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ON THE EXISTENCE AND PROFILE OF NODAL SOLUTIONS
FOR A TWO-DIMENSIONAL ELLIPTIC PROBLEM WITH
LARGE EXPONENT IN NONLINEARITY

PIERPAOLO ESPOSITO, MONICA MUSSO anD ANGELA PISTOIA

ABSTRACT

We study the existence of nodal solutions to the boundary value problem —Awu = |u|P~1u in a bounded, smooth
domain Q in R2, with homogeneous Dirichlet boundary condition, when p is a large exponent. We prove that,
for p large enough, there exist at least two pairs of solutions which change sign exactly once and whose nodal
lines intersect the boundary of 2.

1. Introduction

We consider the problem

— = |ylP—1 i
{ Au=|ulP~tu in Q, (11)

u=~0 on 0f),

where 2 is a bounded, smooth domain in R? and p > 0 is a large exponent.

In order to state old and new results, we need to recall some well-known definitions. The
Green function of the Dirichlet Laplacian can be decomposed into a singular part and a regular
part, that is,

G H ! 1 L
(.f,y)— (x?y)+2ﬂ_ og |x—y|
The regular part H is a harmonic function with boundary values of opposite sign with respect
to the singular part. The leading term H(z,z) of the regular part of the Green function is
called the Robin function of €2 at x.
Problem (1.1) always has a positive solution u,, obtained by minimizing the function

Iy(u) == JQ |Vul?, for u € Hy(Q),

on the sphere
{u e Hy(Q) : fJullp1 = 1}

Here, ||u||,» denotes the L"-norm of w. In [15] and [16], it is proved that, as p goes to infinity,
the solution u, develops one interior peak, namely w, approaches zero except at one interior
point where it stays bounded and bounded away from zero. More precisely, the authors proved
that, up to a subsequence, the renormalized energy pug+1 concentrates as a Dirac mass around
a critical point of the Robin function. Successively, in [1] and [11] the authors give a further
description of the asymptotic behaviour of u, as p goes to infinity, by identifying a limit profile
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problem of Liouville-type Au 4 ¢* =0 in R?, [, €* < 400, and showing that [[up|/ — /€ as
p — +oQ.

In [13] it is proved that problem (1.1) can have many other positive solutions which
concentrate, as p goes to infinity, at some different points &;,...,&x of €, whose location
depends on the geometry of 2. More precisely, if k is a fixed integer, the authors introduce the
function ¥y : M — R defined by

Up(lr,on &)= Y, HE L)+ Y, Glné),
i=1,...,k i,j:l;,:..,k

where M = Q% \ A and A denotes the diagonal in QF, that is,
A={(&,....&) e & = ¢; for some i # j}.

They prove that if ¥, has a stable critical value ¢ (according to a definition of stable under
Cl-perturbations), then, for p large enough, there exists a positive solution u, to problem (1.1)

with k peaks, namely there is a k-tuple &, = ({1, .. .,&k,) converging (up to a subsequence)
to a critical point &* = (&17,...,& ) € M of Uy, at level ¢ such that
k
up — 0 uniformly in Q \ U Bs(&ip)s sup  up(z) = Ve, fori=1,... .k,
i=1 2€B5(&ip)

for any § > 0 and

k
pug+1 — 87e <Z (5@) weakly in the sense of measure in Q,
i=1
as p goes to +oo.
After a detailed study of the existence and properties of positive solutions to problem (1.1),
one is interested in studying the existence and properties of solutions which change sign.
Problem (1.1) is a particular case of the problems treated in [4] and [7], where the authors
study the existence of sign-changing solutions and their properties for a larger class of
nonlinearities. In particular, it is proved that problem (1.1) for any p > 1 has a sequence
of distinct pairs of solutions Fuy, with [juy |l — +00 as n — +o00, uy changes sign if n > 2
and it has at most n nodal domains. Moreover, there exists a least energy nodal solution %, to
(1.1) which has precisely two nodal domains. More precisely, if J, : H}(Q2) — R is defined by

1 1
Jp(u) = §J |Vu|? dz — ﬁj |u|PT dx
Q b Q

and
Ny ={ueH}(Q):ut #0,u” #0, J;(u)(qu) = J)(u)(u") =0},
then
Jp(tip) = IR}? Jp- (1.2)

In this paper, we are interested in the existence and the profile of sign-changing solutions
which concentrate positively at some different points &1, ..., &, of 2 and concentrate negatively
at some other different points &p,41,...,& of Q.

First of all, let us state our general result. Let k be a fixed positive integer, let a; € {£1},
fori=1,...,k, with a;a; = —1 for some ¢ # j, and let @ : M — R be defined by

k

Op(lr, &) = D HGG) + Y, aia;G(ELE)). (1.3)

i=1 ij=1,..k
i#£j
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THEOREM 1.1. Assume that ®, has a stable critical level ¢ in M, according to
Definition 2.6. Then there exists py > 0 such that, for any p > pg, problem (1.1) has one
sign-changing solution u, such that

k
plup|P~ u, — 8re (Z aié&*> weakly in the sense of measure in Q (1.4)
i=1
asp — +oo, for some £* = (&3,...,&;) € M such that ¢, (&5, .., &) = ¢. More precisely, there
is a k-tuple §, = (§1,, - - -, k) converging (up to a subsequence) to £* such that, for any 6 > 0,
as p goes to +0oo,

k
up — 0 uniformly in '\ U Bs(&ip) (1.5)
i=1
and
sup  up(z) — a\/e. (1.6)
2€Bs(&ip)

REMARK 1.2. In Theorem 1.1 we deal only with critical points of ®; stable with respect
to C%-perturbation according to Definition 2.6. As in [13], we could prove a stronger result
concerning C'-stable critical points by showing that some finite-dimensional functional is
C'-close to ®j. However, all the applications in which we are interested do not need this
generality and, to give a clear idea of our arguments, we will avoid it.

We can specialize the result as far as it concerns the existence and profile of sign-changing
solutions which concentrate positively and negatively at two different points £; and & of Q2
respectively.

First of all, in this case the function ®3 : M — R introduced in (1.3) reduces to

D(&1,82) = H(&1,61) + H (&2, &) — 2G (&1, &2)- (1.7)

The first result concerns the existence of a ‘least energy’ nodal solution.

THEOREM 1.2. There exists py > 0 such that, for any p > po,
(i) problem (1.1) has a pair of sign-changing solutions £u, such that (1.5) and (1.6) hold
and

plupP " u, — 8re (5& — 655) weakly in the sense of measure in (2,
as p — 400, for some £, &5 € Q, with & # &5, such that ®(£,£5) = maxqxg D;
(ii) the set Q\ {z € Q: u,(x) = 0} has exactly two connected components;
(iii) the set {x € Q : uy(x) = 0} intersects the boundary of .

We conjecture that the solution found in Theorem 1.2 coincides with the least energy solution
4y, found in (1.2).
The second result is a multiplicity result. In order to state it, let
Co(Q) ={ACQ:#A=2} ={(x,y) € Ax Q:x £ y}/(2,y) ~ (y,2)

be the configuration space of unordered pairs of elements of ().
THEOREM 1.3. There exists pg > 0 such that, for any p > po,

(i) problem (1.1) has at least cat(C5(Q)) pairs of sign-changing solutions +ul, with
i=1,...,cat(C3(Q)), such that (1.5) and (1.6) hold and

p|u;|p_1u; — 8me(dei — 0¢y) weakly in the sense of measure in Q,

as p — +oo, for some &%, &5 € Q, with & # €L;
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(ii) the set Q\ {x € Q: ul(x) = 0} has exactly two connected components;
(iii) the set {x € Q : ui(x) = 0} intersects the boundary of Q.

It is easy to see that cat(C2(Q)) = 2 for any open domain Q C R? (see, for example, [6]),
so Theorem 1.3 provides at least two pairs of solutions. However, as has been pointed out in
[6], under certain assumptions on the topology of €2, cat(C2(£2)) may be larger. We refer the
reader to [5, Section 6] for some recent computations of cat(C2(€2)).

Section 4 deals with the existence of solutions to (1.1) with more than two nodal zones when
Q is a ball.

Let us make some comments and remarks. Results similar to those in Theorems 1.2 and 1.3
have been obtained in [6] for the slightly subcritical problem

1.8
u=20 on 0f), (18)

{—Au = |u[9""u in Q,
where (2 is a bounded, smooth domain in RY, ¢ = (N +2)/(N —2), N > 3, and € is a small
positive parameter. In [6] the authors study the existence and the profile of sign-changing
solutions to problem (1.8), which blow up positively at a point &; of ©Q and blow up negatively
at a point & of Q, with & # &, as the parameter € goes to zero. They introduce the function
¢ : M — R defined by

o(&1,&) = HY?(&1,6)HY?(&, &) — G(&, &),

where G is the Green function of the Dirichlet Laplacian and H is its regular part, that is,
G(fE,y):O[N|£C—y|27N—H(.’E,y), for .’E,'yEQ,

where ay = 1/(N — 2)wy and wy denotes the surface area of the unit sphere in RV (note that
in this case H is positive).

They prove that, if € is small enough then problem (1.8) has at least cat(C2(f2)) pairs of
sign-changing solutions +u!, with i = 1,..., cat(Co(Q2)), such that, as e goes to zero, u! blows
up positively at a point & and blows up negatively at a point &, with £ &5 € Q, € #£ &
and (&1,&5) a critical point of ¢. Moreover, the set Q\ {z € Q:ul(z) =0} has exactly two
connected components. Finally, if

H(E,61) = H(£3,6), (1.9)

then the nodal set {x € Q: ul(x) = 0} intersects the boundary of Q. We remark that condition
(1.9) is satisfied when (2 is a ball.

We quote the fact that, as far as problem (1.1) is concerned, we do not need any assumption
such as (1.9) to ensure that nodal lines of solutions found in Theorems 1.2 and 1.3 intersect
the boundary of 2. We compare this result with the one found in [2], where the authors prove
that the nodal line of a least energy solution to (1.1) intersects the boundary of €2, provided Q
is a ball or an annulus.

Finally, we would like to point out that the analogy between the almost critical problem (1.1)
in R? and the almost critical problem (1.8) in R, with N > 3, is not complete. In fact, only the
‘translation invariance’ plays a role in the study of (1.1), while both the ‘translation invariance’
and the ‘dilation invariance’ are concerned in the study of (1.8). The same phenomenon occurs
in the study of the mean field equation, as has already been observed in [3], [10] and [12].

The paper is organized as follows. In Section 2 we reduce the problem to a finite-dimensional
one and we prove Theorem 1.1. In this section we use some technical computations developed
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n [13], which are contained in Appendices A and B. In Section 3 we study the profile of sign-
changing solutions and we prove Theorems 1.2 and 1.3. In Section 4 we consider the case when
Q is a ball.

2. Existence of nodal solutions

Let us consider the problem

—Au = in O
u=g(u) inQ, 2.1)
u=20 on 01,
where g(u) := |u[P~u. Let us introduce some functions which will be the basic elements for
building sign-changing solutions to (2.1).
Firstly, let us consider the limit profile problem:
~Au=¢" inR? J e < 4o0. (2.2)
R2
All the solutions of (2.2) are given by
Use(y) = log 807 here y € R? (2.3)
5,6\Y) = T . o whnere y ) .
‘ (02 + 1y — €%)?

with § > 0 and £ € R? (see [9]). Let PUs¢ denote the projection of Us¢ onto H§(£2), namely
APUse = AUs¢ in Q, PUs¢ = 0 on 0f. Linear combinations of the functions PUs¢ will be
used to build up a first approximation for a solution to (2.1). Unfortunately, such a first
approximation happens to be not good enough to solve the problem, because of (2.26). So we

need to improve this first approximation. In order to do so, we introduce the functions w® and
w! below.
Let U(y) := Uy 0(y). Define w® and w! to be radial solutions of
Auw’ + e =0 in R fOy) = 1eVWU(y), (2.4)
and
Aw' +eVw! = 1 in R? (2.5)
£ ) = €U0 (00U - J()? — JUP — 3U% + 2uPU?) ()
with the property that, for all : = 1,2,
. 1
W) = Crlogly| +0 (1) as ol = o )

where

T g2
Ci:L to ey (0 dt

see, for example, [8]). For any 6 > 0 and ¢ € R?, we define
(see, ple, y :

wg’,;-(x) =0 (xf:é) , wéé(m) = w! (x g E) , for z € Q.

Let ng£ and Pw%)f denote the projections onto H{(€2) of wgg and w§7£, respectively. Define
now

a; 1 1
i=1 TH;

where a; € {£1} for any i =1,...,k and
7y o= pP/ (=1 =p/R(p=1)) (2.9)
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Furthermore, we assume that £ = (£1,...,&k) € O, for some € > 0, where
O.:={€eQF: (dist&, 00) > 26, |& —&| =2, 4,5 =1,....k i #j},
and that the parameters §; satisfy the following relation:
§; := 0i(p, &) = pie P4, (2.10)

with p; := pui(p,§), for i = 1,..., k, given by

Cy C log 6; C
4y e _ 0 _ > g 0i et}
log(8u;) = 8mH (&, &) (1 ” 4p2> = (Co - )

2/ 6
+ SWZ(aiaj)WG(&fj) 1- B2 (2.11)
J#i J

A direct computation shows that, for p large, p; satisfies

1
i = e~ exp {QWH(&,@) + 2wzaiajG(§j,§i)} (1 +0 (—)) : (2.12)

i b
By Lemmata A.1 and A.2 and by this choice of the parameters u;, we deduce that, if
Yy = (Z‘ - fz)/dl, then

a; 1 1 _ _
Ue(r) = —576—5 | P+ UW) + —wo(y) + Zwi(y) + O(e ™yl +e7?/*) | (2.13)
2/(p—1) P p?
TH;
for |y| < €/6;.
We will look for solutions to (2.1) of the form w = Ug + ¢, where ¢ is a higher order term in
the expansion of u. It is useful to rewrite problem (2.1) in terms of ¢, namely

{L(@ =~ [R+N(@)] g, (214)
0=0 on 01,
where
L(¢) == L(p.&,¢) = Ap + ¢  (Ue) s (2.15)
R:=R(p,§) = AU: + g (U) (2.16)
N(¢) :=N(p.&,¢) =g (Us +¢) — g (Ue) — g’ (Ue) 9] (2.17)

A first step towards solving (2.14), or equivalently (2.1), consists in studying the invertibility
properties of the linear operator L. In order to do so, we introduce a weighted L°°-norm

defined as
k 5. -1
(Z - @P)Sﬂ) "o

=1

(2.18)

Il = sup
zeQ

for any h € L*>°(£2). With respect to this norm, the error term R(p,&) given in (2.16) can be
estimated in the following way.

LEMMA 2.1. Let € > 0 be fixed. There exist ¢ > 0 and pg > 0 such that, for any £ € O, and
p P Do,
C
AU + g (Ug)ll, < o

Proof. We give a sketch of the proof. We refer the reader to [13] for all the details. A direct
computation of AU and the estimates given by Lemmata A.1 and A.2 readily imply that,
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far away from the points §;, namely for [z —&;| > ¢ for all i = 1,...,k, the following estimate
holds true:

< Opeip/ﬁl

k -1
| (Z (62 + xcsi §j|2)3/2> (AUe + g(Ue)) ()

for some positive constant C.
Let us now fix the index ¢ in {1,..., k}. Taking into account (2.13) and the fact that

P
_pr )y __
(7'%2/(10 1)> V62412 2/(p—1)’
we get, for | — &| < eV/d;,

k —1
‘ (Z 6% + |x _ 5 |2)3/2> (AUe + g(Us)) (z)
Jj=1
by means of the Taylor expansion
(]_ + g + i + i)p
p P P

" 1 a? 1 a® v a* ad®b log®(Jy| + 2)
e |:1+p(b2>+p2 (Cab+3+2+82)+0(p?’>:|
provided that
—4log(lyl +2) <aly) <C  and  |b(y)| + |e(y)| < Clog(ly| + 2).
While, for ev/8; < |z — &| < e, we get
k 5 -1
J AU + g(U,

This concludes the proof. U

<Cp!

< CpeP/8.

Next, we will solve the following projected linear problem: given h € C(2), find a function
¢ and constants ¢; ;, for i =1,...,k and j = 1,2, such that

_h+zc” 506 Z; 5, in Q, (2.19)
»= on 09, (2.20)
J Usiei 7, :¢p = 0, forall j =1,2, i=1,...,k. (2.21)

Here, for i =1,...,k and j = 1,2 we set
T 7&‘ . oUu 4yj
Zs@) =5 (T52). with 500 = g = 1

This linear problem is uniquely solvable, for p sufficiently large, with an L°°-estimate for ¢ in
terms of ||A||.. This is the content of the next lemma; its proof is given in Appendix B.

(2.22)

LEMMA 2.2. Let € > 0 be fixed. There exist ¢ > 0 and py > 0 such that for any p > py and
& € O, there is a unique solution ¢ to problem (2.19)—(2.21) which satisfies

[¢lloc < cpllh]l (2.23)
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Let us now introduce the following non-linear auxiliary problem:
AU + ) + g (Ue + ¢) = ch Usiei 7, 5 in Q,
p=0 on 0}, (2.24)
L eVoisi 7, ip =0 ifi=1,...,k j=12,

for some coefficients c; ;. The following result holds.

PROPOSITION 2.3. Let € >0 be fixed. There exist ¢ > 0 and pg > 0 such that for any
p>po and & € O, problem (2.24) has a unique solution ¢¢ depending on p which satisfies
el < ¢/p*. Furthermore, the function § — ¢¢ is a C*-function in C(Q) and in Hj ().

Proof.  Using (2.15)—(2.17) we can rewrite problem (2.24) in the following way:
L(¢) = — (R+ N(¢ —i—Zc”e 56 7, ;.

Let us denote by C, the function space C(Q2) endowed with the norm |- ||.. Lemma 2.2
ensures that the unique solution ¢ = T'(h) of (2.19)—(2.21) defines a continuous linear map
from the Banach space C, into C(Q), with a norm bounded by a multiple of p. Then, problem
(2.24) becomes

¢ = A(¢p) == -T[R+ N(¢)]. (2.25)
Let
B, :={¢€C@):d=00n0Q o <r/p’},  for somer > 0.

We have the following estimates: there exists a positive constant C' such that
IN@)I < Cpllole, ING) = N6l < Cp((mag il )61 — 2], (2:26)
for any ¢, ¢1, ¢2 € F,. In fact, by the Lagrange theorem we have
IN@| <plp—1) (Ve +00/p*)" " ¢,
[N (61) = N(@2)| < plp = 1) (Us + 0(1/p")" " (ma|éu] ) 61 — ol

for any x € €, and hence, by the fact that
p|Us + 0 (1/p%)] C’Ze

we get (2.26) since || 272, eV | = O(1).

By (2.26) and Lemmata 2.1 and 2.2, we easily deduce that A is a contraction mapping on B,
for a suitable 7 > 0. Finally, a unique fixed point ¢¢ of A exists in B,.. As for the regularity of
the map £ — ¢¢, we can proceed in a standard way by means of the Implicit Function Theorem.
The proof is now complete. l

After problem (2.24) has been solved, we find a solution to problem (2.14) (and hence to the
original problem (2.1)) if we find a point & such that coefficients ¢; ;(£) in (2.24) satisfy
(=0 fori=1,... k j=1,2 (2.27)

Let us introduce the energy functional J, : H{(Q2) — R given by

1
Ip(u) = %Lz |Vu|? dz — P} JQ |u|P™ du, (2.28)
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whose critical points are solutions to (2.1). We also introduce the finite-dimensional restriction
Jp 1 Oc — R given by

To(€) = Ty (Us + d¢).- (2.29)
The following result holds.

LEMMA 2.4. If¢ is a critical point of jp, then Ug + ¢¢ is a critical point of J,, namely a
solution to problem (2.1).

Proof. The function J, is of class C' since the map & — ¢¢ is a C'-function in HZ ().
Then, DeF(€) = 0 is equivalent to

Z Ci,j (f) JQ 6U6i’§i ZiﬁngUg — Z Ci,j (E) JQ Dg(eU‘sz‘:Ei Zi,j)¢§ =0
i,7 1,7

taking into account (2.24). Writing DU explicitly, we find that direct computations then show
that, for p large and uniformly in £ € O,

D 1
0= —%5¢i(€)+0 e, ()]
youuy/ Y (7”51' %;

where D is a given positive constant. This fact implies that ¢; ;(§) = 0 for all ¢ and j. ]

Next, we need to write the expansion of jp as p goes to 4o00.

LEMMA 2.5. Let € > 0. Then

~ Aq logp Ay Aj log2p
) = k5 -2k A2 Mgy 40 (12

uniformly with respect to & € O.. Here

Ay = 4dme, Ay = 8me + gJ (YU — Aw®)(y) dy, Az = 327% (2.30)
R2

and the function ®; : M — R is defined by (see (1.3))

Op(ér, &)= > HE.&)+ Y. aia;G(&, &)

i=1,...k ij=1,...k
i#£]

Proof.  Multiplying the equations in (2.24) by Ue + ¢¢ and integrating by parts, we get

Fo- (il L S S
70 = (5517 | wwe+ o0 pﬂijcz,](g)jge 245 (Ue +00).

Now, from equation (B.12) contained in the proof of Lemma 2.2, we have
1 1
lcij(§)] =0 ||N(¢p)+Rll*+]—3H¢£||oo =0\

Hence, we have

~ 1 1 1
79 (5= 1) ([, 1706t -2 e[ vee) <0 ()
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since Uy is a bounded function. We expand the term [, [VUe|?: in view of (2.13) we have

k

aj Us. «. 1 of T—&;
S A
Jﬂ Zw?/ 1 e, 0 ps; 9]

Jj=1

1 —¢ 2 —p/2
p25j2-Aw ( 5, ]>—|—O( e P/ ))Ug—l—O(pe p/)
zk: a? J- ( 8 1A0 1A1+O( —p))
= _ —— — —Aw’ — S Aw pe
2D Loy N WP 220 22

1 1
<p+U+ —w’ + —w' +0(e” PAy| 4 e~ p/4)>+0(pe_p/2)

k 1 8 1
(e () <0(2)
;# 4/(=1) < N AN TENRE P

87Tkp 32w 8 1
Zlog'” =) (e -2) +o (7)
—4/(p—1) _

since — (4/p)log i; + O(1/p?). Recalling the expression of p; in (2.11) and
(2.12), we get

87rk:p 647r 247k
(517 e 75]6)

3
)., (ﬁ(] ~aut) 40 (5) 230

uniformly for points in O.. By Lemma 2.1 and Remark B.1 we get

léellng < Cllécloe + IN ()] + IRIL) = O1/5")
since [ N(d¢)ll. = O(pligel%,) and [ R]l. = O(1/p*). Hence, by (2.31) we get

J VUV e + = J |Vpe|* = (%) (2.32)

j VU =

Finally, inserting (2.31) and (2.32) in the expression of Jp, we get

~ 47rkp 3272 Ak

Ip(§) = 2 -2 (51,---,&)4‘7—

o (et -2) +0 ()
+ —— __U-Au )40 (=
292 Jre \ (1 + [y[?)? P

uniformly on points in O,. Since v = p?/ P~ e=r/(2(=1) we obtain the desired expansion. [J

Let us introduce now the following definition.

DEFINITION 2.6. We say that c is a stable critical level of ® in M if there exist an open set
D compactly contained in M, and B and By that are closed subsets of D, with B connected
and By C B, such that the following conditions hold:

¢ := inf sup ®(y(£)) > sup (&) (2.33)
V€l ¢en ¢€Bo

and

{£€dD:®(¢)=c}=0. (2.34)
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Here, I' denotes the class of all maps v € C(B,D) such that there exists a homotopy ¥ €
C([0,1] x B, D) satisfying

v(0,-) =1dg, U(l,-) =1, U(t,-)|p, =1Idp, forallte]0,1].

Under these assumptions, a critical point & € D of ® exists at level ¢, as a standard
deformation argument shows. As an example, taking B = By = 0D, one can easily check that
(2.33) and (2.34) hold if

sup ®(&) < sup @ or inf ®(&) > inf ®(¢),
S (&) sup (©) [l ©(6) > inf &(E)

namely the case of (possibly degenerate) local maximum/minimum values of ;.
We are now in position to carry out the proof of our main result.

Proof of Theorem 1.1. In view of Lemma 2.4, the function u, = Ug, + ¢¢, is a solution to

problem (2.1) if we show that &, is a critical point of the function J,. This is equivalent to
showing that

Ay log p Az) (2 35)

1 (7
Fy(€) = —p2A; (Jpos)—k?mml e

has a critical point &,. Lemma 2.5 implies that F}, is uniformly close to ®, as p — oo, on
compact sets of M. Moreover, assumptions (2.33) and (2.34) are stable with respect to
CP-perturbation and still hold for the function F), provided p is large enough. Therefore, F),
has a critical point &, € D, whose critical value ¢, approaches ¢, as p — co. By the definition
of Ue and since ||¢¢lloo < ¢/p?, it is straightforward to show the validity of (1.4)(1.6) for u,.
This proves our claim. Ol

3. The case k = 2

This section is devoted to the problem of finding nodal solutions to problem (1.1) in a general
domain  C R? with exactly two nodal regions.

Assume that k=2, a1 =1 and ag = —1. Then the function ® defined in (1.3) reduces to
(see (1.7))

O(&) = H(&1,61) + H(E2,82) —2G(61,82),  with (§1,82) € M,

where M = Q x 2\ A and A is the diagonal in Q x €.
First of all, let us prove the existence part (i) in Theorems 1.2 and 1.3.

Proof of Theorem 1.2(1). We point out that ¢ := maxy ® is finite since ®(§) — —oo as
approaches O M, and it is a stable critical value of the function ® according to Definition 2.6.
Therefore, the claim follows by Theorem 1.1. O

Proof of Theorem 1.3(i). By Lemma 2.4, we need to prove that, if p is large enough, the
function .J, has at least cat(Cy(Q)) pairs of critical points. In order to prove that .J, has at
least cat(C2(2)) pairs of critical points, it is enough to show that the F,(§) in (2.35) has at
least cat(C2(£2)) pairs of critical points. From Lemma 2.5 we see that F), is uniformly close to
® on compact sets of M as p — oo. Moreover, we point out that

d(f) - —o0 as £ — OM. (3.1)

Now, let M denote the quotient manifold with respect to the equivalence (£1,&) ~ (£2,&1).
Since through the map (§1,§2) — (£2,&1) we have Ug — —Us and ¢¢ — —¢¢, the induced
functions F,,® : M — R are well defined. Setting m := cat(M), we see that there exists a
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compact set C C B such that cat(C) =m. By (3.1) we deduce that there exists an open
bounded set Y C M such that C' C U and supgy,, & < mine ®. Therefore, if p is large enough, it
follows that supg;, Fp < ming F,. Now, for j =1,...,m set

) = Sup{c s catb (F;ﬂbl) > j}
= sup {mgnﬁp : A C U compact, cat ;A > j} ,
where ﬁ; ={¢¢e M: ﬁp (&) = c}. Standard arguments based on the Deformation Lemma show
that c%, for j =1,...,m, are critical levels for F},. Finally, since M is homotopy equivalent to

the configuration space C2(£2), we have m = catM = cat(Cy(2)). This proves our claim. [

Let u be a solution to problem (2.1) found in Theorems 1.2(i) and 1.3(i). We know that

1 1 1
u(x) == lm (PU51P’£1P(x) + ;nglpvglp)
Hip

v
1 1, .
S Tir=] PUs,, ¢, (z) + —Pw52p’§2p + de(x) |, (3.2)
H2p p
where
o/ (p=1) =/ (2(p-1) vy, L
v i=pP e , — as p — +00, 3.3
p Ve (33)
&ip — & asp— +oo, £1,6 €Q, § #&, (3.4)
5’L'p = 5i(p7 fp) = :U“ipeip/47 (35)
iy = pi(p, &) — e~ THEEDTINGELE) s p — oo, (3.6)
6elloc < C/p. (3.7)
Here,

. 1/ o o
e = = (/hp 2/(p 1)pw§1p7£1p — 1)Pw§2p752p> + Yo

and the last estimate (3.7) follows by Proposition 2.3 and (A.5) of Lemma A.2. Let us prove

that u changes sign exactly once.

THEOREM 3.1. Let u be a solution to (2.1) as in (3.2)—(3.7). Then, if p is large enough,
the set Q\ {z € Q: u(z) = 0} has exactly two connected components.

Proof. First of all, by (2.13) we deduce that there exist r > 0 small and py > 0 such that,
for any p > po,

u(z) >0 for any = € B (&,,7) (3.8)
and
u(z) <0 for any = € B (&2,,7) (3.9)
since
U(y) > —p +log S woy) + () > e for ly| < ©

44 D p2 5
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Now, let Q, :=Q\ [B (flp,r) UB ({gp,r)] . Formulas (3.4)—(3.7) and Lemma A.2 imply that

1 1 1
[l (0,) < 5 —7-n L Usi,., 2o PUspta,
Hip Lee(Q,) II1H2p Lo ()
v o ([Pt + |t )+l
2 (lpw w :
Py el (o) 208, ) Ty 117 e,

C

C C C
< — 4+ — (|logéy,| + | log & +—< - 3.10
Y oopy (Hog d1,| + [log 32, Py P (3.10)

since by Lemma A.1 we easily deduce that ||PU5 < ¢, for i = 1,2. Therefore, by

(3.10) we deduce that

ip:Sip }Loc(gp)

lim (p+ 1) [l /2 q,) =0 (3.11)

p——400

Finally, it is clear that Q \ {z € Q : u(z) = 0} has at least two connected components
+ . - .
Qy C{zr e Q:u(z) >0} and  Q, C{r € Q:u(r) <0}
By (3.8) and (3.9) it follows that B (£1,,7) C Qf and B (&,,r) C Q,. By contradiction,

we assume that there exists a third connected component w C €,. Therefore, u solves
—Au = |u[P~ uin w, u = 0 on dw, and the weight a := |u|P~! satisfies (3.12) by means of (3.11).
By Lemma 3.2 below, it follows that © = 0 in w and a contradiction arises. O

LEMMA 3.2. Let w be a bounded domain in R? and assume that a : w — R satisfies

lli)rgilcg)(p + Dllallero-2 ) < 8me. (3.12)
Then the problem —Au = au in w, for u € H(w), has only the trivial solution.
Proof. First of all, we point out that v € LP(w) for any p > 1 and
lullfy o) = L au® < J|allLes o2 ) [elEnw) < SpllallLe/e—2 ) lullf )

where S, denotes the best Sobolev constant of the embedding H}(w) < LP(w). Therefore, if u
is a non-trivial solution, the following condition has to be satisfied:

SpllallLe/e-2 ) = 1.

On the other hand, in [15] it was proved that

-1
lim P

= 8me.
p—o0 S}%

Then, by (3.12) a contradiction arises. O

In order to prove that the nodal line of u touches the boundary of €, it is useful to describe
the asymptotic behaviour of u in a neighbourhood of the boundary, as p goes to +oc.

PROPOSITION 3.3. Let u be a solution to (2.1) as in (3.2)—(3.7). Then
pu(e) — 8m/e[G(x, &) = G(x,6)]  in Cioe (2\ {1, 63}) (3.13)

as p — +o00.



510 PIERPAOLO ESPOSITO, MONICA MUSSO AND ANGELA PISTOIA

Proof. By Lemmata A.1 and A.2, using (3.2)-(3.7), we deduce that estimate (3.13) holds
in CY . (2\ {¢§,&}). We are going to prove that

loc
lg @Iy = Il < e/ (3.14)

for some positive constant ¢ and

19 @l o) = 0l o) < cufp, (3.15)

for some positive constant ¢, for any w neighbourhood of 9Q2. By Lemma 3.4, we deduce that
[Vul|co.a () < ¢/p and the claim follows by the Ascoli-Arzeld Theorem. Finally, (3.14) follows
since

p/(p+l)
Q Q p
because limy_, o0 p [, [u[PT! = 167e, and (3.15) follows exactly as (3.10). O

We recall the following lemma (see [14, Lemma 2]).
LEMMA 3.4. Let u be a solution to —Au = f in Q, w =0 on 9. If w is a neighbourhood
of 0%}, then
IVullcowwy < e (I fllLi@ + 1 fllLew)) »
where a € (0,1) and w’ CC w is a neighbourhood of 0f.

THEOREM 3.5. Let u be a solution to (2.1) as in (3.2)—(3.7). Then if p is large enough,
{xeQ:u(z)=0}NoN#0.

Proof. First of all, we remark that if {x € Q : u(z) =0} NN = (), then % does not change
sign on 0f2. On the other hand, the normal derivative

8 * *
5 [G(’gl) - G(7§2)]

changes sign on 0f2, since

| srice - Gag)d=o
o0

By Proposition 3.3 we deduce that

0
PYOudV(z) 5 [Gla, ) - Gla,63)]
ou

uniformly on 9 as p — oo. Therefore, if p is large enough, 57 also changes sign on 92 and a
contradiction arises. ]

Proof of (ii) and (iii) of Theorems 1.2 and 1.3. Part (ii) follows by Theorem 3.1 and (iii)
follows by Theorem 3.5. O

4. The symmetric case

In this section we describe three possible symmetric configurations for points of positive and
negative concentration for nodal solutions to problem (1.1) when the domain  is the ball
{z € R? : |z| < R}. In all cases, we strongly use the symmetry of the problem.

In the first example, we build a solution to (1.1) with A points of positive concentration and
h points of negative concentration located on the vertices of a regular polygon, distributed
with alternating sign.
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Let h > 1 be a fixed integer and let k = 2h. Set

2 2
& = <cos%(i—1),sin%(i—1)) for any i = 1,..., k. (4.1)

THEOREM 4.1. For any even integer k there exist py > 0 and p* € (0, R) such that for any
p = po problem (1.1) has a sign-changing solution u such that (1.5) and (1.6) hold and
k
plulP~lu — 8re Z(fl)”lép*f; weakly in the sense of measure in Q
i=1
as p — +o00.

Proof. 'We will look for a solution to problem (1.1) as u(x) = U,(z) + ¢(z), where

(-1 LI
Up = Z < 2D (PU&,& + ];Pwéhfi + ]ﬁpwéi,&> v (4.2)
where the d; are given in (2.10) and (2.11) and the concentration points are, for i =1,... k,

k k

and the rest of the term ¢ is symmetric with respect to the variable x5 and is symmetric with
respect to each line {t&f : t € R} for i =1,... k.

Using the results obtained in previous sections and taking into account the symmetry of the
domain, we reduce the problem of finding solutions to (1.1) to that of finding critical points of
the function J, : (0, R) — R defined as in (2.29) by J,(p) := Jp (U, + &(p)) . It is not difficult
to check that

6= 60) = p&; = (peos -1 psin TG 1)) withpe OR). (43

2
T,(p )—k%f%All‘f” k&fké o(p )+0<1°§3p),

where A, As and Aj are given in (2.30) an

=

®(p) = H(pE}, pt7) Z Gl pg),  for pe(0,R). (4.4)

Since, on a ball €2 centred at 0 of radius R

1 1 R
G(z,y)=—|[lo —lo ,
(@) 2w< A g¢x|2|y|2+R4—2R2x~y>

1 R
H = —— 1 R
(x,fl}') 27‘( Og R2 _ |x|27
the function ® reduces to (since k is even)
1 R2 _ p2
D(p) = —1
(p) = 5 log —

k
1 1 * *
T o Z(_l) [log plé&f — & —log R

=2

VI R 2R ]

2
log(R? — p?) + log p — Z ) log \/p4+R42p2R2cos 2(21)1

k

+ oo S (1) logle; 11

=2
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It is easy to check that lim, o+ ®(p) = lim, g~ ®(p) = —oo. Then there exists p* € (0, R)
such that ®(p*) = max,c(,r) P(p), which is a critical value which persists under a small
CO-perturbation. This proves our claim. O

Our second example is a nodal solution to problem (1.1) with a negative (or positive) point
of concentration at the origin of the ball and again h points of positive concentration and h
points of negative concentration located at the vertices of a regular polygon with alternating
signs.

THEOREM 4.2. For any even integer k there exist pg > 0 and p* € (0, R) such that for any
p = po problem (1.1) has a sign-changing solution u such that (1.5) and (1.6) hold and

k
plulP~tu — 8re <—50 + Z(—l)i+15p*£;‘> weakly in the sense of measure in

as p — +oo.

Proof. Here, we will look for a solution to problem (1.1) as u(x) = U,(x) + ¢(x), where

( z+1 1 1
Z 2/(p 1) PUél’gl + Pw‘;z»&z + P l)E

i=1 TH;
1 1, 1
W (PU5k+170 + —P’wék+1,0 + —2Pw5k+1’0) 5 (45)
VHier1 P P
where the §; are given in (2.10) and (2.11), the concentration points &; are given in (4.3) for
any i =1,...,k and £x41 = 0, and the rest of the term ¢ is symmetric with respect to the
variable z and is symmetric with respect to each line {t§f :t e R} fori=1,... k.

Using the results obtained in previous sections and taking into account the symmetry of the
domain, we reduce the problem of finding solutions to (1.1) to that of finding critical points of

the function J, : (0, R) — R defined as in (2.29) by J,(p) := J,, (U, + ¢(p)) . It is not difficult
to check that

2
To(p) = k% - 2kA11(;gp k@ - %H(o 0) kﬁcb( )+0 <1°§3p> 7

where A, As and Aj are given in (2.30) and ® is defined in (4.4). By the proof of Theorem

4.1, it follows that ® has a maximum value which persists under a small C°-perturbation. This
proves our claim. |

In the last example, we build a solution to problem (1.1) with a positive point of concentration
at the origin of the ball and two antipodal points of negative concentration.

THEOREM 4.3. For any even integer k there exist pg > 0 and p* € (0, R) such that for any
p = po problem (1.1) has a sign-changing solution u such that (1.5) and (1.6) hold and

plulP~ u — 8me (8o — O¢(p) — 6—¢(p)) weakly in the sense of measure in )

as p — +oo. Here £(p) := (p,0).
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Proof. 'We will look for a solution to problem (1.1) as u(x) = U,(z) + ¢(x), where
U, : (PU +1Pug ¢+ — Pul )
=— 5, —Pw — Pw;.
P "Y,U?/(p_l) 1,61 P 01,61 p2 01,61
3

1 ( 1 1,
=2 oo (PUse + S Puf e + 5 Pws e, ) (4.6)
22D pl Vons T :

where the ¢; are given in (2.10) and (2.11) and the concentration points are, for ¢ = 1,2, 3,

51 = (0a0)7 52 = g(p) = (p7 0)7 63 = g(p) = (_p7 O) with pE (07R)7 (47)
and the rest of the term ¢ is even with respect to both the variables xo and x3. Using the
results obtained in previous sections and taking into account the symmetry of the domain, we
reduce the problem of finding solutions to (1.1) to that of finding critical points of the function
J : (0, R) — R defined as in (2.29) by J, b(p) == Jp (Up + &(p)) . It is not difficult to check that

~ A 1 Ay A log?
To(p) = 32L — 64, ng+3—2——3<1>( )+0<°g3p),
p p p p

where A, As and Az are given in (2.30) and
®(p) := H(0,0) +2H({(p),&(p)) — 4G(&(p), 0) + 2G(&(p), —€(p)),  with p € (0, R). (4.8)

Using the explicit expression for the Green function in a ball, we see that the function ® reduces
to

1 1 R 2 1 1\ 1 1 R
®(p) = —logR— =log ——— — = (log — —log — | + = ( log =— — log ————
(p) = 5-log R~ — s R (ogp OgR)+ (og2p OgRQerQ)

1 7
= (log(R* — p*) + log p) — —logR+ log2+ log(R2 + p?).

It is easy to check that lim, o+ ®(p) = lim,_, - <I>( ) = —00. Then there exists p* € (0, R)
such that ®(p*) = max,e(o,r) ®(p), which is a critical value which persists under a small
CO-perturbation. This proves our claim. |

Appendix A
Let Us ¢ be the function defined in (2.3). The following result holds.

LEMMA A.1. We have
PUs¢(x) = Us¢(x) — log 8% + 8w H (z, &) + O (6?) asé — 0 (A1)
in C(Q) and
PUs¢(x) = 8nG(x,€) + O (6%) asd — 0 (A.2)
in Cloe(Q\ {€}), uniformly for & away from 09.

Proof. Since

PUs ¢(x) — Usg(x) + log 85% = —4log + 0(6%) as d — 0

1
|z —¢|
uniformly for € 9Q and £ away from 9f), by harmonicity and the maximum principle (A.1)

readily follows.
On the other hand, away from &, we have

1
Use(x) — log 852 = 4log g + 0(6%).

This fact, together with (A.1) gives (A.2). O
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Let w® be a radial solution of (2.4) and w! be one of (2.5) and (2.6). They are the unique
radial solutions satisfying, respectively,

w(y) = Colog|y| + O (%) as |y| — +oo, (A.3)
and

w')=Ciloglyl +0 (1) aslyl = +ox, (A4)
where

C~—J+Oott2_1f0(t)—12 4log 8
o), et - ©8

and C1 is a suitable constant (see [13]). By (A.3) and (A.4) we deduce the following expansions.

LEMMA A.2. Fori=1,2 we have
Puwj(x) = wh(x) — 2nCiH(x,6) + Cilogd + 0 (8)  asd—0
in C(Q) and
ows,g(x) = —21C;G(x,§) + O (0) asd — 0

in Cioe(Q\ {€}), uniformly for ¢ away from 0). In particular, the following global estimate
holds: for any € > 0 there exists ¢ > 0 such that for any ¢ small and £ € Q with dist(£,090) > €
we have

||ow57£|}oo < c|logd| (A.5)
fori=1,2.

Proof. The proof follows from the same arguments as those used to prove Lemma A.1 and
from estimates (A.3) and (A.4). O

Appendix B

This appendix is devoted to the proof of Lemma 2.2.
First of all, in order to treat the invertibility properties of the linear operator L, we need to
estimate ¢'(Ug)(x). If | — &| < € then, for some i =1,...,k,

, - 1 1 .
g (Ue)(x) = aip (%) (1 oUW+ Sew) + ')

TH;
—p/4 —p/4 pt
i) ("’ ly| + & ) )
P P

-1
1 1 1 er/t empia\\"
=a;6; 2 [ 1+ -U(y) + u’(y) + sw'(y) + O ( + ) , (B1
( ’ (y) o (y) e (y) ’ |yl ’ (B.1)

where we use the notation y = (x — &;)/d;. In this region, then we have
lg'(Ue)(z)] < CeP/2e((p=1)/P)U(y) — O(eUsj,gi(w))’
since U(y) > —2p. On the other hand, if |z — &| > € then, for any i = 1,...,k,
lg'(Ue) ()| = O(p(C/p)P ™).
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Summing up, we see that there exist D > 0 and pg > 0 such that

k
l9'(Ue)(z)] < DY eTores @ (B2)
j=1

for any £ € O, and p > py.

Proof of Lemma 2.2. The proof consists of six steps.
Step 1. The operator L satisfies the maximum principle in

Q:=Q\ CJ B(&;, R6;)

j=1

for R large (independent of p), namely

if L(1) <0in Q and ¢ > 0 on 99, then 1) > 0 in Q.

Indeed, let
- alx —¢&;
Z(@) =Yz (%) 7
=1 ’
where
yl> -1
= . B.3

If @ is chosen positive and small and R is chosen large, depending on a but independent of p,
it follows that Z is a positive function in € and, taking into account (B.2), we deduce that it
satisfies LZ(z) <0 for all € Q, for p sufficiently large. The existence of such a function Z
guarantees that L satisfies the maximum principle in Q.

Step 2. Let R be as before. Define

oll: = sup ()]

zeJjL, B(&;,R5;)

Then, there is a constant C' > 0 such that, if L(¢) = h in Q and h € C%%(€), then

[6lloe < Clli¢lli + [[2]]+]. (B.4)
Indeed, consider the solution ;(z) of the problem
26 .
Yj(x) =0 on [z —§;| = Ré; and [z — ;| = M.

Here, M = 2diam Q. The function 1;(x) is a positive function, which is uniformly bounded
from above for p sufficiently large.
Define now the function

k
¢(z) = 2|¢ll:iZ(x) + [|hll« Z?ﬂj(x),

where Z was defined in the previous step. From the definition of Z, choosing R larger if
necessary, we see that

o(z) = |p(z)] for |z —&;| =Rd;, j=1,...,k,
and, by the positivity of Z(z) and 9;(z),

o(z) = 0=|o(z)] for x € 0N
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Furthermore, direct computation yields
Lé(x) < |Lo(x),
provided p is large enough. Hence, by the maximum principle established in Step 1 we obtain
lp(x)| < d(z)  forz e Q,
and therefore
[6lloc < CllIlli + lI2]]+).

Step 3. Given h € C%%(Q), assume that ¢ is a solution of problem L¢ = h in  and ¢ = 0
on 99). When ¢ satisfies (2.21) and, in addition, the orthogonality conditions, we have

J eUJJ*éij7O¢:O, forj = ].,...,If, (B5)
Q

Zjo(z) = 2o <x 6‘€j>
J

(see (B.3)). We prove that there exists a positive constant C' such that, for any & € O,,
[l < CllR]|x, (B.6)

where

for p sufficiently large.

By contradiction, assume the existence of sequences p,, — oo, points £ € O, functions h,
and associated solutions ¢, such that [|h,|« — 0 and ||¢,| s = 1. Since |¢n|/sc =1, Step 2
shows that liminf,,— 1 ||@nl|;i > 0. Let us set

&7 (y) = on(0)y + &)
Elliptic estimates and the fact that liminf, i ||@n|l; > 0 readily imply that, for some

]; e{l,...,n}, QAS? converges uniformly over compact sets to a non-trivial bounded solution
¢5° of the following equation in R?:
A¢ + Lqﬁ =0.
(1+ [y[*)?

This implies that q@é’o is a linear combination of the functions z;, for ¢ = 0,1,2 (see (2.22) and

(B.3)). Since ||<;AS?||OC < 1, by the Lebesgue theorem the orthogonality conditions (2.21) and
(B.5) on ¢, pass to the limit and yield

8 700
—Z <=0 for any 1 = 0,1, 2.
Jo T e 0% Y

Hence, QS;O = 0, a contradiction.

Step 4. We prove that there exists a positive constant C' > 0 such that any solution ¢ of
the equation L¢ = h in Q, with ¢ = 0 on 952, satisfies (2.23) when h € C%(Q) and we assume
on ¢ only the orthogonality conditions (2.21).

Proceeding by contradiction as in Step 3, we can suppose further that

Dnllhnlls — 0 as n — 400 (B.7)

but we lose in the limit the condition
8 .
5 20(y)$5° = 0.
JRz (1+[yl?)? !
Hence, we have
ly]* —1
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for some constants C;. Testing (2.19) against properly chosen test functions and using the
stronger convergence (B.7), one can show that C; =0 for any j = 1,..., k (the construction of
suitable test functions is the more delicate part in the whole proof of Lemma 2.2; see [13] for
the details).

Step 5. We establish the validity of the a priori estimate (2.23) for h € C%*(Q). The
previous step yields

[8]]oc < Cp<||h||* + Ici,J'I) (B.9)
2%
since
le7%5°%5 Z, 51 < 2]V || < C.
Hence, proceeding by contradiction as in Step 3, we can suppose further that

pollhnlls =0, pa Y ;1 =6>0  asn— +oo. (B.10)
.7j

We omit the dependence on n. It suffices to estimate the values of the constants c;;. Let PZ; ;
be the projection on H} () of the functions Z; ;. Testing equation (2.19) against PZ; ; and
integrating by parts one gets

Dci’j +0 <€_p/2 Z ‘Cl,h| + ||h|*>

I,h

— 1 32% 0 Loy 4 ( 1 >
o T gpp W —U=3U07) 6+ 0{ 5ol | (B.I1
pJB(o,e/\/@ (14 |y]?)3 (w sU°) &5 + p2H¢“ ( )
where
peet| W b= s
T e @y YT AT

and w" is given by (2.4). Hence, we obtain

1
S Jen] = 0 (nhn* n 5||¢||oo> . (B.12)
l,h

Since ), ;, [er,n| = o(1), as in Step 4 we have

; lyl* —
Ny
= S
for some constants C;. Hence, in (B.11) we have a better estimate since by the Lebesgue
theorem the term

in CP _(R?) (B.13)

32yi 1772 ;
JB(O NG m (w” = U = 3U%) (¥)&;()

converges to

o326’ =1 0 g2y ) —
%L S v w =

Therefore, we get

> leunl = O(IRll) + o(1/p).
l,h

This contradicts the assumption that
p E |Ci,j| > o> 0,
(2]

and the claim is established.
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Step 6. We prove the solvability for (2.19)—(2.21). For this purpose, we consider the space
K¢ =span{PZ, ;:i=1,...,k, j=1,2}

and its orthogonal space

K¢ = {(z»eH&(ﬂ):J

eVsiti 7, i =0 for i = 1,...,k,j:1,2},
Q

endowed with the usual inner product. Let II¢ and Hé be the associated orthogonal projections
in H}(Q).

Problem (2.19)—(2.21), expressed in weak form, is equivalent to that of finding ¢ € K é such
that

(¢,1/))Hé(9) = JQ (We¢ — h)pdx for all ¢ € Kg

With the aid of Riesz’s representation theorem, this equation can be rewritten in K é in the
operator form

(Id - K)¢ = h, (B.14)

where h = [y A™'h and K(¢) = —IFA™! (W¢) is a linear compact operator in Kg.
The homogeneous equation ¢ = K(¢) in Kgy which is equivalent to (2.19)—(2.21) with h =0,
has only the trivial solution in view of the a priori estimate (2.23). Now, Fredholm’s alternative
guarantees unique solvability of (B.14) for any he Ké. Finally, by density we obtain the
validity of (2.23) also for h € C(Q2) (not only for h € C%%(Q)). (I

REMARK B.1. Given h € C(Q), let ¢ be the solution of (2.19)-(2.21) given by Lemma 2.2.
Multiplying (2.19) by ¢ and integrating by parts, we get

||¢H12{(1,(Q) :J We? —J- ho.
Q Q
Since (B.2) holds true, we get
16llg2) < C (8]l + [IA]l+) -
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