we define
D (®) = —(1 :I:’yp)/ g(3P, ®)dvoly .
With these definitions in mind, we haveK
Q* (v) = wa-1 Df (wo) + Df (wy) + “=LD*(@),
if we decompose v = pw + g(®,0) and further decompose w = wy + wy as
usual.

If 1 —vp > 0, then the index of DT is equal to the index of the mi-
nimal submanifold K, and hence does not depend on p. Next, if
2n(1 — vp) — (n — 1 +7p) > 0, then the index of DT equals 0 since we have

/Sn—1 |V5n71w1|2dvolsnf1 > 2n /Sn—1 |w1|2dvolsnf1 .

So it only remains to study the index of Da—L. We denote by
po < p1 < ... <pj<...
the eigenvalues of —Ax which are counted with multiplicity. Weyl’s asymp-
totic formula states that
#{j € N:pj < p} ~cxpt’?,
where cx > 0 only depends on the dimension and the volume of K. Now,
the index of Da—L is equal to the largest j € N such that
(1 +9p)p*u; < (n—1F cp).
Using Weyl’s asymptotic formula, we conclude that
k/2
-1
IdDE ~ cx <" _ > ,
p
and hence we have proved that the index Q,,; is asymptotic to cp~*, where
c only depends on K and m.

Let py ™\, 0 be the decreasing sequence corresponding to the values at
which the index of Q,; changes, counted according to the dimension of the
nullspace of L, ;, i.e.

Pe—1 < pe=...=pr < po+1;
if dimKerL,,; = ¢’ — £+ 1. This is well defined since, by Lemma 6.2, the
small eigenvalues of IL, , are monotone increasing for p small enough and
hence, the function
p—IndQ,;,
is monotone decreasing for p small.

The asymptotic estimates for Ind Q2,; and Ind Q,; imply that
ro=#{l:pr € (p,2p)} ~cp .
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Letting A, denote the sum of lengths of intervals (pe1, p¢) for which

pei1 € (p2p) and  (pg — peyr) < pFFY,
then we have A\, < ¢p?. From this we conclude that :\p, the sum of lengths
of all intervals (pgy1, p¢) where
pir1<p and (pr— ppyr) < pFTY
is also bounded by cp?, where the constant ¢ > 0 depends on q.
We set
I = U (pes1,pe),  where €€ Jy <= pp— pryr > py
ted,
Then by the above, we have
[HY((0,p) N 1) = p| < eqp™.
Finally, consider any ¢ € J, and p € (pe+1, pe). We denote by
o (p) <0< a"(p)
the eigenvalues of IL,; which are closest to 0. By construction,
lim o7 (p) = lim o~ (p) = 0.
P/ Pt

P\pe+1
By Lemma 6.2,
o (p) <2(n —1)log(p/pe) + clpe = p),
+(p) > 2(n — 1) log(p/pes1) — clp — pest), (6.43)

for all p € (pgy1, pe). Hence by the monotonicity of small eigenvalues,
o (p) < o (pr— pTU/4) <0 < 0" (pusr + pEH1/4) < ot ().

peI®=|J(prr1+py /4 00— pfT/4),
¢
and, using (6.43), we conclude that the infimum of the absolute value of the

eigenvalues of L, ; is bounded from below by a constant (only depending on

if

K and m) times p§+q_1, provided py is small enough. Moreover, as above

we have
[H((0.9) N 1% = p] < cgo.
The result then follows at once. O

7 Existence of Constant Mean Curvature Hypersurfaces

We now use the results of the previous sections in order to solve equation
(6.35) which reduces to finding a fixed point

v=(L,;)"" (Oi(p%i) + %QZ <%HLU,HU>) .

We start with the following elementary observation
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LEMMA 7.1. There exists a constant ¢ > 0 such that
2 2 —k/2

p MHUHCM(SNK) <cp HLp,iUHCO’“(SNK) +cp / ||U||L2(SNK)-
Proof. This is a simple application of (rescaled) standard elliptic estimates.
We set f:=L,;v and, as in §3.1, we use local normal coordinates § = y/p
to parameterize a ball of radius 2pR in K, for some fixed small constant
R > 0, and local coordinates z to parameterize S™~!. Define the functions

5(z9) = v(zpp) and fz9) = P f(epp).

It is easy to check that f := L, ;v translates into L, ;0 = f, where L, ; is a
second order elliptic operator whose coefficients are bounded uniformly as
p tends to 0. Moreover, the principal part of L, ; is the Laplace operator
on SNK. Standard elliptic estimates yield

1

_ 2

||6H62,a(BR><Sn71) < C||f||co,a(BRX5n1)+C</ </ |@|2dg>dvolsn1> )
Sn—1 BZR

where, to evaluate the Holder norms in CP® one takes derivatives with
respect to g and z. Going back to the functions v and f we have

Pz+a||v||c2vw(Bprsnfl) < CHEHCZ‘X(BRXS”*) )

1Flleo (Bxsn-1) < oIl Fllcoa(s,mxsn-1y

and
1 1
_12 5— 2 _k 2 2
</ (/ |7 dy)dvolsn_1> <cp 2 </ (/ v dy)dvolsn_1> ,
gn—1 Bor Sn—1 Bapr
the result then follows at once. O

We fix ¢ > 2 and « € (0,1) and define
D:=3k+q+a+1 and i=3k+2¢+4>2D+1.
Collecting the result of Lemma 6.3 and the result of the previous lemma,
we conclude that, if p € 19, then
[vllczasniy < ep™ P Lpivllcoa(sni » (7.44)

where the constant ¢ > 0 does not depend on p (but depends on i, hence
on q).

We define the nonlinear mapping

Ny(©) = Ly~ (0i(p™) + 1Qs (A11tv, ) ).
It follows from (7.44) that we have
[N (0)]| g < 3 P77,

for some constant ¢, > 0 depending on ¢ but independent of p € I9.

Given p > 0, we set

B,:={ve C*YSNK) : ||v||c2e < cqp2+i_D}.
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Using the properties of the operator Q;, it is easy to check that there exists
pq > 0, only depending on ¢, such that, for all p € (0, py) N 19,

HNP(U)HCM(SNK) < cop™™ 77,
and
[N (0) = Np(0") | p2ia < 017220 =220,

for all v,v" € B,. In particular, the mapping N, admits a (unique) fixed
point

v, = pwy + g(P,, 0),
in B,. This yields the existence of Sp(w(i) +wp, o) 4 ®,), a constant mean
curvature perturbation of the tube S,(w(®, &) for all p € (0, p) N I7. The
proof of the theorem is therefore complete with

I:= Uga((0,pg) N I9).
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