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ABSTRACT. We consider the problem: —Au = |u|ﬁu—|—sf(x) in Q, u = 0on 09,
where Q ¢ IRY is a bounded smooth domain which exhibits small holes, f > 0,
f # 0 and € > 0 is small. Using the reduction method and a min-max scheme
worked out with topological arguments, we construct multiple solutions by gluing

negative double-spike patterns located near each of the holes.

1. INTRODUCTION

In this paper we construct solutions which are not necessarily positive to the

following problem

—Au = |uPlu+ef(z) inQ,
u = 0 on 0f),

(1.1)

where € is a smooth and bounded domain of IR™, N > 3, which has m small holes,
p = % is the critical Sobolev exponent, f(x) is a nonhomogeneous perturbation,
f >0, f#0and € > 0 is a small parameter.

It is known that if f = 0, problem (1.1) is a delicate matter of treating from a
variational viewpoint because the P.S. condition fails. In fact, in this case Pohozaev
[23] proved that (1.1) has no solution if € is star-shaped. On the other hand, in
a recognized paper, Brezis and Nirenberg [8] showed that the previous situation

may be reversed introducing suitable nonhomogeneous perturbations. Since then,

in the case f > 0, f # 0, many results about existence and multiplicity of positive
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with multiple double-spikes, reduction method.
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solutions of (1.1) have arisen under the assumption that ¢ > 0 is small enough, see
for instance [8, 27, 30, 2, 21, 11].

Concerning solutions which are not necessarily positive, we know two works. Re-
cently, under certain symmetry assumptions on €2 and f, Clapp et al. [10] have
proved existence and multiplicity of solutions of (1.1) which develop k negative
spikes, for any k > ky(Q2), supposes that € > 0 is sufficiently small. In special, they
proved that if 2 is an anullus of fixed size and f > 0, f # 0, then the number of
solutions of (1.1) tends to infinite as € goes to 0, which are negative if support of f
is compact in 2. More recently, the author [1] constructed a solution of (1.1) which
develop a negative double-spike shape as ¢ — 0.

Motivated by the above results, we leave aside any symmetry assumption on the
domain 2 and the perturbation f, and we construct multiple solutions of (1.1) by
gluing negative double-spike patterns located near each of the holes of €2, provided
that ¢ > 0 is small enough. More precisely, our setting in problem (1.1) is as
follows: let D be a bounded smooth domain in IRY, N > 3, and let us consider

points Py, Py, ..., P, in D and smooth domains ®; such that ©; C B(P;,u) C D,

where p > 0 is a fixed small number. Let us consider the domain
0=\ J?,
i=1

a function f € C%(Q), for some 0 < v < 1, such that inf,cq f(x) > 0, and the
unique solution w to the problem
—Aw = f inQ,
w = 0 on 0N

(1.2)

Our main result is

Theorem 1.1. Let 1 < k < m be fixred. Assume that ¢ = e, — 0 as n — 4o0.
Then, up to subsequences, there exist positive numbers Az, points & in ) and

nontrivial solutions u. of (1.1) of the form
N-—2

u€<x>=—aNZZ(€N4_2;MA”€ ) fewld) +0.),  (13)

i=1 j=1 lj€+ ‘ZL'— isj‘z
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N-2

where ay = (N(N —2)) 1 and 0.(x) — 0 uniformly in Q as e — 0. In particular,
(1.1) has at least 2™ — 1 different solutions.

The proof actually will allow us to identify the points &;; as follows: let G denote

Green’s function for the Laplace operator with Dirichlet boundary condition on €2

)

and let H its regular part, then & — &; as ¢ — 0, with (§;1,&;2) being a critical

point of the functional

H(z, 2)w?(y) 4+ 2G(z, y)w(x)w(y) + H(y, y)w*(x)
G*(z,y) — H(z,2)H(y,y)

O(z,y) =
defined on a suitable subset of
{(z.y) € 2N A Gla,y) — HE (z,2)H? (y,y) > 0},

where A; = {z € RY : ppt < |v — Bi| < pps}, with 1 < pf < pj being explicit
constants independent of p and F;. Also we will identify the limits A;; of \;;. as

follows

Aij = <aN1 H (&5, Sij)w (&) + G(&yj» &z)w(&j)) N2_2,
G2(&ij, §ir) — H (&g i) H (€ir, Si)
for j,l =1,2; j #1land 1 = 1,2,...,k, where ay is an explicit constant. On the
other hand, it will be clear from the proof that f not need to be strictly positive in
the whole €2, we will consider this case just for simplifying calculates.

The proof of Theorem 1.1 is based on a Lyapunov-Schmidt reduction procedure
related to problem (1.1). In dealing with positive solution, Rey [27] use the reduction
method in the critical case, which was more recently devised by del Pino et al. [14, 15]
in the slightly supercritical case, with f = 0. In dealing with solutions which are
not necessarily positive, this procedure also already was used in the critical case,
see [10, 22, 1]. Also see [18, 19, 28, 31] for some related works with the procedure
in other contexts. In essence, here we extend the results of [1] but saving now the
serious technical difficulties that arise at once of isolating the different pairs of spikes

for avoiding undesirable interactions between points associated with different holes.
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The influence of small holes in the domain on the appearance of positive solutions
of problem
—Au = |uP'u  in Q,

u = 0 on 02,

(1.4)

i.e. problem (1.1) with f = 0, has been studied extensively in the literature. Coron

N+2

~; finding via variational methods that (1.4)

[12] began these studies for p =
admits a positive solution under the assumption that €2 is a domain with a small hole.
This result was extended notably by Bahri and Coron [5] to domains which possess
a non-trivial topology. Rey [24] established existence of multiple solutions if
exhibits several small holes, while that in [14] were constructed multi-peak solutions
in the slightly supercritical case. Recently, del Pino and Wei [16] have proved that
(1.4) has at least one positive solution for any p > %, except for some strictly
increasing unbounded sequence of values of p, supposed that Q@ = D\ B(P,J), for
some P € D and ¢ small enough. On the other hand, also have arisen recent results
concerning to sign-changing solutions of (1.4). In [22], Musso and Pistoia consider
p = %—fg, 2 = D\ B(0,¢) being symmetric respect to the origin for constructing
sign-changing solutions with multiple blow up at the origin as ¢ — 0, whereas that
in [13], Dancer and Wei extended the result in [16] and showed that given any
positive integer m, (1.4) has a sign-changing solution for any p > %2, except for
some strictly increasing unbounded sequence of values of p, which has exactly m+ 1
nodal domains.

This paper is arranged as follows. Sections 2 — 4 are devoted to discuss the
finite-dimensional reduction scheme used for the construction of solutions of (1.1),
whereas in Section 5 the proof of Theorem 1.1 is finished by means of a min-max

characterization which uses topological arguments.

2. BASIC ESTIMATES

In this section, we assume that ¢ > 0 is small enough and that ) is a smooth

bounded domain in IRY, N > 3, and let us consider the expanded domain
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Introducing the change of variable v (z') = —¢ u(eﬁm’), for 2/ € Q., we note that

u solves (1.1) if and only if v. solves

Av+lp~to = et f(2))  in Q.
v = 0 on 0f),,

(2.1)

where p = Y42 and f(z2') = f(eﬁx’). Besides, it is known that

N—-2
- A =N
Duele) = o (5 o=g)

with A > 0, £ € RY and ay = (N(N — 2))¥, are the only positive solutions of
equation AY + 9 =0 in RY, see 3,29, 7, 9]. Hence, if we consider the orthogonal
projections onto H{(€).) of the functions U, ¢, which we denote from now on by

Uy, and we put
K
V(:C/) = Z UAZ.,&;(LZ'I), = Qe,
i=1
it turns out natural to look for solutions of (2.1) of the form
v(@') = V() +7(), 2 e,

which for suitable points £ and scalars A will have the remainder term 7 of small
order all over .. Since solutions of (2.1) correspond to stationary points of its

associated energy functional J. defined by

1 1 ~
Je(v) = 5/9 |V1)|2—Im/Q |U|p+1+5p+1/Q fo, (2.2)

our first goal is to estimate J.(V).
Let us fix a small number § > 0 and relabel the parameters \;’s into the A;’s given
by
N—2
A =an)?, i1=12,... K,
where ay = [~ UP, with U = Uy o, and A; €]6,67[. Arguing as in [20, 26, 6], we

fix the set
Ms={(EA): & — &| > 6 if i # j, and dist(&;, 09) > 6}, (2.3)

where € = (&1,&,...,¢x) € QX and A = (Ay, Ay, ..., Ax) €]0,67'[%. Then we

obtain the next result
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Proposition 2.1. Given § > 0 small, the following expansion holds
J.(V) = KCy + e2U(€, K) + o(c?)
uniformly in the C'-sense, with respect to (E, K) in Ms. Here

1 7|2 1 rrp+1
Z VU2 - —— U 2.4
CN 2 /]RN | | P + 1 RN ( )

and the function V is defined by
K
U(E,A) ZA2 (6,6) = D MMNG(G§) + D Aw(&), (2.5)
i<j i=1

where w is the unique solution to the problem (1.2).

Proof. The proof of this result is based in the arguments used to prove Lemma 3.2
of [15] and Proposition 1 of [10], so we only sketch it.
For notational simplicity we put Uy, ¢/(2') = Ui(z'), for 2’ € Q, and obtain the

following basic estimates which are essentially contained in [4, 6]:

/ VU = / VOP — N H(EE) + o), (2.6)
Qe RN

/ VUVU, = 2MNG(6E) + o), i # ), (27)

€

/ (v =SS UrT) =220+ DANG(E.E) + o), A£G (28)

€ =1

and
/ UfH = / ortt — 52(1) + 1)A$H(fufi) + 0(52)- (2.9)
B RN

On the other hand, away from 2’ = £/, we have that
Ui(a') = 2AG(e72a, &) + o(?),
uniformly on each compact subset of ()., then straightforward calculates lead to

et [ V=D Aw(&) + o(e?). (2.10)

Qe
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In all previous estimates the quantity o(¢?) is actually of this size in the C''-norm

as function of (E, K) € M. Hence, since

1 1 -
J(V)y== [ |[VV] - — Vp+1+5p+l/V
V) =3 . VVI -2 o E f
1 -
:52/ ]VUi|2+Z/ VUNU]-HP“/ Vf
i=1 VS i<j 7Sk e
1 K 1 S
. U}?+1) _ (VP+1 _ Up+ ))
p+1Ja. <; ' p+1Ja. ; ’
the result follows from estimates (2.6)—(2.10). O

3. THE FINITE-DIMENSIONAL REDUCTION

- =

Let us fix a small number § > 0 and consider points (£, A) in
Ms = {(&,K) : |¢§ = €| > 6. if i # j, and dist(&],00.) >4.}, (3.1)

where & = (&],&,,...,&.)€ QK. A = (A, As, ..., Ax) €]6,6 [ and 6. = e~ 7.

Since solutions of problem Ad + pU/’COlﬁ = 0 in RY satisfying [9(z)| < C|z|>~N

0Upx, o OUp 0
ox; 7 OA Ji=1

belong to span{ N See [25], it is convenient to consider, for each

-----

1=1,2,..., K, the following functions:

= , 8[71 ’ ~ / an /
Zy(2') = o€ ("), l=1,...,N and Zi(NH)(x):aA-(x)’
il i

and their respective H}(€.)-projections Z;. Also, for functions u,v defined in €2,

we put (u,v) = fQE uv, and consider the next problem: find a function 7 such that

(

AV +i) + V4 i (V+i) et f = Y Ul Zy in Q.
il

n = 0 on 0€), (3:2)
(7, U7 Za) = —(6,UF" Za) Vi,
for certain constants ¢;, 1 =1,2,...,K;1l=1,..., N + 1, where ¢ solves
—A¢p = et f inQ,
’ I (3.3)

o = 0 on 0f)..
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Note that V' + 7 is a solution of (2.1) if the scalars ¢;; in (3.2) are all zero. Also, we

note that the partial differential equation in (3.2) is equivalent to
An+plVIP'n = =N(n) = Re+ > calP ™' Zy in 9,
il

where n =1+ ¢,
N.(n) =V 40— ' (V+n—0¢)s — VIV =p|VIP~ ' (n—¢) (3.4)

and
K
R.=|V7'V =Y T —p|V['o. (3.5)
=1

A first step to solve (3.2) consists of dealing with the following problem: given

h € L*(£2.), find a function n and constants ¢;; such that

(

An"i_plvlpil?? = h‘i‘ZCuUfilZil in .,
il

n = 0 on 0f)., (3.6)

UM Zy) = 0 Vi, 1.

\

Hence, we study the linear operator L. associated to (3.6), namely
Le(n) = An+p[VI[F~'n,

under the previous orthogonality conditions introducing suitable L*°-norms with

weight: for a function 6 defined in (2., we consider the norms

. = | (iw)em | (fwi)_a_lwm')

i=1

Wherewi:(1+|x’—§§|2)_T,J:%if3§N§6,0:ﬁifNZ?,and

0|4 = H (lz:ouz) 7<9(x')

Wheregzgif3§N§6and§:ﬁifN27. Then, we have

Y
[e.9]

Y
[e.o]

Proposition 3.1. Assume that (&, A) € MS. Then there exist ¢ > 0 and C > 0,

such that for all 0 < € < gy and for all h € C*(S).), the problem (3.6) admits an
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unique solution n = M.(h). Moreover, the map (&, \,h) — n = M.(h) is of class
O and satisfies

[nlls < CllAlles and Vg gy nll« < CllAll.
GAY

The proof of this result is a slight variation of the arguments used to prove Propo-
sitions 4.1 and 4.2 in [15], so we omit it. In what follows, C' > 0 represents a generic
constant which is independent of € and of the particular points (é; , K) € M;s.

A second step to solve (3.2) consists in finding a function ¢ such that for certain

constants ¢;;, 1 = 1,2,...,K; 1l =1,...,N + 1, solves

(

AWV i)+ VAPV i)y =P = Y el Zy in Qe
%,

¢ =0 on 0€)., (3.7)
(0, UF ™" Za) = 0 Vi,
\
where 77 = ¥ + ¢ — ¢, with ¢ satisfying (3.3), and the function 1 is chosen as
v =—M.(R.), (3.8)

where M. is defined as in Proposition 3.1 and R, is given by (3.5).
Lemma 3.2. Let ¢ be as in (3.8). Then
]l < Ce.

Proof. Bearing in mind that: 35 (Ui(2") = Us(a')) = Ce*+o(e?), for (€, R) e M,
we obtain

K 5 K
‘(ZW%) (|V|p1V—ZUf) < Ce?,

i=1 i=1

where o = g f3<N<6and o= % if N > 7. On the complement of those

regions, | |[V|P~'V — S°8 UP| < Ce?, hence

K
W%W—ZW
i=1

Now, from definition of ¢ in (3.3), we have that ||¢||. = O(eP™). Therefore

< Ce (3.9)

kok

VP~ ¢l < Ce®. (3.10)

So the result follows from (3.9), (3.10) and the Proposition 3.1. O
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Lemma 3.3. There exists C > 0 such that for alle > 0 small enough and ||¢|. <

one has

C(llellz + llells +7+) if 3< N <6,

N+ @)l < 2 :
OO+ #P2 g+ #42) N 2T,

Proof. Note that [|¢|. < CeP if 3 < N <6, |4« < Ce? if N > 7. Then considering
n =1 + ¢ we have that ||n||. < 1. Also we note that from (3.4) one has

N.(n) = CIV +i(n = 9)"*(n—¢)*, T€]0,1]. (3.11)

Hence, for 3 < N < 6, it is easy to check that || N.(n)|l« < C||n — ¢||?>. On the other
hand, for N > 7, if || < %(Zf; w;) we use again (3.11) and we obtain

K “wo 6-N
\(sz-) zv;(n)] < 0y — g2

i=1
In another case we obtain directly from (3.4) that

4

K TN-2 6-N 2
() " )| < o - ol

=1

Combining previous estimates the result follows. OJ

Now, we deal with the following problem

(
Ap+pVP o = —N(n)+ > cal’'Zy in .,
0
¢ =0 on 0., (3.12)
(p, UP'Zy) = 0 Vi, 1,

where 7 = 1) 4+ ¢ and ¢ is the function defined in (3.8).

Proposition 3.4. Assume that (€, A) € M5. Then there exists C > 0, such that
for all € > 0 small enough there exists an unique solution p = 90(57,/?) to problem
(3.12). Moreover, the map (&, X) — (&, X) is of class C* for the | - ||.-norm and

it satisfies

lell. < Ce®  and V@ xells < Ce2.
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Proof. We argue in a similar way as in the proof of Proposition 3.3 in [1] or of
Proposition 3 in [10]. Thus, here we only give the main ideas of the proof.

Let us consider the function

Ao F — Hi()
Y Aa(SD) = —M. (NE(@D—F(P)),

where F,. = {p € H} (%) : ||¢|« < re®}, M. is the operator defined in Proposition
3.1 and 1p = —M_(R.). For a suitable r = r(N) > 0 and using the previous lemmas
one shows that A. is a contraction, therefore there is a fixed point in F, for A,
noting that this is equivalent to solving (3.12).

Concerning differentiability properties, we have the following relation

B(E, A, ¢) = ¢+ M(No(¢) + ¢)) = 0.

We see that

—

D,B(&, A, @)[0] = 0+ M.(0 DyN(¢ + ) = 6+ M(6),

and check

1M ()] < Cel|6]]...

This implies that for e small, the linear operator D,B (5 , K, ) is invertible in the
space of the continuous functions in €. with bounded || - ||,-norm, with uniformly
bounded inverse depending continuously on its parameters. Then, applying the
implicit function theorem we obtain that cp(g , K) is a C'-function in L. Besides,

we get

9
e,

S o 1/ 0 -
— _(D.B(E.1,9)) 1(53@,&@0)),

and using the first part of this proposition, the estimates in the previous lemmas,

Proposition 3.1 and the fact that (£, A) € M5, we conclude

< et

*

0
I,

Similarly, the differentiability of B with respect to A is analyzed. 0
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4. THE REDUCED FUNCTIONAL

Let (£, A) be in M5 as in (3.1) and let us consider the function ¢ given by
Proposition 3.4, which is the only one solution of the problem (3.7) with 7 = ¢ +
o(&, X)) — ¢, where 9 solves (3.8) and ¢ solves (3.3). Note that if ¢; = 0 for all 4,1,

then a solution of (1.1) is

u(x) = —5_1v(€*ﬁx), x € (),

where v =V + 1 + 90(5/, K) — ¢. Hence, u will be a critical point of

1 1
I.(u :—/ VUQ——/ up“—s/ u,
) =5 [ 1Vuf = — [ ptt =< | 1

while v will be one of J. given by (2.2). Then it is convenient to consider the
following functions defined in €2:

Ul(x) - —5_1Ui(5_%x) = _UME,{i('r)a ¢($):—5_1¢(8_ﬁx),

2

PER)(x) = =T lp(&, K)(e7722)  and g(z)=—c"l(c ¥ 2x) = —cw(z).

Note that U; = —Uy,. ¢, Where \ie = (a&lAie)ﬁ € IR, and 5 = 5%5’, with
(5, K) € M defined by (2.3), and ¢ = —ew, being w the solution of (1.2). Now, we

put U = — Zfil U, and consider the functional

~

TER) = L(U+ ¢+ ¢(E A) - 9). (4.1)

Then, we have the following basic result

Lemma 4.1. The function u = — S5 Uy,.e, +ew + ¢ + ¢(&,K) is a solution of
problem (1.1) if and only if (E, K) is a critical point of functional T given by (4.1).

Proof. It is easy to check that I(g, K) = J(V+ov+ 90(5;,/{) — ¢). Also, putting
n =1+ 90(5/,/?) — ¢, it is not difficult to show that DJ.(V + i) [¢] = 0 for all
0e{¥e () : (9,VPF'Zy) =0 Vi, l}. On the other hand,

ov . % ,
@ = Zu+o(l) Vil oA, = Zin+1) +o(1) Vi,
with o(1) — 0 in the || - ||«-norm as € — 0. Then the result follows from Proposition

3.4. U
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Next step is then to give an asymptotic estimate for Z ({, K) Put

Uf:/ﬂf(x)w(x)d:v, (4.2)

where w is the solution of (1.2). Then

Proposition 4.2. The following expansions hold:
I(E,A) = KOy + 2(W(E, K) + 07) + 0(¢2)0(E, K) (4.3)
and
VienZ(E ) =V ez U(ER) +0(e*)V g5,0(5, A), (4.4)
uniformly with respect to (5, K) € My, where 0 and V(E,K)Q are uniformly bounded

functions, independently of all € > 0 small. Here Cy is the constant given by (2.4)
and U is the function given by (2.5).

Proof. The first step to achieve our goal is to prove that

I, A) = L(V + 4 — §) = o(?) (4.5)
and
Ve(Z(EA) = LV +¢ — ¢)) = o(e?). (4.6)

Let us set ¥ =V + 1 — ¢ and notice that
1
T(€K) ~ LV +1 - ¢) = /t( N+ )t

/'</ (VP =10+ t6lr~) ) .

Differentiating with respect to § variables we obtain

1
DA(Z(E,K) - <»z—fwﬁét/fwdw+www%wwwwﬂw
—eTv= / Ve (N-(¢ +9)p),

and bearing in mind that |||« + [|¢[l« + [Veoll« + [Vedll. < O(e?), we get
O(e|loge|) if3< N <6or N=3,
I( 7K)_[£(V+¢_¢E): 0(64) lfN:7,
O(*"72)  if N > 9,
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and

O(e?) if3< N <7,
D{(I( >K)_[s(7§)) =9 O(e*loge|) if N =S8,
O(*"v=2) it N > 0.
Therefore (4.5) and (4.6) hold.

The next step is to prove that

L(V+9y—0)—L(V—¢)=o() (4.7)
and
Ve(I(V + 9 = ¢) = L(V = ¢)) = o(e?). (4.8)

Put n =V — ¢ and, by the fundamental calculus theorem, note that

L+ - L= [ (1—t>( [ sl wo- [ w?) i

D __ P _ p—1
+/Q€<|V| " ¢)¢+/Q€Ra¢.

Now, differentiating with respect to 5’ variables we get

1
. A — A)) = o v — - =12 2
De(L(7+ ) = L.(7)) = ¢ /0<1 t)/ﬂevf,(pmtw = |V?) dt

475 [ WV = P~ Vo)

s [ (VP =l = sV P) Vg0

Qe

+€_N2—2/ V§R5w+a_fv2—2/ RV 1.
Qe Qe

Since || Rellsst |V Rellaut [0+ [ Veghlls < O(), [I4lloc < O(?) and ||¢]], < O(e”)
if 3< N <6, ||6]l« < O(e?) if N > 7, one has that

O(e*lloge|) if3< N <6or N =38,
L+9)—1.(7) = O(E*~=) ifN=T1,
O(e>*v=) if N >0,
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and
(O if 3< N <5,
- R O(e*|loge|) if N=6or N =3,
De(Z(E, ) — I.(V)) = s
O(e*v=) if N=7,
2+ g .
| O(e"~=2) ifN>0.

It follows that (4.7) and (4.8) yield.

Now we hold the following two estimates

L(V = ¢)—L(V) = %07 + o(?), (4.9)
LV = @) = L(V)) = o(e”). (4.10)

LV -¢)~L(V) = / ( [ vop - /Q sp|V—t¢|p—1¢2>dt
+/Q (ijf—W—tw)eﬁ.
€ =1

Besides, from (4.2) one has that

/ / Vol* dt = / Vo2 = Pt 5 Fo = Eg/wa _ &%,

and since @[/ < O(eP™), we get

[ v = o

< 054/ (w1 +w2)P7 ! < o(e?).

£

On the other hand, it is not difficult to check that

K
TP __ |1/ _+.4|P — P_ |\ —+Ah|P_ p—1 2
[ (S or-v—tor)o| =| [ s [ qvp-w—ror-svp-iope| <o,

i=1

Therefore (4.9) holds. Also, note that
1
DL(V = §) = L(V)) =&~ /0 ¢ / PV — 162V 5V 6P dt

e N /Q Vg,(iilUf — V- t¢|p)¢,
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and since ||@]|o < O(ePT), it is easy to check that

O(eh) if3<N <7,
Dg(fs(v — @) — L(V)) = O(*loge|) if N =8,
O(>*%=2) if N > 0.
Therefore (4.10) is truth. Similarly we hold results for the differentiability with

respect to A. [

5. THE MIN-MAX

Let D be a bounded domain with smooth boundary in RY, N > 3, and P,, Ps, ..., P,
points of D. Let us consider now smooth domains ©; such that ®; C B(FP;,u) C D

and the domain
Q=D\|JD.
i=1

We denote by G and H respectively its Green’s function and regular part, and fix
1 <k < m. According to the results obtained in the previous section, see Lemma

4.1, (4.3) and (4.4), our problem reduces to that of finding a critical point for

U(EA) = Zw@,ﬂi) — R(E, ), (5.1)

- =

where 52 (5@1 5@2) € 927 KZ = (AilaAiQ) € ]Ri-a g: (517527"'7@) € Q2k7 K =
(AL, A2, AF) e R%,

2
gz A7) Z AL H (€55, &) — N MG (€, i) + Z Aijw(&i;) (5.2)

j=1

and

g K Z Z A”le Al]g glﬂ ) &]2)

i<l 1<71,52<2

It is convenient to recall that the function ¢ is well defined in (Q2\ A) x IRZ, where
A ={(z,y) € Q*: x = y}. Hence, in order to avoid the singularity of ¢ over A, we

consider M > 0 and define

Con(e.1) = G(z,y) if G(x,y) < M, 53)
’ M if G(x,y) > M.
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Now, we work with the functional modified Wy , : Q?)k X ]Rik — IR defined by

k
qu,p(é?;K == gK Z zl z2 CTYM 5@1 522) (51'17512))7

where p > 0 and 2, = {£ € Q : dist(§,09) > p} with p and M to be specified later.
By simplicity notational we write W = W, ,.

Before defining min — max class that we will use for concluding the proof of the
Theorem 1.1, we introduce some results and notations preliminary. We start with a

result related to the function ¢ : Q% — IR defined by

N
N

o(r,y) = G(v,y) — H2 (v, 2)H

(v, v), (5.4)

which is key in all what follows. This result is an adaptation of Corollary 2.1 in [15].

Lemma 5.1. For any fized value p* > 1, there is a uo > 0 such that if ®; is any

domain contained in B(P;, p) and 0 < p < o, then

inf x,y) >0, foralli=1,2,... k.
pant L PEY) fi

Proof. We consider the function ¢p : Q% — IR defined by

op(x,y) = Gp(x,y) — HR(x, 2)HR(y, y),

where Gp and Hp respectively its Green’s function and regular part. Since Hp is

smooth near each P; and Gp becomes unbounded, one has

inf ep(z,y) >0, for any p > 0 small enough.
| P —a|=| P —y|=pp*

On the other hand, if for a number » >0 we consider the domain
k —
D, =D\ | JB(P,)
i=1
and denote by G, and H, respectively its Green’s function and regular part, then

by harmonicity, it is not difficult to check that

lin% H,.(z,y) = Hp(x,y)
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uniformly on x,y in compact subsets of D\ {P}, P,,..., P.}. Then for fixed uo =
to(p*) > 0 small enough, one has that H and G become uniformly close to Hp and

Gpon |P,— x| = |P, —y| = up* if 0 < 1 < pg. This finishes the proof. O

Now, we define the function ¢*: |1, +00[?— IR as follows

1 1 1

A e e

Note that there is an only one point of the form (p}, p}) € |1, +00[? such that
" (p1, p1) = 0.

Moreover, the function ¢* has a positive maximum global value, attained at a point

of the form (pa, p2) €]1, +00[?. Specifically,
*(pa, = a *(s,t) > 0.
o2 p2) = max  @7(s:1)
Actually we have that 1 < pj < po verify
22-N 1 1

= +
PTN_Q (p>(1<2—|—]_>N_2 (pTQ—]_)N_Q

and
21-N 1 1

+ .
py (BN (03— DN

Also we assume that inf,cq f(z) = @ > 0 and consider the following positive con-

stants:
f=max f(z), mi= minr; and mg= max R, (5.6)
where rg = %mini# |P, — P;|, and for i = 1,2,...,m, r; is the radius of the biggest

ball centered at P; contained in D, and R; is the radius of the smallest ball centered
at P; containing to D.

Note that if (am? — Bm2)p) 2 + fm2 # 0,

1
N—2 =
amsi Py N=2

(ami — fm3)py ~* + Bmj

p2 = > 0.

In opposite case, if (am? — ﬁm%)pé\[—2 + Bm2 = 0, we can replace p, by a few larger

value on the definition of py, so that py still is a positive constant. Then we choose

py = max{ps, P2}
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Consider now values p* € |pf, p5[, fori =1,2...,k, and g > 0 small enough such
that the conclusion of Lemma 5.1 remains valid. From now on, we will consider the

following manifolds of €2
Si=pp"Si (5.7)

where SZ-N ~!is the unitary sphere centered in P; and we put
k
N = H S2. (5.8)
i=1
Besides, considering anullus A; = B(P;, ups) \ B(P;, ppt) and the set
D, = (e Qik () > 6 foralli=1,2,... k},

where ¢ is defined by (5.4) and ¢* is chosen so that ' C D,,, we restrict the domain

of definition of ¥ to .
_ (H Ag) A D,. (5.9)
i=1

Now, for every 56 N we choose J(E) = ((ﬁ(é),cﬁ(é’), . ,J’“(é)) € IR?* being a
vector which defines a negative direction of the associated quadratic form with .

More precisely, in agreement to (5.2), for fixed 57 € 8?2, the function
2
52 dl Z A2 H (&5, &) — dindinG (&1, &2) + Z dijw (&),
j=1

regarded as a function of d* = (di1, d;z) only, with d;1, d;z > 0, has a unique critical
point d’ (8) (di1, di2) given by
H(
G2

ij> &ig)w (&) + G (&, §ij)w(&ig) L
G2(&a, &ij) — H(Ea, ) H (&35, 6i5) 7

dij =

=1,2, l # .
In particular,
o 1=
V(@ d'(@) = 50(8), (5.10)
where @ is the function defined on D7, given by

H(z, 2)w?(y) + 2G(z, y)w(r)w(y) + H(y, y)w*(x)
G?*(z,y) — H(z,2)H(y,y) ’

being w the only one solution of (1.2). Then, we simply choose d(£) = d(€), with
d(€) = (d'(€"),d*(€?),...,d"(€")) € R* and easily see that there is a constant

O(x,y) = (5.11)

¢ > 0 such that ¢ < d;; < ¢ for all £ € N
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Counsider now the class I' of all continuous functions

v N x I§ x [0,1] — D} x R

defined by
’7(5_: 0_37 t) - (71(517 01, t>772(527 02, t)? s 77k(gk70-k7 t))?
such that
L. 7i(§7007t) = (é»aoaﬁ(é%)) and Vi(gao—()_lat) = (5270—0_1652(5%)) for all g% € Sia
te0,1].

2. 72'(5%707 O) = (5%706?2(?)) for all (5;70—) € Sz X IO)
where Iy = [09,0,"], being 0y a small number to be chosen later. Then we define
the min-max value as

Q) =inf sup U(y(F,1)). (5.12)

vel 7~ k

(&,6)e NIk
In what follows, we will prove that ¢(€2) is actually a critical value of W. A first step
in this direction consists of finding an upper estimate for ¢(£2). Let us consider the

exterior domain
E =R\ B(0,1)

and denote by Gg and Hg, respectively, the Green’s function on E and its regular

part. We define the function

Hg (2, ) (w],)*(y) + 2Gg(x, y)w;,(v)w;,(y) + He(y, y)(w},)*(x)
Gg(x,y) — He(z,z)He(y, y) ’

Py (z,y) =

for (z,y) € D.., where w!(z) = p~*w (ux + P;) is a function defined in the set
i N . _ _ . .
QA ={recR” :z=p"(2— P), z€Q}, with w given by (1.2) and

DL. = {(z,y) € () x () : *(|z],]y]) > 0},

where * is the function defined in (5.5). Since was proved in Lemma 5 of [1], @}
achieves a relative minimum value in a critical point of the form (Z;, 7;), with Z; and

y; having opposite directions, and such that (|Z;], |7:]) €]p, p5[%. Actually one has
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that |g;| = || + o(p) ~ pf, with pi + po < pf < p5 — po for some py independents

of all i > 0 small enough, and

min Op(z,y) =,
i 2
(x’y)EDv*‘PI

where D g% = {(z,y) € D.. : p} < |z|,|y| < p5}. Moreover, it is not difficult to

check that

Sy <(f§2) (up7)* N = (upy)? + (*)2 N(ll(;l‘?v 1)
. s + o(p),
— ((upt)? — 1

c; < -
((up)?+ ) <2upz)N ?
@up) N (wop) 2+ )N~

N+2~

where (§ and my are the definite constants in (5.6), and " 6(u) — 0 as p — 0.

Proposition 5.2. The following estimate holds

Q) < k;”]\z,fQ (p—) +o(1),

where o(1) — 0 as p — 0, and p* = 1131319 p; .

Proof. For allt € [0, 1], we consider the test path defined componentwise as %-(5%, o, t) =
(é’, chﬁ(g’)) Maximizing @(7(5, &,t)) in the variable &, we note that this maxi-

mum value is attained approximately at & = (1,1,...,1), because of our choice of

— - — - = —

the vector d(€). Besides, since d(€) = O(uN~2), one has that R(£,d(€)) = O(uN72).
Hence, from (5.1), (5.10) and (5.11), we have that

UEI(’)“

k
. 1 .
max W(y(§,7,1)) = 5 3 (&) +o(1),
i=1
where o(1) — 0 as . — 0. We note that in D, one has
O(x,y) = " 2O (p7 (@ = B). o7y — P)) +o(1),

where o(1) — 0 as g — 0. In particular, we choose p** = pf to definite each S; in

(5.7) and NV in (5.8). Then we obtain
c(Q) < G () + o(1)

N N

pN e 4 o(1),
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where o(1) — 0 as p — 0. From the estimate previous to this proposition, the result

follows. O

For next step, we need an intersection lemma. The idea behind this result is the
topological continuation of the set of solution of an equation, see [17]. For every

(€,3,t) € N x IF x [0,1] we denote

— —

YE G, 1) = (€€ 7,1),A%(€,7,1)) € Di x R,

where & = (5_:"1,5_:"2,...,5"“) € 0% and A* = (K*l,K*Q,...,K*k) € R¥, with
£ = (&,65) € 02 and A = (A7, A%) € R2. Also we define the set

M= {(€6) €N x If : A4 (£,5,1) - Ap(€6,1) = 1.

Lemma 5.3. For every open neighborhood W of M in N x I}, the projection g :

W — N induces a monomorphism in cohomology, that is
g* - H'(N) — H*(W)
1S 1njective.

The proof of this result is almost identical to that found for proving Lemma 6.2 in
[14], except minor details, we therefore omit it. Nevertheless, it is suitable to indicate
that in this proof one chooses oy small enough in order that certain inclusion is well

definite.

Proposition 5.4. There is a constant A > 0, independent of o¢, such that

sup \11(7(5, 7, 1)) > —A forally€T.
(f,a)eleg

Proof. Note that € € A implies that &j € B(Pi, pps) \ B(P;, pupy). Thus we can find
50 > 0 such that if ‘521 — 512| < 50, then (511 — IDZ) . (512 — pz) > 0.
We argue by contradiction. Let Ay > 0 be such that G(z,y) > Ay implies

|z — y| < dp and let us assume that for certain vy € T

U(y(€,7,1)) < —kA; for all (£,) € N x IF.
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Then for every (£,3) € M, (&, A*) = (5_;‘(5, &, 1),A* (.3, 1)) € D, x R? and

k

k
Z 6117 57,2 Z Z < 61]7 57,]) + A:jw(£;>) + R(g:ka K*) > kAD
i=1

=1 j5=1

Since H (&},
of M contained in A x I¥, then for every (£,3) € W one has that |R(E, A*)| is small

7)) > 0and w(£;) > 0, we conclude that if W is a small neighborhood

compared to G({*z(é', g, 1)) Hence, for every (E, 7) € W thereexistsi € {1,2,...,k}
such that

—

G(E7(E,
and then | — & < . Now, we fix points ¢; € RY such that |G| = pp*. It
is follows that (' = (P, + Ci,Pi —G) e S and ¢ = (CY,(%...,C%) € N. Denoting

0_:7 1)) Z AU

y' =~(-,1) and putting T {t( t € 1pi, p3l }, we see that because of the above
conclusion one has that ~y (W) C (D, \T(C )) x IR2F.
Let us consider now the map s : D, x ]Rik — N defined componentwise as

si(§ ) = MP*(éjh, é;) Then (y°)*os* : H*(N) — H*(N x I¥), where 4° = (-, 0)

is an isomorphism. By the homotopy axiom we deduce that (y!)* o s* is also an

isomorphism. Now, we consider the following commutative diagram:

H*(N x IF) ok H*(D, x R%) ol H*(N)
it ] i | i ]
~1\x o* -
mory L mwey) (),

where iy, iy and 43 are inclusion maps, ' = v'[y and § = s|,1y). From Lemma
5.3 we have that 7] is a monomorphism which is a contradiction with the fact that

H2NE(A\{C})= 0. Thus, the result follows. O

Now, we need to care about the fact that the domain in which ¥ is defined is not

necessarily closed for the gradient flow of .
Proposition 5.5. Let (f_,;,ﬂn) € D} x ]R?f be a sequence such that
ViU, A,) — 0. (5.13)

Then each component of A, is bounded above and below by positive constants.
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Proof. From (5.9) note that D, CC Q*. Hence w(;;) > 0, for all £e Dy We put
& =( noen) and AL = (A", A%). Then (5.13) is equivalent to

n

ALH(ER, &8) — ABG(En, &0 — ) ALG(EE, &) = o(1).

st#£i1,i2
It is clear that Aj; — 0 or A}; — 0, and A}, — C5' if st # i1,i2, with C5" > 0,
cannot happen. Hence, since that H and G remain uniformly controlled, to suppose

that \Kn| — o0 implies that if A}; — 400, for some i € {1,2,...,k}, then also

n

A — +00, j,l=1,2and j # . Weput]\% IA\’

and passing to a subsequence, if

necessary, we may assume that this sequence it approaches a nonzero vector A with

Aij # 0 if A}y — +oo (for j =1,2). Tt follows that

H(EE,&8) — ALG(ER, &) +

Z A gz]? gst

n’ st#i1,i2

Then, for a suitable subsequence, we obtain for some & € D_j; the system

AilH(gﬂ,gﬂ) 22G<§zla512 Z AstG gzl Sst) - 7

st#11,i2

AiH (§i2, &) = MG (61, &) — Y AuG(&n.8a) =0

st#11,i2

Hence, solving for f\il, we conclude that

G2 (gil’ 512) - H(gilu g’il)H(giQ; 512) =

G(&i1,&2)G(En, Eat) + H(él,éﬂG(&z,&t)),

st#i1,i2 12

which is a contradiction, since the quantity on the left hand side of the previous
equality is strictly positive when g > 0 is chosen sufficiently small. This finishes the

proof. O

Let 6. > 0 a suitable small values such that the level set

{f €D : O (' (&1 — B),p (&2 — P)) = 01}
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is a closed curve and that V@ (u (&1 — P;), ' (&2 — P;)) does not vanish on it.

Let us set
T, ={£e Dy dh(u (& — P)ou (€ — P)) <0}

Thus, on this region we have that ®f(u™' (&1 — B), 1 (&2 — P)) < 6! and if
(&i1,&2) € O, then one of the following two situations happen: either there is a

tangential direction 7 to 97, such that
Vo (&1 — P),w (& — B)) - T #0,
or & and & lie in opposite directions, ®%(z,y) = d% and
Vo, (' (1 — P),n (&2 — P)) #0,

being points orthogonally outwards to Y,,. Moreover, if 11, and po are small enough,

and py < pg, then 1, CC T, CC Dy,

Proposition 5.6. The functional V satisfies the P.S. condition in the region T, x
R2" at the level ¢(Q) given in (5.12).

Proof. Let us consider a sequence (én, Kn) €T, x IR%f such that
Vi¥(6, ) =0 and VRU(, A,) — 0,

where VE\IJ corresponds to the tangential gradient of ¥ to 97, x IRik in case that {n
is approaching to dY,, or the full gradient in otherwise. From the previous lemma,
the components of Kn are bounded above and below by positive constants, so that

we may assume, passing to a subsequence if necessary, that (En, Kn) — (50, KO) for

some (&, No) € Y, x R¥* and (&, Ay) — (). Then
V¥(&o, Ko) = 0.

Observe that if EE) € int(Y,,) then 5}} is a critical point of ¥. We assume the opposite,
this is that é) € 0Y,. Then

(I)é(/l_l( R ) N (S Pz)) = 6.
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Firstly we note that since V K\IJ(EO, KO) = 0, one has that Ay satisfies
H(&, G)w(&y) + G(&), &lw(n)
G2(&5y, &) — H(&y, &) H (80, &)

179 Sil 157 Sig

Agj: +9ija Jl=12 .]7&[7

where the quantity 6;; is of small order. Substituting these values in ¥, from (5.10)

we obtain
k

c(Q) = W(&o, Ay) = Z@D(&m, A%) — R(é, Ao)
i=1
and then we deduce that
k

(@) =Y pN P (€ — P (€L — P)) + (&),

i=1
where 0(5};) is small in the C' sense, as u > 0 becomes smaller. Hence, for any
tangential direction 7 to 97, we have that vg\p(ﬁ),ﬁg) -7 ~ 0. Thus, from the
analysis previous to this proposition, the points £, &% are in opposite directions,
U (&, No) ~ piNT2(81 462+ .. . +6%) and Vg\lf(go, Ao) must be away from 0. Choosing
7 parallel to VE\I!(gO,KO) we obtain that Vg\Il(go,Ko) -7 must to be away from
0, which is a contradiction. Therefore {0 € int(Y,), which implies that the P.S.

condition holds. 0
Now we are in conditions to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let us consider the domain Y2 = T, x [a, b]? with a,b to
be choose later. Then the functional Z given by (4.1) is well defined on YP except
on the set A, = {(€,X) € XYP : |¢&, — &]| < p}. From (4.3) we can extend Z to all YP
by extending ¥ as in (5.3), and keep relations (4.3) and (4.4). From Proposition
5.6, U satisfies the P.S. condition over YP. Then there exist constants b >0, ¢ > 0
and gy > 0, such that if 0 < o < go, and (£,A) € YP satisfying |A| > b and
o(Q) — 20 < W(E,K) < ¢(Q) + 20, then [VU(E,X)| > c.
We now use the min-max characterization of ¢(£2) to choose v € I" so that
@) < sup U(y(§0,1) <c(Q)+o
(E,0)eENXIE

By making a small and b large if necessary, we can assume that

V(€ 0, 1) €XE C Y forall (£.0)eN x I,
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Consider now 7 : Y2 x [0, +00] — YP being the solution of the problem

—

NEA L) =—h(nEA1))VI(n(E A L), t>0

—

(€ X,0) = (£A).

—

Here the function h is defined in Y® so that if \11(5, A) < ¢(Q) — 20, then h(&,

- —

K)o,
and if U(E, A) > ¢(Q) — o, then h(E, N) = 1; satisfying 0 < h < 1 for all (£, X) € YP.

Hence, by the choice of a y b, and bearing in mind (4.3) and (4.4), we have that

n(& A t) € YP for all t > 0. Then the following min-max value

C(Q) =inf  sup I(n(y(g, 0,1),t))

20 (5_),cr)€/\/'><l(’)c

is a critical value for Z. We are always assuming that ¢ is small enough, to make

the errors in (4.3) and (4.4) sufficiently small. Then, considering M; as in (2.3),

2

N—-2

for 6 > 0 fixed sufficiently small, and \;;. = a]_\,lAijE , from Lemma 4.1 we conclude

that there exist (5_;, Ka) € M such that problem (1.1) has a nontrivial solution u.
of the form (1.3). Theorem 1.1 has been proven. O
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