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Abstract

In this article we study basic properties for a class of nonlinear integral operators related to their fun-
damental solutions. Our goal is to establish Liouville type theorems: non-existence theorems for positive
entire solutions for Zu < 0 and for Zu + u? <0, p > 1.

We prove the existence of fundamental solutions and use them, via comparison principle, to prove the
theorems for entire solutions. The non-local nature of the operators poses various difficulties in the use of
comparison techniques, since usual values of the functions at the boundary of the domain are replaced here
by values in the complement of the domain. In particular, we are not able to prove the Hadamard Three
Spheres Theorem, but we still obtain some of its consequences that are sufficient for the arguments.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

During the last years there has been a renewed and increasing interest in the study of nonlinear
integral operators. Motivated in part, by the important advances on the theory of nonlinear partial
differential equations, a great variety of diffusion phenomena are being described using integral
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operators: in Particle Models in Physics [19], in Nonlinear Reaction—Diffusion for Population
Biology [3,5], in Financial Mathematics and Stochastic Control Theory [21], just to name some
references.

From the mathematical point of view, given an operator one is interested in understanding the
structure of the solutions sets of equations involving it. In an attempt to address an edge of this
formidable problem, one tries to understand some basic questions constructing simple solutions.
In this category falls the question of existence of entire solutions, fundamental solutions and the
related Liouville property or Liouville type theorems.

Assuming we have an operator Z, the first question we are interested in addressing in this
paper is the possibility of having nontrivial solutions for the equation

Zu<0, u>0 inRY, (1.1)

and the second question is about the possibility of having nontrivial solutions to the equation
with an added power nonlinearity

Tu+u” <0, u>0 inRY, (1.2)

for p > 1. The study of these questions is deeply related with the existence of fundamental
solutions for the operator, that is simple radially symmetric power-like solutions of the equation
Tu = 0. In this article we consider these questions for a class of nonlinear operators introduced
by Caffarelli and Silvestre [7]. We prove the existence of fundamental solutions and we use
them to prove Liouville type theorems. The comparison principle is here the tool to compare the
entire solutions with the fundamental solutions. At this point we have to introduce various new
techniques in order to overcome the difficulties posed by the fact that the operators are non-local,
and so, the values at the boundary of the functions to be compared have to be replaced by the
values of the functions in the complement of the domain.

Let us be more precise about the operators we consider in this paper. Let K : R — R be a
positive even function satisfying

A A

ngf()’)gw, (1.3)

where N > 2, A > A >0 and o € (0, 1). We consider such a K as the kernel for defining the
linear operator L (u) at x € RV as

Lxm)(x) = /(u(x + ) +ux —y) —2u(x)K (y)dy,
RN
where u is such y — (u(x 4+ y) + u(x — y) — 2u(x))K (y) is integrable in RN \ B(0, &) for all

& > 0 and of class Cl’l(x) in the sense defined by Caffarelli and Silvestre in [7], that is, there
exist v € RN and M > 0 so that

luCx +y) —u@x) —v-y| < Mlyl?,

for y small. In particular, the linear operator Lk is well defined at x if u is bounded, continuous
and of class C11(x).
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If we define by Ly the class of all these linear operators then we define the extremal operators
of Loy as

Mtu(x)= sup L(u)(x) and M u(x)= inf Lu)(x), (1.4)
LeLy LeLy

the maximal and the minimal operator, respectively. We remark that the class Ly, and a posteriori
M™T and M, depends on the parameters A, A and o, but we do not explicitly write them in
order to avoid overcharged notation.

It is easy to see that these extremal operators can be explicitly characterized considering the
functions

S+(f) = At.;,_ —t_ and S_(t) = t+ — At_

writing

M+M(ﬂ=/%dy and M‘u(x):/%dy’

RV RV

where §(u,x,y) = u(x + y) + u(x — y) — 2u(x). Here and in the rest of the paper we will
consider A > 1 and A = 1 for simplicity. We observe that the operators just defined are extremal
for a much larger class of operators, including nonlinear, non-autonomous operators like

G(O6(u,x,y),x,
Fa) = f ( (Tnyfz)ax 2y, (1.5)

RN

where the nonlinear function G : R x RV x RY — R is continuous and it satisfies

S_(1) < G(t,x,y) < Sq(1) forall (1, x,y) e Rx RV xRV,

Our first theorem is devoted to the existence of fundamental solutions for the extremal opera-
tors M™ and M ™. We have:

Theorem 1.1 (Existence of fundamental solutions). Associated to the operator M™, with pa-
rameters (a, A) € (0,1) x [1,00) and dimension N > 2, there exist dimension-like numbers
Nt =NT(a, A, N) and N~ = N~ (a, A, N) such that

O0<NTEKNEN <N +2a.

As functions of A, Nt (a, A, N) is strictly decreasing and N~ (a, A, N) is strictly increasing
and they satisfy

NT(,1,N)=N=N"(o, 1,N),
0 if2a < 1,

lim NT(x, A, N) = ,
A—00 20— 1 if2a > 1,

and lim N~ (a, A,N)=N + 2.
A—00
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Moreover, these numbers are so that the functions

pNt+20 ifNT > 2a,
on+(r) =1 —logr ifNT =20, (1.6)

_N+ )
—r N2 Nt <2

and
Pn-(r)=—r~N F
satisfy the equation
Mt (u@) =0, r>0.

The functions ¢+ and ¢ - are the only power-like solutions of this equation.
The functions defined as pn+(r) = —pn+(r) and pn—(r) = —py- (1) are fundamental solu-
tions of the operator M, respectively. They are the only power-like solutions to the equation

M (u(r)) =0, r>0.

Remark 1.1. In what follows we define, for notational convenience, 0™ = —NT +2a ando ™ =
—N~ 4+ 2.

Fundamental solutions for the extremal Pucci operator (o« = 1) were first defined by Labutin
[17,18] and were used for the study of removability of singularities for these operators. They
were used later by Cutri and Leoni [12] for the study of Liouville type theorems and later for
operators involving first order terms by Capuzzo-Dolcetta and Cutri in [9]. The results in [12]
were generalized by the authors in [14] for a class of extremal operators with radial symme-
try. Recently Armstrong, Sirakov and Smart [2] obtained fundamental solutions for general, not
necessarily radially symmetric fully nonlinear differential operators, and they were used very
recently by Armstrong and Sirakov [1] to prove Liouville type theorems for these differential
operators.

Now we state our main theorems on entire solutions. In these theorems and in all the paper, by
solution to an integral inequality or equation we mean solution in the viscosity sense as defined
in [7] as we describe in Section 2.

Theorem 1.2 (The Liouville property). Assume that N¥ < 2o and u is a viscosity solution of
MTw)<0, and u>0, inRY,

then u is a constant. Similarly, if Nt < 20 and u is a viscosity solution of
M u)>0, and u<0, inRY,

then u is a constant.
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Remark 1.2. The case N~ < 2« does not occur since N~ > N > 2.

We observe that for a given nonlinear operator F as in (1.5) we have a corresponding Liouville
property, by comparison with the extremal operators. Our next result is a Liouville type theorem
for the operator with a power nonlinearity. We have:

Theorem 1.3 (Liouville type theorem). Assume N > 2a and that u is a viscosity solution of
MT () +uP <0. (1.7)

If p< N+ 2 , then u = 0. Reciprocally, if p > 57—, then Eq. (1.7) has a nontrivial viscosity
solution.
Similar statements hold with M~ and N~.

It is important to say here that the non-existence theorems of Liouville type are closely related
with existence theorems in bounded domains. In the case of second order differential operators,
the well-known blow-up technique introduced by Gidas and Spruck [16] allows to find a priori
bounds for the positive solutions of the problem in a bounded domain, as a consequence of
the non-existence theorem. Then classical degree theory is applicable to complete the existence
arguments. Even though we do not investigate this line of research in this article, we believe that
results of this sort are valid for non-local operators in the class considered here.

We would like to emphasize that, as far as we know, the theorems just stated are new even
for the case A = 1, that corresponds to the fractional Laplacian. Related results for this linear
operators are the existence and uniqueness of a positive solution for nonlinear equation

A%u) 4+ uP =0 (1.8)

in the Soboleyv critical case p = (N + 2«) /(N — 2«) and the non-existence result for this nonlin-
ear equation in the Sobolev sub-critical case, see Li [20] and Chen, Li and Ou [11]. In the case
o =1 and A =1, that is for the Laplacian, Theorem 1.3 is an extension of the classical result of
Gidas [15]. Concerning results of classification of solution and Liouville type result for Eq. (1.8)
and o = 1 we mention the fundamental papers by Gidas and Spruck [16], Caffarelli, Gidas and
Spruck [8] and Chen and Li [10].

Notice that a Liouville type theorem and the classification of solution for the equation

MFu)+uP =0 (1.9)
for p > Nfrvrza is a wide open problem, even in the radially symmetric case. We conjecture that
there is a critical Sobolev type exponent with value between (N +2a)/(N —2a) and (N1 +2a)/
(NT —2a) for A > 1, that allows to classify the positive solutions, as in the case of the extremal
Pucci operators, see [13].

As we have already mentioned, the proofs of Theorems 1.2 and 1.3 are based on the study
of fundamental solutions for the extremal integral operators and the use of these solutions to-
gether with comparison principle. To be more specific, the proofs use two weak versions of the
Hadamard Three Spheres (circles), see Lemmas 4.1 and 4.2. The difficulty of these arguments is
due to the application comparison principle for non-local operator that needs the right inequality
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for the function in all complement of the domain (not only on the boundary as in the case of local
operators), see Theorem 2.1.

Finally, notice that the extremal operators we are considering in this article have a clear con-
nection with nonlinear second order elliptic operators, when o — 1. Actually it is not difficult to
prove that

lim 2(1 — @) M*u = / Si< > eiw?) dw,
a—1 .
gN—1 i=1,N
where ej, es, ..., eyn are the eigenvalues of Dzu(x) and w = (w1, ..., w,) is a generic point
in S¥~!. For more details on other connection with nonlinear second order elliptic operators,
see [7].
2. Preliminaries
In this section we briefly review some basic definitions and comparison theorems for integral

operators. In this section Z will denote any linear operators or extremal operator, as defined
above. The definition and comparison theorem we give here are valid for much larger class of

operators as given in [7] or [4], but for this paper we do not need such generality.

Definition 2.1. Assume f : R — R is a continuous function and g : RV — R is a function.
A continuous function u : RY — R is a viscosity super-solution (sub-solution) of

TZw)+ f(u)=g(x) inRY (2.1)
at the point xo € RY, if for any neighborhood V of xo and for any ¢ € C2(V) such that
u(xg) =¢(xo) and wu(x)>e@(x) (resp. u(x) < @(x))

for all x € V' \ {x0}, then if we define

v(x)=u(x) ifxeRM\V and v(x)=¢kx) ifxeV (2.2)
we have

Z(w)(x0) + f(v(x0)) < g(xo)  (resp. Z(v)(x0) + f(v(x0)) = g(x0))-
Remark 2.1. In the definition we may consider inequality instead of strict inequality
u(x) > @) forallx € V\ {xo},

and in ‘some neighborhood V of x(’ instead of in ‘all neighborhood’. See also [4] for alternative
equivalent definitions.

Remark 2.2. Naturally, if D is a subset of RY, we say that u is a viscosity super-solution (sub-
solution) of Eq. (2.1) in D if u is a super-solution (sub-solution) of Eq. (2.1) at every point of D.
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Next we recall the comparison principle, Theorem 5.2, proved in [7], that we use later to prove
our theorems.

Theorem 2.1. Assume u and v are super-solution and sub-solutions of the equation

I(u)=g,

in §2, where 2 is a bounded open subset of RN and g is a continuous function in 2. Moreover;
assume that u < v in RN \ 2. Thenu < v in S2.

3. Fundamental solutions

In this section we study the fundamental solutions for the operators M™ and M, associated
to the class of linear operators Ly, as defined in (1.4). The main goal is to prove Theorem 1.1.
We recall that these integral operators depend on the ellipticity parameters A and A > A, where
A has been normalized as A = 1, and the order of the fractional parameter « € (0, 1). We make
this notational simplification for the reader convenience, since no confusion will arise.

After some basic properties we concentrate in the analysis of sign of the coefficient we get
when plugging in these operators a power function. Let us start observing the simple fact that
when we apply any of the extremal operators to a radial function we obtain a radial function, that
is, if v(x) = u(r) with |x| = r then M v(x) and M~ v(x) are radial functions.

Now we begin the study of fundamental solutions. We define the radially symmetric functions
vy as follows

re if —-N <o <0,
Vo (r) =1 —logr ifo =0, 3.1
—r° if0 <o <2a,

our goal is to find the value of the parameter o so that this function solves the equation
M™T(vs) = 0. Similar with M~ (v,) = 0. We start describing the range of o for which the
evaluation of the integral operator M™ (v,) and M~ (v,) makes sense. In order to find when
M (vs) vanishes we need to analyze the resulting coefficient (see ¢t below), in analogy with
what we usually do with the Laplacian. We denote in all what follows e¢; = (1,0,...,0) € RY,
We have:

Lemma 3.1. For all —N < o < 20, M™(vs)(x) is well defined for x # 0. Moreover,
MF v (x) = ()27, x eRY\ {0},

where

|y|N+2a

cto)= / Mdy, (3.2)
]RN

and
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ler +y7 +le1—y” =2 ifoe(=N,0),
8o (y) = —logler +y| —loglei1 +y| ifo =0, (3.3)
—ler+y1° —le1 —yI°4+2 ifo €(0,2).

In addition,
lim MT(v,)(x) =00 and lim M™% (v,)(x)=—00.
o—>—N o—2a
Similar statement can be made for M™.

Proof. For x # 0 fixed and o € (—N, 0), the integral defining M v, (x) has three singularities:
y=0, y=x and y = —x. First, for y = 0, the singularity is removable by the regularity of v, .
For y = x we easily see that

ClnN+J _C28N+U _ S+(5(vg,x, y)) ClnN+<7 _ C28N+0

N +o = |y|N+2a = N+o
B(x,m\B(x,e)

’

where 0 < ¢ < n are small and for some positive constants c¢1, ¢z, C; and C,. Therefore the
integral is finite since —N < o < 0. The same holds true for the singularity y = —x, and so
MT v, (x) is well defined, for o € (=N, 0). In case o € (0, 2a), we only need to check the
integral at infinity, which is well defined since o < 2« and

1S+ (8(vg, x, )|

o—20—N
V2 < Cilyl .

In case o = 0 there are simultaneous singularities at 0, x, —x and infinity, but the estimates are
similar.
Regarding the limits, for o < 0, we have that

Sy, x,y) =2 Clx —y|° and 8(vs,x,y) = Clx + y|°,

for y near x and near —x, respectively. Consequently, when integrating in balls near these singu-
larities the result follows. In the case of o > 0 we have

(o, x,y) < —Clyl°,

for y large, so that the result follows integrating outside a large ball.
Let us consider first o € (=N, 0) U (0, 2«r). We have that §(vs, x, y) = |x|?8+(y/|x|) and
then,

e [ 5+Ga ()
Mg (x) = |x]7 7> f&wyady,

RN
from where (3.2) follows. When o = 0 we see that, according to (3.3),
S(vﬂ’ X, y) = 80()}/|x|)

and then the result follows changing variables as above. The case of M~ is similar. O
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Now we see a series of lemmas towards the proof of Theorem 1.1. We start with the case
of the fractional Laplacian that will serve as a reference. Using the half space representation as
in [6], through an explicit computation the following lemma can be proved.

Lemma 3.2. If A = 1 then A = M = M~ and A% (r—N=2%) =0,

In the next lemma we study differentiability properties of the function ¢ that we need in the
proof of our Theorem 1.1 about fundamental solutions.

Lemma 3.3. The function ¢ is twice differentiable in (—N, 0) U (0, 2«) and the second deriva-
tive in the case o € (0, 2a) is given in (3.5). At o =0 the function ¢ is differentiable from the
left and from the right and the derivatives are given in (3.8).

Proof. We first study the differentiability of ¢ at oy € (0, 2a). We observe that the function

8o is of class C*®° (RN \ {e1, —e1, 0} x (0,2e)), but if A > 1 the term Sy (55 (y)) in (3.2) is not
differentiable. For o € (0, 2a) we see that the set

C2 ={y/8,(y) =0}

is a bounded (N — 1)-dimensional smooth hyper-surface except for a singularity at y = 0. In fact,
we have that

Voo (y) = —oler + yI” (e1 +y) —oler — yI” 2 (er — y), (3.4)

so that V8, (y) = 0 if and only if y = 0. We define the sets C* = (320, Ct ={y/80,(y) > O},
C™ ={y/84,(y) < 0} and, for &€ > 0, we further define

cof =1y dist(y,C%) <e},  CcHf=cT\C* and CF=C7\C"C

By the regularity of the set C°, there exists p > 0 so that (32 c C%¢ for all o € (09 — p, 00 + p).
Thus

o) = f 5:6-() , /S+(5a(y))

Vs
|y|N+2a |y|N+2a
CteyuC—¢ CO.e

where we observe that the second term above is differentiable at o¢. If we denote by ¢/ (o) the
third term above, we find that
-

CO.e

¢ (o) — ¢f (00)

o — 0

85 (¥) — 80y ()

i
o —0p |yl

N+2«a

< Cm(e),

where m(g) — 0 as ¢ — 0, since the function under the integral sign is integrable in bounded
sets and the measure of C¢ approaches zero as ¢ — 0. From here we see that ¢ is differentiable
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at oy its derivative is obtained by differentiating under the integral. Using the same argument we
find that ¢ is twice differentiable at o and

2 2
(C+)"(ao)=/ Al—ler + y[”(log|ei 4y~ — [e1 — y|®(ogler — y|) ]dy

|y|N+2a
c+
—ley + y|(logler 4+ y)? — |e1 — y|®(log|e; — y|)?
+/ e dy. (3.5)
c-

To prove that ¢ is twice differentiable in (—N, 0) we proceed similarly.

Next we analyze the behavior of the function ¢™ (o) near ¢ = 0 as in the case oy > 0, but
being more careful in the analysis of the set Cg. We see that Cg, for o # 0, corresponds to the set
of points y satisfying

e +yl° -1 e1 — vyl —1
ler + vl Jr|1 ¥l
o o

—0. (3.6)

The point here is that this constraint corresponds, as ¢ — 0, to the constraint defining the set Cg
which is

log(ler + y|) +log(le; — y|) =0. (3.7)

Moreover, if we call So(y) aljd So(y) th~e left-hand side of (3.6) and (3.7), respectivel}:, then we
see from (3.4) that lim, .0 V&, (y) = V§p(y). Furthermore, for y € Cg \ {0}, we have Vo (y) #0,
since

er+y er—Yy

_ =0
let +y>  leir —yl?

Véo(y) =

implies that |e; + y| = |e; — y|. But, being y € C?, this further implies that |e] +y| = |e; — y| = 1
and then y = 0, which is impossible.

Now we are in the same position as in the proof of differentiability of ¢ at o # 0, so we have
that

f . ct(o) S+(30(y))
() 07) =tim 7 = [ EOE 0y @3)
RN

and (cT)’(0F) = —(ct) (07). Here 8y was defined in (3.3).

Corollary 3.1. The function c* is strictly convex in (—N, 0) and strictly concave in (0, 20).
Proof. In the interval (0, 2«) the second derivative of ¢ is given by (3.5) which negative, fin-
ishing the proof. In the interval (—N, 0) we could proceed similarly, however here ¢¥ is strictly

convex simply because the function S (85 ()) is strictly convex as a function of o, forall y. O

Now we are prepared to prove the existence of fundamental solutions.
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Proof of Theorem 1.1. As a first step we find an increasing surjective function o™ : [1, 00) —
[—N + 2«, 2a), such that for 0 = o (A) we have MT (v,) = 0. This means that for each A,
M (that depends on A) has Us+(4) as a fundamental solution. According to Lemma 3.1 we
have to analyze the zeroes of the coefficient ¢T. At this point it is convenient to consider A as
an explicit variable, so we write ¢t (o, A). We observe that ¢ T (o, A) is strictly increasing in A,
that ¢ (0, A) =0 for all A and we recall that ¢t (o, A) is strictly convex in o. For A = 1 the
function ¢ (o, 1) is associated to the linear operator —(—A)* and it satisfies ¢ (—N + 2o, 1) =
0, according to Lemma 3.2. Clearly c* (o, 1) < 0 for 6 € (=N + 2a, 0) and we can define

A* =sup{A > 1/c* (0, A) is negative at some point in (—N, 0)},

which is bounded, since for large A we have (¢7)’ (0™, A) < 0 as can be seen from (3.8). By the
above properties it is now clear that for all A € (1, A*) there is a unique o ™ (A) € (=N + 2a, 0)
such that ¢T (6% (A), A) = 0. We observe o+ (A) defines an increasing function, that further
satisfies lim 4 o= 07 (A) = 0.

Since ¢t (o7 (A), A) =0, from the left differentiability of ¢ at o = 0 and its continuity,
we find that (¢7)'(0~, A*) = 0. A consequence of this is that (c*)’ (0", A*) = 0 as we can see
from (3.8). Then, by monotonicity in A, we see that (¢7)’ (0™, A) < 0 and (¢™)’ (0", A) > 0 if
A > A*. Thus, by the concavity of ¢™ in (0, 2«) and its limit property at 2o given in Lemma 3.1,
we find that, for every A > A* there exists 6+ (A) € (0, 2a) such that ¢ (6 (A), A) = 0. Notice
that ¢T(1, A) < 0 for all A >, therefore 07 (A) € (0, min{1, 2«}). Since the set {8, > 0} has
positive measure for fix o € (0, min{1, 2a}) we have that lim 4, o ¢ (o, A) = oo. From last fact
it follows that lim 4, oo ¢ (A) = min{1, 2a}. This completes the construction of the function o ™.

If we define

Ny =—0"(A)+2a,

we finish the part of the proof concerning N and the functions ¢y-+.

As a second step we prove the results related to N, that is, we find o € (—N, —N + 2«)
such that M+ (—v,) =0, or equivalently M~ (v,) = 0. We notice that the function v, (r) = r°
is a convex function of r and a convex function of o. Here we can find a coefficient analogous to
¢t in Lemma 3.1. We have that for any —N <o <0,

Mg (x) = ¢ (0)|x]7 7

where

c_(o)szdy. 3.9)

|y|N+2a
RN

The goal is to find a decreasing surjective function o~ : [1,00) — (=N, —N + 2«] such that,
for o =07 (A),

M (vy) =0.

This means that for each A, M™ (that depends on A) has v,-(4) as a fundamental solution.
As before we explicit the parameter A inc™.
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Using the arguments of Lemma 3.3 we can prove that ¢~ is twice differentiable and that its
second derivative is positive, so that ¢~ is strictly convex. Then, since lim,_, _y ¢~ (0, A) = 00
and ¢~ (0, A) < ¢ (0,1) =c* (o, 1), we find that for every A > 1 there exists a unique o~ (A)
such that ¢~ (07 (A), A) = 0. Since the set {3, < 0} has positive measure for fix o € (—N, 0) we

have that limy_, ¢ (0, A) = —00. From last fact it follows that lim4_, o ¢~ (A) = —N. So,
function o~ has the required properties.
If we define

Nyy=—0" (A)+ 2a

and the function ¢y- = —r— N +2¢

and ¢p-.
The corresponding functions ¢+ and @y- obviously satisfy the required properties. The
theorem is now proved. 0O

we complete the proof of the theorem regarding N~

Remark 3.1. One may think that there are still other fundamental solutions. One could try to find
some o € (0, 2«) such that M~ (—r?) = 0. However, as we see next, such a o does not exist.

First, by properties of the extremal operators, the equation is equivalent to M* (%) = 0.
Next we see that MT(r9) > —(—A)*(r°), for all A > 1. Then we observe that, as a function
of o, —(—A)*(r?) is convex and it vanishes at —N + 2« and 0. Thus, —(—A)¥(?) > 0 for all
o € (0, 2a), from where the conclusion follows.

4. Hadamard property for Liouville type theorems

A key ingredient in the study of Liouville type theorems for Pucci’s operators has been the
Hadamard Three Spheres Theorem, see [12] and [14]. The proof of this theorem in the case of
the Laplacian and Pucci’s operator requires a comparison with fundamental solutions through
the use of the maximum principle: the maximum of a sub-harmonic function is achieved at the
boundary. In the case of integral operators we do not have such a maximum principle, since
values of the function at the boundary of a domain have a weaker meaning than in the differential
case. However, for the analysis needed for proving the Liouville type theorems less information
is needed. In this section we prove two properties of super-harmonic functions, that is functions
satisfying MTu <0 or M~u <0inR", in the case when N* > 20 or N~ > 2. We call them
Hadamard properties, since both of them are consequences of Hadamard Three Spheres Theorem
in the second order differential case and they will be sufficient for our purposes.

In proving our lemmas we use comparison techniques that require the modification of the
fundamental solution near the origin, in order to put it below the super-harmonic function near
the origin. This is necessary since « is bounded and the fundamental solutions are singular at the
origin.

We recall that the operators we are working with depend on the parameters A =1, 1 < A
and o, but we do not write them explicitly. We define

m(r) = min u(x),

X<

where u is a non-negative function.
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Lemma 4.1. Given N >2, A > 1 and « € (0, 1) and assume that N* > 2«a. Then, forall o €
(=N, —N7T 4 2a), there exists ¢ > 0 such that for every non-negative viscosity solution u # 0 of

MFTu(x)<0 inRY 4.1)
we have
m(@r) = cm(r)r®, forallr >r3 > 1. 4.2)

Similarly, assume that N~ > 2a«, then for all o € (—N, —N~ + 2«) there exists ¢ > 0 such that
for every non-negative viscosity solution u # 0 of

M u(x)<0 inRY 4.3)
we have (4.2).

Remark 4.1. Notice that u(x) > 0 for all x € RV In fact, since u is non-negative and u # 0,
if u attains the minimum value O at a point x, just by computing M™ at x we get M u(x) > 0,
a contradiction. The same holds for M ™.

Remark 4.2. We observe that (4.2) is a bit weaker than what is usually achieved in the second
order differential case, since o < o1, the decay rate of the fundamental solutions.

Proof. We only do the proof for M, since the other case is analogous. Let R >r; > 1,6 >0
and for o € (=N, —N 7T + 2«) define the function

e if0<r<e,

w(r>={ .

r ife <r.

We claim that for & small M*w(|x|) > 0 for all r{ < |x| < R. Postponing the proof claim, we
define

w(|x[) —w(R)

¢ (x) =m(ry) AR for |x| < R

and ¢ (x) =0 for |x| > R. Now, using the claim, we have that
M*T¢p >0, forallr <|x| <R
and, since u(x) > ¢ (|x|) if |x| < ry or |x| > R, using Theorem 2.1 we obtain u(x) > ¢ (|x|), for

all r; < |x| < R. Thus, taking the limit as R — oo and we obtain (4.2) with ¢ = ¢7?. Now we
prove the claim: we have

MTr? =ct(o)ro 2,

with ct(0) > 0, since 0 € (=N, =N+ 4+ 2«), and we see that
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MFw@) =r 2 (ct (o) — I(r, 8)),
with

S+(8(x,y,r"))—S+8(x,y,w)d
y

_ .—0+2ux
I(r,e)=r |y|N+2ot ’

Be (x)UBg (—x)

here r = |x|. Making a change of variables and using the fact that for all a, b € R we have

S_(a—b) < Sy(a) — S4(b) < Sy.(a —b), (4.4)

we find

Sy(ler — 17 —1e/rl)
I(r,e) < / [V dy

Bg/r(er)

" / Si(ler +y17 —1e/r|%)

|y|N+2a

dy.

Bs/r(_elv)

Then we consider that » = |x| > r; > 1 and take ¢ > 0 small enough to obtain I (r, &) < c¢* (o),
for all r > r, completing the proof. O

The next lemma is more delicate since, for comparison purposes, the fundamental solution
needs to be cut near the origin in a big portion. Then it is necessary to cut it also in the comple-

ment of a large ball, so we produce an appropriate balance in the errors occurring both sides.

Lemma 4.2. Given N > 2, A > 1 and o € (0, 1) and assume that NT > 2«. Then, there is r1 > 0
and a constant c such that for every non-negative viscosity solution of u # 0 of (4.1) we have

m(R/2) <cm(R), forall R >ry. (4.5)

Similarly, assuming that N~ > 2a, there is r1 > 0 and a constant c such that for every non-
negative viscosity solution of u # 0 of (4.3) we have (4.5).

Proof. Given ¢ > 0 and R > 0, we define
o R e —1/ot
0= 1+e20"
and assume that ¢ is such that Ry < R/2. We consider the functions
Rp)°" if0<r <Ry,
(Ro) S0 (Ro)’" if0<r <Ry,

wr(r) =1 ro" if Rp<r<2R, and w(r)= { by .
+ . rO' if RO < r,
QR ifr >2R
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and define

wr(r) —w(2R)

B0 =m(R/D

We observe that u(x) > ¢ (|x|) for all |x| < R/2 or |x| > 2R. Next we claim that

M*te(lx]) >0, forall R/2 <|x| <2R. (4.6)

Assuming the claim for the moment, we may apply the comparison principle Theorem 2.1 to
obtain that u(x) > ¢ (Jx|) for all R/2 < |x| < 2R, from where we obtain, by taking the minimum
of uin 0 < |x| < R, that

m(R) = em(R/2)(1-27").

The result follows taking ¢ = e(1 — 2”+). Next we show that the claim (4.6) holds if we choose
& > 0 small enough. We just need to see that MTwg(|x]) > 0 if R/2 < |x| < 2R. By definition
of ot we have that

0=M*(r"") = MYw(r) +1(s,r), (4.7)

where r = |x| and

S+8(x3 Vs r0+) - S+8(x3 Vs w)

I= |y|N+2a

dy
BRy (x)UBRy (—x)

+ + + +
lx —y|7 — (Ro)? lx +y7 — (Ro)?
S / A |y|N+2a dy+ A |y|N+2a dy,

Bgy(x) BRy (—)

by (4.4) and since the balls Bg,(x) and Bg,(—x) are disjoint. We only need to estimate one of
these integrals, since they are equal. By definition of Ry, for every y € Bg,(x), we have that
|y| = R/3 if we take ¢ small enough. Then we obtain

Ry
lx —y1°" = (Ro)®" 3\ N N1 -
/ [V dy < m (r’ —(Ro)” r" " N)dr
0

Bpy(x)

< CR N =@ +N)/o* (4.8)

where we have used the definition of Ry and the fact that o+ + N > 0. The constant C does not
depend on ¢ nor R.

On the other hand we consider E (¢, r) such that MTw = MTwg — E(e, r) and we estimate
its value from below. We recall that wg(r) > w(r) for all » and we observe that for y ¢ Bsg(0)
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we have wr(x +y) =wr(x —y) = (2R)"Jr and 6(x, y, wgr), §(x, y, w) =0, thus

S(S s Y, _S8 » Vo
E(e.r) > / 18(x, y, wR) — S48(x, y w)dy

|y|N+2a
B, (0)
2R —x— 7 = x4+ y°"
> / S dy. (4.9)
BER(0)

We see that, for x, y such that R/2 < |x| < 2R and |y| > 5R, we have |x — y| > 3|y|/5 and
|x —y| = 3|y|/5. Consequently

< +
3 (e

E(e,r) > 2/ |:(2R)"+r2°‘1 - (5) r”+2“1j| dr>CR™N", (4.10)

5R

where the generic constant C is positive and does not depend on R nor €. We recall that, by
definition Nt = —o+ + 2a. Since

M+UJR=E(8,I')—I(8,V),

for all R/2 <r < 2R, from (4.8) and (4.10) the result follows if we choose ¢ small enough. The
case M~ is similar. O

5. The Liouville property

We devote this section to the proof of Theorem 1.2, which is obtained by comparing the super-
harmonic function with fundamental solutions. The goal is to reach a contradiction by proving
that the super-harmonic function possesses a global minimum. As in Section 4, we also need to
adapt the fundamental solutions, cutting them near the origin, in order to have proper comparison
with the given super-harmonic function outside the domain where the equation holds.

Proof of Theorem 1.2. By Remark 4.1, we may assume that u(x) > O for all x. Let us consider
first the case N* < 2, thatis, 0T = —NT + 2« € (0, 2«), and consider the function

—&% if0<r<e,
w(r) ={ 5.1

—r? ife<r,

where ¢ > 0 and o € (0,0 "). We recall that —r°" is a fundamental solution for MT, where as
usual, |x| = r. According to the analysis in Section 3, we have that

M+(—r") =cT (o) 2,
with ¢* (o) > 0. Now we choose r{ > 1 > 2¢ and consider
ith ¢t (o) > 0. N h 1> 2¢ and consid

S+(3(-xv Yy, w)) - S+(8(x7 Y, _ra))

MFPw@)=ct (o)’ 2 + BT

Bg (x)UB¢ (—x)

dy
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for |x| > ry. In order to estimate this integral, by (4.4) and symmetry, we just need to estimate

lx — y|7 —&° o2 ler — y1° — (e/Ix])? o2
/ —|y|N+2a dy=r [V dy =e(e,r)r .

B (x) Be x| (e1)

It is not difficult to see that e(e,r) — 0 as ¢ — 0, uniformly since |x| > r. Thus, choosing &
small enough we have that

Mtw >0, forall|x|>r;.
We define now the function

w(lx]) —w(r2)
w(e) —w(ry) ’

¢(x) =m(r1)

for [x| < ra,
and ¢ (x) = 0 for |x| > rp and we see that

MFTp >0, forallr <|x| <ra,
and u(x) > ¢ (x) for all r; < |x| or |x| > rp. Then we use comparison Theorem 2.1 to obtain that

u(x) = ¢(x) for ry > |x| > rq. If we take limit when r, — oo, noticing that w(r;) — —oo, we
obtain that

u(x) 2m(ry), forallr; < |x|. 5.2)

But then u has a global minimum point in B(0, 1), contradicting M*u < 0.
To conclude we analyze the case 07 = — N1 + 2o = 0. Take o such that —N <o < —N~ —
20 < =Nt — 20 =0. Thus M~ (r°) = ¢~ (0)r° 2%, with ¢~ (0') > 0. Notice that

MT (r" —log r) > Mt (=logr) + M~ (r") =c (o)r° 2,
Define now the function

e? —loge ifO0<r<e,

w(r) = { (5.3)

r —logr ife<r.

As in the cases discussed above, we can choose ¢ small enough such that

MTw >0, forall |x|>r

and from here we conclude as before. 0O
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6. Nonlinear Liouville type theorem

In this section we provide a proof of our main theorem on the Liouville type non-existence
result. In the proof we use appropriate estimates derived directly from the scaling property of the
integral operator and an adequate test function on the equation. This estimated is put together
with the Hadamard properties that we proved in Section 4.

The critical case requires an extra work, since the usual fundamental solution does not provide
a sharp enough estimate.

Proof of Theorem 1.3. (The sub-critical case.) Let 1 : [0,00) — R such that 0 < n(r) < 1,
n € C*, n non-increasing, n(r) = 1if 0 <r < 1/2 and n(r) =0if r > 1. It is obvious that there
exists C > 0 such that

—M*(nlx]) < C.

Define now &(x) = m(R/2)n(|x|/R), where m(r) was defined in Section 4. Then by scaling
property of M we have

_m(R/2)C

M (ell) > -2

In addition, £(x) =0 < u(x) if |x|] > R and &(x) = m(R/2) < u(x) if |x| < R/2. Thus there
exists a global minimum of u(x) — &(x) achieved in a point xg with |xg| < R.

Let now ¢(x) :=&(x) — &E(xg) + u(xg) and N = B(0, R), then ¢(xg) = u(xg) and u(x) >
o(x) for all x € N. If v is defined as in (2.2), since u is a viscosity super-solution of (1.7), we
have

MY () +uxg)? <0. 6.1)

We claim that

ME@)(xg) = MEE) (xp).

In fact w(x) := v(x) — £(x) >0 for all x € RY, and x is a global minimum of w. Thus,
M~ (w)(xg) > 0 and then the claim follows by the fact that M~ (v — &) < M*(v) — MT ().
Therefore from (6.1) we get

m(R/2)C

m(R)? ulxg)’ < b

Using now Lemma 4.2, from the above inequality we obtain

C

200 °

Rr-1

m(R) < (6.2)

Now, let us assume that p < Niv—jz‘x Then we choose 0 < —N T + 2« such that p — 1 < —2a/

20
Nt -2«

o< and we apply Lemma 4.1 to obtain (4.2). Combining (4.2) with (6.2) we reach a con-
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tradiction, unless u = 0. In a completely similar way, replacing M™* by M~ and N* by N~ we
obtain the proof for M ™. This finishes the proof of the theorem in the sub-critical case. O

Remark 6.1. We would like to mention that in studying Liouville type theorems for general fully
nonlinear second order operators, in a very recent paper Armstrong and Sirakov [1] avoided the
use of an estimate like in Lemma 4.2 by using an estimate for the first half eigenvalue for the

operator in an annulus. We do not have such an eigenvalue theory here, but it would be interesting
to explore this idea in the future.

In the case p = NNT_iZQ this argument cannot be applied directly and we need some extra
work. We define the function I'*(x) = n(x)hi(x) for x # 0, where

n(o) =log(1+xl) and h*(x) = x|~V 2,
then the following lemma allows to use I"* as a good comparison function:
Lemma 6.1. There exists a constant C > such that
M(F)x) = —Clx|™N",  x#0. (6.3)
Proof. We have
MT(I7)x) =M~ (nh™)(x) = n(x)M™(h7)(x)
> M (nh™ = n()h™) (), 6.4)
where 1(x) is considered constant regarding the integral defining M ™. Similarly we have
M) @) =M (I x) = nE)MT (R (x)
> M (it = n(oh™) (x). 6.5)
Here we have used that for any u, v such that M~ () and M™ (v) are well defined we have
M) >2M uw—v)+ M (v) and M~ () <M u+v)— M (v).

Our purpose is to find a lower estimate for M~ (nh — n(x)h)(x), when x is large. We have

_ A dy
M (=m0 = [ 5-(B6c.3) =z (6.6)
RN
where
$(x,y) = (n(x +y) = n(@)h(x +y) + (n(x —y) — n(0))h(x — y).
At this point it is convenient to write & (x) = |x|?, where 6 = —N~ +2 oro = —N T + 2. Thus,

we get
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. 1+|x—|—y|> 14 ]x —y
8(x,y)=|x+y|” log| ———— ) + |x — y|” log| ———
(x,y)=Ix+yl g( T+ x| |x — y|” log T+ x|

=r781(r, 2)

where x =rej, z=1y/r and

14+rle; +z| 14+rle; —z|
81(r,2) = 1] _— —z/°1 ).
1(r,2) = le1 + 2 0g< 7 + ler — z|” log 7

Since n and h are radially symmetric, there is no loss of generality in considering x = rej. Now
we introduce this expression back into (6.6) and make the change of variables z = y/r to obtain

M= (nh = n()h)(x) =r°~>*1(r) 6.7)
where
d
I(r)= / S- (810, Z))W%. (6.8)
RN

In order to complete the proof we just need to find a constant C > 0 such that I (r) > —C for
large r. For this purpose we study the integral (6.8) at the singularities e, —ep, O and at infinity.
It is convenient to write

81(r.2) =g(ler +z1,0) + g(le1 —zl.0), (6.9)

where

;
147’

g(t,0)=1"log(1+6(t—1)) and 6=

for t >0, 6 € [0,1) and r > 0. First consider B; = {z/|z + e1| < 1/2} and observe that
g(ler — z|,0) is bounded in By while g(|e; + z|,0) has a singularity at —e; € Bj. Then we
see that, for a generic constant C,

172

dz N—1
f|g(|el+z|79)|m<—C/g(t,9)t dt
B 0
1/2
<—c/t”+N*110g(r)dr<c. (6.10)
0

Notice that 1 +0(t — 1) > ¢, as 6 € [0, 1). We have used that 0 + N > 0O, thatis, — N~ + 2« +
N >0and —Nt + 2«0 + N > 0, which hold by Theorem 1.1. Thus, the integral in (6.8) when
consider over Bj is bounded below by a constant independent of ». Similar result is obtained in
By ={z/|lz—e1l < 1/2}.
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On the set B3 = {z |z| > 2} we have
161(r, 2)| < Clz1” V"> log|z].

Sinceo —N —20 = —N* —N < —N the integral in (6.8) when consider over Bj is also bounded
by a constant independent of r.
We finally analyze the behavior of the integral over B4 = {z |z| < 1/2}. By the fundamental
theorem of calculus we have
1
Si(r,)=2"- /(1 —1)D*81(r,12)dt - 2, (6.11)
0

where we used that §;(r, 0) = 0, D§;(r, 0) = 0 and derivatives are considered only with respect
to z. Thus, to estimate the integral (6.8) over B4 we just need to prove

|D%81(r,2)| < C, forall |z] <1/2, (6.12)
for a constant C independent of r. It is a direct computation to obtain

0t°
14+6(—-1)
2001t° 9219
1+0(¢—-1) A+6(—1))2

g, 0)=0t"og(1+6( 1)+

¢'t,0)=0(c — D" *log(1+6( —1)) +
and then we see that there is a constant so that

g2, 0)

g't.0)| <C, forallg[0,1), 1/2<1<3/2.

’

Then, computing the derivatives of §; using formula (6.9),

8%81(r,2)

raaz, 8 Uer 200Dy 48 (lev +21.9) i,

for certain functions D;; and d; ;, which are bounded since |z| < 1/2. From here we obtain (6.12),
completing the proof of the lemma. O

Proof of Theorem 1.3 continued. (The critical case.) We do the proof only for M, since the
other case is similar. We start by proving that for certain ; > 0 and ¢ > 0 we have

u(x) > cm(rl)r“+, forr >ry. (6.13)

From Eq. (1.7) and Lemma 4.1 we have that, for any o < ot,

MTux) =—u? < c(m(rl))prp”, forr >ry. (6.14)
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On the other hand we consider the function w defined as

+
80'

w(r)={ I

r ife <r,

i <
if0<r<e, 6.15)

where ¢ > 0 and ¢ < r1/2. Since " is a fundamental solution for M we have that

SH(80x, y, w)) — S+ (8(x, y, 7))

MTw(r) = Ve

B (x)UB¢(—x)

dy.

We easily see that §(x, y, w) — 8(x, y,7° ) =& —|x —y|°" and |y| > |x|/2if y € B.(x) and
r > r1. Consequently, by (4.4)

S0y w) ~ Sy @y 7y e N
|y [N+2e Z TN
Be(x)

for some constant ¢ and then, by symmetry of the integrals, we obtain that

€0++N

Mtw@r) > —CW. (6.16)

If we define
o w) —w(n)
o (r) —m(”l)m’
we have that
+ m(rl) + . c
M) > o S M) > — (6.17)

for all > ri. On the other hand, we recall that o+ + N > 0 and we choose o < o1 such that
—op < N+2a. Then, using (6.14), (6.17) and taking rq large enough, by the choice of o, we find
that

C C

MTu<— <Mt

< —
|x|—Po = |x|—N+2“

and u(x) > ¢ (x) for all r = |x| such that O <r < ry or r > rp. Thus, by comparison principle
Theorem 2.1 we have that u(x) > ¢ (r) for all r{ < r = |x| < rp. Taking the limit as r, — oo,
we find (6.13).

At this point we have to distinguish two cases, depending on the value of o ™. The first case
corresponds to o+ € (—N, —1]. Here we observe that the function I" is decreasing for all r > 0,
with a singularity at the origin if 6+ € (—N, —1) and bounded if 6 = —1. We consider ¢ > 0
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and define the function

_{F(s) if0<r <e, 6.18)
YO=1re) ife<r. ©.

We have
S+(8(x,y, I
M*w(ﬂ=/%dy
RN
+ _ ¢t
" ST, y,w)) =87 (x,y, 1) dy.

|y|N+20z
Be (x)UBg (—x)

The first integral can be estimated using Lemma 6.1. If we assume that ¢ < r{/2, then for every
y € Be(x) U Bg(—x) we have |y| > |x|/2 thus, using (4.4) the second integral can be estimated
as

S(x,y,w)—468(x,y,I) c
ol R G B

Be (x)UBg (—x) Be(x)

Using the definition of I" and the fact that o™ + N > 0 we see that this integral is bounded by a
term of the form o(1)|x|~V~2¢, where o(1) — 0 as ¢ — 0. Putting together this and the estimate
in Lemma 6.1 we find that

c o(1)

+
MTw(x) > _|x|N+ — N > _|x|N+’ for all |x| > rq, (6.19)
where we used the fact that NT < N + 2. Then we define
w(r) —w(r)
dx)=m(@r))———, |x|<nr,

w(e) —w(ry)’

and ¢(x) = 0, for |x| > ro, where r, > ri. We observe that ¢ (x) < u(x) for all x such that
|x| < ryor |x| > r. Moreover

MYG(r) > ——— —, forallr; <|x| < r.
x|V
From here, the equation for u# and (6.13) we can use the comparison Theorem 2.1 to obtain
u(x) = ¢(x) for all r; < |x| < rp. Taking limit as r, — oo we find that

log(1 + |x])
|x|N+—2a ’

ux)>=c

for all r| < |x]|.

From here and estimate (6.2) we find that

c o log(l+Ix])

|x|N+—2a Zzm(r) >c |x|N+—2a

for all |x| large, a contradiction.
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We still need to analyze the remaining case, when o™ € (—1,0). In this case the function
I’ (r) is increasing near the origin and decreasing for r large, with exactly on maximum point,
say at 7| > 0. We define the function

I'(rp) if0<r<r,
wr) = ) (6.20)
r'r)y ifri<r

and then the comparison function

w(r) —w(r2)
w(r)) —w(r)’

¢ (x) =m(r1)

|x] < ra,

with ¢ (x) = 0, for |x| > rp, where r, > ri. We observe that ¢ (x) < u(x) for all x such that
|x| < rqor |x| = ry. Moreover

C
M+¢(x)>—||T, for all r; < |x| < rp.
X

Here we used Lemma 6.1 and the fact that I” is increasing in (0, r1). From here we proceed as
before, completing the proof in the critical case. O

We still need to prove the existence statement in the super-critical case. We start with a lemma
on a general inequality we use later.

Lemma 6.2. Let @ € (0, 1) and consider q be such that

1 NE —2¢
— << ——=

, 6.21
p—1 200 ( )

which exists by our assumption. Then, for all s € [0, 1), t > 0 and u > 0 the following inequality
holds:

(1=s+ (6 +02+u®)?) 7 4 (1 =5+ (s — 0> +u?) 772
< ((1 + l‘)2 + uz)—aq + ((1 — l‘)2 + uz)—aq. (6.22)

Proof. We define a function f (s, f, u) as the left-hand side minus the right-hand side of (6.22).
Given t > 0 and u > 0, we see that

FO L) =201+ (2 +u?) )7 (0 + 02 +u?) ™ = (1= 02 +u?) T <0,
since
1+ +ud)?P >0 +02+u? >0 =12 +u?,

where the first inequality can easily be seen by direct computation. Next, taking s = 1 we easily
see that f(1, ¢, u) = 0. Finally, we compute the partial derivative with respect to s,
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8f( ) —20q L+ s+t
—S,L,u)= —
ds (1 =54 ((s + 1) +u?)l/2)2q+1 ((s+1)2+u?)!/?

2aq 14 s—t
(1 — s+ ((S _ t)2 + u2)1/2)2aq+1 ((s _ t)z + u2)1/2
which is easily seen non-negative. With this we complete the proof of the lemma. 0O

Proof of Theorem 1.3. (The super-critical case.) We define the function

1

(1+ [x])2d” €2

v(x) =

with g as in (6.21) and we prove next that v satisfies (1.7). As a direct consequence of this lemma
we have the following inequality:

1 1 1 1
+ < + :
(I=s+lser+yD2 (I =s+lser —yD2*4 ~ Jer + %9 " Jey — y|>

Now we consider r = |x|, x =x/r, s =r/(1 +r) and we write

1 1 2
+ —
(L+lx+yh2a (14 1x —yD2a (1 +|x[)>9

s(v,x,y)=

1 1 1
= 2 { ~oaq T ) _2}
(IT+1xpP=a | (1 —s+|ser +yD=7 (1 —s+|se; —y])=*

1 1
< —— + 21, 6.24
(14 |x])2d { ler +F2*4  |ey — §|>*4 } 29

where y = Ry/(1+r), with R an appropriate rotation matrix. Here we used the inequality proved
above. Now, in the case of M™, we use that S, is an increasing function to compose it with this
inequality, recalling the definition of ¢* in (3.2), multiplying by 1/|y|V 2 and then integrating
in RV we obtain

M+(U):/ S+(5(U,x’)’)) dy

|y|N+2a
RN

< 1 / S+ (82aq (i))
(1 + |x])2ee |y| N2
]RN
1

— + ¢
BRCERTE

(—2aq) = AT DG

Since g was chosen to satisfy (6.21) we see, from the definition of Nt and the properties of ¢,
that —C = ¢ (—2aq) < 0. Then we have that

—cC cP

+ p
MT(cv) + (cv)? < (1 + |x)22@+D + (1 + |x]|)2eapr”
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Now we use (6.21) and we choose ¢ small enough to finally obtain
M*(ev) + (ev)? <0,

completing the proof. With a similar argument we obtain a function v that serves as solution in
the case of M~ such that

M (cv) + (cv)” <0,

whenever p > N~ /(N~ — 2«). Here we just notice that after (6.24) we could use S_ and then
argue analogously. The proof of Theorem 1.2 is now complete. O
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