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Abstract. We consider the Liouville system
—Au= X", —Av=ype" inB

with u = v = 0 on &B, where B is the unit ball in RY, N > 3, and ) and
o are positive parameters. First we show that radial solutions in B\ {0}
are either regular or have a log-type singularity. Then, in dimensions
3 < N < 9 we prove that there is an unbounded curve S C (0, c0)? such
that for each (u,A) € S there exist infinitely many regular solutions.
Moreover, the number of regular solutions tends to infinity as (p,\)
approaches a fixed point in S.

1. INTRODUCTION

We study radially symmetric solutions to the cooperative system
—Au=Xe" in B
—Av=pe" inB (1.1)
u=v=0 ondB
where B is the unit ball in R, N > 3, and A and p are positive parameters.

In 2 dimensions, more general cooperative versions have been considered
in [4, 5, 3, 20, 21]. In this article we investigate (1.1) for dimensions N > 3.
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All classical solutions to (1.1) are radially symmetric by a result of Troy
[27]; see also [10]. This elliptic system is a natural generalization of the
Liouville-Gelfand problem

—Au=Xe" inB
{ (1.2)

u=0 ondB,

since for A = p and u and v classical solutions of (1.1), necessarily u = v,
which can be seen by multiplying each equation by v — v and integrating.

Concerning (1.2), classical solutions are radial by Gidas, Ni, Nirenberg
[16]. Moreover, all of them can be found from one entire radial solution,
which leads to a complete description of the bifurcation diagram of (1.2);
see e.g. Joseph and Lundgren [19] and also [15]. In particular, there exists
A* = A*(N) > 0 such that for 0 < A < A*, (1.2) has a minimal solution uy;
for A = \*, (1.2) has a unique solution u* (possibly singular); and for A > A*
(1.2) has no solution. Moreover, if N = 1,2, then for 0 < A < A*, there are
exactly two solutions; one of them is the minimal solution wy, and the other
one has Morse index 1. If 3 < N <9, then A* > 2(N —2). For 0 < A < \*,
A # 2(N —2), (1.2) has finitely many solutions, and for A = 2(N —2), (1.2)
has infinitely many solutions that converge to —2log |z|, which is a singular
solution. If N > 10, then \* = 2(N — 2) and u, = —2log|z|. Moreover,
(1.2) has a unique solution for each A € (0, \*).

For problem (1.1) Montenegro [24] showed that there is a non-empty open
set U C (0,00)? such that a minimal classical solution (u,,v,,\) exists if
(,A) € U and no solution exists if (u, \) € U. Moreover, C = 90U N (0, 00)?
can be described as a continuous curve, and for (y, \) € C the limit

lim (umu,m)\a Umu,m)\)
m—1—

is a weak solution, called the extremal solution. This suggests strong analo-
gies between (1.1) and (1.2). In this direction, for general domains it was
proved by Cowan [7] (with some restriction on A, ) and Dupaigne, Farina,
and Sirakov [11] (without restrictions) that if N < 10 the extremal solu-
tion is bounded; and by Davila and Goubet [9] that the singular set of the
extremal solution has dimension at most N — 10 in general.

In this work we focus on the analysis of singular radial solutions and
multiplicity in low dimensions.

We prove the following results.



MULTIPLICITY FOR A LIOUVILLE SYSTEM 3

Theorem 1.1. Let N > 3. Suppose u,v € C%(By \ {0}) is a radial solution
of
—Au=Xe" in B;\ {0}
—Av =pe" in B\ {0} (1.3)
u,v >0 in By \ {0},

where A\, > 0. Then either both v and v admit a smooth extension to B,
or w and v are both singular and satisfy

2N — 2)

u(r) = —2logr + log( )+ o(1), ru'(r) = =2+ o(1),

(1.4)

1
2(N=-2)

v(r) = —2logr + log( ) +o(1), rv'(r) = =2+ o(1),

asr — 0.

Thanks to Theorem 1.1, any radial singular solution (u, v) of system (1.1)
in B1(0) \ {0} can be extended as a distribution solution in Bj(0). We will
call such solutions just radial singular solutions.

Theorem 1.2. Assume N > 3. There is a curve & C U described by
A = h(u), where h: (0,00) — (0,00) is smooth and decreasing, with

limy 2(p) = oo, lim h(p) =0,
such that (1.1) has a radial singular solution (u,v) with parameters (u, A) if
and only if A = h(u). Moreover, the radial singular solution is unique.

Theorem 1.3. Assume 3 < N < 9. Then the curve S is contained in
U, and for each (u,\) € S there exist infinitely many regular solutions of
(1.1). Moreover, the number of regular solutions tends to infinity as (w, \)
approaches a fired point in S.

In Figures 1 and 2 we have plotted the regions of existence computed
numerically in dimensions 5 and 10 respectively. In both figures we have
shown with a thick line the curve C = 9U N (0,00)? and a dashed line
A = h(u), which is clearly visible in the case N = 5, while in the case N = 10
it is indistinguishable from C. In the regions of existence, we have chosen
to plot some curves obtained numerically from an initial-value problem; see
Remark 3.1 for more details. From these numerical results and the analogy
with the scalar equation (1.2) it is reasonable to conjecture that if N > 10
then the extremal curve for existence C coincides with the curve of singular
solutions §. Actually, on the diagonal u = A this is true, and in dimension
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FI1GURE 2. Region of existence for N = 10

N > 11 maybe one can prove that near the diagonal C and S coincide.
Another related property that we conjecture in dimensions N > 10 is that
for all (1, A) in U there is a unique solution.

Section 2 is devoted to the proof of Theorem 1.1, which is based on
arguments similar to those used for some fourth-order problems such as
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[1, 8, 13, 14]. In Section 3 we introduce a change of variables that trans-
forms the first-order system of ODE (1.1) which we use later to prove the
results on the existence of singular solutions and multiplicity. In this section
we explain Figures 1 and 2 more. In Section 4 we prove Theorem 1.2, and
in Section 5 we give the proof of Theorem 1.3.

2. CLASSIFICATION OF SINGULARITIES

This section is devoted to the proof of Theorem 1.1. In this argument
we can assume that A = u = 2(N — 2). Indeed, we can replace u and v by
a(r) = u(Rr) +log 72(]\;‘72) +2log R and o(r) = v(Rr) + log 72(]\;\72) +2log R.
Then @ and © satisfy system (1.3) in B,(0) \ {0} with A = p = 2(N —2) and
p = 1/R. By choosing R large we can assume that & and © are positive in
B,(0)\ {0}, and thus we are left to study radial functions « and v which are
C%(B, \ {0}) and satisfy

—Au=2(N -2)e’ in B,\ {0}
— Av=2(N —2)e" in B,\ {0} (2.1)
u,v>0 in B,\ {0},
where p > 0. We define new variables
Ut)=wu(r)+2t, V(t)=ov(r)+2t withr=¢ (2.2)
and obtain the system
U’" 4+ (N —=2)U" 4+ 2(N - 2)(e" —1) =0, 23)
V' + (N =2)V' +2(N —=2)(eV —1) =0 '

for ¢t in (—oo,log p). We observe that this system is autonomous, so we can
assume that U and V solve the system in (—o00,0). After this shift in time
(t = tog — log p), from the positivity of u(r) and v(r), the functions U and
V satisfy

Ut),V(t)>2t—C Vvt <0, (2.4)
where C' > 0.

Lemma 2.1. There is T > 0 such that U <V or'V.> U orU =V in
(—00,0).

Proof. Suppose U # V but that U — V' changes sign more than once in
(—00,0). Let tg < t; < 0 be such that U(tg) = V(to) and U(t1) = V(t1).
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Subtracting both equations we find
U—-V)' +(N=2)(U-V) + (" —eY)=0.
eU

Let w=U —V and a = 2(N — 2)6“;:1] > 0 (whenever U # V). Then
w” + (N —2)w’ —2(N —2)aw =0 in (—00,0).

Multiplying by w and integrating in (to,¢1), and using that w(ty) = w(t1) =
0, we get

t1
/ (w')?* + aw?® = 0,

to
from which we deduce that U = V in [tg, t1]. By uniqueness of the solution
to ODE’s we obtain U =V in (—o0,0). O

The case U = V corresponds to a radial solution of the equation —Awu =
2(N —2)e" in B,(0) \ {0}, and then we know that either u(r) = —2logr
or u can be extended to 0 as a smooth function; see [23]. So it remains to
study the case when the components are not identical. Therefore, thanks to
Lemma 2.1 and shifting time, from here on we assume that

V<U in(—00,0). (2.5)
Notice that (2.4) is still valid after this shift in time.

Lemma 2.2. We have

liminf U(t) < 0. (2.6)

t——o00

Proof. Suppose for the sake of contradiction that U(t) > § > 0 for all t < tg
where ¢y < 0. Note that 2(N —2)(eV®) —1) > § > 0 for all ¢ < to. Thus, by
(2.3)

V' + (N =2)V' <=0 forallt <t

(N-2)

Multiplying by e ¢ and integrating in [s,#1] with s <t < to, we find

(N=2)t1 _ (N—2)s
(N=2t1y/7 (1) — (N=2)s7/7(5) < _56 €
‘ (1) — N2V (5) < —
Suppose that for some ¢; <ty we have V'(¢1) > 0. Then we obtain
_e(N=2)(t1—s) _q
N -2
Let us simplify the notation, writing

be~WN=2s _ ' <V'(s) foralls<t,

<V'(s) forall s <t.
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where 0,C > 0. Integrating in an interval [t,¢;] with ¢t < t1, we see that

5 5
< —(N-2)ty _ 9 (N-2) .
V(t) <V(t) + e 3¢ +C(t —t),

for all ¢ < t;. But this contradicts (2.4).

Therefore it remains to do the analysis in the case V' (¢) < 0 for all ¢ < ¢,
which implies in particular V(¢) > V (tg) Vt < to. Here we follow an idea of
[22]; see also [1, 12, 13]. By shifting time, we assume that

Uit)>06>0, V(t)>V(0) Vvt<O.

Let ¢ € C*°(R) be such that 0 < ¢ <1, ¢(t) =0 for ¢t € (—o0,—3] U [0, 0),
¢(t) > 0 for t € (=3,0), ¢(t) =1 for t € [-2,—1], and for i = 1,2
0 (4(i))2
/ (™) dt < +o0.
3 ¢

Let 7 > 1 and ¢,(t) = ¢(t/7). Multiplying the second equation in (2.3) by
¢, and integrating, we find

0 0
2V -2) [ (Voo = [ (Ve -ove). @)

—37 —37
Let € > 0 be fixed later on. For all t € (—37,0) and ¢ = 1,2 we have
( (2))2

T

¢r

Vol < eV26, + C.

so that from (2.7) we deduce that

/0 (eV —1)¢, < Ce ' Vi, +C Z/O ﬂdt. (2.8)
T = T € 3 ¢7—

—37 —37 i=1,2

But @

0 i)\2 L0 (D)2 )

/ ((rbT ) dt — Tl?z/ (¢ ) dt S CT17217

—37 ¢7’ -3 ¢

so from (2.8) we have
0 0
/3 (eU — 1o, < 05/3 V3, + Cor! (2.9)

(assuming 7 > 1). Now we use that V < U, V > V(0), and U > 6. From
these inequalities we can deduce that
V(0)?

2
Vi< (i+—

YU
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Combining with (2.9) we obtain

/0 (eV — 1), < Ce(1 + V(O)Z) /0 U¢, + Cor 1 (2.10)

=37 62 =37
We can select € > 0 sufficiently small so that

e —1—Ce(1+V(0)%/6>)u? >6/4 for u > 6.

From (2.10) we obtain then gT < C.7~1, which is not possible for 7 > 1
large. O

Lemma 2.3. We have

limsup U (t) < +o0.

t——o0
Proof. We follow the idea of Lemma 1 in [12]. Assume for the sake of
contradiction that limsup, , . U(t) = 4o0o. Then, taking into account
(2.6), we can find a sequence t, — —oo such that U(ty) — 400, and for
all & > 1 we have tg41 + log2 < tg, U(tiy1) > Ulty), U'(tx) = 0, and
U’ (ty) < 0.

Let My, = U(ty,), rp = et*, and pp = 2L, Define

=L,
ug(r) = u(rry) — Mg +2logry, wvi(r) = v(rry) + 2logry,
where (u,v) is a solution of (2.1). Then
—Auy = 2(N —2)e%,  —Auv, = 2(N — 2)eMretr
in By \ {0}, and satisfy the conditions
up(l) =0, ur(px) >0, wvp(l) >0, wvr(px) > 0. (2.11)

1
The inequalities for vy are obtained as follows. Since U’(t) = 0 and U" (t) <
0, from the system (2.3) we get V(t;) > 0. Then vi(1) = V(tx) > 0 and
Uk(tk+1) = V(Thya) + 2log 75 > 0.
Consider the principal Dirichlet eigenvalue A\; and eigenfunction ¢ > 0

of =A'in B\ B,,, namely,

—A¢p = Ao, in Bi\ By,
¢r=0 on O(B1\By,),

where ||¢g||r2 = 1. Integration by parts, using (2.11), gives

Ak/ upor > 2(N — 2)/ e’r oy,
Bi\By, Bi\B,,
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)\k/ vEdr > 2(N — 2)6Mk/ e"* y..
Bi\B,, Bi\B,,

Since uy, and vy, are positive, we have e** > u; and e* > vy, and we conclude
that

4(N — 2)2eMr < )22
Note that \j is uniformly bounded, since the annulus By \ B, has a width

that does not converge to zero; in fact, 0 < pr < 1/2. It follows that M}
remains bounded as k — oo, which is a contradiction. ]

Lemma 2.4. Suppose U and V' solve (2.3) and U # 0 (equivalently V' # 0).
Ifto < 0 and U'(tg) = 0, then U is strictly monotone in (ty — €,to) and on
(to,to +€) for some e > 0.

Proof. If V(ty) # 0 this follows from (2.3) because then U”(tg) # 0. Sup-
pose V(tg) = 0. If V'(ty) # 0, then V has a sign on ({9 — ¢,t9) and on
(to,to + €), and then the conclusion still follows from the formula

t
U'(8) = —2(N — 2) / e (N=2)(s=0)(V(5) _ 1) g,
to

which is obtained from (2.3) by integration. The same argument applies if
V'(tg) = 0 and V”(tg) # 0. In the case V'(tp) = 0 and V" (ty) = 0 then by
(2.3) U(tp) = 0. But then U = 0 and V' = 0 by uniqueness of the initial-value
problem. ]

Lemma 2.5. If
liminf U(t) = —oo,
t——o0
then
lim U(t) = —oc.

t——o00

We will see later that in the case limy,_o U(t) = —oo, which implies
limy—,_o V(t) = —o0 by (2.5), the original pair (u,v) has a removable sin-
gularity at 0.

Proof of Lemma 2.5. For the sake of contradiction, let us assume that

liminfU(t) = —oco and limsupU(t) > —oc. (2.12)
t——o00 t——o0

We define
F@)=U'@V' () +2(N —2)(eV® —U@) +"® —v(t)). (2.13)



10 JUAN DAVILA, ISABEL FLORES, AND IGNACIO GUERRA

By a calculation we have
F'(t) = =2(N = 2)U' (t)V'(¢).

The idea is that if (2.12) holds then U oscillates more and more as t — —o0.
We will argue that it is possible to find a non-trivial interval [a, b] where U
and V are decreasing (hence F' is decreasing in this interval) and F(a) is
bounded, while F'(b) >> 1. But this contradicts that F' is decreasing in this
interval.

We start by fixing a local minimum ¢; < 0 of U such that U(t;) = —L
with L > 0 large. Note that V(1) < —L < 0 by (2.5), so U is increasing
in a small interval to the left of ¢; (by Lemma 2.4). Let to < t; be the first
local maximum of U. Then by (2.3) and (2.5),

0< V(ta) < Ulta). (2.14)

Note that V is either increasing or decreasing on some interval to the left
of t; (by Lemma 2.4). If V is increasing in some interval to the left of ¢
we define t3 < t; as the first local minimum of V. Otherwise we define
ts = t;. In any case t3 > to by (2.14), V(t3) < —L, and either U'(t3) = 0 or
V'(t3) = 0. It follows that F(t3) = 2(N —2)(eV ) — U(t3) + V) —V(t3)),
which is very large, if we take L large. Again V is decreasing to the left of
ts.

Let t4 < t3 be the first local maximum of V. If t4 < to we compare F'(t3)
with F(t3). We note that U and V' are non-increasing in [to, t3], and hence
F is non-increasing in this interval. Also F(ty) = 2(N — 2)(eVt2) — U(ty) +
eV(12) _V(ty)) is bounded independently of L, because of (2.14) (the bound
depends only on upper bounds on U and V). But F(t3) is very large, and
this contradicts that F' is non-increasing in [tg, t3].

If t4 > to we compare F(ts) with F(t3). Again F' is non-increasing in
[ta,t3] and F'(t3) is large. We claim that F'(t4) is bounded, and to prove this
it is sufficient to show that V(t4) > 0. First note that U(t4) > 0 (because
t4 is a local maximum of V' and (2.3)). If V(t4) < 0, since V(t2) > 0 and #4
is a local maximum of V', we see that there is a local minimum s of V' with
s € (to,t4) (we get s < t4 from Lemma 2.4). This implies U(s) < 0. But U
is non-increasing in [t2, t1], and it follows that U = 0 in [s, t4]. This leads to
U =0 and V =0, a contradiction. ]

Lemma 2.6. If
liminf U(t) > —oo,

t——o0
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then
ltng&fV(t) > —00. (2.15)
Proof. 1.- We prove first that
limsup V (t) > —o0. (2.16)
t——00
For the sake of contradiction, assume that lim;_,_~, V' (t) = —oo. Since U(t)

is bounded as t — —oo, we can find a sequence t; — —oo such that U’(¢)
remains bounded as k — oo. For any t; < t < t, by integration of (2.3) we
get

t
U'(t) = —2(N — 2) / eWN=26=0 (V) — 1) ds 4 N0 (1), (2.17)

tr
Letting £ — oo, we find for any t < 0

t
U'(t) = —2(N —2) / eWN=2(=1) (V) — 1) ds. (2.18)
Under the assumption lim;—, o, V' (t) = —oo we deduce that limy_, o, U'(t) =
2, which implies that lim;, o, U(t) = —o0, a contradiction.

From now on we prove (2.15) by contradiction; that is, we assume
lggl_lgofV(t) = —00. (2.19)

2.- Now let us show that V'’ is bounded. Under the assumption (2.19) and
knowing (2.16) we can find a sequence t;, — —oc as k — oo such that V’(ty)
remains bounded. Similarly as (2.17) we have

t

V'(t) = —2(N —2) / eWN =20 (UG 1) ds + N2y (1)
tg

for ), <t < 0. Letting k — oo we obtain

t
V() = —2(N — 2) / (N=2)(=1) (V) _ 1) g,

—0o0
which shows that V' is bounded.

3.- From (2.19) we can find to < 0 such that V(tg) < —M, M > 0 a large
constant to be fixed. Since V is uniformly bounded, we get V (t) < —M/2 on
an interval centered at ¢y of length of order M /C, where C' is independent of
M. Using this information together with (2.18), we see that U'(t) > ¢ > 0, on
an interval [to— M /C,to+ M /C]. Here ¢ > 0 can be chosen independently of
M. If M is large enough, this contradicts that U is bounded as t — —oco. [
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Proof of Theorem 1.1. By (2.5) and Lemmas 2.5 and 2.6 we have only
two possibilities: either U(t),V(t) - —oo as ¢ — —oo or U(t) and V(¢)
remain bounded as t — —o0.

Let us assume that U(t),V(t) - —oo as t — —oo. We claim that in this
case the original v and v satisfying (2.1) have a removable singularity at 0.

Indeed, by (2.4) and Lemma 2.3, which ensures that U and V are bounded
above, we have

U+ VOl <CO+]t) vE<O.
This combined with the equations (2.3), the upper bound for U and V
obtained in Lemma 2.3 and (2.5), yields that

U ()| + |V'(#)] < C+t) Vvt<o. (2.20)

Integrating (2.3) we find for s <¢ <0

t
e (5) = e N2 (8) 4 2(N — 2)/ eN=27( V() _ 1) dr.

s

Thanks to (2.20), eN=250"(s) — 0 as s — —o0, and we obtain

t
U'(t) = —2(N — 2)/ eWN=2T=1) V() _ 1) dr (2.21)
for all t < 0. Using V(¢) — —o0 as t — —oo we find
. ’ o

tlgr_nooU (t) = 2.
In a similar way, we find

tlim V(t) = 2.

——00

Going back to u and v by the change of variables (2.2), we obtain
lim ru,(r) = lim rv,.(r) = 0.
r—0 r—0

This is enough to show that u and v admit smooth extensions to 0. Indeed,
given € € (0,1/2), let 6 > 0 be so that |ru,(r)| + |rv.(r)| < e for r € (0,9].
Integrating once —Au = 2(N —2)e" in [ro, r] C (0, d] and then letting ry — 0,
we get
u'(r) > —-Crl™s, Yo<r <.

The same estimate for v/(r) is also valid. Integrating once again we see that
u and v are bounded near the origin. Then by standard arguments v and v
are smooth up to the origin.

Let us consider now the second case, i.e., U(t) and V() remain bounded
as t —- —oo. By the same argument as in the previous case we have the
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estimate (2.20) and also (2.21) and the corresponding one for V'. Since U
and V remain bounded as t — —oo we also deduce that U’, V/, U”, and
V" remain bounded as ¢ — —oo. Let us recall F' defined by (2.13) and that
F'(t) = =2(N = 2)U'(t)V'(t). For to < t; <0 we then find
t1 t1
—2(N —2) U't)V'(t)dt = F'(t)dt = F(t1) — F(to) = O(1) (2.22)
to to
as tg — —oo. Note however that U’(¢)V’(t) has no definite sign. Multiplying
the equation for U in (2.3) by V and integrating in the interval [to, 1] C
(—00,0] we get

/tl [U"V 4+ (N = 2)U'V 4+ 2(N —2)(" —1)V]dt = 0.

to

But

/ U dt = UV () — U (to)V (t0) — / "V = o)

to t

as tg — —o0, by (2.22) and since U, V,U’, V' = O(1) as t - —co. Hence

o

t1 t1
/ U'Vdt + 2/ (V' —1)Vdt=0(1) asty— —o0. (2.23)
to to
In a similar way we can derive
t1 t1
/ UV dt + 2/ (¥ — YU dt = 0(1) as ty — —o0, (2.24)
to to

and adding (2.23) and (2.24) we get

t1
/ eV —1DU + (¥ —1)Vdt=0(1) asty— —o0

to
since
t1
/ (UV'+U'V)dt = O(1).
to
Since the integrand has a sign we may write

0
/ eV = 1)U 4 (¥ = 1)V dt < . (2.25)
Since U(t) and V (t) are bounded as t — —oo, there is some uniform 6 > 0
so that (V) —1)U(t) > 6U(t)? for all t < 0 and similarly for V. We deduce
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from (2.25) that

0
/ U? +V2dt < oo, (2.26)
Observe that for [tg,t1] C (—o0, 0]
t1 t1
/ U dt = — / (U")2dt +0(1) (2.27)
to to
11 1
/ U dt = L(U(0)? ~ Uto)) = 0(1) asto— oo, (228)
to
and
0 0
/ (e"l)Udtgc/ |VU|dt < oo, (2.29)

for some C' > 0 since V remains uniformly bounded, and where the last
statement follows from (2.26). Multiplying the equation for U in (2.3) by
U and integrating on [tg,t1] C (—o0, 0], we obtain, using (2.27), (2.28), and
(2.29),

/0 (U2 dt < . (2.30)

A similar calculation yields
0
/ (V)2 dt < .

Using (2.3) and the L? estimates for U, U’, V, and V' we also obtain

/0 (U2 + (V") dt < . (2.31)

Let us show now that U’(t) — 0 as t — —oo. Indeed, thanks to (2.30) there
is a decreasing sequence t, — —o0 as n — oo such that ¢, — t,+1 — 0 and
U'(t,) — 0 as n — oco. For any ¢ € [t,41,t,] we have

t

U (6)] = U () +/ U"| < U (tng2)| + Cltn — tny1)'/?
tn+1

by (2.31), and this shows U’(t) — 0 as t — —oo. A similar argument applies

to V'. Since U'(t), V'(t) — 0 as t — —oo and U(t) and V(¢) remain bounded,

by applying standard interpolation inequalities to equations obtained from

(2.3) by differentiation, we obtain that U®)(¢), V*)(t) — 0 as t — —oo, for
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any integer £ > 1. Then the equations (2.3) also yield U(t),V(t) — 0 as
t — —oo. Using the definition (2.2) we obtain the desired behavior (1.4). O

3. THE DYNAMICAL SYSTEM

We assume throughout that N > 3. If u, v is a radial solution of
—Au=Xe’ in B c RV
{ — Av = pe" in Bp
the functions
wy = peX wy =ru,, wsz =AY, wy=rv,., r=¢, (3.1)
satisfy
wi = w1 (2 +ws), wh=—ws— (N —2)ws
{wg =w3(2+wy), w)=—wy — (N —2)wy
for t € (—o0,log(R)).

To study radial solutions of (1.1) it is convenient to consider the initial-
value problem

{ — Au=¢e", —Av=¢* RN

, , (3.3)
u(0) =a, v(0)=—a, u(0)=12(0)=0,

where @ € R is a parameter. We write as uq(7),vo(r) the unique radial
solution to this problem. This solution is defined on a maximal interval
which turns out to be [0, 00), because u, and v, are decreasing, and hence
one can replace the nonlinearity e® by a globally Lipschitz one that the
coincides with e® for s < |al. We shall write w;(t;), i = 1,...,4, the
functions obtained applying the transformations (3.1) with A = =1 to u,
and v,. They are solutions of (3.2). In the case @ = 0 we have that ug = vg
is the radial solution of the scalar equation

—Aug =e* in RV, uo(0) =0, (3.4)
and it is known that it has the behavior
uo(r) = —2log(r) + log(2(N —2)) +o(1) asr — oo. (3.5)

The only stationary points of the system (3.2) are

P =(0,0,0,0)
Py=(2(N —2),-2,2(N —2),-2). (3.6)
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A smooth radial solution of (1.1) or (3.3) produces an orbit that emanates
from Pj; in other words, the orbits (w1 (- ;a),...,w4( ;a)) are contained in
W*(P;). They do not exhaust W*(P;), however, because wq,ws > 0 and
wa,wq < 0. The boundary conditions in (1.1) imply that a radial solution
of this system will also cross the hyperplanes w3 = A and w; = pu.

The usefulness of the solutions u, and v, of (3.3) and the associated
functions w; (t; «) is that the curves (w1 (¢; ), w3(t; @), t € R, describe points
(1, A) for which the original system (1.1) has a classical radial solution. Thus
the region of existence

U={(u,\) € (0,00)? : system (1.1) has a classical soluion}
is precisely {(wi(t; ), ws(t; ) : t € R, o € R}.

Remark 3.1. In Figures 1 and 2 we have plotted the components w; (hori-
zontal axis) and ws (vertical axis) of the transformation (3.1) obtained from
the numerical solution of (3.3) for different values of « € R. This gives an
idea of the region of existence U.

The linearization of (3.2) around the point P is given by Z' = M Z, where

2 0 0 0

— o —(N-2) -1 0

M=1y 0 2 0
~1 0 0 —(N-2)

The eigenvalues of this matrix are —(N — 2) and 2, with multiplicity two.
Then P; is hyperbolic, has 2-dimensional unstable manifold W*(P;), and a
2-dimensional stable manifold W#(Py).

The linearization of (3.2) around P; is given by Z' = M Z, where

0 2(N-2) 0 0
0 —(N—-2) -1 0

M=1 (0 )0 2(N —2) (3.7)
—1 0 0 —(N-2)

The eigenvalues of M are given by

n=3(2-N+/(N+6)(N-2)
m;2N¢w+mwm§ 38)
v3=13(2—N+ /(N —10)(N —2)
v=3(2-N-/(N-10)(N—2)
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Note that for N > 3 we have 1o, < 0 < 1v7. If 3 < N <9, then v3 and vy
are complex conjugate with nonzero imaginary part and negative real part.
More precisely, we have
ve < Re(vy) = Re(v3) < 0 < 1.

It N > 11,

V2<I/4<l/3<0<l/17
and if N =10,

Vo <vg=rv3<0<uy.

Concerning the eigenvectors of M we have the following:

Lemma 3.2. The vector

o®) = [4(N = 2)%, 2(N = 2)vp, =2(N — 2)(v, + N — 2)v,, —(vg, + N — 2)1/7]
(3.9)

is the eigenvector of M associated to vy, k =1,...,4. We have that vV and

v® are always real, and v®) and v® are complex conjugate if 3 < N < 9.
Let us write v = (vgi), véi),véi),vy)), 1=1,...,4; then

>0, oV >0, oV <0, oV <o, (3.10)
and

ng) > 0, U§2) <0, v§2) <0, vf) > 0.
Proof. Use that 19 + 11 =2 — N. O

Proposition 3.3. There exists a heteroclinic orbit connecting P1 and Ps.

The proof is to consider the solution of (3.3) with o« = 0, in which case
uop = vo and the system (1.1) reduces to the equation (3.4). This solution is
studied in [19], and provides the desired heteroclinic orbit.

4. CURVE OF SINGULAR SOLUTIONS

Let P; and P, be the stationary points of the system (3.2) defined in (3.6).
Then P; has a 2-dimensional unstable manifold W*"(P;), while P, has a 1-
dimensional unstable manifold W*(P,) and a 3-dimensional stable manifold
We(Py).

Lemma 4.1. Let V = (wy,...,wy) : (—00,T) — R* be the trajectory in
WY(Py) such that (V'(t), o)) > 0 for t near —oco, where T is the mazimal
time of existence. Then

wy >0, wh>0, wiy<0, wy<0 forallt<T. (4.1)



18 JUAN DAVILA, ISABEL FLORES, AND IGNACIO GUERRA

Proof. By (3.10) and the hypothesis (V'(t),v(1)) > 0 for t — —o0, we have
wi(t) >0, wh(t) >0, wh(t)<0, wy(t)<O0
for ¢t near —oo. For the sake of contradiction, suppose that w] = 0 at t = to;

then wy = —2 and w) < 0 at ¢ = to. This implies that ws > 2(N — 2) at
t = to. Consequently there exists t; < o such that ws = 0 and wz < 2(N—-2),
and so wy = —2 and w) > 0 at ¢ = ¢;. Then w; <0, but wy; > 0 at t = ¢;.
Then

wy >0 forallt<T.

Next let us see that wj > 0 for all ¢ < T'. If not, there is a first ¢; such that
w)(t1) = 0. Then wj(t1) > 0. But from w) = —w] — (N — 2)w}, we see that
wy (t1) < 0, a contradiction. Then w) < 0 for all ¢t < T.

Similarly we have wj < 0 and w?) > 0. O

Lemma 4.2. Let V = (wy,...,wy) : (—00,T) — R* be the trajectory in
W¥(Py) such that (V'(t),v™M)) > 0 for t near —oo, where T is the mazimal
time of existence. Then T = oo and

wi(t) = o0, ws(t) =0, wa(t) =0, wi(t)—> —o0

wy (t 1

wjgt; -y O t — oo. (4.2)
Proof. We first observe that w; and ws remain always positive, since this
is true for ¢ — —oo and if one of them vanished for some time, it would be
identically zero.

Let us show that T" = co. Indeed, assume the maximal time of existence T’
is finite. Then from the equation for wh in (3.2), wo(t) < eN=2 o=y (ty)
for any tg,t < 1. Fixing tg this gives an upper bound for wy as ¢t T 1. It
follows that also w; has an upper bound as ¢ 7 1". The same argument shows
that wy is bounded as ¢ T T'. Next, since wy is decreasing and equal to —2 at
t = —o0, we get wy + 2 < 0 for all t. Then the equation for ws implies that
wg remains bounded as ¢ T T'. Therefore all components remain bounded as
t 1T, which contradicts the maximality of 7.

That wy — oo follows from the system equation for wj in (3.2), since
fixing any t9 € R, we have wa(t) + 2 > wa(tp) +2 > 0 for all ¢ > ty by
Lemma 4.1, and then w/(t) > (wa(to) + 2)wi(t) for all t > ¢.

Next let us see that ws(t) — 0 as t — co. Otherwise, since ws is positive
and decreasing, we would have ws(t) — w3 > 0 as t — co. Then the equation
for w), in (3.2) would imply that wa(t) — —oo as t — oo. This is not possible
because wy is increasing by Lemma 4.1. Using that ws(t) — 0 as t — oo
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and the second equation in (3.2), we can deduce that wy(t) — 0 as t — oo.
Similarly, using the fourth equation and w; () — oo as t — oo we can obtain
that wy(t) — —oo as t — oc.

L’Hopital’s rule gives for

L= tim “2®
t—o0 w1 (t)

the equation L = —1/2 — L(N — 2)/2, and we obtain (4.2). O
Proof of Theorem 1.2. Consider the trajectory V. = (wi,...,wyq) :
(—00,00) — R* in W*(Py) such that (V'(t),v()) > 0 for ¢t near —oo, where

v is given in Lemma 3.9. By Lemmas 4.1 and 4.2 we can define w3 as a
function of w:

w3 = B(wl)
for wy € [2(N — 2),00). This function is smooth monotone decreasing, and
h(wi) — 0 as w; — oo. By symmetry we define

h(wr) = A~ (wy),

where h~! is the inverse of h.

We see that for A\ = h(u) there exists a radial singular solution of (1.1).
On the other hand, suppose that (u, v) is a radial singular solution associated
to parameters (u,A). We can assume that g > A by symmetry. Then by

Theorem 1.1, after the change of variables (3.1) we have that (w1, ..., ws) —
P, as t — —oo (this is contained in the proof of Theorem 1.1). Since the
unstable manifold of P» is one-dimensional, the trajectory (wi,...,wy) is
unique and A = h(u). This shows that on S = {(u, h(u) : p € (0,00)} we
find singular solutions and that the singular solution is unique. ([l

5. MULTIPLICITY IN DIMENSIONS 3 < N <9

Let Vo : R — R* be the heteroclinic connection from P to P, of Propo-
sition 3.3 and Vj = Vy(—00, 00). Then Vj is contained in both W*(P;) and
WS (P).

Lemma 5.1. Assume N > 3. W% (Py) and W*(P,) intersect transversally
on points of Vo. More precisely, for points Q € Vi sufficiently close to Py
there are directions in the tangent plane to W*(Py) which are almost parallel
to vV the tangent vector to W*(Py) at Py.
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Proof. Let u,,v, be the solution of (3.3) with a > 0, and let W =
(w1, ..., ws) be defined by (3.1) with A = px = 1. Then, from the system we
get v, < v. Integrating,
V(1) < —a 4 vo(1).
Then
—A(ug —ug) =€’ — e’ < (e —1).
By the asymptotic formula (3.5), e ~ r=2 as r — oo, and therefore,
integrating we get
Ug(r) —ug(r) > (1 —e *)r
for all r > 1. Therefore

wa(r, a) — wa(r,0) > ca

for some ¢ > 0. We deduce that

%(T,O) >c>0 (5.1)

for all » > 0 large. Let Z = %—Z\azo. Then Z = (z1,..., 24) satisfies
Z'= (M +R(t)Z,
where M is the matrix defined in (3.7) and

(24+w2) (w1 —2(N —2)) 0 0
0 0 0 0

R(t) = 0 0 (2+wq) (w3 —2(N—2))
0 0 0 0

Recall that V(t) — P as t — oo. Moreover, the convergence is exponential;
that is, there are C, o > 0 such that |V (t) — P»| < Ce™ 7" for all ¢t > 0. This
follows from the Hartman-Grobman theorem (see Theorem 7.1 in [18] or
Theorem 1.1.3 in [17]), which shows that the system (3.2) is CY-conjugate to
its linearization near P,. Recall that the eigenvalues of M are v; > 0 > 15
and v3 and vy, which have negative real part and nonzero imaginary part.
Let v(9 € C* denote an eigenvector associated to v;. By Theorem 8.1 in [6,
Chapter 3| there are solutions ¢y to

o = (M +R(t))pr, t>0

such that limy o g (t)e 7kt = v®) Tt follows from this that Z = Ele Civi
for some constants c1,...,cq € C. The condition (5.1) imply that |z2(t)| > ¢
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for some ¢ > 0 and all t > 0, so |Z(t)| > c for t large. Since v; > 0 and v»,
v3, and v4 have negative real part, we conclude that ¢; # 0 and

Z(t) = croWett 4 o(e"!)  as t — oco.

Since v()) is the tangent vector to W*(P,), we have that %—g]azo is not
tangent to W5 (Py) for t large. On the other hand, %—Z\azo is tangent to
W¥(Py) by construction. This shows that W#*(P,) and W*(P) intersect
transversally on points of Vp close to Ps. By the invertibility of the flow away
from the stationary points, W*(P,) and W*"(P;) intersect transversally on
all points of VO [l
Let v() denote the eigenvectors of the linearization of (3.2) at P, with
corresponding eigenvalue v;, given explicitly in (3.9). Then W"(FP,) is
one-dimensional and tangent to v at P,. Hence, if V = (U1,...,04) :
(=00, T) — R*is any trajectory in W*(P,) there are 2 cases: (V'(t),v()) <0
or (V'(t),v)) > 0 for ¢ near —oo.
Lemma 5.2. The system (3.2) is C'-conjugate to its linearization around
Py in a neighborhood of this point.

Proof. This follows from a result of Belickii (see [2] or [26, p. 25]), which
says that the system (3.2) is C'l-conjugate to its linearization around the
point P, under the non-resonance condition

Re(v;) # Re(vj) + Re(vy)  when Re(v;) < 0 < Re(vy),
where v, ...,y are the eigenvalues of M defined in (3.7). For 3 < N <9
we have

9 _
va < Re(v4) = Re(v3) =

<0 <.

Considering the pair 1o < 0 < v; we see that Re(r2)+Re(v1) = 2— N, which
is different from Re(r3) and Re(v4). The only case left is Re(r3) < 0 < vy,
and we need to verify that

Re(v3) +v1 # 12, Re(vz) + v1 # Re(wa).

Both relations hold for all integer N > 3. (|
Proof of Theorem 1.3. We will write generic points in the phase space
R* as (wy, w2, w3, wg). Let {e; :j=1,...,4 } denote the canonical basis of
R4

For pn > 2(N — 2), by Lemmas 4.1 and 4.2, W*(P) N {w; = pu} is a
single point, which we call P*(u) = (P} (1), Py (1), P3 (1), Pf(p)). Note that

h(p) = P3(p).-



22 JUAN DAVILA, ISABEL FLORES, AND IGNACIO GUERRA

For a € R, let uq, vq be the solution of (3.3) and let W (t; ) = (w1, ..., wa)
be defined by (3.1) with A = p = 1. Define

W™(P) = {W(ta): a € R,t € R},
which is the part of W"(P;) giving rise to smooth solutions of (1.1). Let
E = W¥P) N{w = p}. We will prove Theorem 1.3 by showing that &
contains a curve S which spirals around P*(u). By this we mean that there

exist linearly independent vectors Sy, So € R* and numbers o > 0 and 3 € R
such that S can be parametrized by

t €10,00) = P*(u) + e * cos(Bt)S1 + e “sin(ft) Sy +o(e” ™) (5.2)

as t — oo. Actually we will obtain @ = — Re(v3) = % and § = Im(vs),
with v3 given in (3.8). In this setting we define the tangent plane to S at
P*(p) as the plane generated by S; and S;. An important property that
we will prove later is that this tangent plane is transversal to the plane
{wg == O}

Let us proceed with the construction of §. Let X; denote the flow gener-
ated by (3.2). Let Mp be the matrix

vi 0 0 0
o w0 0
Mp =14 ¢ Re(r3) —Im(vs)]| " (5-3)

0 0 Im(vs) Re(vs)

By Lemma 5.2 there is an open neighborhood Np, of P, and a C* diffeo-
morphism H : Np, = Ny, where Ny is an open neighborhood of 0, such that
Ho X;0H ' = L;, where L; = eMp? is the flow generated by Mp, and the
formula holds in some neighborhood of the origin.

Let

D ={w=(wi,...,wq) 1 w1 = p, [w— P (p)] <1}.

Then by Lemma 4.1 D is a 3-dimensional disk transversal to W*(P,). Next
we apply the A-lemma of Palis [25], which says that there is an open neighbor-
hood B® of P, relative to W#(P2) and an open neighborhood N of P, both
of them contained in Np,, such that given € > 0, the connected component
of X_4,(D)NN that contains X;(P*(p)) is € Cl-close to B* if to > 0 is suffi-
ciently large. Let us write M for the connected component of X_4 (D) NN
that contains X_; (P*(u)).

Choose some point Q € Vp such that Q € Np,. By Lemma (5.1) we
may choose a C! curve contained in W%(P;), say I' = {y(s) : |s| < 6} with
v :(—6,8) — R* a C*' function such that v(0) = @ and +/(0) not tangent to
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W?#(P,) at Q. This curve can be taken to be of the form (s) = W(ty,s),
where W(t,a) = (wy,...,ws) is defined by (3.1) with A\ = p = 1 starting
with g, v the solution of (3.3) with a € R. We take ¢; large so that
v(0) = W(t1,0) meets the requirements of being close to Py and ~/(0) very
close to the tangent to W*(P). We can assume also that this curve is
contained in Np,. Choosing € small we can assume that I' intersects M.

To describe the structure of X;(I') N M, thanks to the conjugation H, we
assume that P is at the origin and that near the origin the flow is given by
L; = eMpt given in (5.3). In particular, after this change of variables, the
local unstable manifold of P, is contained in the axis e; = (1,0,0,0) and
the local stable manifold is contained in the space {(y1,...,y4) : y1 = 0}.
We may further assume that B* = {(y1,...,y4) : y1 = 0, |y| < 0} for some
0 > 0 and that the heteroclinic orbit Vj near the origin in the new variables
is given by

Vo(t) = (0, c2e”?, €3 (c3 +icy)), t>0 (5.4)

for some constants cg, c3,cs € R, where in the last two components we are
using complex notation. Note that the curve Vj cannot have a tangent
vector that becomes parallel to es = (0,1,0,0) as t — oo, that is, c3 # 0
or cq4 # 0 (recall that o < Re(r3) < 0 by (3.8)). By choosing ¢ small,
we can assume that the normal vector to M near P, is almost parallel to
e1 = (1,0,0,0). Thus by passing to a subset of M we may assume that M is
a C' graph over the variables (y2,%3,y4); that is, there exists a C' function
Yy = (y2,y3,y4) €R3, || <} — R with 1(0) > 0 such that

M={@).y) v eR’ |y| <4}
By Lemma 5.1 the tangent plane to W*(P}) at points close to the origin
(i.e., Py after the change of variables) contains vectors almost parallel to
e1 = (1,0,0,0), and hence 74(0) # 0. We may assume that v;(0) > 0. We

claim that for all £ > 0 large there is a unique small s such that L:(y(s)) € M.
Indeed, this condition is equivalent to

e (s) = (e y2(s), € (v3(s) + inu(s))).
Write 7 =1/t > 0 and
F(r,s) = n(s) — e ""(e" 0 (s), € (13(s) +1i7a(s)).  (5.5)

Then F(r,s) is well defined in C! in a set of the form (0,dq) x (—do, o) for
some &y > 0, and one can verify that it admits a C'! extension to 7 = 0 with

FO.8) = 1(s), (0,5) =(s), o (0,5) =0
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Since F'(0,0) = 0 and %—Z(O, 0) = ~4(0) # 0, by the implicit function theorem,
given 7 > 0 small we can find a unique small s such that F(7,s) = 0. This
defines a function s = s(t) defined for ¢t > 0 large such that L(y(s(t))) € M.
Moreover, from (5.5) we get

71(0)s + o(s) = =1 (1(0) + O(e™ R,
and hence we find the expansion

A ) ~R

s(t) = ————2(1+ O(e”Re)t)) a5 ¢ — 0.

(1) = S 20+ O )

The point of intersection L(y(s(t))) can be written then in the form
Li(y(s(1))) = ((0), 0,0,0) + )" cos(Im(vs)t) Sy

+ eRe(ws)t sin(Im(v3)t) Sy + o(eRe(”3)t) as t — oo,

where
S1 = (av3(0) + b74(0), 0,73(0),74(0)) (5.6)
Sz = (—a7a(0) + by3(0),0,73(0),74(0)) (5.7)
_ o _9%
a= 5o 0. b=5"0). (5.8)

Thus the curve {L;(y(s(t))), t > 0 large} defines a spiral contained in M.
Applying the conjugation H~! and the flow X;, we see that

8 = {Xipap (1(s(8))) 1 £ > 1)
N-—-2

with ¢; > 0 large has the structure of a spiral (5.2) with o = — Re(v3) = 5=

and 8 = Im(v3). By construction S is contained in £ = /V[7“(P1) N{wy = u}.
We now prove the following statement:

the tangent plane to S at P*(u) is transversal to the plane {ws = 0}.
(5.9)

Recall that by definition this plane is the one generated by S; and Sy appear-
ing in (5.2). Since S is contained in {w; = p}, it is sufficient to show that
inside the space {w; = p} the plane generated by ey and ey is transversal
to the tangent plane to S at P*(u). Let V = (wq,...,wy4) : (—00,00) — R*
denote the trajectory in W*(P,) such that (V/(t),vM) > 0 for ¢ near —oo,
where v(1) is given in Lemma 3.9. To prove our claim we need to trans-
port the plane generated by es and e4 back along V', and this is accom-
plished by solving the linearized equation around V. More precisely, let
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Z,Z : (—00,0] — R* be solutions to the linearization of (3.2) around V;
that is, Z = (z1, 22, 23, 24) satisfies for ¢t < 0

{Zi = (2 +w2)z1 + w22, (N —2)2z9 — 23,

%= (5.10)
2y = (24 wy)z3 +wszg, 2y =—(N —2)z — 21, '

and similarly for 7 = (21, 22, 23, Z4). As final conditions we take Z(0) = e
and Z(0) = ey.

By Theorem 8.1 in [6, Chapter 3] there are solutions 1)y, : (—o0o,0] — C*
to (5.10) such that

: —I/kt — (k)
tlgnoo Yi(t)e v\ (5.11)
where v, ... v® are the eigenvectors of M. Recall that v!) and v are

real, and v® and v(® are complex conjugate. Thus one can assume that 1;
and vy are real, and 3 and ¥4 are complex conjugate. Let

Yi = rl;[)ia 1= ]-72
{ ¥3 = Re(w?ﬁ)a P4 = Im(wS)v

so that now ;, ¢ = 1,...,4 is a fundamental system of real-valued solutions
of (5.10). Then we can write

(5.12)

4 4
Z(t) =Y cipi(t), and Z(t) =) Epilt)
i=1 =1

for some constants ci,...,¢c4,¢1,...,¢4 € R. We remark that V' is a solution
of (5.10), and therefore it can be written as a linear combination of the ;.
But V'(t) — 0 as t — —o0, and since the only function of the ¢; that tends
to 0 as t — —o0 is 1 by (5.11) we must have that V' = ¢oe1 for some
nonzero constant ¢y € R.

We claim that

co#0 or ¢é#0. (5.13)
Assume, for the sake of contradiction, that co = 0 and ¢é3 = 0. Define Vt <0

F(t) = V21 <z4<f>51 (1) _ 020 | 2050 z1<t>s4<t>> .

w1 w3 w3 w1

A calculation using (5.10) shows that f is constant. Using the final condi-
tions for Z and Z we see that f(0) = 0, and hence f(t) =0 V¢ < 0. We can
compute lim f(t) as t — —oo. Indeed, using the asymptotic behavior (5.11),
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the relations (5.12), the formulas for the eigenvectors (3.9), the behavior of
wy and ws given by

wi(t) = 2(N = 2) + 0(e™), ws(t) =2(N —2) + O(e")
as t — —oo, and the assumption co = 0 and ¢s = 0, we get

tl}_moo f(t) = (c364 — C3¢4) B,

where B = —(N—2)?,/(10 — N)(N — 2). Thus B # 0, and we conclude that
(c3Cy — C3cq4) = 0. This means that there exists A € R such that ¢ = Acg,
k =3,4. Using Z(0) = ez and Z(0) = e4 we see that

(51 — )\61)801 (0) = €4 — )\62.

But, as remarked before, ¢1 = coV’, for some constant ¢y € R, ¢g # 0.
By Lemma 4.1 all components of V/(0) are non-zero, which implies that

— e = 0, leading to Z(0) = AZ(0), a contradiction.

The condition (5.13) implies the assertion (5.9). Indeed, let us recall that
we defined M as the connected component of X_; (D) NN that contains
Q1o = X_t,(P*(p)) with tg > 0 large. Using a C* conjugation that allows
us to assume that near P, the system is linear, we saw that M N W“(Pl)
contains a spiral S around the point Qt,- S was defined as X4, applied to S.
The tangent vectors to S at Q1, after the conjugation are S; and S given

n (5.6)-(5.8). Since the derivatives in (5.8) can be assumed to be small, we
see that S; and S, are almost contained in the plane generated by es and
e4, which by the conjugation correspond to Re(v(®)) and Im(v(®)). Therefore
the tangent plane to S at Q1. is almost parallel to the plane generated by
the eigenvectors Re(v®) and Im(v(®)). Since either ¢y # 0 or & # 0, for tg
large at least one of the vectors Z(ty) or Z(to) is transversal to the tangent
plane to S at Q-

Finally, once we have shown that W“(Pl) N {w; = p} contains a spiral
S centered around P*(u), using the transversality property (5.9) one can
show that for A = h(u) there are infinitely many intersections of S with the
hyperplane {ws = A} and that for A close to h(u) there is a large number of
such intersections. Each intersection yields a regular solution of (1.1) with
parameters (i, \).

We remark that the argument given above proves a slightly weaker state-
ment than the one in Theorem 1.3, in the sense that we consider u fixed and
let A approach h(yu) to obtain a large number of solutions. The argument
above can be adapted to prove the version stated in the theorem. [l
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