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BREZIS-NIRENBERG PROBLEM NEAR THE CRITICAL
EXPONENT
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1. INTRODUCTION

Let Q C IR? be a bounded domain with smooth boundary and consider
the boundary value problem

Au+du+u?i=0 1in ),
u>0 in Q, (1.1)
u=20 on 0f2.

Integrating the equation against a first eigenfunction of the Laplacian yields
that a necessary condition for solvability of (1.1) is A < A;. On the other
hand, if 1 < ¢ <5 and 0 < A < Aq, a solution may be found as follows. Let
us consider the Rayleigh quotient

ul? — ul?
Qx(u) = Jo[Vul )\fﬂi | for any v € H}(Q)\ {0} (1.2)
(Jo lulatt)at

and set

S ueHg?g)\{o} Qx(u). (1.3)
The constant S is achieved thanks to the compactness of Sobolev’s embed-
ding if ¢ < 5, and a suitable scalar multiple of it turns out to be a solution
of (1.1). The case ¢ > 5 is considerably more delicate: for ¢ = 5 compact-
ness of the embedding is lost while for ¢ > 5 there is no such embedding.
This obstruction is not just technical for the solvability question, but essen-
tial. Pohozaev [11] showed that if € is strictly star-shaped then no solution
of (1.1) exists if A <0 and ¢ > 5. Let Sp be the best constant in the critical
Sobolev’s embedding,

2
ueCh R0} ( Jps [ul5)1/3

Let us consider first the case ¢ = 5 in (1.2) and define the number
A =1inf{A >0 : Sy < Sp}. (1.5)

In a well-known paper, [2], Brezis and Nirenberg established that 0 < A* <
A1 and, as a consequence, that S) is achieved for A* < A < Ay, hence (1.1)
1
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is solvable in this range. When Q is a ball they find that A* = \;/4, while
no solution exists for A < \*.

Let us assume now that ¢ > 5. In this case Sobolev’s embedding fails
and the quantity S) may only be interpreted as zero. Thus, no direct vari-
ational approach applies to find existence of solutions. Consequences of the
analysis of this paper are the following existence and multiplicity results for
Problem (1.1) in the super-critical regime when ¢ is sufficiently close to 5.

Theorem 1. (a) Assume that \* < X\ < A1, where \* is the number given
by (1.5). Then there exists a number q > 5 such that Problem (1.1) is
solvable for any q € (5,q1).

(b) Assume that Q is a ball and that A1 /4 < A < A\;. Then, given k > 1
there exists a number qi > 5 such that Problem (1.1) has at least k radial
solutions for any q € (5,qy)-

While the result of Part (a) resembles that by Brezis and Nirenberg when
q = 5, in reality the solution we find has a very different nature: it blows up
as ¢ | 5 developing a single bubble around certain point inside the domain.
The other solutions predicted by Part (b) blow-up only at the origin but
exhibit multiple bubbling. Let us make this terminology somewhat more
precise. By a blowing-up solution for (1.1) near the critical exponent we
mean an unbounded sequence of solutions u,, of (1.1) for A\ = \,, bounded,
and ¢ = ¢, — 5. Setting

M, =a ! max uy, = o Yy (2,) — +o0

with a > 0 to be chosen, we see then that the scaled function
Un(y) - Mnil un(xn + MT(anfl)/Q y)7

satisfies
Avy + o8 + M, =Dy 0, =0

in the expanding domain Q,, = ngqnfl)/ 2(9 — &y ). Assuming for instance
that z,, stays away from the boundary of €2, elliptic regularity implies that
locally over compacts around the origin, v,, converges up to subsequences to
a positive solution of

Aw+w’® =0
in entire space, with w(0) = maxw = a. It is well-known, see for instance [4]
that for the convenient choice a = 3!/%, this solution is explicitly given by

31/4

w(z) = ——=.
B =T
which corresponds precisely to an extremal of the Sobolev constant Sy. Com-

ing back to the original variable, we expect that “near xz,,” the behavior of
un(y) can be approximated as

(1.6)

31/4 M,
a \/1+Mf{ |y_$n|2

un(y) (L+o(1)). (1.7)
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Since the convergence in expanded variables is only local over compacts,
it is not clear how far from x,, the approximation (1.7) holds true, even
if only one maximum point z,, exists. We say that the solution w,(x) is
a single bubble if (1.7) holds with o(1) — 0 uniformly in €. The solution
predicted by Part (a) has this property around a point of the domain that
will be precised below, while those of Part (b) have the form of a “tower”
of single bubbles centered at the origin. As we shall see, radial symmetry is
not needed for the presence of these solutions: just symmetry with respect
to the three coordinate planes around one point of the domain suffices. The

results of [3] concerning asymptotic analysis of radial solutions in a ball when
the exponent approaches the critical exponent from below, suggest that the
object ruling the location of blowing-up in single-bubble solutions of (1.1)
is Robin’s function g, defined as follows. Let A < A; and consider Green’s
function G)(z,y), solution for given x € Q of

~A,Gr—AGy =6, yeQ,

Ga(z,y) =0 y € 0.
Then we define
ga(x) := Hy(z, x)

where
1
Hy(z,y) = ——— — Gy(x,y) .
o) = e~ Galey)
It turns out that g)(z) is a smooth function which goes to +o0o as x ap-
proaches 0f). Its minimum value is not necessarily positive. In fact this
number is decreasing in A. It is strictly positive when A\ is close to 0 and
approaches —oo as A T Aj. It is suggested in [3] and recently proven by

Druet in [9] that the number A* given by (1.5) can be characterized as
A* =sup{A >0 : mg%ng,\ > 0}. (1.8)

Besides, it is shown in [9] that least energy solutions wy for A | A* constitute
a single-bubble with blowing-up near the set where g, attains its minimum
value zero.

We consider here the role of non-trivial critical values of gy in existence
of solutions of (1.1) in dimension N = 3. In fact their role is intimate,
not only in the critical case ¢ = 5 and in the sub-critical ¢ = 5 — . More
interesting, their connection with solvability of (1.1) for powers above critical
is found. In fact phenomena apparently unknown even in the case of the
ball is established, which put in evidence an amusing duality between the
sub and super-critical cases.

The meaning we give of a non-trivial critical value of gy is as follows:
Let D be an open subset of Q with smooth boundary. We recall that g,
links non-trivially in D at critical level Gy relative to B and By if B and
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By are closed subsets of D with B connected and By C B such that the
following conditions hold: if we set I' = {® € C'(B,D) / ®|p, = Id}, then

sup gx(y) < Gy := inf sup gr(®(y)),
yE By éeryEB

and for all y € 0D such that g)(y) = G, there exists a vector 7, tangent to
0D at y such that

Vga(y) -7y #0.
Under these conditions a critical point y € D of gy with g)(y) = Gy in
fact exists. It is easy to check that the above conditions hold if

inf < inf > ,
;gpgx(w) mle%DgA(w) or igggx(w) sup g ()

namely the case of (possibly degenerate) local minimum or maximum points
of g). The critical value G may be taken in these cases respectively as that
of the minimum and the maximum of gy in D. These also hold if g, is
C'-close to a function with a nondegenerate critical point in D. We call Gy
a non-trivial critical level of gy in D. This notion of local notrivial critical
level was used in analyzing concentration phenomena in a different context
in [5].

Theorem 2. Let us assume that there is a set D where gy has a non-trivial
critical level Gy .

(a) Assume that Gy < 0, ¢ =5+ €. Then Problem (1.1) is solvable for all
sufficiently small € > 0. More precisely, there exists a solution u. of (1.1)
of the form

31/4 M.
a \/1 + Mél‘y—CEP

where o(1) — 0 uniformly in Q as e — 0,

M. = 8/2(=Gy)e !, (1.10)
and (. € D is such that gx((:) — Gn, Vgr(¢:) — 0 ase — 0.

(b) Assume that Gy > 0, ¢ =5 —¢e. Then Problem (1.1) has a solution
ue of (1.1) ezactly as in Part (a) but with M. = 8+/2Gye1.

We observe then that Theorem 1 follows from Part (a) of the above result
making use of the characterization (1.8) of the number A*. The result of Part
(b) recovers the asymptotics found for the radial solution of (1.1) when € is
a ball and 0 < A < A\;/4 in Theorem 1 of [3].

Next we state our result concerning the presence of solutions with multiple
bubbling from above the critical exponent in a domain exhibiting symme-
tries, from which Theorem 1 Part (b) is an immediate consequence. We say
that Q C R? is symmetric with respect to the coordinate planes if for all
(y1,Y2,y3) € Q we have that

ue(y) (14 0(1)) (1.9)

(_?/1,?/2,?/3)a (?/1,—92,93), (ylayQa_y3) € Q.
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Theorem 3. Assume that 0 € 2, and that Q is symmetric with respect to
the coordinate azes. Assume also that g\(0) < 0 and ¢ = 5+ . Then,
given k > 1, there exists for all sufficiently small ¢ > 0 a solution u. of
Problem (1.1) of the form

344 M,

us(r) = Jz::l \/HTW (1+0(1))

where o(1) — 0 uniformly in Q and for j =1,... |k,

N
= @ (S2) gy

The solution predicted by this theorem is a superposition of k bubbles

with respective blow-up orders £33 for j=1,... k.

Bubbling solutions for semilinear equations near the critical exponent has
been the object of various works in the literature. In particular we refer the
reader to [1, 7, 6, 10, 12] and references therein for construction of bubbling
solutions in relation to Green’s function of the domain. The results above do
have analogues for dimension N > 4, which we shall state in the last section.
It should be remarked that when N > 4 we have that \* = 0. The object
responsable for concentration and single-bubbling as A | 0 or A = 0 and ¢
approaches critical from below, around a non-degenerate critical point of the
function gg, was first established in [12]. The phenomenon of multi-bubbling
in the radial case in higher dimensions seems to have been observed first
in [7]. A functional analytic setting that allowed to establish the presence of
bubbling solutions for slightly supercritical powers and A = 0 in the presence
of a small hole in the domain was devised in [6].

Next section will be devoted to sketch the proofs of the above results,
whose full details will be provided in the forthcoming paper [8]. In the last
section we discuss how these results extend to higher dimensions.

2. SKETCH OF PROOFS

Let ¢ be a point in . We consider spherical coordinates y = y(p,0)
centered at ¢ given by

y—¢
ly — ¢
We consider now the transformation transformation
/U(':C’ 9) — %(U)(CC, 9) = 2& 671 U(C + 672:13 y) )

Let us denote by D the (-dependent subset of S = IR x S? where the variables
(x,0) vary. After these changes of variables, problem (1.1) becomes

AN v+ " —v+4re @y 40Ty =0 in D (2.2)
v>0 inD, v=0 ondD.

p=ly—¢| and 0= (2.1)
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Here and in what follows, ' = a%. Let us write
31/4
— 5 M2
V1t+p=2ly =]
for a point ¢ € IR3 and a positive number . We observe that
Tswyc(x,0) =W(z —§),

[SIES
—~
o
w
SN—

Wp¢ (y) =

where W (z) = (12)Y%e=* (1 + 6_4“”)71/2 and g = e~ %. W is the unique
solution of the problem

W" —W +W?3>=0 on (—00,00),
W'(0) =0, (2.4)
W>0, W(x)—0asz— too.

Let us consider points 0 < & < & < --- < &. We look for a solution
of (2.2) of the form

k

v(z,0) = Z(W(m — &)+ (z,0)) + o(x,0)

i=1
where ¢ is small and II;(z, 0) satisfies the boundary value problem

—(4Ag I+ I I+ 4Xe ) =4Xe @ W(z—¢) D,
(2.5)
II=-W(z-¢) on 0D.

A main observation is that v(x,0) ~ 2 | W (z — &) solves (2.2) if and only

if, going back in the change of variables, with j; = e~

k k 1/4 f1/2
UMNQ%ZW@%»NZ — L
i=1

=y - P2

solves (1.1). Let us write
k
Wl(x) = W(.%' — fl) , Vi=W;+1I;,, V:= Z Vi. (2.6)
i=1
If we set v := V + ¢. then solving (2.2) is equivalent to finding ¢ such that
Lyrxo = —Ny(9) — Ry in D
(2.7)
¢=0 on 0D

where, with ¢, = 2-(4-5)/2
Loa(9) == 4Ag0+¢" —p+4Xe ™+ ge DTV g,
N(6) = cq e [(V 4 ¢)f —VI—qVi g,
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and
k
R, :=¢q ela=Drya _ Z WP, (2.8)
i=1

Rather than solving (2.2) directly, we consider first the following interme-
diate problem: Given points & = (&1,...,&) € IR* and a point ¢ € Q, find
a function ¢ such that for certain constants c;;,

Lq,A¢ = _Nq(¢) - Rq + Zczj Zz‘j in l)7

=0 ondD, (2.9)

/ Zij¢drdd =0 foralli,j,
D

where Z;j(z,0) = T5(%j), i = 1,... ,k, j = 1,... ,N + 1, with z; is the
solution of the boundary value problem

{ zZJ(AZZZOJ ) o ;I;%Q (2.10)
and the 2;; are respectively given for i =1,... ,k, j=1,... ,N, by
. 0 . 0
Zij(y) = a—cjwm,c(y), Ant)s(y) = a—mwm,g(y)- (2.11)
A straightforward computation then yields that Z;; satisfies
{ (402 Zij+ Z; — Zij+4Ne Y Z;) =5WE Zy; in D (2.12)
Zij =0 on 9D

with Zij = T5(%;j). We will see that problem (2.9) is uniquely solvable if the
points &;, ¢ satisfy appropriate constraints and ¢ is close enough to 5. To
this end we consider first the linear problem in (D): Find ¢ such that for
certain real numbers c;;

Lq7,\¢:h+Zcz~sz~j inD,

¢=0 on 0D, (2.13)
f Zij ¢ =0 V’L,] .

D

We need uniformly bounded solvability in proper functional spaces for Prob-
lem (2.13), for a proper range of the &’s and ¢. To this end, it is convenient
to introduce the following norm. Given a small but fixed positive number o
let us set us set

k
][« := sup v Y x)]p(z,0) with v(z):=e®+ Z e~olr=¢il
(z,0)€D i=1 (2.14)

and consider the subspace C, of the continuous functions ¢ for which ||¢]|.
is finite. Let € = |¢ — 5|. Then we have the following result.
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Lemma 1. Let A € (0, \; —9) and dist(¢,0Q) > & for some small positive .
There exist positive numbers €y, dg, Ro, and a constant C' > 0 such that
if the points 0 < £ < & < --- < & satisfy

) 0 .
Ry<&, Ro< min (641 -&), & <— ifq#5, & <oo,
1<i<k €0 (215)

then for all |¢ — 5] < e¢ and all h € C(D) with ||h||« < +o00, Problem (2.9)
admits a unique solution ¢ =: T, (h). Besides,

[Tyga(W)ll« < C bl and |ejj| < ClA]..

Consider the map & — T., with values on L(C.). This map is of class C*.
Moreover, there is a constant C > 0 such that

[ DeTel ey < C
uniformly on § and \ satisfying conditions (2.15).
To solve Problem (2.9) we restrict conveniently the range of the param-

eters &. Let us consider for a number M large but fixed, the following
conditions:

{ & > 2log(Me)™t, log(Me)™! < minj<jc (&1 — &)

& < klog(Me)~t. (2.16)

Useful facts that we easily check is that under relations (2.16), N, and

R, defined by (2.8), (2.8) satisfy for all small ¢ > 0 and ||¢||« < 1/4 the
estimates:

INg(O)ll« < Cll@ll7 and |7, < C (e |loge| + g = 5]) o

2.17

provided e = |¢ — 5] is small.

Lemma 2. Let 0 < 1. Assume that relations (2.16) hold and let ¢ =
|g — 5|. Then there is a constant C > 0 such that, for all e > 0 small enough,
there exists a unique solution ¢ = ¢(&1,... &, C) = ¢(&,C) to problem (2.9)
which besides satisfies

]l < Ce'™7 and || Decolls < Ce™7 .

For the proof of the existence part we observe that ¢ solves (2.9) if and
only if
¢ = Tya(Ng(9) + Rg) =: Aga(9) -
Thus we need to prove that the operator A, ) defined above is a contraction
in a proper region. Let us consider the set

Fr={o€C(D) : ||¢|l. <re'~7}

with r a positive number to be fixed later. From Lemma 1 and (2.17), we
get

14l < ClNy(0) + Byl < O [(re)0-7) 7] <t
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for all small e, provided that r is chosen large enough, but independent of e.
Thus A, maps F, into itself for this choice of r. Moreover, A, turns
out to be a contraction mapping in this region. It is indeed easy to check
that N, defines a contraction in the || - [|«-norm. O

According to the above result, our problem has been reduced to that of
finding points & and ¢ so that the constants ¢;; which appear in (2.9), for
the solution ¢ given by Lemma 2, are all zero. Thus we need to solve the
system of equations

cij(€,¢) =0 for all 4,3 (2.18)

If (2.18) holds, then v = V + ¢ will be a solution to (2.2). This system turns
out to be equivalent to a variational problem, which we introduce next.
Let us consider the functional

Far&,Q) == Fya(V +9), (2.19)
where ¢ = ¢(£, () is given by Lemma 2 and F, , is defined by

1
Fya(v) = 2/Dyv9v\2+§/[)[yv'y2+yvy2}

—2)\/ e 1T y? — L/ ela=d)@ |y|att
D q+1Jp

Solving system (2.18) turns out to be equivalent to finding a critical point
of this functional, namely equivalent to

VFaa(€,¢) =0.

The key point to find the desired solutions is the following fact, which is a
consequence of the estimates given in Lemma 2.

Lemma 3. The following expansion holds
fq,)\(ga C) = Fq,)\(v) + 0(6) )

where the term o(e) is uniform in the C'-sense over all points satisfying
constraint (2.16), for given M > 0.

This result basically says that to obtain a solution of the problem, we
need to find a critical point situation for the function f, (&, ¢) := FyA(V)
which remains under o(¢) C! perturbations. It is convenient to relabel the
&;’s in this functional, so that we define

_ 1 1
eg (1, C) = fyn (—glogul, . 7_510gﬂk7C) : (2.20)
A straightforward computation yields that
eg (1, ¢) = Ega(U) (2.21)

where

Uly) = 2 was ¢ () + W),
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with 7, ¢ = 7})_1(1_[5],7() and & = —% log 115, and for any u : Q — IR,

1 A 1
Ey(u) = —/ |Du|2——/ u2——/ uttl (2.22)
’ 2 Ja 2 Ja g+1Ja

Next Lemma gives the energy estimate that shows that this critical point
situation for the above functional indeed is present under the given assump-
tions.

Lemma 4. Assume that ¢ = |¢ — 5| and X € (0, A1) such that gx(¢) # 0.
Choose the parameters p; as follows

,U,1:€A1, HjJrl:,U’j(Aj+16)2) jzl)”'ak_la

(2.23)
for some positive numbers § < Aj < 5§71,
Then the following expansion holds,
1
egr(t,¢) = kao+ Ek(k—i— 1)age]|loge| + o(e) (2.24)

k

+e {al gA(Q) Ay +kaglog Ay + > {(kﬁ —j+1)aylogA; — as Aj} }
j=2

uniformly with respect to the parameters A;, as € — 0. Here a;’s are uni-

versal constants and the quantity o(g) is uniform in and C' senses in (, A)

for ¢ ranging on compact sets.

The proof of this lemma is a rather lengthy computation which uses as a
main factor the relationship between the term 7, . and the regular part of
Green’s function H), or more precisely, the fact that

Tuyc(y) ~ n 2 HA(C,y) -

We recall that g(¢) = H\(¢, (), and this is why this term appears in the
expansion of the energy. With the above ingredients we are in a position to
provide a proof of our main results.

Proof of Theorem 2. Let ¢ = 5+ ¢ and A € (0,\;). We need to find
a critical point of &(u,() = ]-'q»\(—%log i, ¢). We consider the change of
variables p = p(A) given by u = Ae, with A > 0. Thus we are interested in
finding critical points of the function ¢ (A, () = E(u(A), ().

With the previous change of variables, the result in Lemma 3 and the
expansion given in Lemma 4 read now as

Ve(A, €) = ao + a1 gA(Q)A + ag log Al + age |log e + o(e)

uniformly with respect to A > ¢ and dist(¢,09Q) > 4.
Again from Lemma 3, which actually holds with the o(g) term in the C*
sense uniformly on A > ¢ and dist(¢,9€2) > 9, we obtain

Vipe(A, ¢) = e [VP(A, () +o(1)], (2.25)



BUBBLING IN THE BREZIS-NIRENBERG PROBLEM 11

where (A, () = a1 gx({)A+ay log A. Let D be the region where the assumed
nontrivial linking situation for gy holds. With no loss of generality we may
assume that g(¢) < —0 on D. We observe that for each fixed ¢ the above
function has a nondegenerate maximum, A = A(¢) = _#;I(C)' Thus we get
a critical point of v if we find one of the function of ¢

PY(A((),C) = ap + aq [—1+log (—#j@))] )

The assumed linking structure for g, in D gives the presence of such a critical
point. Using this and relation (2.25) it is not hard to construct a region D
in the (A, ¢) variables where a nontrivial linking structure for the functional
e (A, €) is present, and which yields in ¢ variable a point for which the value
of gy in close to Gy and its gradient is close to zero. This finally yields the
result of Part (a) of the Theorem.

As for Part (b), we use the same argument as before, except that now
q =5 —¢, () is a critical point for gy with positive non-trivial critical value
and

V(A Q) = a1 gx(Q) A —as logA.
Observe that in such a case, a nondegenerate minimum in A variable is
present, making it possible to argue symmetrically. O

Proof of Theorem 3. Due to the symmetry of €2, the constants ¢;; that
appear in (2.9) are automatically zero for any j = 1,... , N. We then just
need to prove that the c;y41)’s are zero, for ¢ = 1,... , k. Arguing again
as in the proof of Theorem 2, we find a solution to problem (1.1) of the
form (1.9) after we observe that the function
k
(A) = a1 ga(0) Ay + kag log Ay + > [(k—j + 1) ag log Aj — a5 A
j=2

given by (2.24) in Lemma 4, for the particular change of variable (2.23), has
a nondegenerate critical point (Aj,... ,Ag) € IR¥ | which of course presists
under small C''-perturbations, thanks to the assumption g, (0) < 0. O

3. HIGHER DIMENSIONS

In this section we state extensions of the results obtained in dimension
N = 3, for the super-critical case. The main difference between N = 3
and N > 4 is that in the latter case the object ruling the single-bubbling
phenomenon is the function gy (which is always positive), and no longer gy.

Let N >4 and Q ¢ RN be a bounded smooth domain. We consider the
problem

Au+)\u+u%+520 in Q,
u >0 in Q, (3.1)
u =0 on 082,
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for some positive €. The two results below yield in particular the validity of
Theorem 1 for dimensions N > 4, where the numbers A* and \;/4 are now
replaced by zero.

Theorem 4. Assume N > 4 and let us assume that there is a set D where g
has a non-trivial critical level G. Assume also that 0 < A < A1. Then,
there exist points (. in D, with go(¢:) — G, Vgo(¢:) — 0 and a solution to
Problem (1.1) of the form

N—-2

! )TM€<1+0<1>>,

_4
L4+ (M) ™2 |y — ¢J?

u:(y) = ay <
(

with o(1) — 0 uniformly on Q as e — 0. In (3.2), ay = (N(N —2))
and

2)

—2

> W

'&‘

M. :ﬁ(s*% for N > 5,
M. = ez lloge\% for N =4,
where (3 is a positive (explicit) number which depends only on A, N and G.

The corresponding result of multi-bubbling under symmetries extends in
exactly the same way, now with the whole range 0 < A < Aq allowed.

Theorem 5. Assume N > 4, 0 € Q and suppose that Q is symmetric with
respect to the coordinate planes. Assume also that 0 < A < A1. Then, given
an integer k > 1, there exists a solution to Problem (3.1) of the form

N—-2

k 1 2
ue(y) = « 1 Mje (1 + o(1)),
g’ NZ 1+ (M) ™= |yf? (3.3)

with o(1) — 0 uniformly on Q as e — 0. Here

sz—: = ﬂJf*%i(J’il) for N > 5,
M. = ﬂjeféf(jfln log 5|% for N =4,
where $; > 0 is an explicit number depending on j, k, N, X and go(0).

REFERENCES

[1] A. Banrl, Y. L1, O. REY, On a variational problem with lack of compactness: the
topological effect of the critical points at infinity, Calc. of Var. 3 (1995), 67-93.

[2] H. BrEzIs, L. NIRENBERG, Positive solutions of nonlinear elliptic equations involv-
ing critical Sobolev exponents, Comm. Pure Appl. Math. 36 no. 4 (1983), 437-477.

[3] H. BrEzis, L.A. PELETIER, Asymptotics for elliptic equations involving critical
growth, Partial differential equations and the calculus of variations, Vol. I, 149—
192, Progr. Nonlinear Differential Equations Appl., 1, Birkhduser Boston, 1989.

[4] L.A. CAFFARELLI, B. GIDAS, J. SPRUCK, Asymptotic symmetry and local behavior
of semilinear elliptic equations with critical Sobolev growth, Comm. Pure Appl.
Math. 42 no. 3 (1989), 271-297.

[5] M. DEL PINO, P. FELMER, Semi-classical states for nonlinear Schrodinger equa-
tions, J. Funct. Anal. 149 no. 1 (1997), 245-265.



(6]

BUBBLING IN THE BREZIS-NIRENBERG PROBLEM 13

M. DEL PiNno, P. FELMER, M. Musso, Two-bubble solutions in the super-critical
Bahri-Coron’s problem, Calc. Var. Partial Diff. Eq. 16 no. 2 (2003), 113-145.

M. pEL PiNo, J. DoLBEAULT, M. MUSSO, “Bubble-tower” radial solutions in the
slightly supercritical Brezis-Nirenberg problem, J. Diff. Eq. 193 no. 2 (2003), 261—
543.

M. peL Pivo, J. DoLBEAULT, M. Musso, The Brezis-Nirenberg problem near
criticality in dimension 3, Preprint.

O. DRUET, Elliptic equations with critical Sobolev exponents in dimension 3, Ann.
Inst. H. Poincaré Anal. Non Linéaire 19 no. 2 (2002), 125-142.

Z.-C. HAN, Asymptotic approach to singular solutions for nonlinear elliptic equa-
tions involving critical Sobolev exponent, Ann. Inst. H. Poincaré Anal. Non
Linéaire 8 no. 2 (1991), 159-174.

S. POHOZAEV, Figenfunctions of the equation Au+\f(u) = 0, Soviet. Math. Dokl.
6, (1965), 1408-1411.

O. REY, The role of the Green’s function in a nonlinear elliptic equation involving
the critical Sobolev exponent, J. Funct. Anal. 89 no. 1 (1990), 1-52.

M. DEL PINO - DEPARTAMENTO DE INGENIERfA MATEMATICA AND CMM, UNIVER-
SIDAD DE CHILE, CASILLA 170 CORREO 3, SANTIAGO, CHILE.

J. DOLBEAULT - CEREMADE (UMR CNRS No. 7534), UNIVERSITE PARIS IX-DAU-

PHINE,

PLACE DE LATTRE DE TASSIGNY — 75775 PARIS CEDEX 16, FRANCE

M. MUSSO - DIPARTIMENTO DI MATEMATICA, POLITECNICO DI TORINO, CORSO DucCA
DEGLI ABRUZZI, 24 — 10129 ToORINO, ITALY



