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The main goal of this paper is to study the asymptotic expansion near the boundary of the
large solutions of the equation

—Au+ ™ =f in g,

where A > 0,m > 1,f € C(£2),f > 0, and 2 is an open bounded set of RN, N > 1,
with boundary smooth enough. Roughly speaking, we show that the number of explosive
terms in the asymptotic boundary expansion of the solution is finite, but it goes to infinity
as m goes to 1. We prove that the expansion consists in two eventual geometrical and non-
geometrical parts separated by a term independent on the geometry of 952, but dependent
on the diffusion. For low explosive sources the non-geometrical part does not exist; all
coefficients depend on the diffusion and the geometry of the domain by means of well-
known properties of the distance function dist(x, 9£2). For high explosive sources the
preliminary coefficients, relative to the non-geometrical part, are independent on £2 and
the diffusion. Finally, the geometrical part does not exist for very high explosive sources.
© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper we are interested in the solutions of the equation

—Autg)=f

(1)

with an explosive behavior on the boundary

u) —> oo asx — 952.

(2)

In general, the solutions of (1) and (2) are called large solutions if a Comparison Principle holds. This is because the inequality

u(x) > v(x), xe 2,

is satisfied for any other solution v of (1) with bounded boundary values.

Singular boundary value problems as (1)-(2) have been extensively studied in the literature starting with the results of
L. Bieberbach and H. Rademacher for precise choices of the function g (see for instance [1-4]). From our point of view, the
pioneer works in the topic are due to Keller [5] and Osserman [6] on 1957 who proved the existence of large solutions of (1)
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provided that f = 0, g is a nondecreasing function and £2 is a bounded open set of RN, N > 1. They also establish necessary
and sufficient conditions to guarantee that the large solutions exist under the so called Keller-Osserman condition

*° ds
/ 5 e
\ /fosg(r)dt

From that time forward an extensive literature has been produced (see again [1-4,7] and the references therein). In sight of
results in [3] or [7] about the existence and uniqueness of the classical large solutions of (1), we focus our attention on their
asymptotic behavior on the boundary 052.

As it is usual in studying properties near the boundary, the distance function dist(x, d£2), here denoted by d(x), plays an
important role. As it is well known, if the boundary is bounded with 82 € G*, k > 1, one proves d(-) € €¥ in the parallel
strip near the boundary

25y ={x€£2:0=<dXx < ). (4)

(3)

Obviously, the positive constant 8, only depends on 352 (see [2] or [8]). In particular, as it was proved in [3]if 3§2 € €2 then
the first term of the boundary explosive expansion is uniform and independent on 2 for the large solution of

—div(|VulP2vu) + ™ =f in2 (1 <p < o0)

provided the condition m > p — 1 which is the extended version of (3). Other sharp properties on the uniform first term
of the expansion of the large solution of (1), for f = 0, have been obtained by C. Bandle, G. Diaz, J. Garcia Melian, A. Greco,
A. Lazer, S. Kim, N. Kondrat'ev, R. Letelier, ]. Lopez-Gémez, M. Marcus, J. Matero, P. McKenna, V. Nikishkin, M. del Pino, G.
Porruy, J. Sabina and L. Véron among many other authors. We remit to [1] and [2] for some illustrations.

Certainly the geometric properties of the domain can appear in the asymptotic expansion near the boundary. Indeed
this influence occurs in secondary terms under more regularity assumptions on the boundary. It is obtained by considering
terms containing Ad(x) neglected in the leading coefficient of the expansion. We note the important property

Ad(x) = —(N — DH(x),

where H(x) denotes the mean curvature of d{y € £2 : d(y) < d(x)} at x (see again [2] or [8]). The simplest geometry is
derived on balls, as £2 = Bg(0), for which

N—-1
Ad(x) = ——, |x] <R
x|

The first contribution on this geometrical influence is due to M. del Pino and R. Letelier who proved in [9] that the large
solution of (1), forg(r) =r™, 1 <m < 3,98 € €* N > 1andf = 0, admits the expansion

2m 4+ 1) \ m1 2 N—1DH
u() = (%) (deo) ™ (1 - (% + o(l))d(x)>, (5)

where H(xg) is the mean curvature of the boundary at the point x, € 952, givenby d(x) = [x—xg|,ando(1) — Oasd(x) — 0.
More recently, C. Bandle and M. Marcus have extended the results of [9] by obtaining the dependence on the mean curvature
of 352 in the second order term of the asymptotic behavior of the large solution of (1), again if f = 0 (see [2]).

As it was pointed out in the Abstract, the main goal of this paper is to study the whole asymptotic explosive expansion
near the boundary of the large solution of (1), here viewed as the source equation

—Au+ " =f in2@m>1,f>0). (6)
As in [3], we will use a simple scheme characterized by means of the behavior

F0 =~ fo(d)™ asdx) — 0
with

24T
T m—1
for which the low explosive sources are given by t = 0 and fy > 0 and the high explosive sources by T > 0 and fy > 0. We
note that large solutions for low explosive sources have been considered in the literature, mainly for null sources f = 0
(see the above references). On the other hand, to the best of our knowledge only in [3, Theorem 3.8] large solutions for high
explosive sources have been studied.

So that, our main contribution is sketched as follows (see Theorem 1). Let us assume 952 smooth enough and f €
C(£2), f = 0, verifying

M
fx) = (d) ™" (fo + an(d(x))”>, X € 25,

n=1

o and ¢, = ma,, (tisanon-negative integer),
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where f,, 0 < n < M., are known constants, with fo > 0, and M, to be defined later (see (8)). Then we prove that the large
solution of (6) admits an explosive expansion given by

the non-geometrical and non-diffused part
it does not appear if min{tr,M¢ }=0

min{t,M;}—1 X
u<x>=co(d(x))“”(1+ 3 G@®)" + Crinrann (dG0)™M
n=1
M

+ Z Ca (X)(d(x))”> + 0((d(x))far+m,>!

n=min{t,M¢ }+1

the geometrical part

where M, + 1 is the number of all explosive terms. As it will be proved later, if 3 + t < m the expansion is very simple, it
consists of a unique explosive term (see Remarks 1 and 6). Furthermore, one has

lim M; = o0

m—1
(see (9)). We prove that the main explosive rate Cy is a precise positive constant independent on 2, even independent on
the diffusion whenever r > 0. Moreover, C,, 1 < n < min{r, M;} — 1 are precise constants independent on 2 and the
diffusion and Cmin(r,m,} is @ constant independent on £2 but dependent on the diffusion. The other explosive coefficients
C,(x), min{r,M;} + 1 < n < M,, are explicit functions depending on the geometry of £2 and the diffusion. Equality
min{t, M;} = 0 corresponds with the low explosive source case for which only the first term is uniform and independent
on §2; otherwise one has the high explosive source case. Certainly, if min{r, M;} = M, the sources can be called very high
explosive because all M; + 1 explosive coefficients in the expansion are uniform and independent on the geometry and the
diffusion.

For the simple case £2 = Bg(0) the geometrical part is uniform on 9£2, consequently the expansion is uniform on 952. In

general, we may illustrate the results by noting that for two boundary points xq, yo € 92 if

|Ca (%0 — 5T ) — Ca (yo—s?y0)| -0 ass— 0
is satisfied for min{r, M;} + 1 < n < M., then we deduce

|u (xo —ST{XO) —u(yo—sTl)yO)‘ — 0 ass— 0;
otherwise

!u(xo—sﬁ)XO) —u(yo—sTfyO)| — 00 ass— 0,

here T ,, and T , denote the relative unit outward vector.

The paper is organized as follows. The influence of the geometric properties of the domain requires several awful
straightforward computations in constructing a formal boundary explosive expansion. It is studied in Section 2. In Section 3
we apply the formal expansions to obtain the boundary explosive expansion of the large solution of (6). Examples 1 and
2 can illustrate the contribution. The paper ends with some technicalities. So, in Appendix A we expand the power of
polynomials by means of an explicit expression which extends the old formula of Federico Villarreal (1850-1923). It is
applied in Appendix B where we obtain representations of the power of auxiliar sub and supersolutions used in the paper.

We finish this Introduction by noting that the partial differential equation (6) appears in several contexts: equilibrium of
a charged gas in a container, invariance under conformal or projective transformations (see [3] and the references therein).
We also note that for the particular case m = 2, problem (6)-(2) is of interest in the study of the subsonic motion of a
gas (see [10]) and when 1 < m < 2 it is related to a problem involving superdiffusion (see [11], [12]). Also the singular
value boundary problem (6)-(2) can be viewed as the Dynamic Programming approach of a Stochastic Optimal Control

. . . . -1 . .
problem (state constraints). Here, at least in a heuristic way, the nonlinear term (u(x))m denotes a kind of optimal feedback
control.

2. Constructing the boundary explosive expansion of the large solutions

As in Theorem 3.8 of 3] we study the boundary behavior by two different ways to proving that (d(x))fa satisfies
—Au+ 2" =f neards2.

The first one is based on the scheme

Au Aum f
—— —t— ———

(d(x))_ao—z ~ (d(x))_mao - (d(x))_q near 052 = q < apm
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for whichog + 2 = agm & ap = ﬁ is the explosive exponent. The second scheme is

Au um f
—— —— ——

(d(x))_m_2 < (d@) ™~ (d®)" neard2 = q> aom.

Nowom=q & a = % > « is the explosive exponent. Both cases can be represented by

_2+r
Tm-—-1

oy and ¢, = mag, (7)

where 7 is a non-negative integer number.
Therefore, the main boundary behavior can be written as

Co(d®) ™ +o((d®)) ) asd(x) — 0.
Next we expand this behavior by means of formal expansions near the boundary
Co(d()) ™™ (1 +) G (d(x))”>.
n>1

Here Cy is a positive constant and C,(x), n > 1, are real functions. Certainly we are interested in to obtain the explosive
terms, thus, governed by n < «,. So the maximum numbers of explosive terms M; 4+ 1is givenbyo; — 1 < M; < oy,
whence

(8)

M. = 1%~ 1, ifo; is aninteger number,
T ) o], otherwise,

where [« ] denotes the integer part of «;.

Remark 1. Consequently, a maximum number of explosive terms M, + 1 is available if

2 2
+t—]§MT< tr
m—1 m—1
whence
(M +34+T M;+2+41
mely = , & € M, M 1]. 9
M: |: Mr+l M‘r |: (02 ] T r+ ] ()

Since Ip = [3 + 7, oo[, one proves
11, 00[= ) Iw..
M;>0

For the purpose of the paper we focus our attention in the case M; > 1or, equivalently, 1 <m <3 +7. O

We will assume that 2 C RN, N > 1, is a bounded open set with 32 smooth enough. Then, we consider the functions

M<
Vi) =Gy Vi,
n=0

with
Vio® =(d@F8) ™ and Vi, =G F8) T, 1<n <M,
defined for x € £2 such thatd(x) 8 > 0and § > 0 small enough. Straightforward computations yield

—ar—2 —ar—1

AVy (%) = (o + 1(d(x) F 8) IVd(x)|* — ar; Ad(x) (d(x) F 8)

Avffn(x) = (—a; +n)(—a; +n— DCx)(dx) F 8)—a1+(n—2)
+ (—ar + M[2(VC(x), VAX)) + Ca(x) Ad(X) | (d(x) F )
+ ACn(x)(d(x) + 8)-0[,-{—11, 1<n<M;.

—ar+(n—1)

So that we derive

M;+2
AVS(0) = Co(d(o) F6) <AO|Vc1<x>|2 + ) A F 6)”>,

n=1
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with

AO = ar(at + 1)7

A1(x) = a (o — )G (%) — o Ad(x),

Ay (%) = (—ar +2)(—a; + DG () + (—ar + D[2(VCi (%), VX)) + C(x) Ad(x) ],

An(x) = (—a; +n)(—a; +n—1DC(x) (10)
+ (—ar + 1 — D[2(VCro1(x), VX)) + Coo1(0) Ad(x)] + ACp2(x), 3 <n <M,

Au,+1(%) = (—ar + M)[2(VCy, (%), V(X)) + Cu, ) Ad(®)] + ACw,—1 (%),

Ay, +2(X) = ACy, (%).

Remark 2. We note that all functions A,(x), 1 < n < M; + 2, depend on the geometry of §2 through the distance function
d(x). More precisely, A;(x) depends only on the mean curvature. On the other hand, since |Vd(x)| = 1,x € £2;, (see (4)
and [8]), in these parallel strip near the boundary one has

M +2
AV5 (%) = Co(d(x) F 3)“""2 (AO + Z Ay (d(x) F 3)”). O (11)

n=1

In order to construct the semilinear differential operator on Vf;t, we need a representation as

M¢ o]
(VE@)" = (d F 5)’“””(1 +Y Dh@([d@ F8)" + DY Da)(d®) F 5)") (12)
n=1 n=M;+1

that will be obtained in (43) later. Certainly it requires straightforward and tedious computations that, in order to simplify
the exposition, we have collected in Appendix B. So, we prove in (45)

MWZWQ®+iXTﬁHML1§HEM, (13)
i=2

where
i

" i ‘]‘ Ye Ye;

b =307 €0 2o iyt Ca) e (€0
ey vey Tty =it 1°76: j*

Yoy +rey vy

25ty < <bi=i—j+2

j=1

{vey, )]kle(O.l...,,j)

fori=1,2,...,n(see(42)). Moreover one proves that, in (13), each C;(x), 1 < n < M,, does not appear in B,_; ;(x), i # 1.
On the other hand, all coefficients C,,(x), 1 < n < Mg, areinvolved in D,(x), M; + 1 < n.

Remark 3. In order to illustrate we give some examples in Remark 12 (see Appendix B). O

A last comment on the power (VSi (x))m. From (12) we may write

M
(Vi®)" = (de) F 5)““”1(1 + Z Dr(x)(dx) F8)" + ¥ (x; dx) F 3)) (14)
n=1
for the continuous function
Ux;r) = Z D, (or".
n=M;+1

In fact, since ¥ is continuous uniformly on the set

{xe £2: 0<2dx) <},
we may prove an inequality as

U (r) <w(x;r) <W¥T(r) (rsmall enough) (15)
for some functions

() <0<wt(r)
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with

limw*(@r) = 0.
r—0

Remark 4. In Remark 13 also it is proved that if m is an integer for which M, > 1, then we have

mMz,

W(xdw F8) = Y Da®(dx) F5)"

n=M¢+1
g

So that, we assume on the source function f € C($2) the explosive expansion near the boundary

M.
Fo =(dw) ™ (fo + an(d(x))”), X € 2, (16)

n=1

where f,, 0 < n < M, are real constants with fo > 0. With the above notation, an explosive expansion of the equation near
the boundary is

M;+2
—AVE(0) + A(VE®)" — ) = —Co(d) F8) (Ao + Z Ay (d) F 5)")

n=1

M¢ M¢
+ €7 (de) F8) " (1 + Y Da)(d(0) F8)" + ¥ (x; dx) F 5)) — (d) ™ (fo +Y h (d(x))")

n=1 n=1

(see (11),(14) and (16)).

3. Proving the boundary asymptotic expansion of the solution

From the schemes of Section 2 we consider the parametrization
(0r +2)+1=¢, =0y
(see (7)), for which

max{M; —t,0}

— AVE () + A(VE@)" —f(0 = (d) F8) " |:—Co (Ao(d(x) FO) + > A®AETF 5)“”)

n=1
M
+ (A5 = fo) + Y _(ACEDA() — fu) (d) F8)" + @ (x: d(x) F 5)}, (17)
n=1
for
M¢+2
P =—C Y AT HAGEE. (18)

¢=max{M;—1,0}+1

As it was pointed out in the Introduction there are several class of coefficients in the boundary asymptotic expansion of
the solutions.

(a) Coefficients independent on the geometry and the diffusion. If T > 0 we choose Cy and Cy, ..., Cnin{r,m,}—1 from the
equalities

—Co -0+ ACHD,(X) =fr, 0 <n < min{r, M} — 1.

Since n = 0 implies ACJ' = fo, one has

Cn=rnlfo<n_f02n:<r?>8”—i,i>, 0§n§min{r,M,}—1. (19)

i=2

From the properties of D,, (see (13)), the coefficients C;;, 1 < n < min{r, M. }—1, are constants independent on §2. Obviously,
they are independent on the diffusion too. Certainly, we will assume

fo > 0 whenever t > 0. (20)
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Remark 5. The examples of Remark 12 lead to
1
fé m
. )

1
fr,

mfy

1 m-11
G=—I\h———f):
mfo 2 mf

provided 2 < min{z,M;} — 1. O

Go

G =

(b) The coefficient Cuinr,m,} independent on the geometry but dependent on the diffusion. It is obtained by
—CoAg + ACq'Drmin(r,M;} = fminfr.Mc}s

min{r,M¢}

m
(fmin{r,M,) + Coorr (0 + 1) — ACH Z ( ; ) Bmin{r,Mﬂ—i,i)- (21)
i—2

1

Ciinfr,M;} = ch
0

Clearly, here there are two limit cases.
(b.1) If Cimingr, M, } is the last coefficient of the eventual explosive expansion of the solution, thus if

min{t,M;} =M; >0 (22)
holds, one has
—0 (Olt + 1)C0 + )\.Cg‘DMr :fM1'

Therefore, if T > 0 one has

1
1 Q+)m+t+1 (fo\™ A m
Cu, = — | fu, + o) - (,)B il 23
M, mf, |:fo (m _ _1)2 hy fO ; i My —i,i ( )
Then the relative high explosive sources involved, called very high explosive sources, induce that all coefficients on the
expansion are independent on the geometry. Also they are independent on the diffusion, unless this last coefficient Cy, .
Remark 6. 1. Remark 1 implies

M;=0 <& 3+7<m,

for which the expansion has a unique explosive term uniform and independent on 2.
2.In general, condition (22) implies

(m—2)t >3 —m, ifo,isaninteger number,
(m—2)T >3 —m, otherwise

(see Remark 1again). O
(b.2)If0 = T < Mg, the coefficient Cinjr,m,} = Co is obtained from

— CoAp + ACT :fo i=4 }\.C:)n — O{o(OlO + 1)CQ :fo. (24)

We note that Cy is independent on the geometry but dependent on the diffusion and it coincides with

1
2(m+1) \ 1
C=|—77"7""3 ,
A(m—1)2
whenever fy = 0. This case corresponds with low explosive sources for which only the geometrical part of the expansion is
available.

(c) Coefficients dependent on the geometry and the diffusion. We choose Crinfr M, }+1(X), . . ., Cym, (x) from the equalities
- COAn—min{r,MT}(X) + )\CgDn(X) =fy, min{t,M;}+1<n<M,. (25)

By means of A, (x), min{t, M;}4+1 < n < M, these coefficients depend on the geometry of £2. In particular, Crin(z,m, }+1(X)
depends only on the mean curvature (see Remark 2).
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Certainly, when t > 0, from the properties of D, (x) (see (13)), one has

n

1
Cn(x) = <fn + COAn—min{t,Mr)(X) _fO Z (T) Bni,i(x)) ) I‘l‘lil‘l{‘[, Mr} +1 =n= MT?

mfo i=2

that is a simple explicit formula. Whenever t = 0 the condition (25) becomes

— CoAn(x) + ACGD(x) =fr, 1<n <M. (26)
Then the relative coefficients C,(x), 1 < n < My, chosen in (26), also admit an explicit expression as

AnCa(®) = F(m, A fo, ... fon Co. CG1(X), ..., Cu1 (X)),
where

dy = AmCJ — (—ag + M) (—ag +n— 1)Co

= Co(@ + n)(ao + 1) + n(arg — n)) + mfy

is a positive constant due to the definition of Cy and —ag + n < —ag + My < 0.
Remark 7. The obtainment of functions C,(x) requires tedious computations. For example, for 7 > 0 one obtains

1 i
Ciinfz,M;)+1(%) = mT‘O<fmm{T‘M’}H + <%> [ar (o — DC1(X) — ar Ad(X)]

min{t,M¢ }+1

—fo Z (T)Bmin{r,Mf}+l—i,i(x)>-

i=2

When t = fy = 0 the computations are easier. So, one proves

c0:<2(m+1)>m11,

A(m — 1)2
G = mlﬂ[y(mm ~ Ad(x)],
Cx) = n;lz_colfz -5 (m] - [(m —3) {2(V(Ad®). VAR) — y (M)f; Ad®) + (Ad(x))?}
+ %(ﬂm)ﬁ - Ad(x))z},

for

) B )L(m _ ])m—H ﬁ -
y(m) = (m) :

The above choices lead to
—AVE®) + (V)" = F @) = (dx) F8) " @ (x; d(0) F 5) (27)

(see (17)). Then the relative properties of @ (x; r) (see (18)) prove

Proposition 1. Let us consider f € C(£2) verifying (16) and (20), as well as 32 € C*M:+D_ Then the function

M
V() = Co(d(w) (1 +3y cn(x>(d(x>>">, (28)

n=1

where the coefficients C,,0 < n < min{zr, M;} — 1 are given by (19), Cuin(r,m,} i given by (21) and C, € @2M:—n)
(£2s,), min{t, M} + 1 < n < My, are given by (25), is a well defined @2 function near 952. Moreover, one has

(d@)™ (—AV(x) +A(Vx)" — f(x)) =0(d(). O
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Clearly, the function V is the candidate to govern the boundary asymptotic behavior of the large solution. In order to
prove it, sending § — 0 in (27) we may obtain

—AV() +A(V®)" = f(x) = (dx) " (:P (Co) + @ (x; d(x))),

where Cy is the positive root of

_ ™ —ao(ao + D —fo, ifr =0,
Pr(p) = {A/Lm—fo, ift >0,

obtained in (19), if r > 0, or in (24), whenever t = 0. So that the main contribution is

Theorem 1. Under the assumption of Proposition 1, the explosive boundary expansion of the large solution of (6) has the property

the non-geometrical and non-diffused part

it does not appear if min{z,M;}=0

min{r,M;}—1 —
u() = Go(dx) ™ <1+ Y GAE)"  + Cange (i)™
n=1
M

+ 2 Cn(x)(d(x))”>+0<(d(x))—af+M,>.

n=min{t,M¢ }+1

the geometrical part

Proof. In order to apply a comparison argument, we consider the modifications
M
W;i*(x) = Co(d(x) F8) (1 +e+ Z Ca() (d(x) F 5)”),

n=1

where ¢ > 0 will be sent to 0. So, we construct the perturbed polynomials

Py = [MAEOR)" —as(@o+ DA —fo, ifr =0,
r T axow)" —f. ift >0,

for which
PF(Co) >0 and £, °(Co) <O.

The reasoning is based on to prove that W(Sig (x) are upper and lower solutions in a thin strip near the boundary. Then, arguing
as in Proposition 1, we have

—AWFE(X) + AW @)™ — f(x) = (d(x) —8) " (fjﬁ (Co) + @ (x; d(x) — 5)),

thus
—AWF(X) + AW (0))™ > f(x)

in a parallel strip § < d(x) < &1, provided 2§; < 8y small enough (see (4), (15) and (18)). So that Comparison Principle leads
to

ux) — W) < sup (u@y) —W;°(), §<dx) <3,

d(y)=61
or
sup (u(y) — Wgrg(y))
u(x) dy)=8
—— — 1< v , 6 <dkx) < é;.
Wi (%) Wi (%)

Now, sending §; — 0 and then ¢ — 0 we derive

) u(x)
limsup — < 1,
dw—0 V(X)

where V(x) is the expansion function (see (28)). Analogously, one proves

— AW (%) + AW )™ = f(x) = (d(x) +8) " (f;s (Co) + @ (x; d(x) + 5)),
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thus
— AW (X) + AW ()™ < f(x)
in a parallel strip 0 < d(x) < &, provided 28; < 8o whence

We(y) —
0 <d(§/§l:p§1( 550 — u®)

_ , 0<d®x) <é.
W) W;F (%) W=
As above, sending § — 0 and then ¢ — 0 we conclude
lim sup @ <1< liminfﬂ.
d(x)—0 V(X) d(x)—0 V(X)

Remark 8. Certainly Theorem 1 extends Theorem 3.8 of [3] as well as the results obtained in [1,2] or [9] where only the
second explosive term was considered forf =0. O

Theorem 1 can be illustrated as follows

Example 1 (Low Explosive Sources). As it was pointed out, the influence of the geometry was obtained in [9] (see also [2])
where one proves that the large solution verifies (5) assumed 92 € €% 1 < m < 3and f = 0. It can be improved
by Theorem 1 whenever the values of m are more accurate. For instance, let us suppose % < m < 2 (or equivalently
2 < ag < 3), for which My = 2, and

fx) = (d®) ™ <f1d(><) +f2(d(X))2>, fi=o,

if 382 € %, then Remark 7 enables us to obtain

2m+ 1) \ 71 2 1
u(x) = (W) (d@x)) ™ {1 + m+3[)/(m)f1 — Ad(x)]d(x)

1 ((Am— 1ym+\ 1 oo o
+E<(m) fz—m+3[(m— ){2(V(4ad@), vdx))

1 _22-m
AR + (Ad)?) + %(y(m)ﬁ - Ad(x))z]) (d(x))z} o ((d(x)) 5ﬂl)) ,

where y (m) was given in Remark 7. O

Example 2 (High Explosive Sources). 1. In order to simplify, we start by constructing an example without geometrical part
in the expansion. So, for instance an inequality as T > M, = 1 requires

4+
M,=1<:>T§m<3+f (see Remark 1)
3+ 27
+1

t>M, & (mM—-2)t1>3—m<s <m (see Remark 6).

Since 3;21’ < # for r > 1, both conditions hold when ** < m < 3 + 7, for which
F®) = (d®) " (o +f1d®). fo > 0.

Theorem 1 proves that the expansion of all explosive terms of the large solution is

BT 1 Q+om+T+1) (f\" i
u(x) = (X) (d) {1+ <f1+ —— (X) )d(x)} +o((d(x)) )

mfo

provided 32 € ¢* (see Remarks 5 and 6 and (23)). Clearly, the first coefficient is independent on the geometry of £2 and
the diffusion, however the second one depends on the diffusion. Here 7 is an arbitrary positive integer number.

2. Finally, we construct an example where the expansion has two coefficients uniform and independent on £2 plus three
coefficients dependent on £2; it implies T = 1and M; + 1 = 5. So, Remark 1 enables us to consider g <m< % (or
equivalently 4 < a7 < 5) and, for simplicity, we suppose

3m

F00 =fo(d®) ™, fo > 0.
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Then the expansion of all explosive terms of the large solution is

3

-1

u(®) = Co(dx)) ™ (1 +CdR) + GE (X)) + GE(dw)’ + c4<x)(d(x>)“> +o ((d(@)*%) :

for the coefficients

1
Co= (%0) , (independent on the diffusion)
C = MCO, (dependent on the diffusion)
mfo
C m—1
G = “n;fo" [(on —1)C; - Ad(x)} -G
(1 — 0[1)C() m—1 2
GKx = T Q2—-aG®X +CAdEX) | — Ci| (m—=2)C7 +6C(x) |,
0
C(x) = % [(3 —a)C(x) +2(VC(x), Vd(x)) + Cz(X)Ad(X)}
0
- [(m "Dt n - 9CGM + 20600 + (cz(x>)2],

where oy = —2- and provided 382 € €'° (see Remarks 3and 7). O

We end this Section with a careful glance on the proof of Theorem 1 for which we note that the above boundary behavior
holds for the interior and the exterior boundaries of open sets with holes. It enables us to extend the result for more general
domains. So that, we derive

Theorem 2. Let z € 052 be a regular boundary point in the sense of an interior and exterior ball condition are satisfied. If
f e L®@®N), f > 0, then the behavior

) — . 2 2(m+1) T
limu(z—-—sn,)sm-1 = —
s—0 A(m — 1)2
holds for the large solution of (6). Here E)Z stands for the unit outward normal vector to 52 at z.
Proof. Let BR; (xp) C £2 such that ERZ* (xg5) N (RN \ £2) = {z} and u, the radially symmetric large solution of

—Au, + AU =f in L R (%)
for 0 < ¢ <« 1. Comparison Principle implies inequality

u®) < U (%), X € B_ s (x5).
Since all coefficients of the expansion (16) of f near 8B(1_£)R;r (xg) are all nulls, applying Theorem 1 to i, we deduce

1
2(m+1) \ ™1
limsupu(z — sﬁz)s% < g
s—0 )L(m — 1)2

by sending ¢ — 0. On the other hand, let BR; ) C RN\ £ such that ER; ) N 2 = {z}, with R; small enough, and u,
the radially symmetric solution of

—Au, + }\HT =f in BZR{ (Xo0) \§(1+5)sz (%0),
u,(x) > oo as|x—z[— (1+¢)R;,
u,(x) >0 as|x—z|— 2R;.

Since function u is non-negative, Comparison Principle implies
u) >u.(x), x€$, (1+8)R, <|x—2z| <2R;.

On the other hand the relative coefficients of the expansion (16) of f near 8B(1+5)R; (x) are all nulls too. Now Theorem 1
applied to u, leads to

1
2 1 m—1
liminfu(z — s ,)smT > 2m+ D
s—0 )L(m — 1)2

by sendinge — 0. O
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Remark 9. For f = 0 Theorem 2 was first proved in [7] by using the asymptotic explosive behavior on interior boundaries
of annulus and exterior boundaries of balls. O
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Appendix A. Expanding the power of polynomials
In 1879 the mathematician peruvian Federico Villarreal (1850-1923) obtained a simple algorithm in order to expand

the power of polynomials (see La Gaceta Cientifica, 2, Mars 1886, (Peri)). Here we show a short presentation by using the
expression

(GX)" = F(x) (29)
where
q . qn '
G =) a¥ and Fx) =) b¥
j=0 j=0
and the coefficients a;, b; € R with ay # 0 and g, n € N. Since differentiating the expression (29) one obtains
F
F (0 = n(G(M)™ 1600 = n -2 G'(x),
G(x)
it must verify the equality
nF(x)G'(x) = F (x)G(x). (30)

where
q . q-1 .
G=) jad™" => G+ Da¥
j=1 Jj=0
qn—1

qn
F) =) jbx¥ ™" =Y (+ Dbyi¥.
=1 j=0

Our introduction of the Villarreal formula is based on the general equality

1% v v k s u+v
(o)) Sl ) £ (e 555 s
j=0 j=0 k=0 \j=0 k=v+1 k=p+1
n+v min{k, v}
= Z( Z ,Bjak,])Xk,
=0 \j=max{0,k—u}

obtained by straightforward computations, provided u, v € N with u > v. Next several choices are considered. So
o u=qn,aj=Dbj,v=q—1, = (+ 1aj4 lead
—1

qn+q—1 q—1
FOG M = Y (Z G+ 1)a,+1bk_]> X+ Z (Z G+ 1>a,+1bk_,> DY ( > G+ 1)aj+1bk_;> x

=0 k=qn+1 \j=k—qn
q—1 [k+1 qn+q—1 q

- z(zm ) +2(2,a,bk ) S ( 3 jajbk,.ﬂ)xk. o1
k=0 = k=qn+1 \j=k—qn+1

o p=qn—1,a;= (+ Dbjyq,v=gq, B = g lead

q k qn—1
FGX =) (Z (k—]+1>a]bk_1+1>x + 2 (Z <k—1+1>a,bk_,+1>

k=0 \j=0 k=q+1 0
qn+q—1

S (B RUSER I 2 e
k=qn j=k—qn+1

By substituting (31) and (32) in equality (30) and identifying the relative powers of k, one obtains the following relations.
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e Ifk=0,1,...,q— 1then

k+1 k

Y jabegin =Y (k—j+ Db
j=1 j=0

and therefore

k1 k
n Z Jjasbe—jy1 = Z (k —j + 1)ajbg_jy1 + (k + 1agbyy1.

Therefore, as ap # 0, one has

1 k+1
it (k+ 1)ag ( ;]a] k—j+1 Z( —Jj+ Dajby ]+1>

j=1

1 koo ,
o+ Day (n(k + Dagy1bo + Z (j—k—1 +])ajbkj+1>

j=1
k+1
= (k+ Dap Z ((n+ 1Dj — k= Dabe—j4s
1
= ke Z (M+ Dk —j+1) — (k+ 1)ajs1b;.
j=0

In this way, we obtain the coefficients {b; } _o given by

bo = (18
1 & o .
:—Z((n+1)(l—])—1)ai,jbj, i=12,...,q. (33)
dp “
j=0
e Ifk = g then
q q
n Z Jjabgr1-j = Z (q+1—Dabg1-4
j=1 j=0
whence
q q
Ny jtbgrig =Y (q+1—abgpij+ (q+ Daobgsr.
j=1 j=1
Again, as ay # 0, one has
q q
bg1 = n ) jabg_j1— ) (q—Jj+ Dajbg
q+1 (q+ 1ao 1:21 j+1 ; JPq—j+1
q
n+ 1)j — q — 1)ajbg—;
(q+l) ;(( Ji—4q )8ibg—j11
! Z(( 1)@=+ 1) — @+ D) by (34)
—_— n — a
(q ¥ Dag & q—j q q—j+1Dj

e lfk=q+1,g+2,...,qn — 1then
q q
N> jabejir =Y (k—j+ Dajbeji1
j=1 j=0

hence

q k
nY jabe i1 =Y (k—j+ Dabijs1 + (k+ Daobesr.

j=1 j=1
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As ag # 0, one has

q
by = (k+ Dao (TIJX;J aib—jr1 — ]Z:(k—H- Dajby j+])

1 )
= m ; (n+1j—k— 1)ajbk,j+1
-1 2 (M4 Dk —j+ 1) — (k+ 1))a_ss1b; (35)
- (k+ 1)a0j k—q+1 ! SAR

Now, we obtain the coefficients {b;}} q 4 given by

i—1

Y (1) =) = Dagb, i=q+2.9+3.....qn
0 j=i—q

ia

Finally, from (33), (34) and (35) we conclude

Theorem 3 (Extended Villarreal Formula). For all q, n € N the coefficients of the expansion

q n qn
(Z ani> = Z ijl (aj e R, aqy # 0) (36)

j=0 j=0
satisfy the extended Villarreal formula
bj = ag, ifi=0,

i—1

1

—Z((n+1)(1—]) )al_JbJ, fi=12....q
j=0 (37)
i—1

| =
;Z ((n+1)(1—1)— )ai_JbJ, fi=q+1,q+2,...,qn. O
0 .=

Remark 10. Straightforward computations lead to

b —a”(n> neN
0 — YUp Ons q,
b1=agl(1)a1, g.neN
[/n n
by =ap? (1)a0a2+<2)az], if min{q, n} > 2
[/n n n
by =ap? (1)aéa3+(2)2a0a1a2+(3)a3}, if min{q, n} > 3
n—4: my 3 ny 5 2 n n
by = ag (1)aoa4+(2>a0(2a1a3+a2)+(3)3a0a a2+(4)a1 , if min{q, n} > 4
nes| (MY 4 n 3 n 2
bs = aj (1)a0a5—|—(2>2a0(a1a4+a2a3)+(3>3ao(alaz+ala3)+( )4a0a az—t—( )‘11]»

provided min{q, n} > 5. O

The next contribution here is devoted with the explicit version of (37). More precisely, we note that each summand in
the brackets of the coefficients in Remark 10 can be written as

ny i J v, vt v . .
( ) a’ » a,'a,’ ---a,', 0 <j<i<min{g,nj,
J K]'V(1+K2'V/42+“'+€j‘7[j:i Ye Ve, ylj

Yy ey vy =i
1=ty <ty <-<tj=i—j+1

vey, ,jk:] €{0,1,2,....j}
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where

j I
y[] 7/152 e ij Vf] !yﬁz! e )’lj!

denotes the permutations of j objects of which y;, are of one kind, y,, are of a second Kind, ..., Yy are of a jth kind.
So that, one has

Theorem 4 (Explicit Villarreal Formula). The first coefficients of the expansion (36) are given by

n
bo =d
il gmy i n\ 2 ve, e
bi = aj ’[( )ai)laiﬁ-( )a:)2 E ( )aela[2
‘1 2 1 2
C1ve, Have, =i YeaVey
ey tre, =2
1<ty <ty<i-1

(e Jf_1€(0.1.2)

ny 3 Ve, Yoy Ve
+ (3)%3 E ( )al]‘abza@;—i-...
C1vey 2 Ve, H3 Yy =i YoV Yes

veq Ve, tre3 =3
1=y <ly<l3<i-2
ey Jpeq €0.1,2.3)

ny i J Yo, Ve v
+ . )a’ E a,'a,?---a,’ + ...
J YeVey Ve rn i
brvey oo vey okl vg =i 1752 i

veq +V[2+---+J/[j:}'
1=t <{2 <---<Zj§i—j+1

(ng)izle{o,l,z,..._j}
n i i—2 my P .
+ (i— 1)00(1— 1a| “a, + (i)al}, ifi=1,2,..., min{q, n}.

Thus

i .
. ") g J Ve, ve v
bi:aglz ) ay? E d"d .. .a) (38)
i .] . )/K J/l oo yl_ 1 2 i
=1 €vey H Yoy g =i 176 g

Vzl+y52+-~-+wj=j
1<ty<ty <~»-<(€j§i—j+1

e, P €l0.1.2,...)

fori=0,1,2,...,min{q, n}. In particular, when n > q the formula (38) provides the first q + 1 coefficients of (36).

Sketch of the Proof. The obtainment of (38) requires awful computations based on transfinite induction arguments. In
order to simplify, we only are going to obtain bg in terms of the coefficients {bj}js=0 given in Remark 10. By assuming
min{q, n} > 6, from definition, one has

bs = 6%0[((11 +1)(6— 0) — 6)agho + (0 + D6 — 1) = 6)asb; + ((n+ 16— 2) — 6)ash

+((+1)6—3) = 6)ashs + ((n+ 16— 4) — 6)arby + ((n+ DE—5) - 6)a1b5]

5n—1 2n—1 nn-—1
= nag_laﬁ + nag_zalas + 3 08_3 (naoaz + (2)a%)a4
n—1 nn-—1 nn—1)(n—2
+ ap™? (naéa3 + nn—1) 200010y + nn— -2 a?)ag
2 2 6
n—2 nn-—1 nn—1)(n-2 nn—1)(n—-2)(n—3
+ ag > ( nagas + An—1) at(2aias + a3) + = Din—2) 3apa’a; + ( )\ X ) al |a,
3 2 6 24
n—>5 nn-—1 nn—1)(n-—2
+ ag’ﬁ (naga5 + % 2a3(a1a4 + aas) + % Baf)(afag + alaﬁ)

nn—1)n—-2)(n—3
n ( )( - )( )4a0a§a2+

nn—1m-2)(n—3)(n—4) 5)
aj )ds.
120
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Then by arrangement one proves

5n—1 n-5 2n—1 n-—2 nn—1
b6 = 03_6 |:naga6 + ( 6 + ) nagala5 + ( + ) nagaza4 + Q (14(12

6 3 3 2 03
n 2n—1+n—5 n(n_])a3a2a+ n—1+n—2+n—5 n(n — 1) ddayara
3 3 2 ot 2 3 6 0TI
n—2nn-—1) n—2 n—-5\nn—1)0n-2)
prZ2nesb agag+( 2y 6) ) 2022
n—1 n-5\nn—1)n-2) n—2 2n—10\ n(n—1)(n—-2)(n—3)
+< 6 6 ) 2 030103 + 3 T3 24 2000z
nn—1)m-2)(n-3)(n—-4)(Mn—-75) ¢
720

n n n
=ai® [( ]> agas + (2) dg(2a1as + 2a,a4 + a3) + (3) a3 (3aias + 6a,a,a3 + @3)

n n n
+ < )aﬁ(ﬁafa% + 4dlaz) + ( )Saoa‘}az + ( )aG ,
4 5 6
which corresponds with (38) wheneveri = 6. O

Certainly without loss of generality we may assume a, # 0. Then, multiplying by x~9" we derive
( q ) n qn )
j=0 j=0
whence y = x~! satisfies
q A" L
(Tav) =X @=nz0
j=0 j=0
forﬁ}- =0a4-5,j=0,1,...,n, andE = bgn—j,j =0, 1,..., qn. Therefore (38) enables us to conclude
Corollary 1. When aq # 0 the last coefficients of the expansion (36) are given

n
bqn = dg,

i n ] Y Vi Ye
» . ” 0 )
bgn—i = a;™" ) a? a’,a? ---a’,
q q j q Ve Ve, - Y q—L17q—L2 q—Y;
j=1 llwl+é’2~}/gz+-~+€j-wj=i 7t ¢

Yoy Hey vy =i
1=ty <ty <<tj=i—jti
{vey )]k=1 €{0,1,2,....j}

fori=1,2,...,min{q, n}. In particular, when n > q the formula (39) provides the last q + 1 coefficients of (36). O

Appendix B. Expanding the power of the auxiliar sub and supersolutions

2441

(39)

As it was pointed out, the proof of Theorem 1 uses the power of suitable polynomials relative to certain auxiliar sub and

supersolutions. So we get back to the formal expansion

M
V5 (x) = Co(d() F8) ™" (1 + 3 G (de) F 8)”)

n=1

for which

M, m
(VE@)™ = C(d(x) F 5)‘“”"(1 + Y G (d@) ;5)”)

n=1

M
= (dx) F8) "o (Z Cr(0)(d(x) F 5)”‘1) ,
n=1
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where
@(s) = (1+s(dx) F8)".
Since the Taylor expansion of function @ gives
1d"'®
@(s>=Z( g © ))
n>0

we get

Mt n
Vi)™ =cp(a 58) " Y () (Z Ce0 (40 F 6)"”) (de0 F9)",

n>0 k=1
due to
1d"® m n mm-—1)---(m—n+1) n
= dx §) = d(x §), meR.
n,dsnu (7) (aco %) _ (de) F 8)
On the other hand, we may write

Mt n Mz —1 n (Mt—1n .
(Zcux)(d(x)q:a)"‘l) =<Z ck+1<x>(d(x)¢8)") = > B (dX) F8) (40)
k=0

k=1 i=0

where

Bin(x) = (cl(x))“, ifi=0,

i—

1
(=0 +1) —i)Crp1 (OB, fi=1,2,..., M, —1,
0

iCy (X) = (41)

i—1

> (= 0m+1) = i)Cigr1(®Bra(), ifi=Mq, ..., (M, — Dn

{=i—M¢+1

iCy (X)

(see (37) in the Appendix A).

Remark 11. The coefficients B; ,(x), fori = 0,1,...,nand n € N are obtained by straightforward computations. For
instance

Boa(9) = (C10)" ().
Bt = ()" () .

Bn(0) = (G100 ) 261060 + (}) (@ (x))ﬂ,

.z:.

n—:

)
)

Byn(x) = (C1(0)" (';)cl(x)cg(x)Jr( ) C(x) ]
[ e o
(e (

Bsn(®) = (C1(%)

(
n
2
n 2
) @@)'cs+(3) (@) (2C4(X)C2(X)+(C3(X)))

+ (5) 300am(©w) + () (Cz("))4]

Adjusting the formula (38) (see again the Appendix A), by means of a transfinite induction argument, we obtain the explicit
expression of (41)

! n n—j j!
Bin®) =Y (. ) (Ci(w) > ——————(C, @) (Cy (%)) (42)
] Ve |y[|...y£.| J
j=1 /él'yél +(2.y£2 +...+lj.wj:i+j 174" i+
Yoy trey totvg =
258y < <ljSi—j+2
(ygk)L:]C(O.l....,j)

fori=1,2,...,n. O
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Then one has

(VEW)™ = C(d(x) 8) " Z( ) ( i)n B () (dx)  8) ™"
- M )
= Gr(dw F 6)‘“”"<Do<x> + Z Da () (d(x) F 8)" + 72 Da () (d(x) F 5)”) (43)
. = w1
Dy (x) :i(?)Bn,i_i(x), n=12 ... (44)

i=1

Remark 12. In order to illustrate we note that the first five coefficients D, (x) are

Do9) = (3 ) Boo ) = (C1(0)" = 1,
Di(x) = (T) Bo,1(x) = (m) CGi(),
D200 = () ) Boa + (] ) Bacw = () (@0)” + () 0.
D3(X)=(2)30,3(7()-1—(?)312(?0-1-( )Bo10
= () @eoy’ +(5) 2a0c00 + () 0,
Dy(x) = (TZ) Boa(x) + (’:) Bis() + ( )Bz 2(%) + ( )33 1)
= () @)+ (3)3@w) e+ () [zcl(x)cgoo + (c2<x))2} +(7) o,

provided M, > 4. O
Choosing n = 1in (40) we deduce
Bi1(x) =Ci(®), i=0,1,2,...,M_q,

so that, from (44), we obtain

D, = (1) a0 + sz (") B0, 1=n=M., (45)

whence, in (45), each C,(x), 1 < n < M, does not appear in B,_; ;(x), i # 1. Certainly all coefficients C,(x), 1 < n < M,
are involved in the other D, (x), M; + 1 < n.
Remark 13. When m is an integer number one has
1d"'®
n! dst

therefore the Taylor expansion is finite. So, from (44) we deduce that D,(x) = 0ifn > (M, — 1)m. O

0)=0, n>m,
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