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Abstract We study the problem

—&? M} (D*u) = f(x,u) inQ,
u=20 on 9€2,

where € is a smooth bounded domain in RV, N > 2, and show it possesses nontrivial
solutions for small values of ¢ provided f is a nonnegative continuous function which has a
positive zero. The multiplicity result is based on degree theory together with a new Liouville
type theorem for —.M)t A (D?u) = f(u) in RV for nonnegative nonlinearities with zeros.
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1 Introduction

In last years an increasing interest in the study of non-proper fully nonlinear elliptic equa-
tions has arisen. This has been motivated by the current classical viscosity solution framework
that started in [11], see also [12], and combined with a very rich knowledge of more simple
equations that, for example, involving the Laplacian. In particular, existence of viscosity solu-
tions to fully nonlinear elliptic equations has been extensively investigated in last 20 years
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444 S. Alarcén et al.

for proper equations, most of them through adaptations of Perron’s method, see for instance
[8,12].

In the context of non-proper fully nonlinear equations, most results have been obtained
through Leray-Schauder degree theory, see [14,5,30,10,9,17,1]. One of the crucial points to
use degree theory is to establish a priori bounds. The most classical method for obtaining a
priori bounds is to use the blow-up method introduced by Gidas and Spruck, see [21], and
then a Liouville type theorem in all space or in a half space. In this study, we use this kind
of arguments together with a truncation procedure in order to obtain an unstable solution
whereas a stable solution is obtained by the sub- and supersolutions method. Moreover, here
we prove that the stable solution is isolated, from where we deduce a multiplicity result.

Before continuing, we mention that to the best of our knowledge, this article is a first
effort towards the study of singular perturbed equations in a fully nonlinear setting, and in
the obtaining some asymptotic behavior of the solution. We recall that early works on singular
perturbed problems are due to Ni and Takagi [27,28], and since then this topic has become
one of the most active research fields in partial differential equations. We also emphasize
that most of the results in singular perturbations use strongly the variational structure of the
equation, which is not present in our context.

Specifically, this article deals with positive viscosity solutions to the problem

-2 M \(D?u) = f(x,u) in Q,

(Pe) [u =0 on 092,

where €2 is a bounded domain in RY with smooth boundary, N > 2, & # 0 is a parameter
and f satisfies f(x,0) = f(x,1) =0, f(x,#) > O for any ¢ & {0; 1}. Here, for fixed
0 < A < A, the Pucci’s extremal operators are defined, as in [6], by:

M a(A) =2 ei+AD e and M, (A)=AD ei+2 ) e,

e;>0 e; <0 e;>0 e; <0

where A is a matrix of order N that belongs to Sy, the space of all real symmetric N x N
matrices, and ¢; = ¢;(A),i = 1,2, ..., N, are the eigenvalues of the matrix A. We remark
that all our results here obtained are valid for the equation (P;), if we replace M;r A DY
M. 5> butin order to simplify our presentation, in this study we only consider the operator

M;\" A~ Notice that Pucci defined this kind operators in the sixties, see [29]. Let us recall,
from [6], the following definitions

Definition 1.1 Let © be a open subset of R". We say that a continuous function # in ©
is a viscosity subsolution (resp. viscosity supersolution) of (P;) in ®, when the following
condition holds: if xo € ®, ¢ € C%(®) and u — ¢ has a local maximum at x¢ then

—szM)tA(chp)(xo) =< f(xo, u(x0))

(resp. if u — ¢ has a local minimum at x¢ then —£2M;A(D2<p)(x0) > f(xo, u(xp))). We
say that u is a viscosity solution of (P.) when it is subsolution and supersolution.

We say that —EQMXL’A(DZu)(x) < (resp. >, =) f(x, u(x)) in the viscosity sense in ©®
whenever u is a subsolution (resp. supersolution, solution) of (P;) in ©.

For the Laplacian operator, that is the case when A = A = 1, problems with a nonnegative
nonlinearity having a zero at a positive value were first considered in [25], and there was
proved the existence of two solutions through topological degree arguments in the subcritical
case. Existence and behavior of a solution below the zero of f has been studied in many
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Existence and multiplicity results for Pucci’s operators 445

works, see for instance [19] and references therein, and it can be proved that this solution
converges to 1 (the positive zero of the nonlinearity) as ¢ — 0. Existence of a solution whose
maximum is above 1 is more delicate and usually requires some hypotheses on the growth
of f atinfinity. In [22], was considered the p-Laplacian operator and allowed to f depended
on the x variable, but only in the subcritical case, then two positive solutions were obtained
to the asymptotical problem at the origin for ¢ small, and was proved that both solutions
converge at least pointwise to 1 as ¢ — 0. This behavior suggests that also for our problem,
truncation procedures like those in [7,26,24] could be used in order to prove the existence
of two solutions when are considered critical or supercritical nonlinearities. However, the
pointwise convergence is not enough to guarantee a suitable control on the L>°—norm of
the solutions. Assuming that €2 is convex and f is independent on the x variable, for the
p—Laplacian operator in [23] was proved the existence of two positive solutions for small
values of ¢ without imposing conditions on f at infinity.

In this study, without imposing convexity on the domain €2 and under some local hypoth-
eses on f, we will show the existence of at least two positive solutions for & small, even in
the case when f depends on the x variable, but without restrictions on the growth of the
nonlinearity at infinity. In this way, our result generalizes the preceding ones.

In order to state our first result, we introduce the following critical exponent:

N Y
+. :
PEN A
In the case A = A = 1, this exponent corresponds to the result of [20], where non existence
of positive solution holds for

Au+uf <0,

if p < pT. An extension of these results to Pucci’s operators was done in [11], and a general-
ize to more general operators, in [4,15,16,2]. Here, in the proof of the Liouville type theorem
(see Theorem 1.2 below), we use some ideas given in [16] related with a generalization of
the arguments in [11].

Now, we are in position to state precisely our assumptions on f:

(F1) f:9x[0,400) — [0, 400) is a continuous function and f (x, -) is locally Lipschitz
in (0, 00) forallx € Q, f(x,0) = f(x,1)=0and f(x,t) > 0fort & {0; 1}.
Sfx, 1)
t
(F3) There exist a continuous function a : Q — (0, co) and o € (1, ]\7/(N — 2)) such that

fx, 1) — a().

= 1 uniformly for x € Q.

(F) liminf
t—07t

im
t—1 [t — 1|7
(F4) There exist k > 0 and T > 1 such that the map ¢t — f(x,t) + kt is increasing for
t €0, T]and x € Q.

A simple model of a function that verifies our assumptions is f(t) = |1 — t|°e’, while a
more complex model is f(x, 1) = (|x|t? + log(t + 1))e'|1 —¢]°, with p > 1.
Our result is the following

Theorem 1.1 Assume that Q2 is a bounded smooth domain. Then, under the hypotheses (F1)
through (Fy), there exists e* > 0 such that the problem ( P.) has at least two viscosity positive
solutions uy ¢, Uz, for0 < & < &*.

Moreover, these solutions satisfy Hul,f Hoo — 17 and Huz,g ”oo — 1T, ase - 0.
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An important tool used in the proof of the preceding results is the following Liouville type
theorem for a nonnegative function with zeros.

Theorem 1.2 Let f : [0, 00) — [0, 00) be a continuous function satisfying the following
three assumptions:

(f) f@)=0ift =00rt=1,and f(t) >0ift #1, 1> 0.

(f2) There exist constants y > 0and o € (1, N/(N — 2)) such that f(t) > y(t — 1)?, for
t>1.

(f3) There exists a constant b > 0 such that lim inf,__, o+ @ > b.

Then any bounded solution of the problem

[ —Mj \ (D*w) = f(w) inRY, (L

w >0,
is either the constant function w = 0, or else w = 1.

We strongly believe that our method can be extended to different operators for which this
sort of Liouville type theorem holds, some already quoted above, and such that a Gidas-
Spruck type theorem also has been obtained.

Remark 1.1 As our main motivation is dealing with supercritical models at infinity, two key
step in our proof are: truncation arguments and a Liouville type result, which allow us to
show that the solutions of the truncate problem are effectively the solutions of the original
problem for & small enough. However, note that little modifications in the proofs of our
theorems above we allow us to obtain similar results in the case that f growth like ¢ at
infinity, with p € (1, N/(N — 2)), but without need of using truncation arguments and
some Liouville type result, see Propositions 3.3 and 3.4. A simple model in this situation is
f@) =1 —-1t|°,0<qg <1.

2 Nonlinear Liouville type theorem

Proposition 2.1 Let w be a viscosity solution of the inequation
—M , (D*w) = f(w) in RN,

where f is a continuous nonnegative function. Then either infgry w = —00, or infyy w is
azeroof f.

Proof Let U(r) = inf|y— w(x). Suppose by contradiction that infgy w = M € R with
f(M) > 0.Let My(r) = inf|,|<, w(x). Then we must have that My(r) — M™ asr — +oo.
By the continuity of f, for a suitably large ¢ and some @ > 0, one has f(w) > o > 0
provided M < w < My(rg).

We claim that U (r) is strictly decreasing for » > rg. Indeed, if not, should be r| and r;
satisfying ro < r; < ry such that U(r;) < U (rp), that is, w should have a minimum in
{x : |x| < rz}. Since in this case w satisfies

—Mf , (D*w) = 0in B,
w > U(rp) on dB,,,

it results by the Strong Maximum Principle for viscosity solutions (see [6, Proposition 4.9])
that either w > U(r2) in B, or w = U(r2) in B,,; the first possibility contradicts U (r;) <
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U (r2); however, by the definition of My, one has that if w = U (1) in B,, then My(r9) =
My(r2) = U(r2), and as a consequence —M;A(Dzw) > a > 0in B,,, which is impossible
for a constant function: this proves the claim that U () is strictly decreasing for r > ry.
Now let
|

= Ix]2,
20N

v(x)

that is a radial solution of

—M;j A(D*v) = —1inRY,
v>0,v0)=0.

Consider W = w +§v, with § > 0. Since lim|,|—,  v(x) = 400, then W has a global min-
imum. Since U (r) is strictly decreasing, we may choose § sufficiently small so that this mini-
mum lies at some point xq, with |xg| > ro and w(xg) < Mo(ro). Hence, f(w(xg)) > o > 0.
Now, choosing § < «/2, from the definition of a viscosity supersolution, taking —§v as a
test function we obtain

— M, (D*(=8v(x0))) = SM ™ (D*v(x0)) = 8 > f(w(x0)) > c.
But this is a contradiction because § < «/2. This completes the proof. O

Proof of Theorem 1.2. Let u be a bounded solution of (1.1). By Proposition 2.1 we have that
the minimum of ¥ must be a zero of f.

We initially suppose thatinf u = O and let 5 : [0, +00) — Rsuchthat0 <n(r) < 1,5 €
C®, n nonincreasing, n(r) = 1if0 < r < 1/2and n(r) = 0if r > 1. Itis obvious that there
exists C > 0 such that

— M A (D*n(x]) < C.

Define now &(x) = m(R/2)n(|x|/R), where m(r) := miny|<, #(x). Then by scaling prop-
erty of M;\" A We have

Cm(R/2)

R
In addition, £(x) = 0 < u(x) if |x| > R and £(x) = m(R/2) < u(x) if |x| < R/2. Thus
there exists a global minimum of u(x) — &(x) achieved in a point xz with |[xg| < R. Note
that u(xg) — &£(xg) < 0 and so u(xg) < &(xg) < m(R/2).

By using a similar device as those in [13], if we define ¢ (x) := &(x) — &(xg) + u(xg) we
obtain that ¢ is a test function for u at xg and thus

— M (D*E(x)) <

Cm(R/2
fuxr)) < =M, (D*(xp)) = — M, (D*E(xg)) < %

So, since 0 < u(xg) < m(R/2), by (f1) and (f3) there exists Ry > 0 large enough so that

b Cm(R/2
2uCe) < flutey = 2,
for any R > Ry. This implies that

Cm(R/2) cm(R)
<
R? R?
which is impossible if m(R) # 0 for all R > Rp. Then there is some R > 0 sufficiently
large so that m(R) = 0. Hence, since u is a viscosity supersolution of —M;A (D?u) > 0in

’

b R) <
Em()_
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B7(0) by applying the Strong Maximum Principle in [6], we have that u = 0 in By (0) for
any T > R, ie.u=0in RV,

Finally, in the case that inf u = 1 in R, setting ug = u — 1 we see that u is a viscosity
solution of

~ M\ (D%ug) = flug+ 1) in RV,
up > 0,

which satisfies m,,,(R) := min|yj<g up(x) — 0as R — oo. Arguing as in the previous case
and using ( f>) we obtain that

yuo(xg)? < fluo(xg) +1) <

’

Cmy,(R)
R2

which implies
muy(RIRTT < c,
i.e.
Mg (RYRV=2 < cRV 271

But inequality above is a contradiction, because 1, (R)RN —2 is increasing (see [13, Corol-
lary 3.1]). ]

3 Proof of Theorem 1.1

Note that by hypothesis (F3) there exist R > 1 and y; > 0 such that f(x,t) > yi|t — 1|°
fort € [1, R]. Without loss of generality we may assume that R < T from hypothesis (Fy).
Then we truncate f as follows

fx, 1), 1t <R,
LR 1> R,

fR(xvt):[

where T = max{0, t}. Also, without loss of generality, we may assume that

fr(x, 1)
t

lim inf > 1 uniformly for x € Q.

t—0+

With this definition, fz has a power growth at infinity with exponent less than N / (N -2)
and also satisfies the following properties:

fRG, 1) = yalt = 1|7 fore > 1
f(x, R)
RO‘

if y2 = min ‘)’1, infyeq > 0, and

the map t — fr(x,t) + kt is increasing for ¢ € [0, +00], 3.1

where k is as in hypothesis (F3).
We consider then the auxiliary problem

SZM)T,A(DZM) = fr(x,u) +&’tut in Q,

(Qe.c) [u =0 on 9%,

where 7 is a nonnegative parameter.
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Existence and multiplicity results for Pucci’s operators 449

We remark that since fr > 0, by the Strong Maximum Principle in [6] one has the non-
trivial solutions of the problem (Q; ;) are positive. Moreover, considering from now on ,ufr
as the first positive eigenvalue of —M; A in € (see [5, Proposition 1.1]), one gets that the
problem (Q; ) has no positive solution for T > ,ufr

Our first step will be to derive some a priori estimates for solutions of (Q¢ 7).

Lemma 3.1 Under hypotheses (F1) and (F»), we have given'e > 0, there exists a constant
Dsz such that, if u is a viscosity solution of problem (Q¢ ) with0 < ¢ <€ and t > 0 then

lulloo < Ds;
and therefore there is a positive constant C, such that
||I/t ”Cl,a(§) = C£~

Proof Suppose, for sake of contradiction, that there exists a sequence {(u,, &, Tn) }neN With
u, being a positive viscosity solution of (Qe, ,), such that S, :== maxg u, = u,(x,) — 0
as n — oo, where {x,} C Q is a sequence of points where the maximum is attained. We
remark that since we are not supposing T > 0 at this point, this sequence may not be bounded
away from the boundary.

Let now 8, = dist(x,, 0R2) and define w,(y) = S;lu,, (Apy + x,), where A,, will be
fixed later. Hence w,, satisfies

2

A . _
_M)TA(Dzwn(y))= = fR(Any+xn’ Snwn(y))'i_rnAﬁwn(y) in 2, =A;11(Q_xn)
; e28,

n

(3.2)

and w, (0) = max w, = 1.

We choose A% = sﬁS,]l_“f(xn, R)'R%. Since S, - 00,0 < &, < Fand 7, < ,uT
(because no positive solution of (Q; ;) exists for T > ,u;r), we conclude that A, — 0 and
rnA% — 0. Then, the right hand side of (3.2) becomes

R® fR(Any + x4, Spwy)
S, R)SY

and by the continuity of f and the definition of fg, it is bounded. By regularity results (see
[32] for instance), we have that, up to subsequence, w,, — w in compact sets of RN or RY,
according to whether the limit of 8, /A, is infinity or not, that is, €2, tends to R" or to a half
space.

Finally, taking the limit in (3.2), we have that w satisfies, in the viscosity sense, either

+o(1),

M (D*w) +w” =0inRY
or

M (D*w) +w” =0 in RV,
w=0 on dRY.

But this contradicts the Liouville type theorem in [13, Theorem 4.1] in the case of R and
the corresponding in [30, Theorem 1.5] in the case of the half space, because

N (N=1) N4
l<o <= < —— = =
N-2 ((N-1)-2 N-2-

(3.3)

>>

@ Springer



450 S. Alarcén et al.

This contradiction proves that |||, < C for any solution of problem (Q, ;) with ¢ < € and
7 > 0. Finally using the C''* estimates we obtain that there is a positive constant C; such
that

”u”cl,u(ﬁ) < Ce,
for some o € (0, 1) (see [32]). O

Now we look for a family of supersolutions of (Q¢ ;). For this purpose, we consider to
the function ¥ being the viscosity solution of

—MJ L (D*Y) =1ingQ,
v =0 on 9%2,

and A := | ||c0- For the existence of such ¥ see, for example, [31].

Lemma 3.2 Under hypothesis (F3), for any ¢ > 0 there exist t}, 8, > 0 such that vg =
1+&+ f—j‘lﬁ is a supersolution for (Qg 1) forany & € [—6¢, 8:/2], and T € [0, t}). Moreover,
we may choose 8 as a nonincreasing function of €.

Proof Fixed ¢ > 0, by the hypothesis (F/3) we have that

Sfr(x, 1)
S 2,
—1 &2t — 1|
and then there exists § > 0 such that s‘sz(x, 1) < % < % for |t — 1| < § and any

x € Q. Since this estimate still holds for lower values of ¢, we deduce that § may be chosen
as a nonincreasing function of e~ 1.
If t* > Ois such that Tu < % for t € [0, t*), u € (0, 1 + &], then

8
efsz(x,u)+ru<a fort €[0,7%), ue[l—6,1+68] and x € Q.

If we define vy = 1+.§+&1//, we have that ve € [1 =6, 146] provided r € [0, 7%), & €
[—$, §/2] and then

A (D) =

which proves that v is a supersolution. O

> e fr(x, ve) + Tg,

Now we prove the existence of a first solution for (Q,, ;) via the sub- and supersolutions
method. For this we need hypothesis (F4). For simplicity, for ufr, the first eigenvalue of
—M;r A in €, we denote from now on by g01+ its first eigenfunction associated, which is
positi\}e in €, see [5, Proposition 1.1] or [30]. Without loss of generality, we can consider
oy lloo = 1.

Proposition 3.3 If hypotheses (F1) — (F4) hold, then problem (Q; ;) has a positive solution
Ui er < lfor0<e < (l//ucik)l/2 and 0 < t < t}. Moreover, the following property holds:
given() <€ < (l/uuf)l/2 there exists p > 0 such that /o<pfr <uter <lforany0 <e <@
and t € [0, T)).

Proof In a standard way, using (F2), we may find a p > 0 (as small as desired) such that
fr(x,t) > 52M1+tf0ranyt € (0,p),and0 < e <€ < (l/ufr)l/z;then ,orpfr is a subsolution

to problem (Q; ;) forany 7 > 0and 0 < ¢ < €.
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Existence and multiplicity results for Pucci’s operators 451

For t € [0, 7)), we have the supersolution v_s, < 1 from Lemma 3.2; since §; is not
increasing in e 7!, we may choose p such that p(ler < v_5,/2 forany 0 < & < &. Denote now
by X the Banach space of C!-%-functions on Q which are 0 on 32, endowed with the usual
¢ -norm. Also, we will write u < v to say that u < v in Q2 and S—Z > g—: on 092, where v
denotes the unitary outward normal vector to 2. Let k be asin 3.1 and K; : X — X be
defined as follows: K;v = u, where u is the unique solution of the Dirichlet problem

—&2 M\ (D*u) + ku = fr(x,v) + (k+e*1)v in Q,
u=20 on 9%2,

the mapping K. so defined is compact (see [17] for instance). Setting D := {u € X : ,ogofr <
u < v_g,/2}, we have that K; : D — D is an increasing map. Thus, using the monotone
iteration method (see [3] for instance), we obtain a solution u . ; with the claimed properties.

O

Now, we work with T > 0 and we show that a second solution exists: we will apply a
topological degree argument, adapting a result obtained by de Figueiredo and Lions in [18],
see also [23] for the p-Laplacian case.

Proposition 3.4 Assume hypotheses as Proposition 3.3. If 0 < ¢ < (1/ //LT)I/ Zand 1 €

(0, 7)), then (Qg, z,) has a second positive solution uz ¢ r,. Moreover Huz,(,;,t0 ||Oo > 1.

Proof Letus fix 0 < ¢ < (1/pLT)1/2 and arguing as in the proof of Proposition 3.3, we
consider the bounded open set

O={ueX:||u||X<C£—|—B8+l,u>>p<pr},

where C., B: > 0 will be chosen below (see in (3.4) and (3.6), respectively) and p > 0 is as
in the proof of Proposition 3.3, so that ,0(,01Jr < 1 and it is a strict subsolution for all problems
(Qe,0), T = 0 (in particular £ pp,” < fr(x, p@;).

We need that 0 ¢ (I — K;)(d0O) (i.e. no solution of (Q; ;) lies on d0), so that the degree
deg(I — K+, O, 0) will be well defined and independent on 7. To obtain this we consider C,
as in Lemma 3.1, so that

lullx < Ce (3.4)

for all possible solutions of (Q¢ ;) with T > 0.
Then, we claim that any solution u of (Q¢ ;) such that u > p(pl+ in €2 satisfies u > ,0(,0;r
(and then it is not on d0). Actually, we have

[—EZM;A(D%) +hu= frlx,u) + (k+&*t)u in Q,

) 3.5
=2 M (DX (p9)) + koo < &1 pof + (k + £21) ey in Q. (3-5)

by hypothesis (F4), and since u > p(pf, we have

TR, u) + (k + &20)u > fr(x, pol) + (k + £27) poy,

and then a strict inequality holds between the (continuous) right hand sides of 3.5. Thus, the
claim is proved.
By the above computations, we obtain that

deg(I — K;,0,0) =0 foranyt > 0,

since (Qg, ) has no solutions for t > uf.
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452 S. Alarcén et al.

At this point we fix T = 79, we consider the supersolution ¢ := vge—o > 1 from
Lemma 3.2, and we assume that no solution of (Q¢ ,) touches it, otherwise such a solution
would satisfy the claim and the proposition would be true. Using the ! estimate in [32]
we obtain that we may choose the constant B, > 0 such that

[Kcvllx <Be, VveX:0=<v=¢; (3.6)
we consider the open subset of O
O={ue0:u<¢inQ)

and we claim that deg(/ — K, 0’,0) = 1. o
Observe that K, maps O’ into O’. Indeed, if v € O, then |Kv|, < B by 3.6, and if
we consider u = K v we have

—2 M\ (D?¢) + k¢ = frx. ¢) + (k + £210)9,
—2 M\ (D?u) + u = fr(x,v) + (k + £210)v,
—2 M\ (D*(pp)) + k poi” < e2ut pp + (k + &210) g,

then, since ,0(,0;r < v < ¢, the comparison principle implies that ,0(,01Jr < Kqyv < ¢.

Now, let ug € ©’ and consider the constant mapping C : O’ — O’ defined by C (1) = uo.
So, one obtains that I — u K (v) — (1 — pug, p € [0, 1], is a homotopy between I — K,
and I — C in @' without zeros on 9¢': in fact, if v € 3¢’ then (since @' is convex)
1K, (v) + (1 — wug € O for u # 1, and then it is different from v, while for 4 = 1 we
have v # K, (v) since we are assuming that no solution touches ¢.

Hence deg(I — Ky,, ©’,0) = deg(I — C, 0’,0) = 1, as we claimed.

Then, applying the excision property, it follows that deg(/ — K+,, O \OL0) = —1, so
(Q¢,7,) has asolution ur € O \O’;in particular, u3(xg) > ¢ (xo) > 1in some point xg € €2,
since otherwise it would be on d(0’, and then u; is distinct from u ¢ 7, from Proposition 3.3.

m}

Now, we will obtain a solution for (Q; o) as the limit of the solutions obtained in the
previous Proposition.
Lemma 3.5 Assume hypotheses as propositions 3.3-3.4. Then, given 0 < ¢ < (1/ ui")l/ 2,
there exists a solution uy ¢ o for the problem (Qg o), which satisfies Hug,g,o HOO > 1.

Proof Given0 < e < (1/ /L?_)l/ 2 we will consider a sequence 7, — 0 and we will focus on
the solution u,, := uy ¢ ;, from Proposition 3.4, so that we know that [|u,[s > 1.

By Lemma 3.1, we have a uniform bound for ||u, ||o1.« for some « € (0, 1). Then, up to
a subsequence, u, — u in C', where u is a nonnegative viscosity solution of (Q¢.0)-

From |lu,| o > 1 we obtain ||u]|,, > 1. Thus u is nontrivial and then positive. O

The following Lemma is based in a result due to Quaas and Sirakov (see [30, Theorem 3.2])
which relates the existence of a nonnegative solution in ]Rf with the existence of a positive
solution in RV ~!. This result will allow us to show that the maximum of the solutions are
below of R, the parameter of truncation, for ¢ # 0 small enough.

Lemma 3.6 The solutions us ¢ from Lemma 3.5 satisfy ||u2,870“w — lase — 0. In
particular, there exists €* > 0 such that if 0 < & < &* then ||u2‘8,0”00 <R.
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Proof Given n > 1, suppose by contradiction that there exists a sequence &, — 07 such
that the corresponding solutions u, := u3 g, o satisfy ||u,|| > 5, in particular there exists a
sequence x, € 2 such that d, := dist(x,, 02) and u, (x,) = |lunllee > n-

Letting wy, (x) = u, (x, + €,x) we see that w, satisfies

— M (D*wp)(x) = fR(Xn + £X, wy) in BO, dye, ')

and w, (0) = uy, (x,).

As in the proof of Lemma 3.1, we obtain (since w,, is bounded in L°°) also a uniform
bound in the ¢ norm in compact sets, for some « € (0, 1). Then, up to a subsequence,
w, — w in the C! norm in compact sets and x, — xq in Q, where now w is a ¢! function
defined in R or in a half space. Thus, w is a C-viscosity solution of the problem

~ M\ (D*w) = fr(xo, ),
w > 0.

in RY or in an half space. If such w solves the problem in R" , then according to Theorem 1.2
we conclude that either w = 0 or w = 1. On the other hand, if such w solves the problem
above in an half space, then from Theorem [30, Theorem 3.2], (3.3) and again Theorem 1.2,
we conclude the same result for w.

In any case, this contradicts the fact that w,(0) = u,(x,) > n > 1, and then the lemma
is proved. O

Proof of the Theorem 1.1. The first solutionis uj ¢ o, which is the solution obtained in Prop-
osition 3.3 for the problem (Q; o). Indeed, note that u; ¢ o verifies ||u] ¢ 0llco < 1. Besides,
by hypothesis (F1) and (F»), if . is the largest real such that £ (x, #) > e?uft fort € (0, 1),
uniformly for x € Q, thent, — 1~ as & — 0. Since no positive solution of (P,) may exist
below t,, we deduce that ||u; ¢ || — 1~ as & — 0.

On the other hand, the second solution corresponds to uz ¢ o, the solution to the prob-
lem (Q¢ ) given in Lemma 3.5, which verifies ||u2¢0llcc > 1. Besides, by Lemma 3.6,
lu2.6.0ll00 < R fore > 0small, where R is the parameter of truncation, and ||u2 ¢ 0llcc — 17

ase — 0T, O

Acknowledgements S. A. was partially supported by USM Grant No. 121002, L. I. was partially supported
by Fondecyt Grant No. 11080203, and A. Q. was partially supported by Fondecyt Grant No. 1110210 and
CAPDE, Anillo ACT-125. Besides, the three authors were partially supported by Programa Basal, CMM,
U. de Chile.

References

1. Allendes, A., Quaas, A.: Multiplicity results for extremal operators through bifurcation. Discret. Contin.
Dyn. Syst. 29, 51-65 (2011)

2. Armstrong, S., Sirakov, B.: Sharp Liouville results for Fully Nonlinear equations with power-growth
nonlinearities (preprint).

3. Amann, H.: Fixed point equations and nonlinear eigenvalue problems in ordered Banach spaces. SIAM
Rev. 18, 620-709 (1976)

4. Birindelli, I., Demengel, F.: Comparison principle and Liouville type results for singular fully nonlinear
operators, Ann. Fac. Sci. Toulouse Math. (6) 13, 261-287 (2004)

5. Busca, J., Esteban, M., Quaas, A.: Nonlinear eigenvalues and bifurcation problems for Pucci’s Opera-
tor. Ann. Inst. H. Poincaré Anal. Non Linéaire 22, 187-206 (2005)

6. Caffarelli, L., Cabré, X.: Fully nonlinear elliptic equations. American mathematical society colloquium
publications, vol. 43. American mathematical society, Providence (1995)

7. Chen, S., Li, S.: On a nonlinear elliptic eigenvalue problem. J. Math. Anal. Appl. 307, 691-698 (2005)

@ Springer



454

S. Alarcén et al.

21.

22.

23.

24.

25.

26.

217.

28.

29.

31.

32.

Caffarelli, L.-A., Crandall, M.-G., Kocan, M., éwiech, A.: On viscosity solutions of fully nonlinear
equations with measurable ingredients. Comm. Pure Appl. Math. 49, 365-397 (1996)

Charro, F,, Colorado, E., Peral, I.: Multiplicity of solutions to uniformly elliptic fully nonlinear equations
with concave—convex right-hand side. J. Differ. Equ. 246, 4221-4248 (2009)

Cheng, J., Li, W.: Nonnegative radial solutions to a class of elliptic equations involving the Pucci’s
extremal operator. J. Math. Anal. Appl. 341, 386-397 (2008)

. Crandall, M., Lions, P.-L.: Viscosity solutions of Hamilton Jacobi equations. Trans. Am. Math. Soc. 277,

1-42 (1983)

Crandall, M., Ishii, H., Lions, P.-L.: Users guide to viscosity solutions of second order partial differential
equations. Bull. Am. Math. Soc. 27, 1-67 (1992)

Cutri, A., Leoni, F.: On the Liouville property for fully nonlinear equations. Ann. Inst. H. Poincaré Anal.
Non Linéaire 17, 219-245 (2000)

Felmer, P., Quaas, A.: Positive radial solutions to a ’semilinear’ equation involving the Pucci’s operator. J.
Differ. Equ. 199, 376-393 (2004)

Felmer, P., Quaas, A.: Fundamental solutions and two properties of elliptic maximal and minimal opera-
tors. Trans. Am. Math. Soc. 361, 5721-5736 (2009)

Felmer, P., Quaas, A.: Fundamental solutions and Liouville type theorems for nonlinear integral opera-
tors. Adv. Math. 226, 2712-2738 (2011)

Felmer, P., Quaas, A., Sirakov, B.: Landesman-Lazer type results for second order Hamilton-Jacobi-Bell-
man equations. J. Funct. Anal. 258, 4154-4182 (2010)

de Figueiredo, D.G., Lions, P--L.: On pairs of positive solutions for a class of semilinear elliptic prob-
lems. Indiana Univ. Math. J. 34, 591-606 (1985)

Garcia-Melidn, J., Sabina de Lis, J.: Stationary profiles of degenerate problems when a parameter is
large. Differ. Integral Equ. 13, 1201-1232 (2000)

Gidas, B.: Symmetry properties and isolated singularities of positive solutions of nonlinear elliptic equa-
tions, in Nonlinear partial differential equations in engineering and applied science. In: Sternberg, R.,
Kalinowski, A., Papadakis, J. (eds.), Proceedings of the Conference, Kingston, R.I. 1979, Lecture Notes
in Pure and Applied Mathematics, vol. 54, pp. 255-273. Deckerm (1980).

Gidas, B., Spruck, J.: Global and local behavior of positive solutions of nonlinear elliptic equations. Comm.
Pure Appl. Math. 34, 525-598 (1981)

Iturriaga, L., Massa, E., Sanchez, J., Ubilla, P.: Positive solutions for the p-Laplacian with a nonlinear
term with zeros. J. Differ. Equ. 248, 309-327 (2010)

Iturriaga, L., Lorca, S., Massa, E.: Positive solutions for the p-Laplacian involving critical and supercritical
nonlinearities with zeros. Ann. Inst. H. Poincaré Anal. Non Linéaire 27, 763-771 (2010)

Iturriaga, L., Lorca, S., Montenegro, M.: Existence of solutions to quasilinear elliptic equations with
singular weights. Adv. Nonlinear Stud. 10, 109-120 (2010)

Lions, P--L.: On the existence of positive solutions of semilinear elliptic equations. SIAM Rev. 24, 441—
467 (1982)

Lorca, S., Ubilla, P.: Partial differential equations involving subcritical, critical and supercritical nonlin-
earities. Nonlinear Anal. 56, 119-131 (2004)

Ni, W.M., Takagi, I.: On the shape of least energy solution to a semilinear Neumann problem. Comm.
Pure Appl. Math. 41, 819-851 (1991)

Ni, W.M., Takagi, I.: Locating the peaks of least energy solutions to a semilinear Neumann problem. Duke
Math. J. 70, 247-281 (1993)

Pucci, C.: Operatori ellittici estremanti, Ann. Mat. Pura Appl. (4) 72, 141-170 (1966)

Quaas, A., Sirakov, B.: Existence results for nonproper elliptic equations involving the Pucci opera-
tor. Comm. Part. Differ. Equ. 31, 987-1003 (2006)

Swiech, A.: W!-P-interior estimates for solutions of fully nonlinear, uniformly elliptic equations. Adv.
Differ. Equ. 2, 1005-1027 (1997)

Winter, N.: WP and W!-P-estimates at the boundary for solutions of fully nonlinear uniformly elliptic
equations. Z. Anal. Anwend. 28, 129-164 (2009)

@ Springer



	Existence and multiplicity results for Pucci's operators involving nonlinearities with zeros
	Abstract
	1 Introduction
	2 Nonlinear Liouville type theorem
	3 Proof of Theorem 1.1
	Acknowledgements
	References


