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ABSTRACT. Let 0 < s < 1 and 1 < p < 2 be such that ps < N and let Q2 be
a bounded domain containing the origin. In this paper we prove the following
improved Hardy inequality:

given 1 < ¢ < p, there exists a positive constant C' = C(€2, ¢, N, s) such that

— p p — p
/ / [ul2) Z D gy iy e / i / [ulx) D
RN JRN |z —y) RN |z ala |z—yl

for all u € C3°(£2). Here A,y s is the optimal constant in the Hardy inequality

(1.1).

1. Introduction and statement of main results. In [17], Frank and Seiringer
proved the following Hardy inequality: for p > 1 with sp < N and for all ¢ €

COCO(RN),
o(y)P / [p(x)[?
> Anops 1.1
/N/N |m—y|N+pS B B dedy N,p, S ——dx (1.1)

where the constant Ay, s is given by

ANps = 2/ 1—0 7P 2(1 -0 7)oV P 1K (0) (1.2)
0

Ko - | dH"(y)

‘LE/ _ O.y/|N+ps .

with

ly’|=1
Moreover they proved that if p > 2, then if we set

lu(z) — u(y)? / lu(z)?
/RN /JRN |N+pg ——————dxdy — Anps o Tl dx,
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there exists a positive constant C' = C(p, N, s) such that for all u € C5°(RY),

WP 0% @)k (y) da
Gol) > ¢ [ BOZOR bt gara 0y
u(z)

where w(z) = |z|_¥ and v(zr) = o(2)

. The above inequality turns out to be

equality for p = 2 with C = 1.
For p = 2, the author in [15], proves the following improved Hardy inequality,

Gs2(u) = C(Q,q,N, s)||uHW72 @ for all uw € C3°(2) and all s/2 <7 <s. (1.4)

See also [2] and [14] for alternative proofs without using the Fourier transform.
Following closely the arguments used in [2] and based on the inequality (1.3), the
authors in [1] obtained an improved Hardy inequality stated in the next theorem.

Theorem 1.1. ([1]) Let N > 1,0 < s < 1, p > 2 with N > ps. Assume that
Q C RY is a bounded domain, then for all 1 < q < p, there exists a positive
constant C = C(§,q, N, s) such that for all u € C§°(£2),

C’/ |x_ N(ﬂ)s dz dy. (1.5)

The first main aim of this note is to extend inequality (1.3) to the range p < 2.
Precisely we prove the following ground state inequality.

Theorem 1.2. Let p < 2,0 < s < 1 and N > ps. Assume that Q@ C RV is
a bounded domain, then for all 1 < q < p, there exists a positive constant C =
C(9,q,N,s) such that for all u € CSO(Q),

WP p B
=>C \x — |N+qs w(z)2w(y) 2 dedy. (1.6)
As a consequence, we get the next improved Hardy inequality.

Theorem 1.3. Suppose that the hypotheses of Theorem 1.2 hold, then for all 1 <
q < p, there exists a positive constant C = C(Q q, N, s) such that for allu € C§°(£2),

Ju(z) = u(y)?
0// |x_y|N+qs dz dy. (1.7)

Before closing the introduction we recall the following algebraic inequalities which
will be useful throughout the paper. The first result is proved in [17].

Lemma 1.4. ([17]) Assume that p > 1, then for all0 <t <1 and a € C, we have
o=t > (1= )P~ (la]” — ). (1.8)
The second one is proved in [24].

Lemma 1.5. ([24]) For any 1 < p < 2 there exists a constant ¢ = ¢(p) > 0 such
that for all a,b € RN we have :
la —bJ?

al? —|bP — p|bP~2(b,a — b) > ¢
|a” — ] [b[P~( ) “Tal + o))"

(1.9)

and
|+ 0| — [b]P — p|b[P~2(b, a) < clal?. (1.10)
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The paper is organized as follows. In Section 2 we give some nonlinear tools in
order to get the improved Hardy inequality. In particular we define the weighted
fractional Sobolev space, we prove a Picone’s type inequality in that’s space and
the weighted Hardy inequality.

In Section 3 we prove the main results of the paper. We begin by proving Lemma
3.1 that can be seen as a ground state representation. As a consequence we get the
proof of Theorems 1.2 and 1.3.

2. Some functional setting. In this section we will introduce some notations,
definitions and prove some intermediate lemmas that will be usefull later to prove
the main results of this paper.

Let 1< q¢<p 0<fB< w and Q@ C RY a smooth bounded domain with
0 € €, the weighted Sobolev space X*7:47(Q) is defined by

de [ [ 19) o) _dudy
N

]2 |z —y|[Nres |z]Plyl?

xerah(@) = {pe L(Q, < +o0}.

It is not difficult to prove that X *-#(Q) is a Banach space endowed with the norm

Bl x5m.0.8(0) = (/Q W); + (/Q [9la) = Sy)|?_dwdy )%. (2.11)

| o |z —yNte |z|flyls

Now, we define the weighted Sobolev space X597 () as the completion of C§° ()
with respect to the previous norm (2.11).

Following the arguments in [3], see also [12], we can prove the next extension
result.

Lemma 2.1. Assume that 2 C RY is a smooth domain, then for allw € X*P%8(Q),
there ezists w € X*P TP (RN) such that wq = w and

||U~}HXS=Mv5(]RN) < CH"”HXSJMM?(Q)
where C = C(N, s,p,Q) > 0.

Remark 2.2. As in the case § =0 and g = p, if  is a smooth bounded domain,

we can endow X7%P(Q) with the equivalent norm

il rasoy = ([ [ D00 dody 43
Kot alo lz—yNte |zffly|?

Now, for w € X3P %%(Q), we set

e () — w(y) P2 (w(a) ~ wly) _dy
L(w)(z) = Ls ps(w)(z) = P.V. |z — y|N+as |2z|B|y|8

RN

It is clear that for all w,v € X*P43(RN) we have

(L(w),v) = /RN /RN lw(z) —wy) P~ (w(z) —w(y)) (v(z) —v(y)) dedy

|z — y|NHe |z|Plyl?

The next result that we will be needed later is the following Picone’s type in-
equality.
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Lemma 2.3. (Picone’s inequality) Let w € X" #(Q) be such that w > 0 in €.
Assume that L(w)(z) > 0, then for all u € C§° ( ), we have

— P . P
1 / u(z) —uly)lP dedy _ 7\ lul >

5 |x _ y|N+qS |x|ﬁ|y|5 = < (w)7 wp*l

where @ = RN x RN\ (CQ x CQ).

Proof. This result has been proven for particular cases of p,q and . For example,
Leonori et al. in [22] treated the case ¢ = p = 2 and 8 = 0 and then Abdellaoui et
al. in [1] proved the result for ¢ = p # 2. Here, we will give some details for the
case f# O and 1 < ¢ < p.

__fu@)P _ 1
We set v(z) = (@)1 and k(z,y) = P e L then

L) @)o@) = [ o) [ o) =0 ) — wl)ky) dy ds

Q

- /Q W /RN lw(z) — w(y) P~ (w(z) — w(y))k(z,y) dy dz.

Since k is symmetric, then we clearly get

(L(w)(w(@)),v(x)) =

P T
|p T Twgypt ) @)~ v (@) —w(y)k(.y) dy dr.
Now, we define vy := % so that the above quantity can be rewritten as

(L(w)(w(z)),v()) =

3] | (@) o) o) — )l ) — wi)h ) dyds
We next define

O(z,y) = Jul@)—u(y) P (o1 (@)[Pw(@) = o1 (y)[Pw(y)) [wlz)—wy) P~ (w(@)-w(y))-

It follows that
~ 1
(Lw)w(a) +5/q> (o) dy da
Q

-5/ / () — u(y) Pz, y) dy de.

We claim that ® > 0. Indeed, it is clear, by a symmetry argument, that we can
assume w(x) > w(y) Then, letting ¢ = w( )/w(x) and a = u(x)/u(y) and using
inequality (1.8), we easily obtain the claim: ®(x,y) > 0. This proves the lemma. [
Now, we prove the following lemma.
N —qs—2
Lemma 2.4. Fiz 0 < 8 < Y5 =52 and let w(zx) = |z|™7 with 0 < v < Llﬁ,
p—

then there exists a positive constant A(vy) > 0 such that

L(w) = A(y) kj‘jﬁ a.e in € RV\{0}. (2.12)
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Proof. Using polar coordinates: r = |z| and p = |y| and writing z = ra’,y = py’
with |2/| = |y'| = 1, we have that

fw) = L [ o et e 0 Ay,
R ’ PP o = Fy ¥ |

y'|=1

Now, using the change of variables o = B, we clearly get
r

N wP~Hz) [T —y|p—2 7\ N-p-1 dH" ()
L) = Fogerzs [, =07 P70 070 | e

y'|=1

We set

n—1¢,/
Kio)- | |dH ()

! — O.y/|N+qs’
ly'|=1
since 2/ € SV, then using a suitable change of variable, we reach that K does not
depend on z’, we refer to to the classical book of Grafakos [19] to see this fact.
Now as in [18], we obtain that

N—-1

z T sin™ ~2(0)
) /O : do. (2.13)

7r
(& 1— 20 cos(f) + 02)" =

K(o)=2

It is clear that, for o = 0, we have

N-—1

N WsinN*2
K(0) =25 /0 (0)do

F( N;l

and K (o) ~ 0=N79% as ¢ — oo, moveover for o — 1, we can prove that K (o) <
Clo — 1|7179. Thus we conclude that

B p—1 +oo
bw) = Pt [ w0,
with
Y()=|1—-0 P21 -0 )N P1K (o). (2.14)

+oo
Defining A(y) := (o) do, to conclude we just need to show that 0 < A(y) <
0

oo. For this aim, it is convenient to write

A("/):/O w(a)da—i—/loow(a)dazll + Is.

Notice that K(%) = ¢NFB K (€) for any € > 0, then using the change of variable
¢=1in I, it holds

+oo
A= [ K)o =1t (oVIEeh Bty g (2.15)
1

As 0 — 00, we have

K(o)(o" — 1)~} (UN**B*WP*U - aﬁﬂH) v g 1BP € L1((2,00)).
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Now, as 0 — 1, we get
K(o)(o7 — 1P (aN—l—ﬁ—W—l) - aﬁﬂs—l) < (0 —1)P7179 € L1((1,2)).
Therefore, combining the above estimates, we get |A(7y)| < co. On the other hand,

N —qgs—2
since 0 < v < Llﬁ, then A(y) >0
p—

As a summary, we have proved that

- wP~1 ) N
L(w) = A<’y>7|x\‘15+23 a.e. in RV\{0},
wP~1
where clearly the right hand-side HqTM € L}, (RY). This conclude the proof of
x
the desired result. O

As a consequence we have the following weighted Hardy inequality.

Theorem 2.5. Let 5 < N_qs , then for all u € C(‘)’C(RN), we have

fu(z) < / WP de dy
2A —_— , 2.16
(”)/.,RN \m|qs+2ﬂ v S |a:— e L (219

where A(7y) is defined in (2.15).

Proof. Let u € C*(RY) and w(z) = |z|~7 with v < N—pfsl—% By Lemma 2.4,
we have

- wb~1

L(w) = A(y) Jzfas+28

wP~1
Since WT% € LZOC(RN), then using Picone’s inequality in Lemma 2.3, it follows
that
P dx d ~ ulP u(x)|?
3 o o e e > i) = A0) [ s e

Thus we conclude. 0

Fix ¢ < p and define

/ / P(y) P dedy
. RN JRY Ix— |N+‘”\x|ﬂ|ylﬁ
ANp.g.s.8 = mn 7 5
{peCg (RN)\{0}} / o(z)| Je@)l”
XL
N |z[est28

then, as in [17] (see also [1]), we can prove that An, s~ = 2A(7) where vp =
N—B—qgs
—==.

In the case where we consider a smooth bounded domain Q of RY with 0 € Q,
we can prove the following Hardy inequality.

Lemma 2.6. Let 2 be a smooth bounded domain such that 0 € §, then there exists
a constant C = C(Q, s,p, N) > 0 such that for all u € C§°(2), we have

de</ lu(z) —uly)]” de dy (2.17)
o o7 S o Jo T —yre ol l?
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3. Proof of the main results. Let us begin by proving the next Lemma.

Lemma 3.1. Let u € C°(RY) and define w(x) = |z|~% with a = %. Consider
u(z)

v(z) =
w(z)’

|p P / / |p
2 >C — 77 _dxdy.
/RN /RN |sc—y|N+qs Te—gvres V@) o Jon \x—y|N+qs v

then for all 1 < q < p, we have

(3.18)
PROOF. The integrand in the left hand side can be written as
o) =0 e elut) el 1
FEET AR
—u =Y (@) — w P 3
B |(u(@) — u(y)) w(y)( (z) —w(y))] <w(y)> 5
@ —y|Ntas w(z)
= fl (iE, y)
In the same way, thanks to the symmetry of fi(x,y), it immediately follows that
u(z) p
[(uy) — u(z)) = ——<(w(y) — w(z))| z
lv(x) — v(y)|P wleNE (wNE = w(x) w(z)
|z —y|Ntas o())? (wlw) |z — y|Nas (w(y)>

= fa(z,y).

Hence, we can write the integral of the above term as

y)|P r 2
dxd
// lx_yws w(z) ()t dady

= */ fi(z,y)dedy + 5 / fa(z,y) dz dy.
2 JRN BN 2 RN IRN

We define the quantities

 (w(@)w(y)®
Q($7y) - w(a:)erw(y)P’
and
oy (v w(y ()P + w(y)P
v = (3 ) i w> (wlaywly)f

It is clear that Q(x,y) < % and Q(z,y)D(z,y) = 1. Thus using (1.9), one easily

obtain

fi(e9) > C Q) (“’“”)g .

[ M -, )
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It then follows that

P
2

e > Joaen (G5) ]

wlx

Lot (EOYF lu@) —u)P T w)
o (4 ) I M ) - wi)]

The same argument applied to fo yields

w<x>) % July) — u(xw}

w(y) |z — y|Ntas

R > [cQ (

- ety (55) MO 40

Combining the above two estimates we get

o o of, ol (22)'+(5) S

= e [ [ (@t (B ) D M) — iy ] sy

w(@)\* Ju(z) — uy)P~"  ulz)
=00 [ e (55) O wl) — w(u] d
Thus
Hwv) > C dedy
- ry Jry |z —y|Ntas
(3.19)
= [ )+ o) dedy,
with

hi(z,y) = Q(w,y) (

() — u()P
s w@) |

symmetric functions, we just have to estimate the

//hz(x,y)drdy-
RN JRN

To this aim we use Young’s inequality which yields

() — ()l
h dedy < —————dxd
T A e

+ C(&)/RN /RNG(x,y)dxdy,

oe)) ¥ st pl(wis) i)

w(z)' |z —y[Nre

ha(e.) = Qla.y) (

Since hy(z,y) and ha(z,y) ar
quantity

(3.20)

with
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We claim that

p R »
I —/N Nny de dy < C’// |xy|N(+q)S| w(x)2w(y) 2 dzdy.
RN JR Sy
Indeed, notice that

- () (@) 7 (w(z) —w@)P
r= // Ty e (@ rw@ry

a _ |y|lp ap(p—1)
RN ey ([2]0P + [y|oP)P |z — y|Nas
To compute the above integral, we closely follow the arguments used in [18]. We
set y = py’ and x = rz’ with |2/| = |y’| = 1, then

a _ |y lelp ap(p—1)
[ ] [ Lm iy ] do
RN ry (|2[*P + [z]|*P)P |z — y|N+as

[e7e] « (o4 (e% —1)4+N-1
— / up(x)/ (|r> = po[pporP—1) (/ d—y/>dpda:.
RN 0 (rPe + pP)P sv—1 |py’ — raf|NFas

We set p = ro, then

1

I / uP (z) /°° |1 —o%Pger- DN ( / dy’ ,)d d
— odx
Ry [2|%° Jo (14 oor)P sy |y — a/|NFes

B uP(x) [ 1 - Ua|p0ap(p—1)+N—1
= /RN TE /0 A+ ooy K(o)dodx

p
_ ,U/ U (x)d:m
RN [z[?*

where

oo |1 _ Oa|p0.ap(p—1)+N—1
i e
As in the proof of Lemma 2.4, we can prove that 0 < p < oo. Since u(x) =

_ |v(z)|?

Let By = W + (‘1_27”)8 then 50 < qus. Applying Lemma 2.4, we obtain that

K(o)do.

v(x)|x\_(N;P5), we get

I < C [v(@) — vl 5 Y drd
< |m K w(@) i) dedy
RN RN
and the claim follows.
As a direct consequence of the above estimates, we have proved that

/]RN /RN |z — |N+q)S dz dy C/ |:17* |N(+q)sp w(z)w(y) ddedy (3.21)

which is the desired result. O
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Remark 3.2. Let €2 be a bounded domain such that 0 € Q and define

Hq(v) = /Q Mw(fﬁ)%w(y)%daﬁdy

o |v—ylNtae
where u € C§°(Q2) and v(z) = %, then using the same arguments as in the proof
of the previous lemma and by the extension Lemma 2.1, we can prove that

_ P
Ho(v) > C(Q) /Q [ mdazdy. (3.22)
Before proving the main results, we need the next algebraic inequality.
Lemma 3.3. Assume that 1 < p <2, then for all 0 <t <1 and a € R, we have
la — 1%t
(la =t +[1—t[)>»

for some positive constant C), depending only on p.

o=t = (1=t (la” — ) > G, (3.23)

PrOOF. Clearly the above inequality is true for ¢t = 0 and ¢t = 1. In the same way
we can prove that (3.23) holds if @ = t. Then we can assume that 0 < ¢t < 1 and

a € R\{t}.
We define a = $=£. We can rewrite (3.23) in the equivalent form
1 la(l—t)+tP —t (a—1)2
- p_ >C)—t 3.24
t {|a| 1—t P(la| + 1)2-» (3.24)

We divide the proof in two cases:
The first case: « > 0. Notice that if (3.24) holds for a > 1 and for all ¢t € (0,1),
then (3.24) holds in particular for z =1 —¢. Thus

L e ezt =2 - (-2 (a—17
— {| | . } > Co a1 (3.25)

Now, let € € (0,1) and define o = %, then o > 1. Substituting « in (3.25) we obtain

that ) )
N e R
z -2z (€[ +1)>-»
Thus, it suffices in this case to prove (3.24) for o > 1. For this aim, we define
ol —t)+tP—t
N 1—t ’

he(t)

By a direct computations we obtain that

B (t) = p(1 —a)|a(l —1t) +1tf; (a1l —t)+t)—1 n }llaftz

and

G E— {a(l — 1)+ t|P—2<2(a(1 — 1)+ 1)2 — 2p(a — 1)(1 — t)(a(l — 1) + 1)

#alp = la =170~ 07) -2
Using the fact that a(1 —¢) +t = (o — 1)(1 — ) + 1, it follows that
ho(t) = s %

{|a(1 —0) 4+t (= 2P -Dla 120 -2 +22 - p)a-1)(1-t)+2) - 2}
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Since a(1 —t) +t > 1, we claim that A/ (t) < 0. Indeed, setting p = (o — 1)(1 —¢),
we clearly have that

W) = g T0) = gy (0 + 12 (2422 = 2o - 2 =)= /) -2

A straightforward computations show that 77(p) = —p(p — 1)(2 — p) (p&i);;;s <0

since 1 < p < 2. Hence T'(p) < T(0) = 0 and the claim follows.
Now, using Taylor-Maclaurin Formula

() — ha(0) = th1,(0) + / (t — $)!L(s)ds,

and observing that h,(0) = |a|P and AL (0) = —(p — 1)|a|? + pla|P~2a — 1, we have
that
la(l —¢) +tP —¢

la|P —
1-1¢

= ha (0) - ha (t)

t
= t((p— D)ol — plafP~2a +1) + / (s — t)h(s)ds,
0
> H(p— 1o - plaf2a +1)

since h” < 0 by the previous claim. Therefore we conclude that

1 oa(l—1t)+tP -t _
 {lap - PE=DEEZ S (- pjap — plap-2a -+ ).

It is clear that

(0 = Dlal’ = plafPa+ 1)(ja] + 1)*77 > Cy(a - 1)?

Hence the result follows in this case.
The second case: « < 0. Setting & = —«, then we need to prove that

a(l—t)—tP - a+1)?
1{|dp—|(1 t) —t| t}>c (@+1)

=(1+4+a)" Va>0,te(0,1).

t 1—t ~ P (al 4+ 1)2-p
(3.26)
It is clear that
1 vl —t)—tP -t
t 1—1¢
1(,. a(l—t)+tP—t 1 (|a(l—t)+¢tP a(l—t)—tlP
U f g 80 =0+t =) 1 {160 -0 +iP a0 =0~
t 1—t¢ t 1—t 1—¢
We set & ) |
1 al(l—t)+tP—t
5.1) = = d1alP —
w1 = {ia gty
and

L flat =+t a1 —t) — P
Ro(@1) t{ -t  1-t }

Since & > 0, then Rs(a,t) > 0. Now, using the first step we reach that
Ri(a,t)(|a] +1)*77) > C(p)(a - 1)%
It is clear that, independently of the values of Ry and ¢ € (0, 1),

(& — 1)2 > C’(d + 1)2 for all & € RT \ (; g)
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Hence we will consider the case a € [%, %} To get the desired result it suffices to
show that
23
Ry(&,t) = Cy > 0 for all (&,t) € [5, 5] x (0,1). (3.27)

By a direct computation we get

iRg(d,t) =2 (d(l — )+t a1 —t) — P2 (a1l —t) — t))
o t
This quantity is clearly positive, then Rs is increasing in & and we obtain that
2 (2)r 1 5 23
Ry(6,1) > Ra(=,t) = —3 14+=tP—1—=t]P ) > C, for all (&,t) € [=, =]x(0,1
(60> Ra(3,) = s (5= ) 26, forall @) € (. 51x(0.)

Indeed, we use Formula (1.9) with a =1+ 3¢ and b = |1 — 5¢|. For ¢ < 2 Formula
(1.9) yields

1 5 9¢2
1+ -tP—-1—-=tlP > ¢
| 2 =1 2 | (J1+ 3¢+ 11— 3¢))2-

)
_ 2yt
p+3pt|1 2t|

and for ¢ > 2 Formula (1.9) yields

4(1 —t)?
(11 + 5t + 1 = 3¢))

Clearly in the two cases we have that

1 1 5
— 1+ =tP -1 —=t]P| > .
s (g -n-3er) 6,

This proves (3.27). Thus (3.26) follows and then we conclude. O

1 5 5
ZHP 1 — 24P > _ _ 241
\1+2t| 11 2t| >c P +2p(1 —1t)1 2t| :

We have now all the ingredients to prove Theorem 1.2. This is the aim of the
next subsection.

3.1. Proof of Theorem 1.2. Recalling the definitions given in the proof of Lemma
3.1

M= w@tuw) = o) =l
where ( )
|(u(z) — u(y)) — =2 (w(z) —w(y))]” :
_ w(y) w(y)
frlew) = o= ylNF (i)
and ( )
|(uly) — u(x)) — =2 (w(y) — w(z))[” .
_ w(x) w(z)
falw,y) = |z — y|Ntas (My)) '

We define the subsets of 2 x ,
Dy ={(z,y) € 2xQ:w(y) Sw(z)} and Dy ={(z,y) € AxQ:w(z) <w(y)}
Then

v(z) —v(y)lP » 3
/ %w(x)zw(y)zdxdy = / fl(m,y)dwdw/ fa(z,y) dz dy
ala lv—yl D1 b2
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We first estimate J;. To do so, we set

Iﬂ%w:KM@—U@»_Z@%M@—w@»V(Mw>.

‘We rewrite I; as

L A P
Il(x7y) = (ay
(1ute) = ul)] + 125 w(a) ~ w)) >F A
x ((\u(x) u(y)| + |u((z)) (w(z) — (ym)(?*p)%

Using Hélder’s inequality, it follows that

~

(NS

u(y 2
—u(y)) — — 5 (w(z) —w(y))
/ fi(z,y)dady < (// Y yu(m) Y | wa;)
D D yN+as ([u(x | (w(z) — w(y))‘)(?—p) w(z

e — —u(y) +|w($
u(y)

D) + =2 (w(z) — w(y)|)P\ 22
w(y)
<//1?1 |z — y|N+as ) . (3.28)

Using Remark 3.2, we reach that

~

(I(ue) — u@)] + 1 (w() — w(y))|)dady

w
i e ,
Dy |z — y|Nta

u(y)
|~y (W(@) —w(y)))Pdady
Cl// |x_y‘N+qs + o gV e < C(Q)Hq(v).

We deal now with the first term in (3.28). Since w(y) < w(z) in Dy, then by setting

t= ggg; and a = ngg we get

(|ut@) = u)l +1%

WPl 1P

(Ja—t]+ 1=t
< W @@ (la =t~ (1 =0 (lal — 1))
e [E) W) e v@) e
= w@ROPI5 e e o i)

lu(@)[”— Ju(y)[?
wr=t(z)  wr=i(y)

= fu(z) —u) — (w(z) = w(y))P*(w(z) —wly)(
Using the fact that, for all (x,y) € RN x RV,

u(z) — u(y)[” — (w(z) — w(y)"*(w(z) — w(y))(

).
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it follows that

(@) — u(w)) — Y (w(z) - wim))]?

O(Q)// w(y) w(y)
Dy _ 2|N+gs o u("T) _ 2—p w(x)
|z — y[VHe (Julz) — uly)| + Iw(x) (w(z) —w(y)))
< [ [ M) -ugppay
~ _ N+ps
RN JRN lz — yl
- (s — L () — w(y) P2 (w(2) — w(y))ddy
RN JRN |z — y|NFPs

= Gsplu)

This implies that
[ ] hlewdedy < c@6E @ (), (3:29)
Dy
Similarly, by symmetry arguments we obtain that
[ ] flewdsdy < c@6E @ (). (3.30)
D»
Combing (3.29) and (3.30), we get
Ha(v) < C(Q)C:,(w)Hy* (v)
and then
Ho(v) < C(Q)Ga p(u)

which is the desired result. L]

Proof of Theorem 1.3 The proof follows combining the results of Lemma 3.1
and Theorem 1.2. n
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