Available online at www.sciencedirect.com

. . Journal of
CrossMark SClenceD|reCt Differential

Equations

ELSEVIER J. Differential Equations 258 (2015) 243-280
www.elsevier.com/locate/jde

On the Ambrosetti-Malchiodi—Ni conjecture for general
submanifolds

Fethi Mahmoudi *, Felipe Subiabre Sanchez, Wei Yao

Departamento de Ingenieria Matemdtica and CMM, Universidad de Chile, Casilla 170 Correo 3, Santiago, Chile
Received 30 May 2014; revised 30 August 2014
Available online 3 October 2014

Abstract

We study positive solutions of the following semilinear equation

ezAgu —V@u+u?=0 onM,

where (M, g) is a compact smooth n-dimensional Riemannian manifold without boundary or the Eu-
clidean space R", ¢ is a small positive parameter, p > 1 and V is a uniformly positive smooth potential.

Given k=1,...,n—1,and 1 < p < Ztg:i Assuming that K is a k-dimensional smooth, embed-

ded compact submanifold of M, which is stationary and non-degenerate with respect to the functional
p+l_ n—k

/ x VP! 2 dvol, we prove the existence of a sequence ¢ = ¢; — 0 and positive solutions u that con-

centrate along K. This result proves in particular the validity of a conjecture by Ambrosetti et al. [1],
extending a recent result by Wang et al. [32], where the one co-dimensional case has been considered. Fur-
thermore, our approach explores a connection between solutions of the nonlinear Schrodinger equation and
f-minimal submanifolds in manifolds with density.
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1. Introduction and main results

In this paper we study concentration phenomena for positive solutions of the nonlinear elliptic
problem

—&*Agu+V(@Qu=ul’"'u onM, (1.1

where M is an n-dimensional compact Riemannian manifold without boundary (or the flat Eu-
clidean space R"), Az stands for the Laplace-Beltrami operator on (M, g), V is a smooth
positive function on M satisfying

0< Vi <V(z) £V,, forall ze M and for some constants Vi, V;, (1.2)

u is a real-valued function, & > 0 is a small parameter and p is an exponent greater than one.
The above semilinear elliptic problem arises from the standing waves for the nonlinear

Schrodinger equation on M, see [1,8] and some references therein for more details. An inter-

esting case is the semiclassical limit ¢ — 0. For results in this direction, when M = R and
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=3, Floer and Weinstein [12] first proved the existence of solutions highly concentrated near
crltlcal points of V. Later on this result was extended by Oh [30] to R” with 1 < p < ”+2 . More
precisely, the profile of these solutions is given by the ground state Uy () of the hmlt equatlon

—Au+Vxgu—u? =0 inR", (1.3)

where x( is the concentration point. That is, the solutions obtained in [12] and [30] behave
qualitatively like

X — X0
ue(x) ~ Uy (xp) — ) ase tends to zero.

Since Uy (y,) decays exponentially to O at infinity, u, vanishes rapidly away from x¢. In other
words, in the semiclassical limit, solutions constructed in [12,30] concentrate at points and they
are always called peak solutions or spike solutions. In recent years, these existence results have
been generalized in different directions, including: multiple peaks solutions, degenerate poten-
tials, potentials tending to zero at infinity and for more general nonlinearities. An important and
interesting question is whether solutions exhibiting concentration on higher dimensional sets
exist.

Only recently it has been proven the existence of solutions concentrating at higher dimen-
sional sets, like curves or spheres. In all these results (except for [7]), the profile is given by
(real) solutions to (1.3) which are independent of some of the variables. If concentration occurs
near a k-dimensional set, then the profile in the directions orthogonal to the limit set (concentra-
tion set) will be given by a soliton in R” %, For example, some first results in the case of radial
symmetry were obtained by Badiale and D’ Aprile [3.4]. These results were improved by Am-
brosetti et al. [1], where necessary and sufficient conditions for the location of the concentration
set have been given. Unlike the point concentration case, the limit set is not stationary for the
potential V: in fact a solution concentrated near a sphere carries a potential energy due to V and
a volume energy. Define

2
€ 2 2 1 1
M M

and let K be a k-dimensional submanifold of M and Uk be a proper approximate solution
concentrated along K, see (3.30) below. One has

1
E(Ug) ~ s”_kf V%dvol, with 6 = p—+1 - _(n —k).
K

Based on the above energy considerations, Ambrosetti et al. [ 1] conjectured that concentration
on k-dimensional sets for k =1, ...,n — 1 is expected under suitable non-degeneracy assump-
tions and the limit set K should satisfy

6, VNV = VH, (1.5)
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where V¥ is the normal gradient to K and H is the mean-curvature vector on K. In particular,
they suspected that concentration occurs in general along sequences &; — 0.

By developing an infinite dimensional version of the Lyapunov—Schmidt reduction method,
del Pino et al. [8] successfully proved the validity of the above conjecture for n =2 and k = 1.
Actually they proved that: given a non-degenerate stationary curve K in R? (for the weighted

length functional || % Vi_ﬂ_%), suppose that ¢ is sufficiently small and satisfies the following
gap condition:
|82£2 — /L0| >ce, VLeN,

where g is a fixed positive constant, then problem (1.1) has a positive solution u, which concen-
trates on K, in the sense that it is exponentially small away from K. After some time Mahmoudi
et al. in [23] constructed a different type of solutions. Indeed, they studied complex-valued so-
lutions whose phase is highly oscillatory carrying a quantum mechanical momentum along the
limit curve. In particular they established the validity of the above conjecture for the case n > 2
arbitrary and k£ = 1. Recently, by applying the method developed in [8], Wang et al. [32] consid-
ered the one-codimensional case n > 3 and k = n — 1 in the flat Euclidean space R"”. The main
purpose of this paper is to prove the validity of the above conjecture forallk=1,...,n — 1.

To prove the validity of the Ambrosetti-Malchiodi—Ni conjecture for all cases, one possible
way is to generalize the method developed in [8] and [32]. For this purpose, we first recall the
key steps in [8] and [32]. According to our knowledge, the first key step is the construction
of proper approximate solutions, and the second key step is to develop an infinite dimensional
Lyapunov—Schmidt reduction method so that the original problem can be reduced to a simpler
one that we can handle easily. Actually this kind of infinite dimensional reduction argument has
been used in many constructions in PDE and geometric analysis. It has been developed by many
authors working on this subject or on closely related problems, see for example [8,9,13,20,22]
and references therein.

Let us now go back to our problem. To construct proper approximate solutions for general
submanifolds, we first expand the Laplace—Beltrami operator for arbitrary submanifolds, see
Proposition 2.1. Then by an iterative scheme of Picard’s type, a family of very accurate approxi-
mate solutions can be obtained, see Section 3. Next we develop an infinite dimensional reduction
such that the construction of positive solutions of problem (1.1) can be reduced to the solvability
of a reduced system (4.9). For more details about the setting-up of the problem, we refer the
reader to Section 4.1. It is slightly different from the arguments in [8] and [32]. Finally, by notic-
ing the recent development on manifolds with density in differential geometry (cf. e.g. [19,28]),
our method explores a connection between solutions of the nonlinear Schrédinger equation and
f-minimal submanifolds in Riemannian manifolds with density.

We are now in position to state our main result.

Theorem 1.1. Let M be a compact n-dimensional Riemannian manifold (or the Euclidean
space R") and let V : M — R be a smooth positive function satisfying (1.2). Given k =
I,....n—1land 1 < p < ZJ_%:]]E Suppose that K be a stationary non-degenerate smooth com-

pact submanifold in M for the weighted functional

Pt
V p-1
K

_n—k
2

dvol,
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then there is a sequence ¢j — 0 such that problem (1.1) possesses positive solutions u,; which
concentrate near K. Moreover, for some constants C, co > 0, the solutions u.; satisfies globally

|u8j (z)| < Cexp(—co dist(z, K)/ej).

Remark 1.1. The assumptions on K are related to the existence of non-degenerate compact min-
p+l  n—k

+1_ n—k
imal submanifold in manifolds M with density V 71" dvol. n fact writing Vo1~ 2 =¢~f,
then K is called f-minimal submanifold in differential geometry (cf. [19]).

Remark 1.2. Actually we can prove that the same result holds true under a gap condition on ¢,
which is due to a resonance phenomena. Similar conditions can be found in [8,32] and some
references therein.

Before closing this introduction, we notice that problem (1.1) is similar to the following sin-
gular perturbation problem

u on 482, (1.6)

v

{—szAu+u=u” in £2,
u=>0 in £2.

This latter problem arises in the study of some biological models and as (1.1) it exhibits concen-
tration of solutions at some points of £2. Since this equation is homogeneous, then the location
of concentration points is determined by the geometry of the domain. On the other hand, it has
been proven that solutions exhibiting concentration on higher dimensional sets exist. For results
in this direction we refer the reader to [9,20,21,24-26,33].

In general, these results can be divided into two types: The first one is the case where the con-
centration set lies totally on the boundary. The second one is where the concentration set is inside
the domain and which intersect the boundary transversally. For this second type of solutions we
refer the reader to Wei and Yang [33], who proved the existence of layer on the line intersecting
with the boundary of a two-dimensional domain orthogonally. See also Ao et al. [2], where triple
junction solutions have been constructed. In the over-mentioned two results, [2] and [33], only
the one dimensional concentration case has been considered. We believe the method developed
here to the above problem (1.6) can be used to handle the higher dimensional situation, namely
concentration at arbitrary dimensional submanifolds which intersect the boundary transversally.
Interestingly, our preliminary result shows that our method explores a connection between solu-
tions of problem (1.6) and minimal submanifolds with free boundary in geometric analysis.

It is worth pointing out that [33] applied an infinite dimensional reduction method while [2]
used a finite dimensional one. We also suggest the interested readers to the paper [10] for an in-
termediate reduction method which can be interpreted as an intermediate procedure between the
finite and the infinite dimensional ones. Moreover, it is interesting to consider open Question 4
in [10], which can be seen as the Ambrosetti-Malchiodi—Ni conjecture without the small param-
eter €. In other words, the open problem is whether the Ambrosetti-Malchiodi—Ni conjecture still
hold when ¢ = 1, even in the radial symmetry case. If the answer is yes, what is the condition on
the potential V?

The paper is organized as follows. In Section 2 we introduce the Fermi coordinates in a
tubular neighborhood of K in M and we expand the Laplace—Beltrami operator in these Fermi
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coordinates. In Section 3, a family of very accurate approximate solutions is constructed. Sec-
tion 4 will be devoted to develop an infinite dimensional Lyapunov—Schmidt reduction and to
prove Theorem 1.1.

2. Geometric background

In this section we will give some geometric background. In particular, we will introduce the
so-called Fermi coordinates which play important role in the higher dimensional concentrations.
Before doing this, we first introduce the auxiliary weighted functional corresponding to prob-
lem (1.1).

2.1. The auxiliary weighted functional

Let K be a k-dimensional closed (embedded or immersed) submanifold of M", 1 <k <n—1.
Let {K,}; be a smooth one-parameter family of submanifolds such that Ky = K. We define

p+1 n—k
p—1 2

E(t):/V"dvol, with o = 2.1)

K

Denote V7 and V¥ to be connections projected to the tangential and normal spaces on K. We
give the following definitions on K which appeared in Theorem 1.1.

Definition 2.1 (Stationary condition). A submanifold K is said to be stationary relative to the
functional [, V7dvol if

oVNV=—VH onk, (2.2)
where H is the mean curvature vector on K, i.e., H; = —Fa“j (here the minus sign depends on
the orientation), and I ab are the 1-forms on the normal bundle of K (see (2.7) below for the

definition).

Definition 2.2 (Nondegeneracy (ND) condition). We say that K is non-degenerate if the quadratic
form

o —1 2 0 oN\2 .
[{<AK¢+VVKV-VK@,¢>+U H(P) —V(v ) V[P, @] —Ric(P, P)

+ Fb“(qs)rab(qs)} V. /det(g)dvol (2.3)

defined on the normal bundle to K, is non-degenerate.

Remark 2.1. Here and in the rest of this paper, Einstein summation convention is used, that is,
summation over repeated indices is understood.
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If weset Vo =e¢~/,ie., f = —oInV, then our stationary and ND conditions are correspond-
ing to the first and second variation formulas of f-minimal submanifold in [19], i.e.,

H=VV{f,

where H = — Za Véz e, is the mean curvature vector, ¢, (1 < a < k) is an orthonormal frame in
an open set of K. And at t =0,

in([)

k
1 1
_ /e—f (_ 3 Ravua = 38k (10F) + Vol =204 = fu+ (V7 £, VT(lvlz)))
e a=1

where K; is a smooth family of submanifolds such that Ky = K, the variational normal vector
field v is compactly supported on K;, and A}, = —(V,, ep, v).

2.2. Fermi coordinates and expansion of the metric
Let K be a k-dimensional submanifold of (M, g) (1 <k <n — 1). Define N =n — k, we

choose along K a local orthonormal frame field ((E;)4=1....k, (Ei)i=1,...~) Which is oriented.
At points of K, we have the natural splitting

.....

TM=TK ®NK

where T K is the tangent space to K and N K represents the normal bundle, which are spanned
respectively by (E,), and (E;);.

We denote by V the connection induced by the metric g and by V¥ the corresponding normal
connection on the normal bundle. Given p € K, we use some geodesic coordinates y centered
at p. We also assume that at p the normal vectors (E;);, i = 1,..., N, are transported parallely
(with respect to V) through geodesics from p, so in particular

g\Vg,Ej,E))=0atp, Vi, j=1,...,N,a=1,... k. (2.4)
In a neighborhood of p in K, we consider normal geodesic coordinates
f3) =expy VaEa): V5= (1. 00,
where expX is the exponential map on K and summation over repeated indices is understood.
This yields the coordinate vector fields X, := fi(dy,). We extend the E; along each geodesic

yE (s) so that they are parallel with respect to the induced connection on the normal bundle NK.
This yields an orthonormal frame field X; for NK in a neighborhood of p in K which satisfies

VX,,Xi|p S TPK.
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A coordinate system in a neighborhood of p in M is now defined by

F(3,%) = expl) (i Xi),  V(7,5) = (Vs eeos Yoo X1, oo, AN, 2.5)

with corresponding coordinate vector fields
X;:=Fy(0y,) and X, := F,(dy,).

By our choice of coordinates, on K the metric g splits in the following way

8(q) = 8av(q)dya ® dyp + 8ij(@)dx; ®dxj, VqeK. (2.6)

We denote by Fab () the 1-forms defined on the normal bundle, N K, of K by the formula

8be Ty = 8be Iy (Xi) = 8(Vx, Xp, Xi) atqg= f()). 2.7

Define g = f(¥) = F(¥,0) € K and let (g,5(y)) be the induced metric on K. When we con-
sider the metric coefficients in a neighborhood of K, we obtain a deviation from formula (2.6),
which is expressed by the next lemma. We will denote by Ry, 5 the components of the curvature
tensor with lowered indices, which are obtained by means of the usual ones ng s by

Raﬂy& = gao ng5~ (2.8)

Lemma 2.1. Ar the point F(y, X), the following expansions hold, for any a =1, ..., k and any
i,j=1,..,N, where N =n —k,

- 1 _ -
8ij =0+ gRistjxsxt + O(IX|3);

_ 2. k- _
8aj = ggaijéjlxkxl + O(|x|3);

gah = gah - {gacpbcj + gthaCi }ii + [Rsabl + gchaCstlg]jsfl + O(|i|3)
Here R;sj are computed at the point of K parameterized by (y, 0).

Proof. The proof is somewhat standard and is thus omitted, we refer to [9] for details, see also
Proposition 2.1 in [22]. O

By the Whitney embedding theorem, K ¢ M < R*". Thus we can define K, := K /¢ and
M, := M /¢ in a natural way. On the other hand since F'(y, x) is a Fermi coordinate system on M,
then F¢(y, x) := F'(ey, ex)/e defines a Fermi coordinate system on M /. With this notation, here
and in the sequel, by slight abuse of notation we denote V(gy, ex) to actually mean V(ez) =
V(F(ey, ex)) in the Fermi coordinate system. The same way is understood to its derivatives
with respect to y and x.

Now we can introduce our first parameter function @ which is a normal vector field defined on
K and define x = £+ @ (ey). Then (y, £) is the Fermi coordinate system for the submanifold K ¢ .
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Adjusting the parameter @, later we will show that there are solutions concentrating on K¢ for
a subsequence of ¢.
We denote by gug the metric coefficients in the new coordinates (y, §). It follows that

_ 0zq 0zp
8aB = £ gyé@g.
Which yields
8ij = 8ijle+a, Saj = 8ajle+o +€0:D G jlle+ o,
and

Sab = Zable+o + €]8aj 57 + 8bjda®’} |§+¢ + 620D 5P gijls v

where summations over repeated indices is understood.

To express the error terms, it is convenient to introduce some notations. For a positive inte-
ger g, we denote by R, (), R, (&, ®), Ry (&, ®,VP), and R, (&, P, VO, V2®) error terms such
that the following bounds hold for some positive constants C and d:

|Ry(®)] < Ce?(1+1£|9),

|R (€. ®)| < Ce?(1 +I£1),

|Ry(E.®) — Ry(&, )| < Cel (1 + [€|Y) |0 — D],

|Ry (&, @, V)| < Ce?(1+|£]),

|Ry (£, @, V®) — Ry(£, 8, V)| < Ce? (1 + 1) (10 — &| + VO — V),
and

Ry (5, @, VP, V2®)| < Ce? (1 + [£|7) + Ce?T (1 + |5|7) V20

)

|Ry(£. 0.V, V?®) — Ry (£, 9, VD, VD)
<Cel(1+1g19) (1@ — @+ VD — VB|) (1 + | V2D | +¢|V2D|)
+CeT (1 + |8 |9)| Vi — V20|

Using the expansion of the previous lemma, one can easily show that the following lemma
holds true.

Lemma 2.2. In the coordinate (y, £), the metric coefficients satisfy
8ab = 8ab — 3{§beaJ;i + §affbj;{}(€k + &5 + 2 (Reapt + Bea TS TE) (X + @%) (8! + 1)
+ &3 07 9;P7 + R3(5, @, VD),

.2
Saj = €007 + geszaﬂ(sk + N (' + @) + R3(5, @, V),

1
gij =08+ 76" Ruiji (8" + 1) (€' + @) + Ry (6, @, V).
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Denote the inverse metric of (gqs) by (g*P). Recall that, given the expansion of a matrix as
M=1+gA+e’B+ O(), we have

M '=1—-eA—e’B+e*A*+O(e%).
Lemma 2.3. In the coordinate (y, £), the metric coefficients g** satisfy

g =3 4 e[Fra + 7L} (g + @) — £28PF Recar (¥ + @) (81 + @)
+ e (FUT T + 8T + 8T ) (8 + 05) (8" + @') + Ry, 0, V),
g = 3ol — %Rkaﬂ(ék + N (& + @) + 20507 3PS + 3T} (8T + @)
+ R3(§, 2, VD),
gl =6 — %Rk,;,l(s" + ) (& + 1) + 250, 0 0507 + R3(8, B, VD).
Furthermore, we have the validity of the following expansion for the log of the determinant of g:
log(det g) = log(det§) — 2e )5 (¥ + &%) + %eszssl(s’" +om)(E + o)
+ &2 (8 Ryapt — T, TS) (€™ + &™) (&' + @') + R3(6, @, VD).
Proof. The expansions of the metric in the above lemma follow from Lemma 2.1 while the
expansion of the log of the determinant of g follows from the fact that one can write g = G + M

with

_(g§ O _
G_<0 IdRN) and M =0(e),

then we have the following expansion

log(det g) = log(det G) + tr(G~' M) — %tr((G”M)z) +0(IM|?),
and the lemma follows at once. O
2.3. Expansion of the Laplace—Beltrami operator

In terms the above notations, we have the following expansion of the Laplace—Beltrami oper-
ator.

Proposition 2.1. Let u be a smooth function on M. Then in the Fermi coordinate (y, ), we have
that

Agu=05u+ Ag,u—el)0u — 263" 0507 93u + 263V T4 (€5 + @) opu

1 -
+ VgD VI u — 3¢ *Ruiji (8" + @) (&' + @)} u — eI 0;0" 8" 0,
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—~ gngka,-,(gk + ") (' + 0102 u+ 260,07 (TS + 3L} (E + @) u

BT Ruca + TR+

T+ rh (& + ") (' + ') og,u
+¢? (gabRkabj + %Rkiij FaCkF")(ék + @K oju — 2 Ax @I dju

+26305, 01 ) (6 + %) du

— T, 07+ TR E + PR — 3 R + @)
+267{FP TS + TS9P 0au + 28 202 (logdet {3V IS + 3 TH}(E" + @' )opu
+ R3(E. @, VO, V2D)(0ju + dau) + R3(E, D, V) (371 + 01 + O ).

Remark 2.2. The proof of Proposition 2.1 will be postponed to Appendix A. It is worth men-
tioning that the coefficients of all the derivatives of u in the above expansion are smooth bounded
functions of the variable y = ¢y. The slow dependence of theses coefficients of y is important in
our construction of some proper approximate solutions.

3. Construction of approximate solutions

To prove Theorem 1.1, the first key step in our method is to construct some proper approximate
solutions. To achieve this goal, we have introduced some geometric background, especially the
Fermi coordinates. The main objective of this section is to construct some very accurate local
approximate solutions in a tubular neighborhood of K, by an iterative scheme of Picard’s type
and to define some proper global approximate solutions by the gluing method.

3.1. Facts on the limit equation
Recall that by the scaling, Eq. (1.1) becomes
Agqu—V(ez)u+u? =0. (3.1

In the Fermi coordinate (y, x), we can write V (¢z) = V (ey, ex). Taking x = £ + @ (ey), we have
the following expansion of potential:

2
Viey, ex) = V(ey, 0) + (VY V(ey, 0), & + @) + %(VN)ZV(ey, 0)[£ + &1

+ R3(§, D). (3.2

If the profile of solutions depends only on & or varies slower on y, by the expansion of the
Laplace—Beltrami operator in Proposition 2.1 and the above expansion of potential, the leading
equation is

N

> 0% u—V(ey,Ou+u” =0. (3.3)
i=1
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Define
u(ey) =Viey, 02, hey)=V(ey, )PV, vyek,. (B4
For the leading equation (3.3), by the scaling
u(y, &) = h(ey)v(uey)g) = h(ey)v(),
the function v satisfies
Agvv — v+ 0P =0. (3.5)

We call this equation the limit equation.
We now turn to Eq. (3.1), in the spirit of above argument, we look for a solution u of the form

u(y, &) =h(ey)v(y,£) with & = u(ey)é e RV. (3.6)

An easy computation shows that

datt = hdgv + £(ah)v + ehdz &l d;v,
Bizju :h,uzf}l-zjv,
Opju = £(udah + hdapn)djv + hpudyv + ehpg' 0 ud)v,
Oyt = hdg,v + £(05h0av + 0ahdpv + hoyug! 97,0 + hdaué! 9y;v)
+ & (0ahdpué’ 8;v + 5hdaus! 9jv + 92:hv + hogpudpué s/ 07v + hoZ ugl a;v),

and

Ag,u=e>Aghv+hAg,v+2eVgh-Vi,v+e*(hAgu+2Vgh - Vg gl v
+ |V u*E7E 050 + 26hE Vi - (Vi 0jv).

Therefore, we get the following expansion of the Laplace—Beltrami operator on u:
W w2 Agu = Agnv + Ak, v+ B(v),

with B(v) = By (v) + B2(v). Where B;’s are respectively given by
—1 b 2 =1 ~ab 2 c ra 1 =k k
Bi(v) =—eu Fbja/v—f-e w g Rkabj-i-ng”j — akrcj ;%’ +®" )ojv
£J .
+e2h ' u 2 Aghv + 282(hu2)*‘v,<h : (‘%vm — Mvmf)ajv

1 1 1
+26h W PVgh - Vi v — §E2Rkijl<;§k + cbk> (Egl + q)l)al.zjv
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2( , —2%i _ i —2zj _ IAYY
+e (W8 Vg — Vi ®') (78 Vg — Vg @7) 3750
2,2 &/ J J
+&eu —Agpu—2Vgu -V @/ — uAg @ 8jv
"
L (E j
+2eu FVKM_MVKQD - Vg, (9v),

and
hit? B> (v)

1-
= —athdjVKq§ - Vg, v +25ngF“ (—gs + q)s)
7

(haabv+s{8bh3 v+ 3 habv+ha,,f 0p;v + hoap & agjv})
"

4 1 1
- gSZhMRkajz (ﬁgk + ‘Dk) (;51 + q)l)aazjv
S 1, 4
+26%hpdp @’ {74 + g‘“Fb}<—§’ + qbl)ajju
"

- 1- 1.
+e2h{~F 8 Recar + 28T, T, 3+80drfkrcg}(;5k "‘@k)(;fl +@ )aabv
+285hpdZ 7T, ( Et o )ajv

~ ~ ~ 1.
— &2 (g 0a I, — 9|8 s + C“Fh})<;§k+¢k)8bv
2 2 l_k 21 [~cb a ca b i
= 3¢ hRjaji —s + & |dqv + 2670 {8 I }o;@' dqv
N 1., .
+= 82h8 (logdet){g" 18 +g“’rb}(—g' —I—d>l>8bv
"
+ R3(E, @, VD, V2D)(0;v + 0,v) + R3(§, D, VD) (070 + ;v + 0pv).
Setting
Se(u) =—Agu+ V(ez)u —u”,
then by using the above expansion we can write

R 28 (u) = —Agnv — w2 Ak, v — B() + 2V (ez)v — kP~ = 20P
= —Apvv+v—vP — puFAg v+ (V(ey, ex) — Viey,0))v — B(v).

Now using the following expansion of potential:

_ ) _ 5
V(ey,ex) = V(ey,0) +8<VNV(£y, 0), % + q>> + %(VN)ZV(ey, 0)[% + q>} + R3(E, D),
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we obtain

A ™28 (u) = —Agnv+v —vP — " Ak, v — B(v) =: Se(v), (3.7)
where E(v) = El (v) + Ez(v) with

2

£ P 2
Bi(v) = Bi(v) — M_2<8<VNV(8y, 0), 2 + q>> + %(VN)2V(£y, 0)[% + q>} >v

and

Ba(v) = Bo(v) — R3(E, ®)v.

At the end of this subsection, let us list some basic and useful properties of positive solutions
of the limit equation (3.5).
N+2
N-2

Proposition 3.1. If 1| < p <oo for N=2and 1 < p < 575 for N > 3, then every solution of

problem:

(3.8)

—Agyv+v—0vP =0 inRVN,
v>0 inRN, ve HY(RV),

has the form wo(- — Q) for some Q € RN, where wo(x) = wo(|x|) € C®RN) is the unique
positive radial solution which satisfies

N1 o wp(r)
lim r 2 e"wo(r) =cn,p, lim =—1. (3.9
r—00

r—o00 wq(r) -

Here cyp is a positive constant depending only on N and p. Furthermore, wy is non-degenerate
in the sense that

Ker(—ARN +1- pwg_l) N LOO(RN) = Span{dy, wo, . . ., dxy Wo},
and the Morse index of wq is one, that is, the linear operator

Lo:=—Agyv +1— pwg_1

has only one negative eigenvalue Ao < 0, and the unique even and positive eigenfunction corre-
sponding to Ay can be denoted by Z.

Proof. This result is well-known. For the proof we refer the interested reader to [5] for the exis-
tence, [ 14] for the symmetry, [17] for the uniqueness, Appendix C in [29] for the nondegeneracy,
and [6] for the Morse index. O
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As a corollary, there is a constant y > 0 such that

/ (V6P + 62 — pul ™ $?)dE = yo / $dE, (3.10)
RN

RN

whenever ¢ € H'(RV) and

/¢8jwod§=0=/¢2d§, Vj=1,...,N.

RN RN
3.2. Local approximate solutions

- In a tubular neighborhood of K., (3.7) makes it obvious that S,(#) = O is equivalent to
Se(v) =0. ~
By the expression of S;(v) and Remark 2.2, we look for approximate solutions of the form

1
v=0(y,&) =wo®) + Y _ e‘wi(ey, &) + ce(ey) Z(E), 3.11)

=1

where I € Ny, wo and Z are given in Proposition 3.1, wg’s and e are smooth bounded functions
on their variables.

The idea for introducing eZ in (3.11) comes directly from [8,32]. The reason is the linear
theory in Section 4.2.2, especially Lemma 4.3.

To solve S, (v) =0 accurately, the normal section @ is to be chosen in the following form

I—-1
O =do+» 'y,
=1
where @y, ..., ®;_1 are smooth bounded functions on y.

3.2.1. Expansion at first order in &

We first solve the equation S;(v) = 0 up to order €. Here and in the following we will write
O(e’) for terms that appear at the j-th order in an expansion.

Suppose v has the form (3.11), then

Eg(v) = 8(—ARNU)1 +wi — pwg_lwl) + 8(—82M_2AK€ +A0e)Z
+ 8<M_1Fbl;3jw() + ,u,_2<VNV(£y, 0), % + ®0>w0> + (9(82).

Hence the term of order ¢ in the right-hand side of above equation vanishes if and only if the
function w; solves

Low; = —,flrb’;aj wo — M_2<VNV(8y, 0), % + <Do>w0. (3.12)
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Here and in the following, we will keep the term E(—SZIL_ZA ke + Age)Z in the error. The
reason is simply that it cannot be canceled without solving an equation of e since LoZ = 1o Z.
By Proposition 3.1, Eq. (3.12) is solvable if and only if foralli =1,..., N,

/ (M—lrh’;ajwo + u_2<VNV(£y, 0), % + <Do>wo) djwod€ = 0. (3.13)
RN

Since wy is radially symmetric, (3.13) is equivalent to

_ 1 _
Fbﬁ/|31w0|2d§:EM_ZB,-V(sy,O)/w%dg_

RN RN
Recalling the identity
%/w8d§=0/|81w0|2d§ witha:i—fi—g, (3.14)
RN RN
we get
o V¥V (ey,0) = —V(ey,0)H (y), (3.15)

where H = (—bei) ; 1s the mean curvature vector on K. This is exactly our stationary condition
on K.
When (3.15) holds, the equation of w; becomes

Low; = —M—lrb’; (3;wo + 0~ EVwo) + o (H, Po)wo. (3.16)
Hence we can write
w] =wy,1 + w2, (3.17)
where
wi=—p ' THU; and wia=0""(H, ®o)Up. (3.18)
Here U; is the unique smooth bounded function satisfying

LoU; = d;wo+ o0& wy, /Ujaiwodé_‘:O, Vi=1,...,N, (3.19)

RN

and Uj is the unique smooth bounded function such that

LoUy = wyo, /aniwodé =0, Vi=1,...,N. (3.20)

RN
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It follows immediately that w; = wq(ey, é ) is smooth bounded on its variable. Furthermore, it
is easily seen that U; is odd on variable £/ and is even on other variables. Moreover, Uy has an
explicit expression

1
Uo=——lw0——§ Vwyg. (3.21

3.2.2. Expansion at second order in &

In this subsection we will solve the equation Se(v) =0 up to order &2 by solving wy and @
together.

Suppose v has the form (3.11), then

§8(v) = 82(—ARN wy + wy — pwg_lwg) + 8(—82M_2AK€ + Aoe)Z
+ 828"2 + 8262 + 0(83),

where
_ _ 1 1 1-
Sa=n 1Fb}}3jw1+u 2<VNV9¢1>wO+ngijl<_'§k+¢(])(>(;§l+¢(l)>a,’2jw0
—1( ~ab 2 ¢ ra Ek
—uno\g Rkabj"‘ngiij— ak e +<DO djwo
w2 (E akn -2V Vedl - ungei )o;
M m KK KW VEPy — HAKP, Jojwo
— w2 Aghwo = 2(hp?) Vh- & - uvedl )o,
122 KnWwo 128 K " KM —HKRVKEPy )ojWo
— (W 2B Vi — Vi DY) (W 2E Vi — Vi BY) 0 wo + <va, % + ‘Po>w1
I _ 2 [ & 3 1 )
+ 577 (VY) V[;+¢o,;+@o wo = 5p(p = Dwg~wi,
and
—1 b —-2[gN é 1 p—2 2 2
Gr=pu" Ied;iZ +pu AV V,;—i—dio eZ—Ep(p—l)wO {(wi +e2)” —wi}.

Hence the term of order &2 vanishes (except the term e(—&?u "2 Age + Age) Z) if and only if
w» satisfies the equation

Lowy = —3§2 — &7.

By Freedholm alternative this equation is solvable if and only if §2 + & is L? orthogonal to the
kernel of linearized operator L, which is spanned by the functions d;wg,i =1,..., N.
It is convenient to write §; as

Fo= /,L_Z(VN v, @1)11)0 + §2.



260 F. Mahmoudi et al. / J. Differential Equations 258 (2015) 243-280
Then §2 does not involve @1. By (3.15), similar to w;, we can write w» as
wy = w31 + w22,
where wy 2 = o} (H, 1)Uy solves the equation
Lowp o = —u_2<VN v, ¢1)w0,
and wy,; will solve the equation
Lows, =52 — ©.
To solve the equation on wp | we write

32 = 52(Po) = 2.0 + S2(Po) + Na(Pp),

where S> 0 = §2(O) does not involve @g, S (D) is the sum of linear terms of @, and N, (Pg) is
the nonlinear term of @.
Recall that w1 = w1 + wy 2 with

w111=—;,L_1bejUj and w1,2=0'_1(H, D) Up.
Then
_ I _ ks
S2.0 =1 lfbl}ajwl,1+§u ? Ryiji (§*&' 97 wo)
- 2
— M 2<gabRkabj+§Rkiz] Fack a)(é dj w())
_ - 1 - —1 i
— (W Ak n)(E8jwo) — (h~ 2 Axh)wo — 2(ht®) ™ (Vi - Vi o) (§79wo)
_ _ - I _ 2,05 ¢
— n Tkl EE 0wo) + VIV, Ewiy 4+ SuTH (V) VIE, Elwg
- Ep(p_ l)wo Wy 1s
—1 b 2 I (£kq2
$2(Po) =1 thajw1,2+§/t Riiji®y (& 81‘ij)
i~ 2
— i l(gabRkabj+§Rkiij_ aCkFcéj')d)(])(a/wO
+u 22V VRS + nAk DY) djwo + 2(hp) " (Vih - Vk )9 wo
+2u (VK,u VK‘P])(éa wo) + p (VNV,é)wl,z+M_2(VNV,¢0>w1,1

- z 2
+u (VN) V[®o, Elwo — p(p — Dw{ ™ “wi 1w 2,
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and
Na(@g) = %Rk,ﬂ@gq){)a?j wo — (Vk@h - V@] )07 wo + u VNV, dolwy
+ %M_Z(VN)ZV[CDO, Polwo — %p(p ~ Dw) u?,.
Therefore,

_ 2 _ -
sz(@o)astZM lfbf}/ajwl,zaswo+§u 1Rkij1®é/$k3i2jw03swo

RV RN RV
—1{( ~ab 2 c ra k
—u |8 Rkabj+§Rkiij_FakFCj Dy [ 9jwedswo
RN
-2 J J .
+u " (2Vg - Vg @ +MAK¢O)/8,woaswo
RN
+2(hu)*‘(th.vK@g)/a,-woaswo
RN
+2M—2(VKM.VK¢>{))/é"afjwoaswo
RN
+M_231V(8y,0)<u_1fé'iw1,23swo+¢éfwl,laswo)
RN RV
+ 10V (e, 0)0] f &' wods wo
RN
-2
_p(p—l)/wg wl,lwl’zﬁswo.
RN

Let us denote by A the sum of terms involving w; 1 and wj 2 in the above formula. Using
(3.15) and (3.18) we can write

A=p'o " (H, ®o) I, /{a,UO FU;+0"E U+ p(p — Hwl ">U;Up)dswo.
RN
To compute this term we differentiate Eq. (3.19) on U; with respect to the variable £/ to obtain
Lo(3;Uj) — p(p — Dwl >U;djwo = 8%wo + 0~ wo + 0187 9;wp. (3.22)

Multiplying the above equation by Uy and integrating by parts, we have
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1z -2
/{8‘/U0+Uj+a 1.§JU0+p(p—l)wg U;jUp}djwo
]RN

=— / (28%jw0 + cr_lu)o)Uo
RN

= 2/ ! 58 9 71/ ! 1518
=— ———wp — =& dqwop |5 wo — o ——wo— =& Jwp |w
—1 0 jwo |05 Wo 1 0= 55 diwo Jwo
RN RN

On the other hand, by direct computations we have

/ajwoaswo=sjs/(alwo>2,

RN RN
a2, woE*d L & (0; )2——55- (91 wp)?
kj WO swo—2 Jjs §" 0k jwo) = 5 %is 1Wo)~,
RN RN RN
Riiji ®) / EX07wodswo = Ryjji P} / (@1wo)’,
RN RN

- 2
(gabRkabj + ngiu Fackra>q)§ / 3jw03sw0
RN

- 2
= <gabRkabs + §Rkiis — F;kra>¢>(1§ /(31UJ0)2-
]RN

Summarizing, we have

[ 20000 =17 8 05— (@ Reahe — T5TE)@ + @~ N Vi Vi)
RN

+2h7 ' Vh - V@i — o 205V (ey, 0)®] — o' I (H, ®p)) /(81w0)2.
Now, using the fact that

1 1
w Vg = EV"VKV and h~'Vgh= —IV’]VKV,
7 —
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we obtain (recalling the definition of o) that
Q- N 'V Vg + 207 'Veh - Vi @5 =0V IVEV - Vi &5,
Hence we summarize
/ S2(P0)dswo = 1~ { Ak B — (8% Rkabs — TG T L) PG + o VTV V- Vi &
RN
—op 20}V (ey. 0 0®] +o_11“b/1“” @]} / 181 wol?.
RN

Define Jx : NK +— NK is a linear operator from the family of smooth sections of normal
bundle to K into itself, whose components are given by

(Tk@0)* = Ak DY — (8% Riaps — TS T2) P + 0 VI VgV - Vg &}
—ou 25V (3. 0)P; +a*‘r,,jr“ @] (3.23)
Then
f S2(®0)dswo = u_l( f E wo|2) (Tk 0)* (£Y). (3.24)
RN RN
On the other hand, it is easy to check that
sz,oaswo =0= / N (Dp)dswo (3.25)
RN RN
and

/ 30, w) = {u—lr,f; / 8 Zaywo + u 33, V (e, 0) / £ Zd,w

RN RN RN
—p(p— l)/wg_2w1’1z3sw0}e
]RN
- M”bese/{asz +o71ZE + p(p— l)w(’)’_zZUs}aswo
RN
:couflf'bbse.

Therefore, the solvability of equation on w, is equivalent to the solvability of following equa-
tion on @g:

Tk Do =920y e), (3.26)

where $2(y; ) = coH e is a smooth bounded function.
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By the non-degeneracy condition on K, (3.26) is solvable. Moreover, for any given e, it is
easy to check that @9 = @ (y; e) is a smooth bounded function on y and is Lipschitz continuous
with respect to e.

Now let us go back to the equation of wy 1:

Lowy 1 = 52 — .

Since both 32 and &, are smooth bounded functions of (ey, £). Hence wa,1 = wy,1(eY, £) is also
a smooth bounded function of (ey, é ). Moreover, wz, 1 = wa,1(ey, E e) is Lipschitz continuous
with respect to e.

3.2.3. Higher order approximations

The construction of higher order terms follows exactly from the same calculation. Indeed, to
solve the equation up to an error of order /*! for some j > 3, we use an iterative scheme of
Picard’s type: assuming all the functions w;’s (1 <i < j — 1) constructed, we need to choose a
function w; to solve an equation similar to that of wy (with obvious modifications) by solving
an equation of @;_; similar to that of @y.

When we collect all terms of order O(e/) in S‘s (v), assuming all w;’s fori=1,...,j —1
constructed (by the iterative scheme), we have

gg(v) =g/ (—ARij +w; — pwg_le) + 8(—82M_2Ake —i—koe)Z
+e/3j+el€jeZ + 6 Al(ey, & Dy, ..., D) 3)edi Z
+e/ B (ey. E: Do, ... B 3)ed} Z +&/Cli(ey. E: Do, ..., D 3) Ved; Z
+e/ D (ey, E: o, ... @ 3) e Z + O(e/ 1),
with

_ 2 — &
Fi=nun ]belale_l + glzb leilek¢§'—28i2sw

i~ 2
—u 1<gabRkabs+§Rkiis_ F“)‘p, 205wo
w2V Ve Py + A @5 _,)dgwo + 2(hpw) " (Vi h - Ve @5_,)dsw

j—2 THAKP; 5)0sWo 158 K K% j_2)0sWo

+ 207 (Vi V@3 ,) (E'07wo) + 1 X (VVV, dojwj1 + 2 (VVV, @) o)wy

+u VNV, @ Ywo + M_2<VNV, %>wj_1 + 105V (ey, 0@ _,E wo
-2 -
—p(p—Dwl "wiwj_1 +Gj(ey. & o, ..., Dj-3)
72(VNV, ¢j—1>wo+§j
and
_2 _ ~ -
¢j=—p(p—Dwd “wj 1 +u VNV, ®; o)+ €j(ey, & @0, ..., D 3),

where Ai/, Bi/.e, C’;, D‘]’.b and & ; are smooth bounded functions on their variables.
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Except for 8(—82/L_2A xe + oe)Z, the term of order &/ vanishes if and only if w; satisfies
the equation

Low; =—F; — €jeZ —A;(sy,é; Do, ..., Dj_3)ed Z — By(ey,é; Do, ..., Pj_3)ed}Z

- C;(é?y, E;Py,...,Pj_3) Vked Z — D?b(Ey, E g, ..., 0j_3)d%eZ.

By Freedholm alternative this equation is solvable if and only if the right hand side is L? orthog-
onal to the kernel of linearized operator L. Before computing the projection against dswy, let us
recall that

wj—t=wj_1,1+0 H, ®;_5)Up,

where w;_1,1 L 9;wp is a function which does not involve @; 5.
As before we look for a solution w; of the form

wj=wj +O'_1<H, @; 1)UV,
where w; 1 L 9;wp solves
Lowj1=—5; — €jeZ — Ai(ey. & @, ... 0j_3)edi Z — Bif (ey.&: Do, ... j_3)ed}, Z
—05(8)’,5; Do, ..., P;_3) Vged Z —D?b(sy,é; Do, ..., Pj_3)d2eZ.

Since j > 3, we can write

§j =§j(®j72)=Sj,0+Sj(q)j72),

where S;o = Sjio(ay,é; D, ..., P;_3) does not involve @; >, and S§;(P;_») is the sum of
linear terms of @;_». Since

/ Sj(fpj—z)@swo:M_l( f |alwo|2>(JK¢j_2)S(ey>, (3.27)
RN

RN

the equation on w; | (and then on w;) is solvable if and only if @; » satisfies an equation of the
form

TkPj2=9;: Po, ..., Pj_3,e).

This latter equation is solvable by the non-degeneracy condition on K. Moreover, for any given e,
by induction method one can get ®;_» = @;_>(y; ) is a smooth bounded function on y and is
Lipschitz continuous with respect to e. When this is done, since the right hand side of equation
of wj 1 is a smooth bounded function of (ey, &), we see at once that wj 1 =wj1(y, £)is a
smooth bounded function of (ey, £). Furthermore, w i1=wj1(ey, £:e)is Lipschitz continuous
with respect to e.
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Remark 3.1. To get the higher order approximations, our argument only need the expansion of
the Laplace—Beltrami operator up to second order. It is slightly different from the argument used
in [32].

3.3. Summary

Let v; be the local approximate solution constructed in the previous section, i.e.,

1
01 (7. &) = wo®) + Y ewiey. &) +ee(en) Z(E), (3.28)

=1

for I € N an arbitrary positive integer.

From the analysis in the previous subsections, the stationary and non-degeneracy conditions
on K can be seen as conditions such that v; is very close to a genuine solution and can be
reformulated as follows.

Proposition 3.2. Ler KX be a closed (embedded or immersed) submanifold of M™. Then the
stationary condition on K is (3.15), and the non-degeneracy condition on K is equivalent to the
invertibility of operator Jx defined in (3.23).

Summarizing, we have the following proposition by taking j =1 + 1, w41 = 0, and
@11 =01n Section 3.2.3.

Proposition 3.3. Let I > 3 be an arbitrary positive integer, for any given smooth functions ®@j_1
and e on K, there are smooth bounded functions

we =we1(ey, E5e) +o (H, &)Uy, £=1,...,1,

and
G, =d;(yie), j=0.....1-2,
such that
Se(uy) = 8(—82M_2AK€ + hoe)Z + e F i+ el e ez
+ 81+1Ai[+1 (ey, E;e)edi Z + SIHB%H (ey, &; e)eafez
+elTICE (ey.Ese) - Vied Z + &' TIDE (e, &5 0)02,eZ + O(e'T2),  (3.29)
where

~ _ 2 _
Sre1=p " Thoiwr + 3k "RiisiE* @] 07 wo
“1f ~ 2 .
—n 1 (gabRkabs + §Rkiis - F;krci>§b];_lasw()

+ 1 H 2V VDS + AR P )dswo +2(hpw) T (Vih - V@) )dswo
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+ ZM_Z(VKM Vg ®j_,) (& 3,5100) +u” (VN V, do)wy + M_Z(VNV, D_1)w
_ § _ - 2
+u 2<va, s 05V (ey, 0001 wo — p(p — Dwf “wiw;

+Gryi(ey,§;e),

X
@1+1=—P(P—1)wg wy +u VNV, ¢1—1)+@1+1(8y,§;€),

1
and .A,+], ,+1, C,+1, l+1’ €1+1 and G 41 are smooth bounded functions on their variables

and are Lipschitz continuous with respect to e.
Remark 3.2. For example, EH] involves the term ,u_3 8,31 V(ey, O)@ﬁ_zék.
3.4. Global approximation

In the previous sections, some very accurate local approximate solution v; have been defined.
Denote

ur(y, &) = h(ey)vi(y, &),

in the Fermi coordinate. Since K is compact, by the definition of Fermi coordinate, there is a
constant § > 0 such that the normal coordinate x on K, is well-defined for |x| < 1000§/¢.
Now we can simply define our global approximation:

W(z) = n3s()us(y, &) forze M., (3.30)
where 77, (x) 1= n(slxl) and 7 is a nonnegative smooth cutoff function such that

ni)=1 ifjf]<1 and n@)=0 ifl|7]>2.

It is easy to see that W has the concentration property as required. Note that W depends on the
parameter functions @;_; and e, thus we can write W = W(-; @;_1, ¢) and define the configu-
ration space of (®;_1, e¢) by

ID1-1llcowciy + IV@I1llcoa(ky + IV2@r1 ]l coa iy < 1.
={ @10 e e e . (331)
||€||Coya(1<) +8||Ve||C0ﬂ(K) +e7|V E"cov“(K) <1

Clearly, the configuration space A is infinite dimensional.
For (®;_1,¢e) € A, it is not difficult to show that for any 0 < 7 < 1, there is a positive con-
stant C (independent of ¢, @;_1, e) such that

lvr(y, )| <Ce ™ W(y,E) e K, xRV, (3.32)
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4. An infinite dimensional reduction and the proof of Theorem 1.1

To construct the solutions stated in Theorem 1.1, we will apply the so-called infinite di-
mensional reduction which can be seen as a generalization of the classical Lyapunov—Schmidt
reduction in an infinite dimensional setting. It has been used in many constructions in PDE and
geometric analysis. We present it here in a rather simple and synthetic way since it uses many
ideas which have been developed by all the different authors working on this subject or on closely
related problems. In particular, we are benefited from the ideas and tricks in [8,31,32].

4.1. Setting-up of the problem

Given (®@;_1, e) € A, we have defined a global approximate solution W. An infinite dimen-
sional reduction will be applied to claim that there exist @;_; and e such that a small perturbation
of the global approximation W is a genuine solution.

For this purpose, we denote

E:=—AW+ V()W —-W?P,
Lell:=—Agp+V(e2)p — pWP "o,
and
N (@) i=~[(W +§)" = WP — pwP~lg].
Obviously, W + ¢ is a solution of Eq. (3.1) is equivalent to
Le[¢l+ E+ N(¢) =0. 4.1
To solve (4.1), we look for a solution ¢ of the form
¢ =150" + ¢,

where q)b M, — R and ¢>ﬁ : K, x RN — R. This nice argument has been used in [8,31,32] and
is called the gluing technique. It seems rather counterintuitive, but this strategy will make the
linear theory of L, clear.

An easy computation shows that

—Lel¢] = n55(AgdF — Vi + pWP™19%) + Agg® — V§* + pWP—g
+ (Agngs)‘ﬁn +2Vgn5s - Vg‘pj-
Therefore, ¢ is a solution of (4.1) if the pair (¢, $%) satisfies the following coupled system:

Ag®® — V§® = —(Agns)d* — 2Venss - Ved* + (1 — n5IE + N (050" + ¢°) — pWP~19°],
N55(Agd? — VoF + pWP19%) = nf[E + N (n5s0° + ¢°) — pWP~1¢"].

In order to solve the above system, we first define

L)[¢°]:= Ag¢” — V¢ on M., 4.2)
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and note that it is a strongly coercive operator thanks to the conditions on the potential V,
see (1.2). Then, in the support of n§ 5 We define

* =h(ey)¢* (v, &), witho*: K, x RY - R.
A straightforward computation as in Section 3.1 yields
N5 (8g9" — Vo + pWP~1¢f)
— -1 -1 ~
= n5sh? (Apve™ +u 2 Ak, 9" — ¢+ (n5)" pv] ¢* + B[¢*]).

yhere B= O(e) is a linear operator defined in Section 3.1. Now we extend the linear operator
B to K. x RY and we define

_ -1 —1 ~
Le[¢*] := Apno™ + w2 Ak, ¢* — ¢* + (n55)" pvl ™ ¢* +nisB[¢*] on K x RY,
and
Li[¢*] := Apnd* + 1 2 Ak, " — 6% + pwl ' ¢* = —Lo[¢*] + n 2 Ak.¢* on K. x RV,

Since 15, - n5 = n§ and n3s - ng; = n3s, ¢ is a solution of (4.1) if the pair (@°, p*) solves the
following coupled system:

Lo[¢"] = —(Agni)he* — 2Venss - Vo(he*) + (1 — n¥)IE + N (550" + ¢°) — pWP~1¢%],
Li[¢*1=nh™P[E + N(nishe* +¢") — pWP=1¢*] — (L, — L)) [¢*].

It is easy to check that
_(Agngs)h¢* = 2Vgn5s - Vg(h¢*) = (1 - ”g)[_(Agnga)M’* —2Vgn3s - Ve (hd’*)]
and
(1=n5) = (1= u5) (1 —njp)-
Now, we define
No(#, 6%, @11, ¢) = —(Agnsy )" — 2V, - Vi (h")
+ (L =n5)[E + N (n5s¢" +¢") — pW'9"],
and
Me(¢",¢*, @11, ¢) =5k P[E + N(n3sh¢* +6°) — pWP™'¢"] — (Le — LE)[9*].
Then W + ¢ is a solution of Eq. (3.1) if (¢°, ¢*, @;_1, e) solves the following system:

Le[¢") = (1 — n)N:(@°, ¢*, 11, €),

4.3)
Li[¢*] = M (9, ¢*, @11, e).
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To solve the above system (4.3), we first study the linear theory: on one hand, since the oper-
ator LZ is strongly coercive, then we have the solvability of equation L2[¢b] = 1. On the other
hand, one can check at once that L} has bounded kernels, e.g., d;wo, j =1,..., N. Actually,
since Lo has a negative eigenvalue Ao with the corresponding eigenfunction Z, there may be
more bounded kernels of L}.

Let v be a function defined on K, x RV, we define IT to be the L?(d&)-orthogonal projection
on d;wp’s and Z, namely

Ayl = (Myl,.... Axy] Oyalyl), (4.4)
where for j =1,..., N,
1 _ - _
ava :=c—/¢(y,€)8jwo(é)d§, with Co=f|31wo|2d§,
ORN RN

and

My [y] = / V(. BYZE)dE.
RN

Let us also denote by I the orthogonal projection on the orthogonal of 3 jwo’s and Z, namely
N
M) =y — Y ;Y10 wo — My 11[¥]Z.
Jj=1

With these notations, as in the Lyapunov—Schmidt reduction, solving the system (4.3) amounts
to solving the system

L2¢" = (1 — n)N: (", ¢*, B1_1, ),
L¥[¢*] = TH M (@°, ¢*, @11, €)], (4.5)
M (4", ¢*, @1_1,€)] =0.

It is to see that one can write
~ -1
E =n3,h" Se(v) — (Ag’?is)(hvl) - Z(Vgnga) - Vg(hvy) — ’753[(’755)]) - 1]hpvf~
Hence by Proposition 3.3,
M (9", ¢*, P1_1,e) = 8(—82M_2AK6 +xoe)Z + &S (@-1)
+e™ G ey, & e) + £I+2.]1+1 (ey,E;Pr_1,€)
+ush™ [N (n5she™ + ") — pWP™19"] — (Le — L7)[#7]-
On the other hand, since

/ S141(®1-1)dwo = con ™ Tk @1-1)* (e). 4.6)
]RN
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by some rather tedious and technical computations, one can show that

I[M(¢°,¢* ®/-1,¢)] =0

M T [®_11=e'T19 11T e) + Mo 1 (9, 9%, @11, €);

eKole] = Mo (@, &%, Dr_1, €, “.7)

= |

where $741(y; e) is a smooth bounded function on y and is Lipschitz continuous with respect
to e, Jk is the Jacobi operator on K, and K, is a Schrodinger operator defined by

Kelel:= —’Age+ /\o,uze 4.8)

where X is the unique negative eigenvalue of L.
We summarize the above discussion by saying that the function

u=W(; ®r_1,e) +nishe* + ¢’

is a solution of the equation

Agu —V(e)u +uf =0,
if the functions ¢, ¢*, ®;_1 and e satisfy the following system
L™ = (1 = n)IN-(8", ¢*, &1, e),
Li[¢*] = MMM (8", ¢*, @11, €)1,

e Tk [@1_1 1= 191411 €) + Mo 1(9°, 9%, D1, ),
eKelel = Moo (¢°, %, @11, €).

(4.9)

Remark 4.1.

(1) In general there are two different approaches to set-up the problem: the first one, as used in
[8] and [32], consists in solving first the equations of q)b and ¢* for fixed @;_; and e, and
then solve the left equations of @;_1 and e. The second one, as in [21,24] consists in solving
first the linear problem L.[¢] + ¥ = 0 under some non-degeneracy and gap conditions; and
then solve the nonlinear problem L.[¢] + E + N(¢) = 0 by using a fixed point arguments.
Our approach is slightly different from those in [§-33] and [21,23,24].

(2) After solving the system (4.9), one can prove the positivity of # by contradiction since both
¢" and ¢* are small.

4.2. Analysis of the linear operators

By the above analysis, what is left is to show that (4.9) has a solution. To this end, we will
apply a fixed point theorem. Before we do this, a linear theory will be developed.
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4.2.1. Analysis of a strongly coercive operator

To deal with the term —17§h_1’pW1’_1¢>b in Mg (¢°, ¢*, @;_1, e) in applying a fixed point
theorem, one needs to choose norms with the property that M, (¢”, ¢*, ®;_1, e) depends slowly
on qﬁb. To this end, we define

1
10700 = 11 =75,0)8" [ o + < 171542 | - (4.10)
With this notation, by the exponential decay of W, we have

[Me(@”. 0", ®1-1. )| = Cef@’|,

and

[ Me(@1. 6%, ®1-1.€) = Mo (3. 6. ®1-1.¢) |, < Ce|d] =85, .-
Since (1.2), we have the following lemma.

Lemma 4.1. For any function ¥ (z) € L°(M,), there is a unique bounded solution ¢ of

Lylgl = (1 - n5)¥. (4.11)

Moreover, there exists a constant C > 0 (independent of €) such that

[Plle,00 = CllYlloo- (4.12)

For ¢” € Cg® (M), we define

1
1600 = 100 = )6 | oo + Il cae @13

As a consequence of standard elliptic estimates, the following lemma holds.

Lemma 4.2. For any function r € Cg’a(Mg), there is a unique solution ¢ € Cg’a (M,) of

L¢l=(1-n5)v. (4.14)

Moreover, there exists a constant C > 0 (independent of €) such that

612,00 := 1 Blle.cc + 1V lleo + [ V2B, o < CUV Il 20y, - (4.15)
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4.2.2. Study of the model linear operator L}

First, we will prove an injectivity result which is the key result. Then, we will use this result
to obtain an a priori estimate and the existence result for solutions of L}[¢] = when I1[¢] =
0=rT[y].

Lemma 4.3 (The injectivity result). Suppose that ¢ € L® (K, x RN) satisfies L¥[¢] =0 and
M[¢]=0. Then ¢ =0.

Proof. We will prove this lemma by two steps.

Step 1: The function ¢ (y, &) decays exponentially in the variables &.

To prove this fact, it suffices to apply the maximum principle since wq(&) has exponential
decay and ¢ is bounded.

Step 2: We next prove that

FO) = / $2(. E)IE=0, VycK.
RN

Indeed, by Step 1, for all y € K¢, f(y) is well-defined. Since L}[¢] =0, we have

Ak f = / 26 Ak, PdE + [ 2|k, pdE
RN

RN

-1 - _
RN RN
2 20\ EVJE
>2n 7/0/¢ (v, §)d§,
RN
where in the last inequality since IT[¢] = 0 we use the following inequality
—1 - -
f{|V§¢|2+¢’2—Pw5 ¢2}d$ZVo/¢2d$. (4.16)
RN RN

Therefore, by the definition of f, the above inequality gives

Ak, f =20 f.

Since f is nonnegative and K, is compact, we just get f = 0 by the integration. If K, is non-
compact, one can first show that f goes to zero at infinity by the comparison theorem and then
get f = 0 by the maximum principle. O

Remark 4.2. Actually, following the argument of proof of Lemma 3.7 in [31], one can show that

N
p=> c/(»djwo+ N (Z, 4.17)
j=1
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if ¢ is a bounded solution of L}[¢] =0, where c;(y) (j =1, ..., N) can be any bounded func-
tion, but ¢V 1 (y) must satisfy the equation

Ag. N =aoplN L (4.18)

&

It is worth noting that (4.18) is just another form of KC.[e] = 0. When ¢ satisfies some gap
condition (cf. Proposition 4.3 below), Eq. (4.18) does not have a bounded solution.

Moreover, one can show that under the orthogonal conditions I7[¢] = 0, the linear operator L}
has only negative eigenvalues A;’s and there exists a constant cg such that

)»; <—cp<0.

To prove it, since 1> = V (3, 0) and (1.2), the inequality (4.16) implies
/ —L{glp=c / (—Lil¢)) (1?9) = cvo f ¢
Ko xRN K¢ xRN K¢ xRN

Before stating the surjectivity result, we define

W lewp = sup NP llconip, .0
(v.6)eKe xRN

where o and p are small positive constants.

Proposition 4.1 (The surjectivity result). For any function ¥ with || ||a.c < 00 and IT1[Y] =0,
the problem

Lipl =y (4.19)

has a unique solution ¢ with I1[¢] = 0. Moreover, the following estimate holds:

Ipl2.6.0p := Dllescp + 1VPllewwro + VS|, ., < ClV e (4.20)

&,a,0 —

where C is a constant independent of .

Remark 4.3. Here we choose to use weighted Holder norms, actually one can also use weighted
Sobolev norms.

4.2.3. Non-degeneracy condition and invertibility of Jx

Proposition 4.2. Suppose that K is non-degenerate, then for any ¥ € (C%*(K))N " NK, there
exists a unique ® € (C>*(K))N N NK such that

Jk[®l=¥ (4.21)
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with the property
1P 112,00 = @l cow (i) + IVPlcowky + [V2P [ cowg) < CIE o), (4.22)
where C is a positive constant depending only on K.

Proof. Since the Jacobi operator Jk is self-adjoint, this result follows from the standard elliptic
estimates, cf. [15,18]. O

4.2.4. Gap condition and invertibility of IC,
Proposition 4.3. There is a sequence & = ¢ (0 such that for any ¢ € C 0.¢(K), there exists a
unique e € C%%(K) such that

Kelel =¢ (4.23)
with the property
lells := llell coaxy + €l Vell coa gy + 82Uv2e||co,a(,() <Ce Hplcoagy, (424
where C is a positive constant independent of €.

Proof. This is a semiclassical analysis of a Schrodinger operator. The arguments are similar in
spirit as the ones used in the proof of Proposition 8.1 in [32]. We summarize them in the following
two steps.

Step 1: There is a sequence & \ 0 such that for any ¢ € L*(K), there exists a unique solution
to (4.23) and satisfies

lell2x) < Ce5 Il L2k (4.25)

This fact follows from the variational characterization of the eigenvalues and the Weyl’s
asymptotic formula.

Step 2: The unique solution satisfies (4.24). This follows from standard elliptic estimates and
Sobolev embedding theorem. 0O

4.3. The nonlinear scheme
Now we can develop the nonlinear theory and complete the proof of Theorem 1.1.

4.3.1. Size of the error
Lemma 4.4. There is a constant C independent of € such that the following estimates hold:

|V (0,0,0,0) ||C§,a(M€) + [T [M.(0,0,0,0]],, , = Ce™. (4.26)
Moreover,

| Me1(0,0,0,0) | co g, < Ce™, | Me2(0,0,0,0) | o, < Ce™'. 4.27)

Proof. It follows from the definitions and the estimate (3.32). O
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4.3.2. Lipschitz continuity
According to the estimate of error, we define

Bi={(¢".¢*. @1_1.¢) |

#0000 = 2™

¢y eq, ST NPI1 0 < e, llell < 2" (428)

Lemma 4.5. Given ((]5?, o7, Pr-1,€1), (¢;, ®3, 51_1 ,e2) € By, there is a constant C indepen-
dent of ¢ such that the following estimates hold:

”Ns(‘f’? ¢7. Pr-1,e1) _Ne(d’g’ ;. 51*1762) ||c§ﬂ(M€)
< Ce (07 = bl g+ 187 = B3 + 10121 = Broi o+ ller = eal]s).
[T M. (9], 67, @11, e1)] = T [ Mo (3. 65, D11, 2)]|
< Ce" N ([0) = bl + 167 =05 + 1911 = Prci e+ ller —eall),
[ Mo (1. 0F. @1-1.e1) = M1 (65,83 Br-1. €2) | cou

<Ce" (¢ = b3, 0+ |07 — 03 Lo + 1®1-1 = Broillzg + ller — e2]l),

£,0,0

and

||M€,2(¢t;’ ¢ikv ¢[—1 9 @1) - M&‘,z((ﬁ;’ ¢>2k7 51—1 ’ 62) ||C0,oz(K)

<Ce" (|6 = Bl ypq T 107 =030, + 1911 = Broilln + et — eall).

Proof. This proof is rather technical but does not offer any real difficulty. It is worth not-
ing that the use of the norm ||¢b||2,8,a is crucial to estimate the term —ngh’f”pWP’lq)b in

M (@°, ¢*, @1_1,e). O

4.3.3. Proof of Theorem 1.1
By the analysis in Section 4.1, the proof of Theorem 1.1 follows from the solvability of (4.9).
Now we can use the results in the linear theory to rephrase the solvability of (4.9) as a fixed
point problem. To do this, let @71 = P;_1 9 + 51_1, where @;_1 o solve the equation

TJk[Pr-10]=91410; e). (4.29)

Thus @7_1.0=P;_1,0(y; €). Moreover, the reduced system (4.9) becomes

L2 = (1 — DN (", ¢, @1_1, e),
L[¢*] = TH[ M (9", ¢*, P11, )],

e Tk [®1-11= M1 (9", 9%, B1_1,€),
eKelel = M2 (9", ¢*, P11, €).

(4.30)
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It is a simple matter to check that both ./\78,1 and M ¢,2 satisfy the properties in Lemmas 4.4
and 4.5. Taking I > 3k + 1 and X sufficiently large, Theorem 1.1 is now a simple consequence
of a fixed point theorem for contraction mapping in B;.
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Appendix A. Proof of Proposition 2.1

The proof is based on the Taylor expansion of the metric coefficients. We recall that the
Laplace—Beltrami operator is given by

1
Agu = ———— 3, (/det gg*P
gl \/m a( 88 ﬁu)

which can be rewritten as
1
Agu=g*P33gu + (0,8)dpu + 2g’”f’a (logdet g)dpu.
Using the expansion of the metric coefficients determined above, we can easily prove that
g 82514
=g 05,u+ oju +e{ZVTS + 3T (E + @')3" 07,u — 263 9; @7 93 ;u
+ (=8 Ricar + T T + 8T I + 3T 177) (65 + 0°) (8" + @) u
de 2

- TRka,z(s + M) (& + @")o7 u+ 260507 {3 TS + 3TN} (E + @)L u

2
€ k kY (gl 1\52 25ab i j 02
= 3 Ruiji (8" + %) (5" + 1)0ju + €780, 0" 957 9ju
+ R3(5, @, V) (07 + 0;u + pu).
An easy computations yields
abg _ abg(lb + 828h{ LbI'va +§LQFCI;}(SI + ¢l) _’_82{§Cb1-vc(; + g’cu[vclz}a};qjl
+R3(¢, 0, VP, VD),
. 2 i [~ ~
38" = —§s2R,-a,-l(sl + @) + 20507 (3T + 3T} + Ra(E, &, V),
a8 = —e*0,3" 0507 — 270207 + 392, 0PI + 3T (E + @)

+R3(5, @, VD, V20),
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. 1
08" = =2 Rugji (" + &%) + Rs (6, @, V).
Then the following expansion holds

(0ug"") g
= 0y 0uu + £ (TG + T} (E + @) dau + &2 {FV TG + 3T} 05D dau

2 ~
= 367 Rjaji (€' + ') dau + £20507 {F T + 8T} o
—823(}§ab85¢j8ju—82§abasg®jaju+8 32 ¢/{~bcl—va +gacl—vb}(§i +<1>i)8ju

1
= 38 Ruyji (§° + @) 0ju + B3 (§, @, VO, V20) (3ju + D).

On the other hand using the expansion of the log of determinant of g given in Lemma 2.3, we
obtain

3 log(det g) = 3 log(det ) — 2623 (%) (6 + &%) — 26° % 8;@% + Ra (£, @, VO, V20),

and

. ab 1 c ra k k
d;(logdetg) = —2e I} 4 2¢2 Rkub,+3RkH, Iors)(E 4+ %) + Ri(6. @, VD),

which implies that

lg“ﬁ do (log det g)dgu
2
= 1‘a) (logdet) (8“7 dpu + 8P4 + 3“2} (6 + @) dpu — e8"09;079;u)
—elbou + 82<§“bRkab,- + %Rk,’ji —~ ;}(FC‘E) (E + "o
2 (35(Ih) (B* + %) + g 9;0%)8°"0u + R3 (£, @, VP, V2D) (3u + d4).

Collecting the above terms and recalling that

~ ~ 1. ~
Ag,u=g02u + (8, dpu + 5g“baa(logdet D opu,

the desired result then follows at once.
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