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Abstract

We construct positive and sign changing multipeak solutions to the pure critical exponent problem in
a bounded domain with a shrinking hole, having a peak which concentrates at some point inside the shrink-
ing hole (i.e. outside the domain) and one or more peaks which concentrate at interior points of the domain.
These are, to our knowledge, the first multipeak solutions in a domain with a single small hole.
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1. Introduction

In this paper we investigate the existence of solutions, both positive and sign changing, to the
problem

—Au=|u|ﬁu in 2\ e(w+ &), (1)
u=0 on (2 \ (@ + &)),

where £2 is a connected bounded smooth domain in RY, & € 2, w is a closed bounded neigh-
borhood of 0 in RV with smooth boundary, N > 3, and ¢ > 0 is small enough.

The exponent of the nonlinearity is 2* — 1 where 2* := % is the so-called critical Sobolev
exponent. This problem has a rich geometric structure: it is invariant under the group of Mobius
transformations; in particular, it is invariant under dilations. This fact is responsible for the lack of
compactness of the Sobolev embedding HO1 (D) < L% (D) even when D is a bounded domain,
and produces a dramatic change in the behavior of this problem with respect to the subcritical

one. Indeed, whereas for ¢ € (2, 2*) problem
—Au=ul""%u inD, u=0 ondaD, )

has infinitely many solutions in every bounded smooth domain D of RY, for g = 2* Po-
hozaev [20] showed that it has only the trivial solution if D is strictly starshaped. Moreover,
for g = 2* this problem does not have a nontrivial least energy solution unless D = R". Solv-
ability for g = 2* is, thus, a difficult issue.

There are some well known existence results for ¢ = 2*. The first one was given by Kazdan
and Warner [13] who showed that, if D is an annulus, then (2) has infinitely many radial solutions.
Later, without any symmetry assumption, Coron [10] proved the existence of a positive solution
to (2) if D is annular shaped, i.e.

[xeRY: 0< Ry <|x|<R}CD and 0¢D, (3)

and R,/ R; is small enough. Substantial improvement was obtained by Bahri and Coron [3] (see
also [2]) who showed that, if the reduced homology of D with coefficients in Z, is nontrivial,
then problem (2) has at least one positive solution.

Concerning Coron’s result, an interesting issue is the study of the asymptotic behavior of
Coron’s solution for R, fixed and Ry — 0, in other words, when D has a small hole whose
diameter tends to zero. If the hole is the ball of radius Rj, then the solution found by Coron
concentrates around the hole and it converges, in the sense of measure, to a Dirac delta centered
at the center of the hole as Ry — 0. We refer the reader to [14,15,21] where the study of existence
of positive multipeak solutions to (2) in domains with several small circular holes and their
asymptotic behavior as the size of the holes goes to zero has been carried out.

Recently, Clapp and Weth [9] extended Coron’s result. They showed that, if D has a small
enough hole, then (2) has at least two solutions. But nothing can be said about the sign of the
second one. Existence of sign changing solutions for symmetric domains with a small hole was
first shown by Clapp and Weth [8]. Musso and Pistoia [16] proved that, if the domain has certain
symmetries and a small spherical hole, then the number of sign changing solutions becomes ar-
bitrarily large as the radius of the sphere goes to zero. Recently, Clapp and Pacella [7] considered
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Fig. 1.

annular shaped domains D which are invariant under a finite group I" of orthogonal transforma-
tions of RV and established the existence of multiple sign changing solutions even if the hole is
large provided the cardinality of the minimal I"-orbit of D is also large. Finally, if the domain D
has two small holes, then Musso and Pistoia [18] proved that problem (2) has at least one pair of
sign changing solutions.

Results obtained so far suggest that solutions to problem (1) should concentrate at points out-
side the domain. In this paper we shall construct positive and sign changing multipeak solutions
to (1) having a peak which concentrates at some point inside the shrinking hole ¢(w + &) (i.e.
outside the domain) and one or more peaks which concentrate at interior points of the domain
2\ e(w+ &p), for certain points &y € §2. These are, to our knowledge, the first known solutions
to problem (1) exhibiting this kind of concentration behavior, and the first multipeak solutions in
a domain with a single small hole.

Our first three results concern existence of positive multipeak solutions. Set

N —
Ay = [N(N—2)]2 /(1+|y|2) (N+2)/2dy.
RN

Theorem 1. Assume that 02 is not connected. There exists pg > 0, depending only on §2, such
that, for each point &y € 2 with dist(&y, 982) < po, there exist * € 2\ {§o} and g9 > 0 with the
Jfollowing property: for every ¢ € (0, &g) there is a positive solution u. to problem (1) satisfying

|Vue > dx — AN (8gy + 8¢+)  in the sense of measures, as € — 0.

Under some symmetry assumptions on the domain, we obtain multiplicity of positive multi-
peak solutions. The domains considered in Theorems 2 and 3 are illustrated by Figs. 1 and 2,
respectively.

Theorem 2. Assume that, for some n < N,
(xly"'7x}’l’xn+1""’xN)E‘Q < (xly"'7xn’_x}’lJr]""?_xN)e‘Q! (4)

(X1 ey Xy Xntls oo s XN) EW & (X1, ..oy Xy —Xn41, ..., —XN) €EO. 5

There exists pg > 0, depending only on §2, such that, for each & € 2 N (R" x {0}) with
dist(&p, 082) < po and each connected component C of 2N (R" x {0}) with nonconnected bound-
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Fig. 2.

ary, such that &y ¢ C if n = 1, there exist { € C \ {§o} and &9 > O with the following property:
for every € € (0, g0) and every C there is a positive solution uc ¢ to problem (1) satisfying

|Vuc,g|2dx — An(bg + S;é) in the sense of measures, as € — 0.
Theorem 3. Let §2 := B(0, 1) \ T (r, p), where

B(O,1):={x eR": |x| <1},

T(r,p):={x€ RV: dist(x, S(r)) < p},

1
Sy ={(x1,%2,0,...,00 eRY: x{ +x3 =17}, re (§,1>,
Let &y = 0 and assume that w satisfies

(X1,X2,X3,...,XN) E® & (X1,X2,—X3,..., —XN) €.

Then, for each integer k > 1 there exists py € (%, 1) such that, if r + p € (po, 1), there exist
r« € (r + p, 1) and gy > 0 with the following property: for every ¢ € (0, gg) there is a positive
solution u, to problem (1) satisfying

k-1
|Vue|*dx — Ay (80 + Z 5;j> in the sense of measures, as & — 0,
J=0
. 2nj o 2m)
where §; :=ry(cos ==, sin =+, 0, ..., 0).

Concerning existence of sign changing multipeak solutions to (1), we prove the following two
results.
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Theorem 4. Assume that x € 2 iff —x € §2 and let &y = 0. Then there exist £* € 2\ {0} and g >
0 such that, for each ¢ € (0, &9), there is a pair £u, of sign changing solutions to problem (1)

satisfying
|Vug|2 — AN(8p — 8¢+ — 8_¢x) in the sense of measures, as &€ — 0.
Theorem 5. Let 2 := B(0, 1) and & = 0. If N is odd, assume that o satisfies
(x1,x2,Xx3,...,xN) € Iff (x1,x2,—Xx3,...,—XN) EW.

Then, for every integer k > 1 there exist r,. € (0, 1) and ey > 0 such that, for each ¢ € (0, &9),
there exists a pair Tu, of sign changing solutions to problem (1) satisfying

k—1
|Vu£|2 dx — Ay (80 — 25;]) in the sense of measures, as € — 0,
Jj=0
. 2rj .. 2mj
where {; :=ry(cos =, sin =5, 0,...,0).

One may ask whether the solutions given by the above results are solely created by the topol-
ogy of £2 or whether there is really an effect of the hole. In other words, do these solutions persist
for ¢ = 0? The answer is that, in general, they do not persist. In fact, Ben Ayed, El Mehdi and
Hammami [4] showed that for thin annuli the least energy of a positive solution goes to infin-
ity as the width of the annulus goes to zero. In particular, a thin annulus does not have 2-peak
solutions, so the solutions provided by Theorem 1 for small € blow up as ¢ — 0.

This paper is organized as follows. In Section 2, we describe the construction of a first approx-
imation for a solution to problem (1) and we give the scheme of the proof of our results, which is
based in a finite-dimensional reduction. Section 3 is devoted to the proof of our main results. In
particular, we state and prove a general existence result for solutions to problem (1) under some
general symmetry assumptions. This result, together with a topological lemma, are the tools to
construct positive and sign changing solutions to (1), as asserted in the previous theorems. In
Section 4 we give the expansion of the energy functional associated to the problem at the ansatz.
Finally, Section 5 is devoted to the study of the associated nonlinear problem which provides the
finite-dimensional reduction.

2. An approximate solution and scheme of the proof

In this section we describe a first approximation of the solution to problem (1). To simplify
notation, we shall assume from now on that &y = 0.

Let 8 be a positive real number and z be a point in RY. The basic element to construct a
solution to problem (1) is the so called standard bubble Us_,; defined by

N-2
2

5
2+ x — )7

Us (x) =ay , 8>0, zeRY,

with ay :=[N(N — 2)] NT72 It is well known (see [1,6,24]) that these functions are the positive

solutions of the equation —Au = u” in RY, where p := %—*_’% These are the basic cells to build
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an actual solution of (1) after we perform a suitable correction to fit in the boundary condition.
To this purpose, we replace Us ; by its projection P.Us ; onto Hé (£2 \ ew), defined by

—APUs . =Uf. in2\¢o,
P.Us . =0 on (82 \ ew).

We will look for a solution to (1) of the form

k
u=Vie+eé, Vig=PU,e+ Z\{,’PSUA,—,;]-, ©)
j=1

where V), . represents the leading term and ¢ is a lower order term. Here v; = %1, A =
(14 My oy ) € (0,00 and ¢ = (£, ¢4, ..., &) € 28!, We will choose points £,¢; € 2
and parameters u, A; € (0,00), j =1,...,k, as follows:

wi=de, n<d<n' and &:=putr, teRY, |7|<n, (7)
andfor j =1,...,k,

ijzAj\/g, n<Aj<n_1, (8)

£l >2n, dist(¢;, 082) > 2n, 1gj — ¢l >2n if j #s, 9

for some positive small fixed 7. Set A:=(Ayq,..., Ap) € (0, 00) and E =(1,..., L) € k.
In terms of ¢, problem (1) becomes

{LA,;(¢)=N)\,g(¢)+RA,; in 2\ ¢w, (10)

=0 on d(£2 \ ew),
where
Ly (@) :=—Ad — f'(Vi)o,

Nie @) :=FfVie+¢)— fF(Vae)— f(Vao)o,
Ryc:=f(Vie)+AV) ..

Here f(u) = |u| ¥ 1. We denote by I/C\)\j’gj the kernel of the operator —A — prj}lj on LZ(RM),
and consider the spaces

k
K= span:f/(Vx,;)P.s@i 0 e U Kz }
j=0

Ky = {¢ € H) (2 \ ew): / ¢y =0 for all ¥ e/ck,,;},
2\ew
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where P.6 denotes the orthogonal projection of 6 onto HOl (2\ew),ie. AP, =Af8in 2\ cw,
P.6=00nd(£2\ ew).
To prove the existence of a solution to (10), we first solve the problem

Ly, (¢) =Ny (@) + Ry ¢+,

(n.,¢) Ve, (11)
¢6Kt§

Now, in order to solve this problem we recall [5] that llC\g, . has dimension N + 1 and is spanned
by the functions

aUs, N—=2 v Ix —z|? — 82
0 i Ty (N—4)/2 N
ZS,Z(x) = x)=ay——— 5 ) PV x eRY,
. aUs ; Xi —Zi
Zi (x):= = —ay(N —2)§(N-2/2 , xeRY,
5,Z(x) 3z, ( ) O{N( ) (82 + |x _ Z|2)N/2 X
fori =1,..., N.So solving problem (g;, ;) in (11) is equivalent to finding ¢ and coefficients c?,

i=0,...,N,j=0,...,k, such that

Lic @) =Nic@) + Ruc+ ) Vi PeZ) ,, in2\eo,
ij

¢»=0 on 4($2 \ ew), (12)
/ ¢f’(VA,§)Png\J_,§j=O i=0,...,N, j=0,... k.
2\ew

For technical reasons, it is useful to scale the problem. Let

2
\ew and

X
2, = =—
T e T

€ $2,.

L
—T

Then u is a solution to (1) if and only if the function & (y) := ¢ P~Tu(/ey) solves the problem

{—Av=|v|N42v in 2, (13)
v=0 on 082;.

In this expanded variables, the solution we are looking for looks like i (y) = \7;\, ¢+ <f>(y), where

Ve(y)i=ep TV £ (Ve and $) =T TH(JEY), € e

o
NN



282 M. Clapp et al. / Journal of Functional Analysis 256 (2009) 275-306

Now, in terms of @, problem (12) becomes

Lyc(@) =Nig(@) + Rug+ Y ¢ f/(Vag)Zh  in 2,
i,J

1

where Z‘ (y) :==¢er TP, SZi,\j ¢ (Vey) and

NG

Lyc(9)i=—Ad — f' (Vi 0)o,
Nuc(@) = f(Vse +¢3> — f(Ve) = £ (Vao)d,

Ry = (VA;)—Zf(UA 5 )

=0 Ve Ve

$=0
/éfm,;)ij:o i=0,...,N, j=0,...
2

We point out that ¢3 solves (14) if and only if ¢ solves (12). The solution to problem (14) will
be obtained as a fixed point of a certain contraction map, which will be defined thanks to the
solvability of the following linear problem. Fix points and parameters as in (7)—(9). Given a
function &, we consider the problem of finding 43 such that for certain real numbers ci. the fol-

lowing is satisfied
Lic@=h+> i f' (V)2 in 2,
ij
<ZA5— on 082,
/éf’(%,;)%:o i=0,...,N, j=0,....k.
2

15)

In order to perform an invertibility theory for L ,¢ subject to the above orthogonality conditions,
we introduce LS°(£2,) and L35(£2,) to be, respectively, the spaces of functions defined on £2,

with finite || - ||«-norm (respectlvely | - || ++-norm), where

1l = sup [[w @) @)] + [w= 72 () Dy ()],

XERe

with

wx)=(1+|x —g/|2)‘NTZ +Z(1 + |x - | )‘NT

J

p=1if N=3and B = 525 if N > 4. Similarly we define, for any dimension N

¥l = sup |w™ ¥~ Z(x)vf(x>|

XE€R,

239
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The operator L x,¢ is indeed uniformly invertible with respect to the above weighted L°°-norm,
for all & small enough. This fact is established in the next proposition. We refer the reader to
[11,17] for the proof.

Proposition 6. Let 17 > 0 be fixed. There are numbers ey > 0, C > 0, such that, for points and
parameters satisfying (7_)—(9), problem (15) admits a unique solution ¢ =: T ((h) for all 0 <
e <egandall h € C*(82;). Moreover,

1T.c )|, < Cllhlls, 184 42 Tc M|, < Cliblls (16)
and
lcil < CllAllx- a7
The solvability of problem (14) is established in the following proposition.

Proposition 7. Let 1 > 0 be fixed. There are numbers eo > 0, C > 0, such that, for points and
parameters satisfying (7) (9) there exists a unique solution ¢ qb(d A, T, { ) to problem (14),
such that the map (d, A, t,C) — ¢(d A, 1,7) is of class C! for the || - ||x-norm and

N N=-2
ol < Ce 2, (18)

- N2
IV, a0.0yPll < Ce 7. (19)

The proof of the previous proposition will be postponed to Section 5. Here we just mention
that the size of qs and its derivatives, given in (18) and (19), is strictly related to the size of
| R ¢ I+, which turns out to be of order sNsz in all the different existence results we obtain, as
shown in the proof of Proposition 7.

Looking back at (14), we conclude that, in the expanded variable, the function \A/;L,; + qS is an
actual solution to (13), or equivalently that the function Vj ; 4 ¢ in (6) is an actual solution to
our original problem (1), if we show that, for a proper election of (d, A, 7, {), the constants ¢’ f
are all zero. This reduces our problem to a finite-dimensional one.

Let J. : H& (£2 \ ew) — R be the energy functional given by

1 1
Jew) =5 / 'D”'z_ﬁ / |u| P (20)
2\ew 2\ew

It is well known that critical points of J; are solutions to (1).
We introduce the function J* : (0, 00)**! x RV x 2% — R given by

JEd, A1, 0) =T (Vie + )

where ¢ is the unique solution to problem (g, ;) in (11) given by Proposition 7.
Using standard tools one can prove the following results.

Lemma 8. u; = V) ; + ¢ is a solution of problem (1), i.e. cj- =0in (12) for all i, j, if and only
if d, AT, E) is a critical point of J}.

A direct consequence of estimates (18) and (19) is the following expansion.
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Proposition 9. Let n > 0 be fixed and assume (7)—(9) hold true. Then we have the following
expansion

N2

JEd, A, 0 =Te(Vag) +o(e 7)), (1)
where, as € goes to zero, the term 0(8¥) is C'-uniform overall (d, A, t,)’s satisfying (7)—(9).

Finally, we conclude this section with the asymptotic expansion of the main part of the energy
Je(Vy.,¢), which will be obtained in Section 4.

The expansion of J¢ (V) ) is given in terms of the Green function of the Laplace operator
vanishing at the boundary d£2, defined by

1
CPENLE H(x, y)), (22)

G(x’ )’) =KN<
|x

with ky = m, where |3 B| denotes the surface area of the unit sphere in R . The function
H denotes the regular part of the Green function, which for all y € §2 satisfies

1
AH(x,y)=0 1in$2, H(x,y):KNm, X €082. (23)
xX—y

The function H (x, x) is called the Robin function of £2 at x. It is useful to point out the following
properties of G and H:

0<GKx,y) Kky—— foranyx,y € £2, 24)
x — y[N=2
lim H(x,x)=-+o0 (25)
x—0d482
and
H(x,x)>minH(x,x)=: Hp > 0. (26)
xXeNR

Proposition 10. Let n > 0 be fixed and assume that (7)—(9) hold. Then we have the following
expansion

N2 - - N2
Je(Vi)=(k+Dai—e 7 ¥(d,A,1,0)+o(e 7 ), (27)
where ¥ is defined by
w(d, A, 1,0):=F( )L+ H(0,0)dN 2
’ ,T,; T T dN_2 02 ’
: N-2 ‘ 42 N2
+ar| Y H(&, epAY = Y vinG 6047 A7
Jj=1 Jjs=1
s#j
k

N=2 _
~2a, Y v;GO.5HA;” AT (28)
j=1
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where

1

F(1) ’=0111\),+le 1 / 1
: N2 -2 Ni2
U+ T L T gy

Y,

N-2
ay and as are positive constants and, as & goes to zero, the term o(e 2 ) is C'-uniform over all
d, A, t,¢)’s satisfying (7)—(9).

Roughly speaking, we may say that any critical point of ¥ stable with respect C'-perturbation
generates a solution to (1) which has a positive blow-up point at the origin and k positive (if
v; = +1) or negative (if v; = —1) blow-up points ¢; € §2 \ {0}.

3. Multipeak solutions

Let I be a closed subgroup of the group O(N) of orthogonal transformations of RY. We
denote by

I'x:={yx:yel}
the I"-orbit of x € RV, A subset X of R" is said to be I"-invariant if I"'x C X for every x € X,
and a function u : X — R is ["-invariant if it is constant on every I -orbit of X.
The Green function satisfies the following.
Lemma 11. If 2 is I -invariant then
G(yx,yy)=G(x,y) and H(yx,yy)=H(x,y),

forallx,ye 2, yel.

Proof. Fix x € 2,y € I'. The map y — H (x, y~'y) is harmonic and, since yy € 852 for every
y € 082, it satisfies

1 1
lx —y~lyN=2 " |yx — y|N-2

H(x,yfly)z Yy e ds2.

Therefore,
H(yx,y)=H(x, y_ly) Vx,yeR, yerl.
This proves our claim. O

Let I" be a group of the form I" := Iy x I>, where I is a closed subgroup of O(n) and I>
is a closed subgroup of O (m), n +m = N, acting on RN =R" x R™ by

1, ). 2) =Wy, ) Yyiel, ypels, yeR", zeR".

From now on, we assume that these groups have the following properties:
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(I) I is a finite group which acts freely on R" \ {0}, that is, yy # y forevery y € I'], y e R".
(II) I>» acts without fixed points on R™ \ {0}, that is, for every z € R™ \ {0} there exists y € I
such that yz # z.

To simplify notation we write I} for the subgroup I7 x {1} of I" and I, for the subgroup
{1} x I of I'". Property (II) implies that the fixed point space of the I>-action on RY is

[xeRY: yx=xVy e b} =R" x {0}, (29)
thus
F'y=Iy VyeR"x/{0},

and, since I acts freely on R" \ {0}, its cardinality #I"y is the order |I"{| of the group I7.
For ¢ € (£2\ {0}) N (R" x {0}) we define

a@)=HEO— Y, GEyo).

veli\{1}
Set
21:={¢ € (2\{0}) N (R" x {0}): a(¢) #0},
and let ¢ : £2; — R be defined by

II11G%(0,¢)

=H(0,0) —
®(¢) 0,0) 2 ()

By Lemma 11, both « and ¢ are I"1-invariant, that is,

a(yy)=a(g) forally eI, ¢ € (2\{0})N(R" x {0}),

p(ys)=¢(g) forally eI, ¢ €£2;. (30)
The following holds.

Theorem 12. Assume that §2 is I'-invariant and w is I'>-invariant, and let {* € §2| be a C I
stable critical point of ¢.

() If a (™) > 0 and ¢(¢*) > 0O, then there exists g9 > 0 such that, for each € € (0, &g), there is

a positive I-invariant solution u to problem (1) which satisfies

|Vug|2dx — Ay <50 + Z 8),;*) in the sense of measures, as ¢ — 0.
vel
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(i) Ifa(¢*) <O, then there exists ey > 0 such that, for each ¢ € (0, &g), there is a sign changing
I>-invariant solution u, to problem (1) which satisfies

|V’/ls|2 dx — Ay (30 - Z 8;,;*) in the sense of measures, as € — 0.
vel

Proof. We look for a I>-invariant solution to problem (1) of the form

u=V+¢, Vi=PUis+ Y vPUrys 31)
ven

with v € {1, —1}, and u, A € (0,00), &,¢ € 2 N (R" x {0}), such that conditions (7)—(9) hold
with A; = A and {; = y;¢{, that is,

pwi=dJe, r=AJe, n<d, A<y, 32)
E=ur, eRV, |T] <n, (33)
51> 2n, dist(¢, 082) > 27, 6 —v¢l>2n Vyell, y#1, (34)

for some 1 > 0. In this case, by Lemma 11, the function ¥ defined in (28) reduces to

1

. N-=-2
vd, A, t,0) = F(T)m +axH(0,0)d

+a2[kH<:,<:>—k > G(z,m]AN—Z
yeln\{1}

N-2 N2
—2avkG(0,0)A 2d 7,

where k := |I"1| and, abusing notation, we have set A := (A, ..., A) and ¢ := (&, 28, ..., Yk{)
for some chosen ordering of the elements of I'T = {y; :=1, y», ..., vx}. We will now show that,
for some 1 > 0, the restriction of ¥ to the set

Syi={(d, A,7,2) € (0, 00! x (R" x {0}) x (2 N (R" x {0}))": (32)~(34) hold}

has a critical point which is stable with respect to C!-perturbation. The claim will then follow
from Propositions 10, 9, and Lemma 13 below.
It is easy to check that, if

vG(0,¢) _ kG*(0,¢)

there exist unique d(¢), A(¢) > 0, T(¢) € R", such that
Vi, 40¥ ([d©), @), 7). £) =0. (36)

In fact, 7(¢) =0,
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1

F(O 2(N—2)
d(g):[ ©) @) } ’
az H(0,0)a(¢) —kG*(0,¢)
2
vG(0,8) } N2
AQ)=|——= d(2).
&) [ 2(0) &)
If follows from (24) and (26) that conditions (35) hold if, either v =1, «(¢) > 0 and ¢(¢) > 0,
orif v=—1and @(¢) < 0. An easy computation shows that

W (d(Q), AQ), T(C), ¢) =2(ar FO)k) ()2,

Therefore, if ¢* is a C!-stable critical point of ¢ satisfying (35) then, by (30), y¢* is a C!-stable
critical point of ¢ for all y € I't and, by (36), (d(¢*), A(¢*),0,¢*) is a critical point of the
restriction of ¥ to the set S, for some n > 0. Moreover, since D(Zd i T)W(d(g), A(L),t(¢),¢)1s

invertible, the critical point (d(¢*), A(¢*),0, ¢*) is C!-stable. This concludes the proof. [

Lemma 13. If (d, A, 1, E ) is a critical point of the restriction

T 10, 00)6+ (RN x {0} x (20(R" x {0}k

then u = Vy ¢ + ¢ is a I>-invariant solution to problem (1).

Proof. It suffices to show that J* is I>-invariant with respect to the />-action on (0, oo)k 1 x
RN x 2% givenby y(d, A, 7,¢) :=(d, A, yt,y), where y¢ := (y<1, ..., y&x). Indeed, prop-
erty (II) implies that the fixed point set of this action is (0, 00)**! x (R" x {0}) x (£2 N
(R" x {0}))X. Therefore, by the principle of symmetric criticality [19,25], we conclude that,
if (d, A, T, E) is a critical point of the restriction

T 1 (0,00)6+ 5 (R x {0} x (20(R™ x {0} »

then it is a critical point of J;*. The claim now follows from Lemma 8.

To prove that J;* is I»-invariant first observe that, since 2 and w are I»>-invariant, the domain
§2 \ ew is I»-invariant for every ¢ > 0, and one has an action of I> on HO1 (£2 \ ew) given by
(yu)(x) := u(y ~'x). This action preserves the Sobolev and the LP*! norms, ie.

/V(yu)V(yv): / VuVv and /|yu|1’+1= / |u|PF!

2\ew 2\ew 2\ew 2\ew

forall y e I3, u,v € HO1 (82 \ ew). Therefore, the functional J; defined in (20) is I»-invariant
with respect to this action, i.e.

Je(yu) = Je(u) forally € Iy, u € H) (2 \ ew). (37)
Secondly, we claim that for any y € I3

(¢, ¥) solves (pn,c) € (vo,y¥) solves (on,y¢), (38)
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where problems (p,¢) and (;.,,¢) are defined in (11), and y¢ := (¥§, y {1, ..., Y &k). Indeed,
first notice that

Ujoye; ) = Uy, (v ') =ty Us, ¢ (x) forally € I, (39)

j=0,...,k, ¢ :=&. Since

/ V(yO)V(yv) = / VOV =p / Uf 00

RN RN RN
:p/‘(yUAj,;j)p_l(yG)(yv) forall v € CSO(RN),
RN

we have that 6§ € I/C\;\j,;j iff y0 € I%Aj,,,;j. Similar arguments show that v € Ky, ¢ iff y € K, ¢,

that ¢ € G iff y¢ € ICA{V{, and that

Lyc(@)=Nrc(@)+ Ry + ¥

holds iff

Lyye(y®) =Ny ye(yd) + Ry yr +vy

holds. Therefore (38) follows.

This allows us to conclude J; is I>-invariant. Indeed, since the solution (¢, ) to problem
(#,¢) in (11) is unique, (38) guarantees that (y ¢, y v) is the unique solution to problem (3, ¢).
It follows from (37) and (39) that

S, Ay T,y ) = Je(Viye +v9) = Je(y (Vi + )
=J:(Vae+¢)=J5d, A, t,0) forally € I3,
as claimed. 0O
To prove Theorem 2 we need the following topological lemma.

Lemma 14. Let D be a connected bounded sgooth domain in R", n > 2, with nonconnected
boundary. Then there exists a point xo € R" \ D with the following property: for every v € R",
v # 0, there exist tp > t; > 0 such that xo + tjv and xo + v are in different components of 0 D,
and xo +tv € D for every t € (11, 1p).

Proof. Let K, ..., K; be the connected components of 9D, k > 2. Then K; is an (n — 1)-
dimensional compact connected submanifold of R”. By Alexander’s and Poincaré’s duality

theorems [23, Chapter 6, Section 2, Theorems 16 and 18],

Hy(R"\ K;; Z) = H"""(K;; Z) = Hy(K j; Z) = Z,
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where H,(-;Z) and H*(-; Z) denote singular homology and cohomology with integer coeffi-
cients. Hence, R" \ K; has precisely two connected components D; and U, with D; bounded
and U; unbounded. Note that, if D; N Dy # J and j # s then, either D_] C Dy, or Dy C D;.Now,
since D is bounded, it must be contained in one of the D;’s and, since D is connected, such D;
is unique. So, after reordering, we conclude that

D=D;\(DyU---UDy),

D;C Dy forall j=2,...,k,
D_jﬂD_S:ﬂ forall j,s =2,...,k, j#s.

Let xg € D> and let v € R”, v # 0. Define
f1 :=max{t >0: xo+1ve Dy} and fp:=min{t > t;: xo+tv € dD).
It is easy to check that they have the desired properties. O

Proof of Theorem 2. Let I'] := {1}, and I'> := {1, —1} acting by multiplication on R¥ . We
will prove that the function ¢ : (§2 \ {0}) N (R" x {0}) — R defined by

G*(0,¢)

@(8):==H(0,0) HC.0)
has a critical point of mountain pass type ¢* € C, which is stable with respect to C!-perturbations,
such that ¢(¢*) > 0 if 0 is close enough to 3£2. Note that, in this case, «(¢) := H(¢, ¢) > 0 for
all ¢. The claim then follows from Theorem 12.

First note that, since 2 is I"-invariant and R" x {0} is the fixed point set of the I"-action
on RY, the normal to 3£2 at each point x € 32 N (R" x {0}) lies in R” x {0}. Hence, £2 N (R" x
{0}) is a bounded smooth domain in R” x {0}. Consider the function £ : (£2\ {0}) N (R" x {0}) —
R defined by

f@) = { —%253’53 if £ € (2 \ {0h) N (R" x {0}),
0 if £ €32 N (R" x {0)).

Note that f(¢) — 0 as dist(¢, 952) — 0. Let Cp be the connected component of £2 N (R” x {0})
containing 0. We consider two cases.

Case 1: C # Cy. Fix two points &1, &, € dC in different connected components of dC, and
consider the set

0 :={o €C’([0,11,C): 0(0) = &1, o (1) =&}
It is not difficult to check that there exists * € C such that

f(&*) = inf max f(o(1))

oe® tel0,1]
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Fig. 3.

and ¢* is a critical point of mountain pass type of the function f which is stable with respect to
C!-perturbation (see [12]). Therefore, ¢* is a C!-stable critical point of the function ¢.

Now, let us estimate f(¢*). Since £2 N (R" x {0}) is a bounded smooth domain in R” x {0},
we have that C N Cy = @. Hence,

rc :=dist(C, Cp) > 0.

2
By (24) and (26), there is a constant a := :1—1;’2 > 0 such that, forany ¢ € C,

G*(0,¢)

f(C)=7H(§’§)

—2(N— —2(N-2
<alg| PN <ar? M.

In particular,

F@) <arg®™7?.

Therefore, by (25), there exists pp > 0, depending only on 2, such that
p(&*) > H(0,0) —are™ ™™ >0
if dist(0, 082) < po.
Case 2: C = Cy. Let xg € (R" x {0}) \ Cp be as in Lemma 14, choose v € R” x {0}, v # 0,
orthogonal to xq, and let #, > #; > 0 be such that £ := x¢ + f;v and &, := x¢ + f,v lie in different

components of dCq and xg + tv € Cp for every ¢ € (t1, 1), see Fig. 3.
Consider the set

0 :={o € C°([0,11,Co \ {0}): 0 (0) = &1, o (1) =&).
As in the previous case, there exists ¢* € C such that

F@*) = inf max f(o(n).

oe® tel0,1]

¢* is a C!-stable critical point of the function f and, hence, also of ¢.
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To estimate f(Z*), set
ro := dist(xg, Cp) > 0,

and consider the path T € @ given by t(¢) := (1 — 1) + t&, t € [0, 1]. From (24) and (26),
since xg is orthogonal to v, we obtain that

_ G%(0,7(1)) —2(N-2) —2(N-2) ~2(N-2)
f(f(f))—m<a|f(t)| < alxol <ar,

2
. K
with a := 7 > 0 and, consequently,

¥ _2(N-2)
F@N) < max f(v() <arg :

So, by (25), there exists po > 0, depending only on £2, such that
0(c*) = H(0,0) —ary *M ™2 > 0

if dist(0, 9£2) < po.
This concludes the proof. O

Remark 15. Observe that Theorem 2 remains true if instead of (4) and (5) we assume that £2
and w are I>-invariant for some closed subgroup I> of O (N — n) satisfying property (II) above.

Proof of Theorem 1. Since 2 is assumed to be connected, Theorem 1 follows from Theorem 2
takingn=N. O

Proof of Theorem 3. Let I'y := {e?""/k e C: j=0,...,k — 1}, acting on R? = C by complex

multiplication, and let I := {1, —1}, acting by multiplication on R¥=2, For every ¢ € C with
|¢] € (3. 1) using (24) we obtain

1
G(,%) <KNE <2y =:cy,

and, for j=1,...,k—1,

1 < 2KN .
2rijfke| S 1= e2mifk] T

G(;, ezﬂlj/k;-) < KN
¢ -
The Robin function H depends on r and p. Nevertheless it is not difficult to check that

lim H(0,0)[ min H(;,{)—(k—l)cz]:+oo.
rp1 1¢le(r+p.1)

Consequently, there exists pg € (%, 1) such that, if » + p € (pg, 1) then
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k—1
a(Q)=H(,¢) =Y G(¢, ™)
j=1
> min H(,.)—(kk—1cr>0 forall|¢|e(r+p,1),
[Zler+p,1)
and
kG*(0,¢)
=H©0) - ——=
@(&) 0,0) ()
kc%
> H(0,0) —

minzje(r4p,1) H(E, §) — (k — Dea
>0 forall|¢]e(r+p,1).

LetC:={¢ef2n (R? x {O}: |1¢| € (r + p, 1)}. Arguing as in the proof of Theorem 2, we prove
that the function

KOO freC
=1 e £ec,
@ {o“ ifz edC

has a critical point ¢* € C which is stable with respect to C!-perturbation. Therefore, ¢* is a
C!-stable critical point of ¢ with «(¢*) > 0 and ¢(¢*) > 0. Since £2 is O(2)-invariant we may
take ¢* := p4(1,0,...,0). The result now follows from Theorem 12. 0O

Theorems 4 and 5 are special cases of the following result.

Theorem 16. Assume that S2 is I" -invariant and w is I>-invariant, and that |I'1| > 2. Then there
exists ey > 0 such that, for each € € (0, &9), there exists a pair £u, of I>-invariant sign changing
solutions to problem (1) satisfying

|Vu€|2dx — Ay (80 — Z 8),;*> in the sense of measures, as ¢ — 0,
yel
for some ¢* € (82 \ {0}) N (R" x {0}).
Proof. Since I'| acts without fixed points on S"~! := {x € R": |¢| = 1}, one has that

min  min | —y¢{|=ap>0.
ceSn=lyeli\{1}

Hence, for every y € I' \ {1} and every ¢ € (£2 \ {0}) N (R" x {0}), we obtain that

KN KN

Gy < <
CrYOS Tz v S o7 v

and, therefore,

KN
N-=-2 2"
ay rqR 2

a(@)=HE. ) - Y GEyH)=HE ) —

yeli\(1}
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This, together with (25), implies that

li =— d = .
mlgloa(g) o0 an g_l)%lga(é') 400

Let
0:={z e (2\{0}) N (R" x {0}): «(¢) <0}.
Then O is open in R” and

II11G%(0,¢)

g“ig(g(p(;) = {ig(ff)[H(O, 0) — () ] > H(0,0).

Since

¢(¢) > +oo as dist(¢, 00) — 0,

there exists é'* € O such that
@ Z* = inf @(Z).
( ) {'160 ( )

¢* is a Cl-stable critical point of ¢ with ¢(¢*) < 0. The result now follows from Theo-
rem 12. O

Proof of Theorem 4. Apply Theorem 16 with n = N, I'1 = {—1, 1} acting by multiplication
onRY and b ={1}. O

Proof of Theorem 5. If N is odd, apply Theorem 16 with n =2, I := {*"//k e C: j =
0,...,k — 1} acting on R? = C by complex multiplication, and I := {1, —1} acting by mul-
tiplication on RN=2, If N is even, apply Theorem 16 with n = N, I := {¢*"//k e C: j =
0,...,k — 1} acting on RN = CN/2 by complex multiplication, and I> :={1}. O

4. The expansion of the energy

This section is devoted to prove Proposition 10.

First, we describe the asymptotic expansion of the projection of the standard bubble cen-
tered at a point which is inside the hole of our domain. The following result holds (see [17,
Lemma 2.1]).

Lemma 17. Problem
—Au=0 inRN\w,

u=1 onow, (40)
uc Dl’z(RN \ a))
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has a unique solution ¢,. Moreover,
1

2
W\%)( )\W VXGRN\CU

for some positive constants c1, c3. Furthermore,

lim  x[N g, (x) =,
[x|——+00
with
Coyp = W f |V§0w(x)| d.x
RM\w

Observe that, if w = B(0, 1) then ¢, (x) = mﬁ The following expansion holds (see [17,
Lemma 2.2]).

Lemma 18. Let

N=2 1 X
Ry (x):=PUpe(x) = Upe(x) +aypu = H(x, &) +ayv—= T (pw(—>.
sy \e
Then there exists a positive constant ¢ such that for any x € 2 \ ew
N—1
RS (0] <ce T (S ve) N4 (41)
d,‘L' ~X |X|N_2 = T
|R§f(x>|<ce%<f—|+ﬁ> ifN =3, “2)
' X
M
04RS (1) <ce' T (—— +e) iFN>4 (43)
dlg (X)X C | |N ) L Sl
€
|adR;,(x)|<cs%<ﬁ+JE> ifN=3 (44)
: X
N=2
|9, RS ()] <ce (e +6°T) ifN >3 (45)
TN, T = |x|N*2 =9
Proof. The function R := R, _ solves —AR =01in £2 \ ew with
i b2 2 1
I w x
R(x)=oapn|— — + + — =P <—>i|
L @2 - R —ENT R )R e
x €082,
- N-2
nz N-2 1
R(x) =ay| - W T HEE) + Nz}, x € deo.
e w4
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Therefore (41) and (42) follow, because
N-2 N2 N2 N3
e 4 R(x)= 0(8+8 2 ) x€d2 and e ¥ R(x)= 0(8_ 2 ) X € dew.

The function Ry (x) = ang’r(x) solves —AR; =01n £2 \ ew with

—2 nN- 2 gy — g2 B
Ra(x) = ay lL%ﬁg%[ ne—|x EIN__2M (x—£,71) ]
2 (> +Ix—&H2 (W2 +|x —£€1%)2
1 (x—§ 1) 1 (xﬂ
* +2u N - )|, xe0d%2,
b= 1% v — &% MN_2(1+|1|2)¥% &
N—2 »n- 2 1y —g2 _&
Ry(x) = ay /L%ﬁgé[ w*—|x EIN__QM (x —&,7) ]
? Wl —EPF @t —ep

1
N2
puN=2(1+)?) 2

2
+H(xLE) + —— (VyH(x, £),T) —

N_2 j| X € dew.

Therefore (43) and (44) follow, because

N-2 N-3

N-2 _ N-2 s
e T Ri(x)=0(e+e 7 ), x€d2 and ¢ 7 Ry(x)=0(¢"" 7 ), xé€dew.

The function R; (x) = 0y, R _(x) solves —AR; =0 in £ \ ew with

N —&); —&); 1 .
Ri(X):aN(N_Z)MT[ o N = E)N T N-1 i N%)(f)]’
WHx—EP7  x—gl7 KT (4t \°

x €082,

(x =8 +3y,-H(x,§)_ 1 T }

Ri(x) =an(N —2) —[ . -
T e T N W T et

X € dew.
Therefore (45) follows, because
N N-3 N N-=2
e FR(xX)=0(e+e7 ), x€02 and ¢ TR (x)=0(c" 2 ), xe€dew.

This finishes the proof. 0O

The asymptotic expansion of the projection of the standard bubble centered at a point inside
the domain is, by now, a standard fact. We refer the reader to [22]. We state the result in the

following.

Lemma 19. Let n > 0 be fixed. If (8) and (9) hold, then the following facts hold true. Let

N-=2
rﬁm(x) = PUp(x) —Up ¢ (x) +anri Z H(x, Q).
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Then, for any x € 2 \ o,

R Ni2
0<rh () <er s,

for some positive and fixed constant c. Furthermore, for any x € 2 \ ew

N+2 3
|8Arfm(x)|<cs T fN >4, |8Arf“§(x)|<cs4 ifN=3
andfori=1,...,N

N+2

|8§irfl’{(x)| Lce &,
for some positive and fixed constant c.

We have now all the elements needed to perform the expansion (27).

297

(46)

(47)

(48)

Proof of Proposition 10. For the sake of simplicity, we will prove estimate (27) when k = 1.

Let n > 0 be fixed and assume (7)—(9) hold with A, ¢ instead of A1, {1. We will prove that

Je(PeUy e &= PU) ¢)

e N-=-2
=2a; — F(r)(;) (1 —I—o(l))

—ar(HO, 02+ HE, M2 5260, 017 117 ) (1 + 0(1)),

(49)

uniformly in the C I_sense for (z, ¢, d, A) satisfying (7)—(9). The constants that appear in (49)

are given by
ptl 1
ar =« ——dy,
P /(1+|y|2)N g
RN

1 1

. p+l1

@ =Sy / vz 4y
2 I+

RN
We have that
Ja(PaUp,,giPsUA,{)
_! / |V(P5U,Lg:|:P5UA{)|2—; f |P.U, ¢ + PUs [P
2 ’ ’ p+1 ’ ’
2\ew 2\ew

1
=5 / PeUugUy s + 5 / PUp Uy £ / P.U, (U,
2\ew 2\ew 2\ew

(50)

(S
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1
- / |P:Uy ¢ & PoUs P!

p+1
2\ew
! p+1 1 p
= N U/L,S + 2 (PeUpe — U,U«E)Uu,é
2\ew 2\ew
1 prt, 1 )4 p
+N U)n,g“ +5 (PaUk,g—UA,g)U)L’gi PEU}"{UM,E
2\ew 2\ew 2\ew
+1 p+l p+l1
Y (I1PeUpg £+ PUs 1P U = UL,
2\ew

Now, setting x = ny we obtain

N
"
Up+l =ap+1 / N S
/ ok N (12 +|x = &N
2\ew 2\ew

pt+1 1
— ——d
N / A+ly—pv ¥

R\ew

"
N
=" [ ((2) )
=« ———dy+0 +u ).
N (14 [yHN n
RN

By Lemma 18 we have that

/ (PeUpg —Upp)U) - dx
2\ew

N+2

1 N2 1 X "z
=—()[1’i/+ / <M 2 H(xvg)—i_ N-2 u¢w<_>> 2 2 N2
WA+ €/ (2 +|x &2

2\ew
e p
+ / Rd,rU;L,s dx.
2\ew
Now, setting x — & = uy we have

N+2

/ P Hx, ) a d
" X, X
2\ W2 +1x — )

w

= f uNTPH (uy +£,8)

Q\ew—£
m

—dy
Nt2
(I+1y»H™

dx

(52)

(53)

(54)
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) 1
=uV"2H(0,0) /7,“2 dy +o(1) ). (55)
oy A+

Moreover, we get

N+2

1 f <x> w2 4
— - Do\ — X
RN s Ne) (2 x—ep)™F

2\ew

= [ e(foro)
= oo S0+ ) ————dy
A +2)'7 e A+ 1y

Q2\ew—£
In

N-2
& 1 / 1 1
=|- —_— fe(») dy
<M) 1+ T TN (P

2\ew—&

m

(8)N2( ! / ! L <1>) (56)
= | — Cw o .
z (U417 L TV gy ’

Here we have set f;(y) := (%)N_2|y + 7:|N_2gow(%(y + 7)) and applied Lebesgue’s dominated
convergence theorem and Lemma 17. Therefore

/ (PeUpg = Up Uy - dx

2\ew

. e N-2
=—al 3 HO, 0N (1 +0(1)) — F(r)(;) (1+0(1)), (57)
where
1
c3 :/Wdy
gy (LHII9 2
and

1 / 1 1
o - - dy
A ey F T Ay

A standard computation proves

1
[ ot =ait [ dr e 00 =af ar06Y) s
’ (I+1y1%)
2\ew RN

and also
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/ (PUsc = Up 0)UY  dx
2\ew

N+2
_ A2
_a11\71+1 / A%H(x,{) . ZMdx—{— f rs,;\U)fgdx
2\ew A2+ lx =) 2 2\ew

= P+1AN 2H({ {)(/;dy—i-o(]))
A+ 1ly?)"T

o e 2 H @, (1 +0(D)).

(59)
Now we have to estimate the interaction. Setting uy = x — § we obtain
[Ulf’ngUk,;dx
2\ew
N+2
_ap+l / o2
- YN N+2
2 _ 12y 5
oty R —EP)
N-2
A2
X [(AZ | PR 2T HG, §)+r5x(x)} x
+lx =777
:‘)‘/[z/-i_l)‘NTizPﬂ,Tﬁ2 / 12 N+2
@i D)2
m
1
x v —Huy+§.0)|dy
G +luy+E-¢H T
1 N2 1
+Ot][<,+ nz . 22 reun(ny +8)dy
e A1y
m
N-2 N-2
ST G(§§)/—+0(A2M2)
(I+1y»
=M T L T G 6)(1+ o)), (60)

It remains to estimate the term

+1 +1 +1
P (I1PUpe £ PUIPH U UL
2\ew

Let n > 0 be fixed such that B(0, n) N B(¢, n)

= @. If ¢ is small enough then ew C B(0, ) and
we can write
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+1 p+1 p+1
f (1P:Up e £ PoUs 1P —~Ule U )
2\ew
= / e + f e + f (61)
B(O0,n)\ew B(&,n) 2\(B(0,mMUB(,n)}
It is easy to check that
_ p+1 p+1
. =0 / (U +U7; ))
2\(B(0,mMUB(.n)} 2\(B(0,m)UB(.n)}
=0 +7). (62)

Via a Taylor expansion we have, for some ¢ € [0, 1],
1 +1 +1
/ (1PUp e £ PUc|PT! — Uli”g — Uf,g )dx
B(0,n)\ew

+1 1 |
o [ st Pt £ R -0 e [ 0
B(0,n)\ew 50w

=(p+1D / Ul e (PeUpg — Uy g £ PeUs o) dx

B(0,n)\ew
rip+1D
+—5 Upe +1(PeUpg = Upe = PUsO|"
B(0,n)\ew
X (PoUye — Upe + PoUy ) dx — / vl dx. (63)
B(0,n)\ew
Setting again uy = x — &, we have that
/ Uy« PeUj ¢ dx
B(0,m\ew
Ni2
_ap+1 / no2
- YN N+2
2 N
BOgew M TIX—ER) 2
ANT_Z N-2
X v — A 2 Hx,0) +ren(x) |dx
A +lx—¢H T
pl, N=2 N2 1

N+2
1 72
(BOeal—s ¢ +1y19)
m
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1
x — —H(My+§,§)}dy
[(A2+|My+$—§|2)N22
_ 1
+alt T eyt E)dy
N (1+|y|2)N+2 12

{B(0,n)\ew}—
"

p+1 N2 N2
= ol G@s)f—+oww
N (1+1y2)" ( )

=ak" L 2 1 G e, £)(1+o(). (64)

The term fB(O M\ew U;f,é (PeUy e — Uyg)dx was estimated in (57). The remaining terms are of
lower order.
In a similar way, via a Taylor expansion we have, for some ¢ € [0, 1],

1 1
[ (rvsput -t -0l as
B(.m)
1 1 1
N / (|Unc + (PeUnc = Ure £ PU 0| " = UL ) dx = / Upe dx

B(¢.m) B(¢.m)

=(p+D f UY ((PeUp ¢ = U ¢ & PeUy g) dx

B(g.m)
pip+1
+ =5 |Us.e +1(PUs e — Up e £ PUyg)|”
B(&.m)
X (PeUy; — Upp + PoUye)dx — / ultlax. (65)
B(&.m)
Setting now Ly = x — ¢, we have
Uy (PeUp g dx
B(&.m)
M
ap+1 / A
- YN N+2
A2 — 1
sy TR
N72
1 X
X [ N—2 — M 2 H(-x é)_ 2¢w<_>+Rs,u(x)i|dx
(? +|x—$| ) 2 w2 &

p+l

=ay A2 2 " 2 / | 2
sy (LI
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1
x|: _HOy+<, s)]
W24y +c—£P)'T
1 1
ol / 2 N_[ e < ) w(/\y+§)}
sy (I L
=TT G s)/—+o(ANT’2u”T’2)
N 1+
=allesn TG, £)(1+o(1)). (66)

The term fB(g“,n) U{Z(PSU,\,; — Uj.,¢) dx was estimated in (59).

Collecting all the previous estimates, we get that expansion (49) holds true uniformly for
d, A, 1, ¢) satisfying (7)—(9).

Arguing in a similar way and using estimates (44), (47) and (48), we prove that the expansion
holds true also uniformly in the C'-sense. This proves our claim. O

5. The associated nonlinear problem
This section is devoted to prove Proposition 7.

First, we estimate the || ||x«-norm of N +,¢ (9). Itis convenient, and sufficient for our purposes,

to assume |||« < 1. In order to estimate ||1§7;L,; () ||l s+ we need to distinguish two cases: N < 6
and N > 6.
If N <6, then p > 2 and we can estimate

w2 Ry ()] < CoP DB g 2,
hence
[N )], <ClIDIE
Assume now that N > 6. If |9| > %HA/;\‘;I, we see directly that |]\A!;\,§(l9)| < C|¥|? and hence

4 A _
w72 Ny ()] < CwP 2[00 < Ce™ 7 2|12

Let us consider now the case || < %|\7,\ ¢|. In the region where dist(y, 0§2;) > _l for some
é > 0, one has that VA () = asw(y) for some as > 0; hence in this region, we have

lw™ 72 Ny ()] < Cw 1|92 < Ce®BD T 12,

On the other hand, when dist(y, 0§2;) < 85_%, the following facts occur: w(y), Vk)g(y) =
O(SNT_Z), and

Vie () =Ce'7 dist(y, 32:)(1+o(1)) as y — 952,
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This second assertion is a consequence of the fact that the Green function of the domain
§2 vanishes linearly with respect to dist(x, 3§2) as x — 9£2. These two facts imply that, if

dist(y, 052,) < 8¢~ 2, then

w2 R, ()] < w T2V P20

N

Cw - 2(8 T dlSt(y,a.Qg)) dist(y,898)2|Dz§‘(y)|2

2842 Ny oy p — N4
Cw T+ ﬁ+N,28 T (p=2) 2||l9||igcg 2 ||ﬁ||i-

N

Combining these relations we get

Cllo Iy if N <6,
Noe@),, < .
1¥es @], < {C(S—NT4||19||§+8P—2||§||£) if N > 6.

Next we estimate the term I%A ¢- In the region |y — | > foranyi =0, 1,..., k and some

\/—7
N2
positive small 8, direct computations show that |R,\ ol < < Ce 2 . Assume now that |y — 7' < %
for some i =0, 1, ..., k. Then, in this region, using either Lemma 18 or Lemma 19, we get

1

L
2
Li'

Ryl <C U

p—
A
NN

Using the boundedness of 2L, we conclude that

\/>’
N N2
Ryl < Ce 2. (67)

Now, we are in position to prove that problem (14) has a unique solution ¢AS = ¢ + V¥, with
Vo= T ¢ (I@A, ¢) (see Proposition 6), having the required properties.

Problem (14) is equivalent to solving a fixed point problem. Indeed, d3 = ¢ + ¢ is a solution
of (14) if and only if

¢ ="Toc(Nac(@+9) = Arc (),

because ¥ = T ¢ (R). We shall prove that the operator A, ; defined above is a contraction inside
a properly chosen region. y
First observe that, from the definition of ¥, from (67) and from Proposition 6, we infer that

N-2

W1l < C(I)»log8| +gT)
and for [[9 ], < 1,

CU9)% +eN=2) if N <6,

* 68
C(s‘¥||l9||i+8”_2||l9llf+s%) it N > 6. (©8)

[0+ ], <
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Let us set
1 N2
Fe :={19€H0(.Q€): |0« < 82 }

From Proposition 6 and (68) we conclude that, for ¢ sufficiently small and any ¥ € F, we have

N2

[Arc@)], <&

Now we will show that the map Aj ; is a contraction for any & small enough. That will imply
that A) ; has a unique fixed point in F, and, hence, that problem (14) has a unique solution.
For any 91, 9, in F, we have

| Asc ) = Anc )|, < C||Nae (F + 01) — Noe (F + 92) |

e

hence we just need to check that N ¢ 1s a contraction in its corresponding norms. By definition
of N AL

Dy Ny () = p[f' (Vie +9)— f'(Vio)].

Hence we get
A ~ A ~ Ap_D =
(Nie @ +91) = Nic(F +92)| SCVY 7191101 — b2
for some ¢ in the segment joining & + ¥ and 1/7 + . Hence, we get for small enough ||z§ 155

o™ TRy (F + 0) = Ny o (F +92)| < CeP 283,91 — D2l
We conclude that there exists ¢ € (0, 1) such that
| N3+ 01) = Noe (F + 92) |, < cll9r — D2l
Arguing like in [11], we obtain the estimate (19). This concludes the proof.
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