TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 361, Number 11, November 2009, Pages 5721-5736
S 0002-9947(09)04566-8

Article electronically published on June 16, 2009

FUNDAMENTAL SOLUTIONS AND TWO PROPERTIES
OF ELLIPTIC MAXIMAL AND MINIMAL OPERATORS

PATRICIO L. FELMER AND ALEXANDER QUAAS

ABSTRACT. For a large class of nonlinear second order elliptic differential op-
erators, we define a concept of dimension, upon which we construct a fun-
damental solution. This allows us to prove two properties associated to these
operators, which are generalizations of properties for the Laplacian and Pucci’s
operators. If M denotes such an operator, the first property deals with the
possibility of removing singularities of solutions to the equation

M(D?*u) —wP =0, in B\ {0},
where B is a ball in RY. The second property has to do with existence or
nonexistence of solutions in RV to the inequality
M(D?*u) +uP <0, in RV,
In both cases a common critical exponent defined upon the dimension number
is obtained, which plays the role of N/(N — 2) for the Laplacian.

1. INTRODUCTION

In the study of the semi-linear elliptic partial differential equation
(1.1) Au+ f(u)=0 in QCRY,

enormous effort has been directed towards the understanding of the role of the
nonlinearity of f in its interaction with the Laplacian. The case of a simple power
f(s) = £|s|P~ s is very important in itself and as a model for more general f; thus
much attention has been directed to the critical values of the exponent p, where
changes in the structure of (LI]) take place. For p > 1 and N > 3, the value

N
1.2 =
(1.2) =N
is critical regarding two different properties of solutions to ((LI]). First, concerning
solutions in a punctured ball, Bg \ {0}, with singularities at the origin and its

possible removability, we have the following theorem proved by Brezis and Veron
in [4].
Theorem 1.1. Assume p > 1 and N > 3. Then the singularities of a solution to
the equation
(1.3) Au— [ufP'u =0, in B(0,R)\{0},R >0,
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are removable if and only if

1.4 > N
(1.4) PZ N3

Removability of singularities of solutions to partial differential equations of el-
liptic type has attracted the attention of many authors. We mention in particular
the classical work of Serrin [22], [23], Bers [2], and De Giorgi and Stampacchia [10].
We refer the reader to the monograph by Véron [25] and the paper by Labutin [I§]
for further references.

Second, following with the exponent p, given in (I.2]), we have a result concerning
the existence of super-solutions in RY, which have been proved by Gidas in [13],

Theorem 1.2. Assume p > 1 and N > 3. Then there are no nontrivial supersolu-

tions for
(1.5) Au+uP™'=0, u>0, in RY
if and only if
p .
~N-2

Keeping the power nonlinearity in equations ([3)) and ([H) we may consider
a more general operator instead of the Laplacian. Let us consider two numbers
0 < A < A and define the Pucci maximal operator as
N

(1.6) M;\FA(M) = sup ZaiAi(M),
ac[MAIN T

where M is a symmetric matrix and

M(M) < (M) < ... < An(M)
are the ordered eigenvalues of M. When applied to a twice differentiable function
U, M; A(D?u) is a differential operator that generalizes the Laplacian; actually,
it becomes the Laplacian when A = A = 1. Associated to M; A there is the
dimension-like number
A
1.7 N, ==
( ) A A
whose role in critical exponents for equations such as ([3)) and (5 was recently
disclosed. Labutin proved in [I8] a result similar to Theorem [[T], where the Lapla-
cian in (I3)) is replaced by the Pucci operator and the critical exponent ([2]) by

(N=1)+1,

1 A A Mia

(1.8) Px(A, )_N;F,A_?

On the other hand, it was proved by Cutri and Leoni [9] that a result like Theorem
holds for the Pucci operator instead of the Laplacian and with a critical exponent
such as ().

In view of Theorem 1.1, Theorem 1.2 and its extensions to the Pucci maximal
operator discussed above, it is natural to ask for a larger class of operators so that
these two theorems remain valid. In this article we find a much larger class of
operators for which a fundamental solution can be constructed once an appropriate
notion of dimension is defined. With these ingredients we can prove theorems
generalizing Theorem 1.1 and Theorem 1.2.
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As mentioned above, the main feature of the operators we are considering in this
article is that they have an associated dimension number with which we define a
fundamental solution. Given a closed, convex, bounded subset C of Rf , we define,
for every symmetric matrix M, the operator

N
MEM) =sup > a;\i(M).

aeC =1

Associated to such an operator, in Section 2 we define a dimension-like number
NI = NL(C). Now we can write our main theorems, which are extensions of the
corresponding results of Brézis and Véron [4] and Labutin [I8], and Gidas [I3] and
Cutri and Leoni [9], respectively.

Theorem 1.3. If C is a closed, convex, bounded subset of Rﬂ:’ and NI > 2, then
the singularities of a solution to the equation

(1.9) ME(D*u) — [uP~tu =0 in B(0,R)\ {0}

are removable if and only if

+
o

> — .
P=Nt 2

Theorem 1.4. IfC is a closed, convez, bounded subset of RY, Nt >2 andp > 1,
then there are no nontrivial supersolutions for

(1.11) ME(D*u) +uP =0, u>0, inRY
if and only if

(1.10)

+

o

< —.
P=Nt -2

We will see below that the operator M is not necessarily convex and so full
regularity theory for (LO) and (III)) is not available. Consequently we consider
solutions (or supersolutions) in the viscosity sense. Theorem 1.3 and Theorem 1.4
may also be stated and proved for the minimal operators M, which are defined
as Mér , but with the infimum instead of the supremum.

At this point we would like to discuss the relation between the results obtained
in this article and those recently obtained by the authors in [I2]. If we consider the
existence of nonnegative solutions (not supersolutions) to (L.II]), then the range of
p for nonexistence increases. In particular, if we consider the Laplacian operator,
then it is well known that the range for nonexistence is determined by the Sobolev
critical exponent

N +2
S N-2
as has been proved by Caffarelli, Gidas and Spruck in [6] and Chen and Li [7]. See
also Gidas and Spruck [14] and Serrin and Zou [24]. In view of the role of N in
Theorem 1.3 and Theorem 1.4 one may think that the quotient (Nf + 2)/(Nt — 2)
would play the role of the Sobolev critical exponent; however this is not the case.
In fact, we proved in [I2] that there is a critical number p* satisfying

Nt - *<N;g+2
Nt _—2 P S NI

*
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which separates the existence and nonexistence range for p > 1, in the nontrivial
case. In [I12] we gave the definition of the dimension number NI in a slightly
different but equivalent manner. We also mention the earlier article [11], where we
obtained such results for the Pucci operators.

We devote the rest of this article to proving Theorems 1.3 and 1.4. In Section 2
we define in a precise manner the class of the maximal and minimal operators we
consider in the rest of the article. We see the relation between our class and other
natural classes of operators. Then we define the dimension number NI and we
find fundamental solutions for the maximal (and minimal) operators. In Section
3 we provide a proof of Theorem 1.3. Following the basic approach of [18] we
obtained the removability property using a series of estimates. Here we observe
that our operator is not convex, so only C1'® regularity is available. In Section 4,
we provide a proof of Theorem 1.4; there we use ideas of [9] . In the Appendix we
give a proof of a version of the Strong Maximum Principle, which suits our needs.

2. ABOUT EXTREMAL OPERATORS, DIMENSION AND FUNDAMENTAL SOLUTIONS

In this section we discuss in more detail the class of operators we consider. Let C
be a closed, convex, bounded subset of Rf . We denote by S¥ the set of all N x N
symmetric matrices and for M € SV we let

AM(M) < X(M) < ... < An(M)
be the ordered eigenvalues of M. Then we define the extremal operators
N N
ME(M) = itellg;az)\z(M) and M, (M) = ;relf:;az)\z(M)
We say that the set C is symmetric if
a = (ay,as,...,an) € C if and only if a = (ar@1),ar2), - ax(ny) €C,

for all permutations w. The Pucci operators correspond to the class of operators,
where the set C is symmetric. For the operators M:\" A and My \ we define C =
[\, AJ¥, while for the second class of Pucci operators, we consider ¢ € [\, A] and
C={aec AN/ YN a;=cN}. See [20] and [21].

The class of operators defined above includes operators constructed upon a gen-
eral set of symmetric matrices. More precisely, let A C SV be such that

(A1) There exist numbers 0 < A < A such that
M<A<SAI, VA€ A,
(A2) A€ A ifand only if P'AP € A, for all orthogonal matrices P.

For such a class of matrices A we define the extremal operators
PH(M) = sup tr(AM) and P, (M) = inf tr(AM).
AecA AcA
The following lemma connects these two classes of operators.

Lemma 2.1. For every set of symmetric matrices A satisfying (A1) and (A2) there
exists a convex, bounded, symmetric set C such that

(2.1) ME =P and Mg =P,
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Proof. Given a set A satisfying (A1) and (A2), we define the set C in the following
way:

C = {(a1, a2, ...,ann) / A = (a;;) € A}.
Then we observe that

Pi(M) = sup tr(AM)
AcA
(2.2) = sup tr(P'APD),
AcA
where M = PDP!, with D diagonal and P orthogonal. Since A = P!AP we see
then that
N
P (M) = sup tr(AD) = sup a;N;(M).
(M) AGA( ) aec;zz( )

We observe that the set C is symmetric and that we can always consider the convex
envelope of C, without changing the optimal value. O

Still we want to discuss the relation between a class of fully nonlinear operators
and the classes defined above. Let F': SV — R be a function satisfying

(F1) F is convex and positively homogeneous of degree 1.
(F2) There exist numbers 0 < A < A such that
M) < F(M) < M (M),
for all matrices M € SN.
(F3) F(A) = F(PtAP), for all orthogonal matrices P.
We have the following representation lemma for the function F' satisfying the three

properties just given above.

Lemma 2.2. If F is a function satisfying (F1) — (F3), then there exists a set
A C SN satisfying (A1) — (A2) such that

F(M)=P}(M) VM e SV,
Proof. Let
A={Aec SY /tr(AB) < F(B),vB € SV}.
We see that A satisfies (A1) — (A2) thanks to (F1)— (F2). Then, since F is convex,
we also have
F(M) =sup{tr(AM) / A € A}.

We observe that the homogeneity of F' implies that in recovering F' from affine
functions, we only need linear functions. [l

Related to property (F2) and the convexity of F we have the property called
uniform ellipticity which says: F' is uniformly elliptic if

(2.3) My A(B) < F(M + B) — F(M) < M{,(B), VBeSY.

It is not hard to see that in (Z3)) it is enough to consider only positively semi-defined
matrices B € SV.

We can see that the operators P}, for any given A satisfying (A1) — (A2), are
uniformly elliptic and, consequently, so are the operators in the class of F' satisfying
(F1) — (F3). We can also prove that the operators M and M, are uniformly
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elliptic. In fact, let 0 < A < A such that C C [\, A}, M and B symmetric matrices
such that B > 0, and let a € C such that

N
ME(M + B) = su aXi(M + B) =Y a;\(M + B).
( aEIC)Z Z
Then we have
N N
ME(M + B) — Z =" ai(\(M + B) — Mi(M)) < Atx(B),
=1 =1

from which it follows that

ME(M + B) — ME (M) < Atr(B).
Proceeding in a similar form we also obtain

ME(M + B) = ME(M) > Atx(B),

and then (23)) follows. Similarly, we can prove that the operators M are uniformly
elliptic. Here and in what follows we denote by tr(M) the trace of the matrix M.

On the other hand, the operators Mér and M, are not convex in general. In
order to prove this we provide a simple example. We consider the matrices

M:<Tg 8) and B:<8 2)
where m > n > 0. We also consider the set C = [1, 8] x [1,2]. Then we have
MEM) =2m, M{(B)=2n and MS(M + B) =2m+ 8n,
and so the inequality
ME(M + B) < ME(M) + ME(B),

which is a consequence of convexity, does not hold.
We conclude this section by discussing the concept of dimension associated to
the operators /\/lg and M, . Define

2.4 - : —1a
24) cla) = max Za (o

We assume from now on that the set C is such that ¢(2) < 0. We see that the
function ¢ is continuous, strictly increasing and it satisfies ¢(«) > 0 for large a.
Thus, there exists a unique number, which we call NI, such that ¢(NJf) = 0. This

number is the dimension associated to MZ'
If we define

(2.5) Iglég— Z a; + (a — 1ay,

then we see that b(2) < ¢(2) < 0. Thus, there exists a unique number, which we
call N, such that b(NL) = 0. This number N is the dimension associated to
M-

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FUNDAMENTAL SOLUTIONS AND TWO PROPERTIES 5727

Remark 2.1. We observe that N < N_. We also see that

>
N; —l< ==L 2 yg e
an
and
N-1
Zi:l Q5

N_—1>
S = an

, VaeC.

Remark 2.2. In case ¢(2) > 0, we can also define dimension-like numbers, but then
NI < 2. Throughout the paper we will always assume that ¢(2) < 0 and that
2< NI <NZL.

The motivation for defining the dimension numbers comes from the definition of
fundamental solutions. When Nt > 2 we define the fundamental solutions of Mér
and M, respectively, as

1 1
() = —— and ¢ () = ———,
¢ (x) NE ¢~ (x) T

and see that

ME(D?*¢T) =0 and Mg (D*¢~) =0.
We also see that

Mg (D*(—¢%))=0 and MS(D*(—¢7))=0.

See [18], [19] and [9] for further discussion on the fundamental solutions for the
Pucci operators ./\/l;\r A and M;’ A

3. PROOF OF THEOREM [[.J]

In this section we provide a proof of Theorem 1.3, which is a consequence of a
more general theorem that involves more general nonlinearities. But before going
to that, we state a Comparison Principle due to Ishi and Lions [16], which will be
used repeatedely in the proof of our results. See also Jensen [17].

Theorem 3.1. Assume § is a bounded domain in R™V. Let F: S¥N xR = R be a
continuous function satisfying the following two conditions:
(1) There is a positive constant ¢y such that
F(M + B,t) — F(M,t) > ¢y tr(B),

forall M,B € SN, N>0andtcR.
2)
F(M,t) < F(M,s) Vt>s MeS".

If u,v € C(Q) are the subsolution and the supersolution of
F(D*u,u) =0 inQ,
respectively, such that u(z) < v(z) for all x € 09Q, then u(z) < v(x) for all z € Q.

Remark 3.1. In Theorem B.Ilwe may assume that F' depends also on z. Specifically
we may assume that F : SNV x R : @ — R is a continuous function satisfying x
dependent versions of (1) and (2) and also satisfying

|F(Mat7x)7F(M7tay)|§C|$7y|v V:c,yGQ.
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Then the comparison result holds for the equation
F(D*u,u,z) =0 in 9.
Now we consider a more general version of Theorem 3.1.

Theorem 3.2. Let F : SV — R be a continuous function such that, for some
closed, convez, bounded subset C of Rf,

(3.1) M (M) < F(M) = F(0) < ME(M),
for all M € SN. Assume that Nt > 2 and also that f : R — R is a continuous

function satisfying

' 10 L f(®)
(B2) e e <0 ot Il ReE O

If u € Cioe(Bgr \ {0}) is a solution of the equation
(3.3) F(D*u) + f(u) =0 in Bg\ {0},
then u can be extended continuously to 0 as a solution of B3)) in Bg.

We will prove Theorem following the main ideas developed by Labutin in
[18]. We prove first that u can be defined as a continuous function at the origin.

Lemma 3.1. Under the hypotheses of Theorem [3.2], the function u satisfies
lim u(z) = o,
z—0

for some ug in R.

Proof. We consider u = u™ + u~, where u™ = max{u,0} and «~ = min{u, 0}, and
we write p. = NI /(NL — 2). We start by proving that there is a constant 3 such
that

(3.4) ut(z)rN="2 < B, Va € By \ {0}.

Using assumptions ([B1]), (3:2) and the definition of a viscosity solution, after proper
scaling, we find that

(3.5) ME(D*ut) = (uT)P* +b>0, Vz€ Bg\ {0},
where b > 0 depends on (3.2]). We consider the comparison function
_ H
vl = (p? —12) L-2 tv, z€B,
where the constants p, u and v are chosen so that U satisfies
(3.6) ME(D?U) —UP* +b<0 V€ B,

and lim,_,, U(xz) = co. See Brézis and Véron [4]. In order to see this, we notice
that the ordered eigenvalues of DU are

U 2u(NE -2
Al:m:AN_lzi:u(—j
r (p? — r2)Nx—1

and
2u(NL = 2)(p* + 2NL - 3)r?)

(0 =)

)\N _ UII —
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Considering x € B, we get from here that

2 + _ 2 + _ + _
< 2up” (N — 2) Ay < (No 2)(NG — 1)

A= =Avor s (p — r2)N& = (p? — r2)NE
and then
N=1 g
Mg(D2U> = mGaCXZaZ7 +CLNU”
i=1
+_ _ + _ +
(2 = )
where the numbers 0 < A < A are such that C C [\, A]". On the other hand, we
have that
+ +_
(3.8) gV ey o LIS L )

T2 (p? — r2)N& + 2
If we choose

p=(4Ap°{(NL —2)(N — 1) + 2(NE - 2)(VE — 1)})(N;—2)/2

and
v = (Qb)(1\7;“f2)/1\’§’o ,

then, from [B.1) and [B.8), we obtain (B.8). Next we consider zo € Bg/4 and p =
|zo|/2. We use Theorem [31lin order to compare v and U(z — o) in B(zo, |xo|/2)
and we obtain u™ (x¢) < U(0). From here ([B34) follows.

Next we prove an improved version of (4], that is,

(3.9) lim u+(x)rN:°*2 =0.
z—0

We assume, for contradiction, that there is a constant K > 0 such that
lim sup u+(:c)rN;*2 =K.
z—0
For comparison, we define the function
v(z) = TNSE% +8%2>/<2u+ +b+1, =€ Bgp\{0}
and we notice that
ME(D?*v) —vP* +b<0 in B\ {0}.
Using the comparison Theorem [31] we obtain that
(3.10) ut <wv in Bgsy \{0}.

This requires some discussion: we replace K by K + ¢ in the definition of v above
and we apply the comparison theorem in the domain Bp/s \ B,,, for some p. > 0,
such that p. — 0 as ¢ — 0. Taking the limit we obtain the result.

Next we obtain a sequence of points {x;} satisfying z; — 0 and

ut (z;)

1—o00 UV (1‘7,)

=1
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Defining §; = |z;] and ; = Bas, \ Bs, /2 we consider the boundary value problem
(3.11) ME(D*w;) — |wiP*tw; +b = 0 in Q,

(3.12) w; = u" on d.

We see that u't is a C(€2;) viscosity subsolution of equation ZII)-BI2). On the
other hand, the function v is a C(€2;) viscosity supersolution of BI))-BI2). The
operator F(M,t) = M} (M) — |t|P"~1¢ + b satisfies the properties of Theorem B.1]
so that by Perron’s method we can construct a continuous viscosity solution w; to
BI1)-BI12), which additionally satisfies

ut <w; <v in Q.

Now we use a rescaling argument as in [I8]. Consider Q = B, \ By 2 and for every
i define

vg, (x) = 51-]\];721)(51-33) and ws,(x) = 55\[;72101-(52-95), x € Q.

—~NL+2

By definition, it is clear that v;, converges uniformly to Kr over ). We also

see that ws, is uniformly bounded in © and satisfies

MEF(D2U}51) - |w5z‘

Here we may use the C'™ regularity estimates, see for example Cabré and Caffarelli
[5], to obtain that [|ws, [|ce(q) is bounded, for a € (0,1). This implies that, up to

p*_lw(;i—i—é;v;bzo in Q.

a subsequence, {ws, } converges uniformly to a w € C(Q) satisfying

ME(D*w) — |w w=0 in Q
and 0 < w(z) < Kr~N~%2 in Q. Moreover, there exists zo € () such that w(zy) =
K|xo|’N;+2, so that, by the Strong Maximum Principle (see Appendix) w(z) =

Kr—Ns+2 4 Cin ), which implies K = 0, a contradiction.
Once we have (3.9) we may compare again u with

pe—1

g
ve(e) = g g v b L € Bre\ (0

and take € — 0, to obtain u™ € L®(Bg/2).
Using similar arguments we obtain u~ € L>(Bp/2). Here we start the argument
by proving the existence of 5 > 0 such that, instead of (3.4)),

—8<u” (:C)TN:—C72.

We notice that —r—N%+2 is a fundamental solution for M.
We can conclude then that u € L*(Bpg/2). To complete the proof we observe
that for some 0 < A < A such that C C [\, A] we have

M;\FA( 2u) > —|g(z)| and M;\)A(DQu)§|g(x)| in Q,

where g(x) = f(u(z)) — F(0) is continuous. Consequently we may use the Krylov-
Safonov-Harnarck inequality and the Alexandrof-Bakelman-Pucci estimate as in
[18] to obtain the continuity of u at 0, by defining u(0) properly. O

Proof of Theorem 32l Once we have the continuity of u at the origin, we just need
to prove that the function w is a viscosity solution in 0. For this purpose we may
follow step-by-step the arguments in [18], only changing the Pucci operator by M

and using the function r—N%+2 instead of E*. O
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Finally, we complete the proof of Theorem [[3] by exhibiting a solution u of (L9,
which is singular at 0, for every p € (1, p.).

Proof of Theorem [L3l Assume Nt > 2 and that p € (1,p.). We consider the
function

u(e) = afe] ¥/,
where a is chosen below. We observe that a := 2p/(p — 1) > p. > 2, so that

ME (D*u(z)) = r~ /P Va(a — 2)c(w),

where c(a) > 0. Since u? = aPr~2?/(P=1) we may choose a so that

a’ ! = (a—2)c(a)
and then we obtain a solution of

M (D*u) —uP =0,

with a singularity at the origin. Similarly we can construct a singular solution for
the operator M, . O

4. PROOF oF THEOREM [[ 4]

We devote this section to prove Theorem [[4] a Liouville-type theorem for super-
solutions for the maximal operators Mér

A version of Theorem [[.4] can be proved for the minimal operator and M.,
replacing N by N3 . We notice that this version of Theorem [[4] for M implies
a Liouville-type theorem for super-solutions of

F(D*u)+u? =0, w>0, inRY,
if Mg (M) < F(M) for any symmetric matrix M and p < N /(N — 2).

We start our discussion with a version of the Hadamard Three Spheres Theorem
for the extremal operators. Given u € C(Bg), let us define m(r) = min u(z), for

lz|<r
0<r<R.
Theorem 4.1. Assume that Nt > 2. If u € C(Bg) is a positive viscosity solution
of
(4.1) ME(D*u) <0, in Bg,

then for any 0 < ry <r < ry < R we have

(42) m(r) > m(Tl)(T2*N:—c — rg_N;) + m(Tz)(TT_N; _ T27N(j—o)

A similar result holds for Mg, replacing NX, by N3_.

Proof. Let us define ¢(x) = Cl|x\2*N; + Cs, where C; and Cy are such that
¢(x) = m(r1) on 0B, and ¢(z) = m(r2) on 9B,,. Since M} (D?¢) = 0 in
B,, \ B,,, using comparison Theorem B.] we get u(xz) > ¢(x) in B,, \ B, which
implies the result. O

Remark 4.1. By the Strong Maximum Principle, Theorem A.l in the Appendix,
given u € C(Bg) satistying (1)), we have

m(r) = ﬂgu(x) = lr;‘n:ri u(x).
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Corollary 4.1. If u € C(RY) is a positive viscosity solution of
ME(D*u) <0, in RY,

. +_ o .
then the function rN=2m(r) is increasing.

A similar result holds for Mg , replacing NI, by N3_.

Proof. First, we observe that u(z) > 0 everywhere, by the Strong Maximum Prin-
ciple, Theorem A.l in the Appendix. Since the inequality (£2) holds for all rq,
we may take ro — 0o. Then, using the positivity of m(r) and that N > 2, we
conclude the proof. O

Proof of Theorem [L4l Assume, for contradiction, that u is a nontrivial super-solu-
tion to equation ((LIT]). For given r; > 0 fixed, we consider the function

g(r) =m(r1/2)1 = [(r — r1/2)*]*/(r1/2)*),

as in [9]. If we define ¢(z) = g(|z|), then the minimum of u— ¢ in RY is nonpositive
and it is achieved at a point & = x(rq), such that 71 /2 < |Z| < r1. Thus we can use
¢ as a test function of (LTI]) at Z and get

ME(D?*¢(z)) + u(z)? < 0.
Then
3m(r/2) [, (7= ri/2)*
(/28 |

N—1
where a = (a1, ...,ay) is some point in C and a := Y a;. If |Z| = r1/2, then we
i=1
have u(|Z|) = 0, which is impossible. Thus, we necessarily have r1/2 < T < ry.
Since m(ry) < u(z) < m(r1/2), we get

(12l = r1/2)",

u(z)P <

|z

m(r1/2)"/?
<C——————
m(ry) < (r1/2)2/p°
for some positive C. Now we use Corollary [£1] to obtain
1

m(r1) < O e
where C' is possibly different, but independent of ;. Hence

Nt _2 1
. s3] < .
(43) " mir) < O(r1)2/(p71)71v;+2

Ifp < NL/(NE —2), then the increasing function r{v*”t_gm(rl) goes to 0 as r; — 00,
providing a contradiction.

In case p = NI /(NE — 2) we need an extra logarithmic lower bound. Define,
for fixed 0 < rq < 7o,
log(1+ )

pNE-2

where ¢; > 0 and ¢z € R are such that h(r1) < m(ry) and h(rz) = m(rz). We
may choose r; large enough so that A”(r) > 0 and A'(r) < 0, for r > r;. Let
w(z) = h(|z|). Then

hir)=c + 2,

b2 o W (r)
MG (D*w(x)) = anh”(r)+a o r1 <71 <7,
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for some a € C. Then, using the maximal character of the operator, we obtain

(&1
v

(4.4) M (D*w(x)) = aiy (b (r) + (N — 1)M) >-C

r | x

where a*® = (a{°,...,a%) € C is such that a>/ay =
constant.

On the other hand, using Corollary 1] we have

NI — 1, and C is a positive

+ _
m(r)ry ="

() > e

for |z| > 71, and then from equation (.I]) we obtain

&

ME(D?u(z)) < _|$|T:°7

for some positive C;. Therefore, we can use comparison Theorem B.I] choosing ¢;
smaller if necessary, to conclude that w(z) < w(z) in B,., \ By,. Letting ro — oo
we finally conclude that c¢o = 0 and

u(z) > C'log(1+ |z|)
= elvE

for |z| large and positive C. This is a contradiction with the previous estimate

)

We notice that the arguments in the case of Mg are similar, just replacing N
by N, except for those leading to ([@4]). Here, we consider Remark 2.1 to get
h/ h/
ClNh”(T)‘"d (T) ZaN(h//_F(Nf _1) (T))7

oo

r
from which

(4.5) MG (D*w(z)) > —C—2

RS

follows.
To complete the proof we will construct a supersolution of (LIII), when p >
NL/(NE —2). We let ¢ be such that
S
p—1 "1 p
and we define u(r) = C,(1 + r?)~9. We prove that u is a radial supersolution, for
an appropriate choice of C,. We first observe that u”(r) > «'(r)/r for all » > 0.
Then for the function v(z) = u(|z|) we have
a u'(r
ME(D?(2) = an ' (r) + =)
for some a € C. Next we notice that u”(r) + %u’(r)/r < 0 for all r. In fact, using
Remark 2.1 and after some calculations, we have

an T

u’(r) + %u/(r)/r <u'(r)+ (NL — 1)/ (r)/r < —2Cq(gﬁ;2§§zj D) <0.

Next we define a,, = Hli(Ijl ay and we obtain
ac

u'(r)

r

ME(D*v(2)) < @m(u”(r) + (NL - 1) ),
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since % > N+t —1and v/ <0. Thus
2a,,Cy (NS, — 2(q + 1)) &1
(1 + r2)atl (1+r2)pa’

Therefore by the definition of ¢, we may choose Cy small enough such that the right
hand side is always nonpositive. Thus, we have obtained

ME(D*v(x)) +vP(z) <0 in RN,

MG (D?v) +vP < —

For the operator M, and N the last argument follows just from the minimal
character of the operator. O

APPENDIX: THE STRONG MAXIMUM PRINCIPLE

Here we present a form of the Strong Maximum Principle, which is needed in
our arguments. Its proof is essentially given by Birindelli and Demengel [3], but we
present it here for completeness.

Theorem A.1. Let Q be a domain, ¢ >0, p > 1 and u,v continuous functions in
Q. Assume u is a subsolution of

(4.6) ME(D*u) — cjulP~tu =0,

and that v is a supersolution of [@L). Moreover, assume that v(x) > u(z), for all
x € Q, and that for some xo € Q it follows that u(xg) = v(xo). If either u or v is
of class C?(Q), then u(z) = v(z) for all z € Q.

Proof. Let us assume, without loss of generality, that u is of class C?(Q). If u # v,
then there is a point x; € Q and R > 0 such that B(x1,3R/2) C Q, |zo — 21| = R
and x is the only point in B(x;, R) such that u(xg) = v(zo). We assume from now
on that x; = 0, by performing a proper translation.

Since Mér is uniformly elliptic, say with ellipticity constants 0 < A < A, and
since u is of class C?(£2), we can see that w = v — u is a viscosity supersolution of

(4.7) M}'}A(DQw) —c(x)w =0,

where c(z) = c(vP(x) — uP(z))/(u(z) — v(x)) if u(z) # v(z) and ¢(z) = 1 whenever
u(z) = v(z). We observe that c¢(z) is bounded and that ¢(z) > 0 for all z € 2.

Let wy; = inf|y—r/2 w(z). By continuity of w we see that w; > 0. Next we
construct an appropriate subsolution in the annulus Agr = {z / R/2 < |z| < 3R/2}
by considering ¢(z) = ae™*", with = |z| and « a constant chosen so that

M;rA( 2p(z)) — c(z)p(x) >0, forall z € Ag.

—Qar

Next we choose a so that the function ¢(z) = a(e™*" — e~*F) satisfies p(z) < w;

in |x| = R/2. We observe that
M}\"A( 20(x)) — c(x)p(x) >0, forallz e Ag

and ¢(x) < w(x) on 0Agr. Using the comparison principle we find that ¢(x) < w(x)
in Ag. Since ¢(zg) = w(xzg) = 0, ¢ can be viewed as a test function for equation
) at xg. Since w is a supersolution we find that

M A (D%p(x0)) — c(zo)e(z0) <0,
which is impossible. This completes the proof. [l
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