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Abstract Let B be the unit ball in RY, N > 3 and n be the exterior unit normal
vector on the boundary. We consider radial solutions to

2, _ : 2 _ 8_u_
Ay = A1 +sign(p)u)? in B, u=0, 3 =0 ondB
n

where A > 0. For positive p we assume 5 < N < 12 and p > Nt or N > 13 and

N—4>
%‘ < p < p¢, where p. is a constant depending on N. For negative p we assume
4 <N <12and p < p,or N =3 and p/ < p < p., where p} is a constant. We
show that there is a unique Ag > O such that if A = Ay there exists a radial weakly
singular solution. For A = Ay there exist infinitely many regular radial solutions and

the number of radial regular solutions goes to infinity as A — Ag.
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144 J. Davila et al.

1 Introduction

In their well known work, Joseph and Lundgren [30] gave a complete characterization
of all positive solutions of the problem

—Au=XAg(u) inB, u=0 ondB, (D

where g(u) = ¢ or g(u) = (1 + au)?, ap > 0, B is the unit ball in R", and
A > 0. In particular, they found a remarkable phenomenon for g(u) = ¢“ and N > 2:
either (1) has at most one solution for each A or there is a value of A for which infi-
nitely many solutions exists. In the case of a power nonlinearity the same alternative
isvalidif N > 3 and p ¢ (1, (N + 2)/(N — 2)]. The multiplicity result of Joseph
and Lundgren, established for radial solutions, is based on earlier work of Barenblatt
for the exponential nonlinearity, who used Emden’s transformation to obtain infinitely
many solutions for one A in 3 dimensions, see [21]. We recall that all positive smooth
solutions of (1) are radial by the result of Gidas et al. [23].

A general problem formulated by Lions [33, Sect. 4.2 (c)] is whether it is possible
to obtain a description of the solution set of higher order semilinear equations, similar
to those known for (1).

In this paper we study a semilinear equation involving the bilaplacian operator and
a power type nonlinearity:

A?u = (1 +sign(p)u)? inB, u=0, g_: =0 ondB )
where A > 0, p € R, p # 0 and sign(p) = 1 if p > 0, sign(p) = —1if p < 0.
We also treat Navier boundary conditions. We show that (2) presents a multiplicity
phenomenon of radial solutions similar to the one known for the second order equa-
tion, if p is restricted to be in a region that involves a critical number p., defined in
(7) below, which was introduced in a recent work by Gazzola and Grunau [20]. We
consider only radial solutions, since all positive smooth solutions of (2) are radial, see
Berchio et al. [6].
A motivation for considering negative powers in (2) stems from a model for the
steady states of a simple micro electromechanical system (MEMS) which has the
general form (see for example [32,37])

aAu = ,3/|Vu|2dx+y Au+ A(1 —u)~2 2ACY — in 2
2 (1+ngm)
O<u<l in 2
ou
u=0, (xa—=0 onds2.
n

We will consider this equation posed in £2 = Bwithf =y = x =0,o = 1 and
f(x) = 1. Note that in this model only the power p = —2 is relevant, but we shall
work with a larger range of negative powers.
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Multiplicity for the bilaplacian with power nonlinearity 145

Problem (2) for positive powers has been studied in [5,14—16,31] and the case of
negative powers has been treated in [9, 11,16,26-28,34]. For both cases it is known that
there exists A* > 0 such that there is a radial classical solution of (2) for0 < A < A*
and there are no solutions for A > A*.In fact, for0 < A < A* there is a pointwise mini-
mal and regular solution u, . It is also known that the monotone limit u* = limj_, yx u,
belongs to at least L! (B) and is a weak solution, called the extremal solution. For the
proofs see for example [14] for positive powers, where the authors also proved the
stability of the minimal solution, that singular solutions are weakly singular and char-
acterized regular versus singular solutions in terms of the behavior of an autonomous
first order system of ODEs. In [7] they obtained the existence of the threshold A* when
p = —2and N = 3, but the argument applies to any p < O and N > 1. In [15] the
authors proved thatif N > 5 and p > %—Jj‘ then there is a singular solution for some
value of A, and if addition 5 < N < 12andor N > 13 and p < p, then the extremal
solution is bounded. For boundedness of the extremal solution for negative powers in
[11] the authors obtain for p = —2 the sharp dimensions for which u* is regular. See
also [16] where they proved that if N < 4 and p < 0 together with p < (2 — N)/2.

An ingredient in previous arguments, e.g. in [15], is a relation of (2) with entire
solutions to

AU =sign(p)UP, U >0 inRV. 3)

In the case of positive p and p < p. the authors in [15] showed that the positive entire
solutions of (3) oscillate infinitely around the explicit singular solution, see also [20]
for positive powers, and [27] in the case N = 3 and p = —2. The stability of the
entire solutions of (3) has been studied in [31], where the author also obtained that for
N > 13 and p > p. the entire solutions are ordered. A similar phenomenon for some
negative p is proved in [28].

Problem (2) has a resemblance with the case of an exponential nonlinearity studied
in [1,2,12], and [13] where we have obtained recently multiplicity results similar to
the ones in this work.

To introduce our results we define the notion of weak solution for (2). If p > 0 we
call u a weak solution of (2) if

we LY(B),u > 0ae., (1+u)? e LY(B), and

/quw = x/(l +u)lp YoeC*B), ¢lap=Velsp=0. @
B B

If p < 0 a weak solution u of (2) is

we L'(B),0<u<1lae,(l—uPelL(B),and

/uA%o = x/(l —u)lp Vo e C*B), ¢lag=Velas=0. O
B B
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146 J. Davila et al.

If p > 0 a weak solution u to (2) is called singular if v ¢ L°(B) and regular
otherwise. If p < 0 a weak solution u to (2) is called singular if |||y = 1 and
regular if ||ullz~(p) < 1. By standard regularity theory regular solutions are C°.
Radial solutions can be only singular at the origin, that is, if u is a radial solution then
u(r) is smooth for r € (0, 1).

For p > 1 aradial singular solution u = u(r) of (2) is called weakly singular if

lim rTu(r) exists
r—0

where

while for p < 0 a radial singular solution v = w(r) of (2) is called weakly singular if
lim 77 (1 — u(r)) exists.
r—0

Ferrero and Grunau [14, Theorem 3] proved that if N > 5 and p > %—fi then any

radial singular weak solution of (2) is also weakly singular. For negative powers this
is also true (see Sect. 6).

Theorem 1 Assume N > 4and p < —1, or N = 3 and =3 < p < —1. Then any
radial singular weak solution of (2) is also weakly singular.

1.1 Main results for positive powers

Theorem 2 Assume N > 5 and p > %. Then there exists a unique s > 0 such
that (2) with A = As admits a radial weakly singular solution and this weakly singular
solution is unique.

Let C denote the solution set associated to (2), that is,

C={(,u) € (0,00) x C4(§) : w is radial and solves (2)}. (6)

Theorem 3 Assume N > 5 and p > %. The set C is homeomorphic to R and the

identification can be done through (1., u) € C — u(0).

The inverse of the above identification can be extended as 0 — (0,0) and oo +—
(As, us) where ug is the unique weakly singular solution of Theorem 2.
Define

N+2—\/4+N2—4\/N2—|—HN
N—6—\/4+N2—4,/N2+HN

for N >3 (7

Pc

with

Hy = (N(N — 4)/4)%.
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Multiplicity for the bilaplacian with power nonlinearity 147

The constant Hy appears as the best constant in the Hardy-Rellich inequality, see [38].
We note thatif 3 < N < 12 then p, < 0 and if N > 13 then p, > O.
The main multiplicity result for positive powers is the following.

Theorem 4 Assume

5<N <12 and

+4 +4
4<p<—|—oo,0rN213 and 4<p<pc. (8)

Then for A = Ag problem (2) has infinitely many radial smooth solutions. For A # Ag
there are finitely many radial smooth solutions and their number goes to infinity as
A — Ag.

1.2 Main results for negative powers

Theorem 5§ Assume N > 4 and p < —1, or N =3 and —3 < p < —1. Then there
exists a unique ,s > 0 such that (2) with A = As admits a radial weakly singular
solution and this weakly singular solution is unique.

Define C as in (6).

Theorem 6 Assume N >4 and p < —1,or N =3 and =3 < p < —1. The set C is
homeomorphic to (0, 1) and the identification can be done through (A, u) € C — u(0).

The inverse of the above identification can be extended as 0 — (0,0) and 1 +—
(As, us) where ug is the unique weakly singular solution of Theorem 5.
Define

N N+2+\/4+N2—4,/N2+HN
pe =
N—6+\/4+N2—4\/N2+HN

Theorem 7 Assume

for N >3, N #4. )

N =3 and p;r<p<pc,0r 4<N<12 and —oc0o<p<p.. (10)

where p¢ is given in (7). Then for . = Ag problem (2) has infinitely many radial
smooth solutions. For A # Ag there are finitely many radial smooth solutions and
their number goes to infinity as A — \gs.

Wenote thatif 3 < N < 12 then p. < Oandif N > 13 then p, > 0. When N = 3,
the range p < p < p can be written as

_5+\/13—3«/ﬁ< 5-V13-3J17

—2.626...= p<———m—+——=-—1.108...
3-v13-3J17 34+Vv13-3J17
and when N = 4 we have p. = —1.
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148 J. Davila et al.

1.3 Further results and comments

Concerning Theorems 2 and 5, there is a proof of existence of weakly singular solutions
for positive powers in [15], but uniqueness is not treated.

For positive powers, in [15] the authors showed, using the ideas of [12], that in the
range (8) one has Ag < A* and ™ is regular. In the case p = —2, in [11] they proved
that u* is regular if 1 < N < 8 and singular if N > 9. We can actually complete part
of this result for negative powers:

Corollary 1 Assume that p is in the range (10). Then As < A™ and u* is regular.

This corollary follows from Theorem 7, since we also prove that under (10) there
are regular radial solutions for A > Ag close to Ag. It follows then that A* > Ag. If u*
is singular, then by Theorem 1 it would be weakly singular and this would contradict
the uniqueness part of Theorem 5.

Itis natural to ask: if p is the complementary ranges to (8) and (10), more precisely,
if

N > 13 and p > p., or

N =3and p € (-3, pf1U[pc, —1), or
(11)
5<N<12and p. <p < —1,0r

N >13and p < —1,

is u* is singular? We know that in some cases this is true, see [11], where they proved
that if p = —2 then u* is singular if and only if N > 9, which is consistent with (11).
But surprisingly the answer in part of the range (11) is negative. In fact, in [16] the
authors show that when N = 3 and p < —1/2 then u* is regular. This implies that
the curve of solution must bend back at A* and then continues to the weakly singu-
lar solution ug. Numerical computations shown in Fig. 1 suggest that if N = 3 and
p € (=3, pj] U [pe, —1), there is no oscillation as A — Ag and that the number of
solutions is bounded independently of A and bigger than one in some intervals. This
is notably different to what happens for the Laplacian with power-type nonlinearities,
where it is known that either there is uniqueness of solutions for all A or there is some
A with infinitely many solutions, see [30].

It remains an open problem whether «* is singular in the range (11), with N > 5
in the case of negative powers. In Fig. 2, we observe from numerical calculations

that u™* is regular when p = —1.02 and N = 5 or N = 6. We conjecture that for
each p € (p., —1) there exists a critical dimension N, such that u* is singular for
N > N,.

= Vp

The computations of Figs. 1 and 2 were done for the Navier problem (12) to obtain
solutions with u(0) closer to 1. We found, however, that the Dirichlet problem (2)
produces qualitatively similar pictures.

We complement the previous results with the following property, that relates the
regularity of u* to uniqueness of solutions.
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Multiplicity for the bilaplacian with power nonlinearity 149

30 | p=-—1.05 B

25 E

20 E

—log(1 —u(0))

15 B

10 B

0 5 10 15 20
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Fig. 1 Bifurcation diagram of Eq. (12) for negative powers and N = 3. Since oscillations have small
amplitude, we draw in a thicker line the points to the left of Ag in the range —log(l — u(0)) > 4. We
estimate A g as the numerical value of XA at the highest point in each curve. For p = —2, the bifurcation
diagram has the form described by Theorem 9

40 | E
N=
35 > E
N=6
30 F N=17 ]
S ot !
3
|
= 20 E
20
°
I 15 F i
10 1
5 - B
0 — ////
0 50 100 150 200
A
Fig. 2 Bifurcation diagram of Eq. (12) for p = —1.02 and several dimensions. We draw in a thicker line

the points to the right of 1 g. We estimate A g as the numerical value of A at the highest point in each curve.
Here for N = 5 and N = 6 we find non-uniqueness

Proposition 2 Assume

(a) NzSandp>%,or
b) N>4andp <—1,orN =3 and -3 < p < —1.

Then u* is singular if and only if for each A € (0, 1*) Eq. (2) has a unique solution.
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150 J. Davila et al.

For the problem with Navier boundary conditions

(12)

A%y = A (1 4 sign(p)u)? in B
u=Au=0 ondB

we have similar results.

Theorem 8 Assume

(a) NzSandp>%,or

®) N>=4d4andp <—1,orN =3 and -3 < p < —1.

Then there exists a unique As > 0 such that (12) with .. = Ag admits a radial weakly
singular solution and this weakly singular solution is unique.

Theorem 9 Assume (8) for positive p or (10) for negative p. Then (12) with .. = Ag
admits infinitely many regular radial solutions. For A # Ag then (12) has a finite
number of regular radial solutions and the number of radial regular solutions goes to
infinity as A — Ag.

By a change of variables we transform the ODE version of (2) into a reasonable
first order 4 dimensional nonlinear system, treating simultaneously positive and neg-
ative powers. The system has 2 stationary points Pj, P». Some properties of this or
similar systems were studied in [14—16,20,27]. We review this material in Sect. 2. The
existence and uniqueness of a weakly singular solution is related to the properties of
the unstable manifold of P,. This is explained in Sect. 3.

For the multiplicity results we follow the same argument as in [13] for the bila-
placian with exponential nonlinearity. This idea traces back to the work of Bamén,
Flores, del Pino [3] and was subsequently applied also in [17-19]. An important step
consists in finding a heteroclinic connection from P; to P,. This connection was found
by Gazzola, Grunau in [20] for positive powers and by Guo and Wei [27] in the case
N = 3 and p = —2, based on the analysis of entire solutions. We complete this
analysis for the remaining negative powers in Sect. 4. This extension is not trivial. In
[20,27] the authors introduce a natural energy that decreases along trajectories that
oscillate infinitely many times. However, for many negative exponents this energy
does not seem useful, and we have to find an alternative argument. We find a similar
difficulty in proving Theorem 1, which we do in Sect. 6.

In Sect. 5 we explain how to obtain the connection from the entire solution. This
connection is then useful to establish that in the correct range of powers the unstable
manifold of P, which gives rise to regular solutions, has a spiral structure around the
unstable manifold of P,, and this yields the multiplicity results, see Sect. 7.

The fact that the solution set is homeomorphic to (0, co) is based on an idea of
Guo and Wei [27], that asserts that the radial solutions to (2) are uniquely determined
by their value at the origin. We then show that these values actually cover the whole
interval (0, oo) or (0, 1). This is done in Sect. 8, where we complete the proofs of
Theorems 3, 6 and Proposition 2.
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Multiplicity for the bilaplacian with power nonlinearity 151

2 Preliminaries
2.1 Important constants

We define

T = il, and Ko=1t(t+2)(N—-2—1)(N—4—1). (13)
b

In the sequel we shall work in the following range of p. If p is positive:

N>5 and p> i (14)
and p is negative:
N=3 and -3<p<-—-1, or N>4 and p< —1. (15)
In this range we have
sign(Ko) = sign(p) = sign(7). (16)

Indeed, even for p > N/(N —4) and N > 5, we have
T+2>0, ptr>0, N—-4—-7>0, and N—-2—-7>0 17

and hence Kop > 0. If p < —1 the inequality 7 + 2 > 0 holds and if N = 3, then
N —4—1 > 0for p > —3. Therefore for N =3 and -3 < p < —1or N > 4 and
p < —1 we have (17) and hence Ky < 0.

In the sequel we will write

o = sign(p).

and we shall use that &> = 1 in some of the forthcoming computations.
For some of the arguments it will be convenient to work with the following change
of variables

Then (2) becomes

A’U = KoU?  inB

1

RNE (18)

U=|—— ! and a—U=O on 0B.
a Ky on
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152 J. Davila et al.

When (16) holds the equation
AU = KoU? inRY
has an explicit radial singular solution:

Uir)=r"",

however, this solution does not satisfy the boundary condition for the normal derivative

in (18).

2.2 The Emden-Fowler transformation

With the change of variables

1

A =T
v(t) = (—) et +au@), r=é
a Ky

Equation (2) is equivalent to
Lv(t) = Kov(t)? forallt <0
where
L=@—-1+N—-4)@—-—1t+N-2)0;—71—2)(0 — 1)

with the boundary conditions

v\
v(0) = — , v (0)—17tv0)=0.
oKy
and the behavior at —oo of regular solutions is given by

lim v()* =0, lim (') —tv(?)) =0.
[——00 [——00
The operator L can also be written in the form
Ly =v® 4+ K30 + Kov” + K1v' + Kov

where Ky is defined in (13) and

K| = —473 + (6N — 24)t> + (20N — 2N? — 40)r — 2N + 12N — 16

K, = 612 + (24 — 6N)r — 10N +20 + N?
K3 =2N — 8 — 41.

@ Springer
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Let
[ v () = v(1)® = C%*"" (1 + otu(et))a
d
() = a (3 — 7)) = Ce D oty
) dr 23)
i) =@, —T =2+ N)va(t) = Ce™D" Au(eh)
d(A
vt = B — 1 —2) 03 _ cotrr 4w 1y
dr
where C = (A/(« K()))ﬁ. Then (20) becomes
V) = atv; + vzvll_“
b=@T+2-N)un+
v, = (T Yvr 4+ v3 (24)

Vi=(t+2)v3+ 4
vy = akov|” + (t — N +4)vs.

In the sequel we will consider this system only for solutions such that vy > 0. How-
ever, it is useful to extend it to be C! for all values of v so that we can linearize around
the origin. We do this by replacing the last equation with

vy = aKolvi|[*? + (t — N 4+ 4) vs.

Condition (21) is equivalent to
1

0) = AN 0)=0 25
Ul()_(ot_KO) , 12(0) =0. (25)

The only stationary points of the system (24) are

P =1(0,0,0,0) 26)
Ph={,—at,—at(N=-2—-1),0a(N=-2—-1)T(T+2))
The linearization of (24) around the point Pj is given by Z’ = M Z where
ot o 0 0
M- 0 - (N-2—-1) 1 0
10 0 2471 1
0 0 0 —(N—-4-1)
where 0 = 1 if o = 1 and 0 = 0 if @ = —1. The eigenvalues of this matrix are

at,2+ 1, —N +4+ 1,and —N + 2 + t. Then, in the range (14) and (15), P is a
hyperbolic point with a 2-dimensional unstable manifold W*(P;) and a 2-dimensional
stable manifold W¥(Py).
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154 J. Davila et al.

The linearization of (24) around P, is given by Z' = M Z where

T 1 0 0
0 —-(N—-2—-1) 1 0

M=1 0 T42 1 27)
pKo 0 0 —(N—-4—-1)

The eigenvalues of M are given by

1 1
Vi :T+§ (4—N+\/M1(N)+M2(N))
v —‘L’+l<4—N—\/M1(N)+M2(N))
: (28)
v =145 (4= N+ VM) = (V)
1
=T+ (4= N = VM) = M)

where

M{(N) = (N —2)> +4, M3(N) = 4,/ (N —2)2 + pKj

Note that for N > Sand p > (N +4)/(N —4) wehave 0 < 7 < (N —4)/2. If
N=3and 3 <p<—Ithen—-2 <71 < —landfor N >4and p < —1, we have
—2 < 1 < 0. Then, in all these cases

v <0 <.

It can be directly checked that M (N) — M>(N) < Oisequivalentto pKo > Hy. The
numbers p, and p. are such that when p = p. or p = pJ then

p Ko = Hy.

See the appendix Sect. B for the explicit calculation of p. and p;. In the range (8) for
positive p or (10) for negative p we have pKy > Hy, and then v3, v4 are complex
conjugate with nonzero imaginary part and negative real part. More precisely in the
ranges (8) or (10) we have

vy < Re(v3) = Re(vg) <0 < vy.
On the other hand if

pPe<p<-4oo if N>13 (29)
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Multiplicity for the bilaplacian with power nonlinearity 155

or

—3<p<plorp.<p<-1if N=3,
pe<p<-—1 if 5<N <12, (30)
p<-—1 if N>13

hold, then we have 0 < pKo < Hy. Thus in this range all eigenvalues are real and
V3, V4 are negative, with

vy <y <3 <0<y

In the range (8) for positive p or (10) for negative p or in the ranges (29) and (30),
P is a hyperbolic stationary point with a 1-dimensional unstable manifold W*(P,)
and a 3-dimensional stable manifold W*(P,).

Concerning the eigenvectors of M we have:

Lemma 3 The vector

vO=[1, =1, =) +N=2-1), =) +N =2 — ) (nx —2 — 1)]
(3D

is eigenvector of M associated to vi, k = 1, ..., 4. We have that v @ gre always
real, and v, v® are complex conjugate if N and p are in the range (8) or (10). Let

us write v\ = (vfi), vg), vgi), vff)), i=1,....,4IfN >3and -3 < p < —1, or
N+4

N=>4and p < —1,or N >5and p > mthen

vfl) > 0, vél) >0, vél) > 0, vil) > 0, (32)
and

v >0, o <0, P >0, v <o. (33)

Proof is given by the matrix M defined in (27). Let vD = (t1, 12, 13, t4) an eigenvector
for M with eigenvalue v;. We claim that

t1=1>0, th=vi—1>0,
=W +N-2—-1)(vi — 1) >0,
s =W —2—1) (M +N-2—-—1)(v; — 1) > 0.

In fact, since vi > 0, it is sufficient to prove that vi — 2 — 7 > 0. This holds if

VMi(N)+ M>(N) > N and this is equivalent to pKy > 0. O
Let V = (vy,...,v4). From Theorem 6 in [14] we learn that when N > 5 and

p > %, u is a regular solution of (2) if and only if

lim V() = P,
t——00
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156 J. Davila et al.

while u is a weakly singular solution if and only if

lim V() = P,.
——00

The same property also holds for negative powers.

Lemmad4 Assume N =3 and -3 < p < —1,0or N >4 and p < —1. Let u be a
radial weak solution of (2) and V. = (v, ..., va) be defined as in (23). Then u is a
regular solution of (2) if and only if

lim V()= P (34)
t——00

while u is a weakly singular solution if and only if

lim V() = P,. 35)
t——00

Proof Directly by definition we have: if u is a regular solution then (34) holds and if
(35) holds then u is weakly singular. To prove the reciprocals of these statements we
use Theorem 1 since we also get from its proof: either « is a regular solution and then
satisfies (34) or satisfies (35) and then it is weakly singular. O

The proof that (34) implies that w is a regular solution can also be done similarly
as for positive powers, see Theorem 6 in [14].

By a result of Belickii, see [4] or [39, Page 25], we know that the system (24) is
C'-conjugate to its linearization around the point P, under the non-resonance condi-
tion:

Re(v;) # Re(vj) + Re(vy) when Re(v;) <0 < Re(vr) (36)

where vy, ..., 14 are the eigenvalues of M defined in (27).

Lemma 5 IfN and p are in the range (8) or (10), then the system (24) is C ' -conjugate
to its linearization around the point P;.

Proof In the range (8) or (10) we have

Re(v2) < Re(v4) = Re(v3) =1 +

< 0 < Re(vy).

Thus the only relation to be verified is
Re(vi) + Re(v2) # Re(v3) =1 + “*TN

which is equivalent to T + (4 — N)/2 # 0, and this is true in the considered range of
N and p. O
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Multiplicity for the bilaplacian with power nonlinearity 157

3 The unstable manifold at P,

Let v denote the eigenvectors of the linearization of (24) at P with corresponding
eigenvalue v;. Then W"(P,) is one dimensional and tangent to v at P,. Hence, if
V=(v1,...,0): (=00, T) = R*is any trajectory in W"(P,) there are 2 cases:

V'), vy <0 for ¢ near —oo
(V'@t),vV)y > 0 for r near —oo.

The main results in this section are

Proposition 6 Suppose that V = (vy,...,v4) : (—00, T) — R* is the trajectory in
W™(P>) such that (V'(t), vV) < 0 for t near —oo. Then

(@) va(t) < —at forallt € (—oo, T), and

®) v3(t) < —at(N—=2—71)forallt € (—o0, T).

Proposition 7 Let V = (v1, ..., vs) : (—oo, T) — R* be the trajectory in W"(P»)
such that (V'(t), vV) > 0 for t near —oo, where T is the maximal time of existence.
Then

(@) vi(t) > 1forallt <T.

(b) There exists a unique to such that v2(ty) = 0. Moreover the trajectory of V
intersects the hyperplane {vo = 0} transversally.

(c) There exists a unique t| such that v3(t;) = 0. Moreover the trajectory of V
intersects the hyperplane {v3 = 0} transversally.

The idea of the proof of these results is similar to [15, Proposition 1].

Proof of Proposition 6 (a) The relations (32) and the hypothesis (V'(r), vV) < 0
for t — —oo imply that for ¢ near —oo

[Ul(l) <1, n(t) < —art, 37

v3(t) < —at(N —2—1), wv(t) <at(N—-2-—r1)(t+2).
Assume by contradiction that v>(f) > —at for some r < T'. Thus we may define
to < T the smallest time such that v2(r) = —at. Then v}(79) > 0. By (24) we
have 0 < v5(f)) = v3(f9) + at(N — 2 — 1), that is,
v3(tg) > —at(N — 2 — 7).

By (37) we can define #; < ty as the smallest time such that v3(f) = —at(N —
2 — 7). Then v(#;) > 0 and (24) implies

va(ty) = at(N —2 — 1)(t + 2). (38)

Again using (37), lett, < t1 be the smallest time that v4(¢) = ¢t (N —2—1)(7 +
2). Then vfl(tz) > (0 and by (24)

vi(ty) > 1
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Thanks to (37) we must have a smallest time 73 < t, such that v;(r) = 1. But
then v} (r3) > 0 which by (24) implies

v2(13) +at > 0.

Thus v2(#3) > —at. This cannot happen if 13 < fy because v2(f) < —at for
allt < 1. If 13 = 1 = 11 = 1o then v|(f9) = v)(to) = v3(to) = v}4(tp), which
means V (¢) = P», a contradiction. This proves that v3(¢#) < —at forallz < T.
(b) Let us show now that v3(t) < —at(N —2 — 1) forall r < T. If not, we can

define t; < T as the smallest time such that v3(t) = —at(N — 2 — 7). Then
v5(t1) = 0 and we may repeat the same argument starting at (38) to find 13 < 1
such that v2(#3) > —at. This is impossible and proves the result. O

Proof of Proposition 7 By (32) and the hypothesis (V'(z), v?) > 0 fort — —oo we
have

vi(t) >0, (1) >0, vi() >0, vj()>0 (39)

for ¢ near —oo.
Let us first prove that for « = —1 we have

vi(t) >0 Vi <T

This is valid for # near —oo by the first inequality in (39). If v; (f) = O for some ¢ then
v1 would be constant by the equation,

V] = vi (v — 1),

and this is not possible.
We claim that

Vy(t) >0 Vi <T. (40)

To prove (40) suppose it fails. Let so < T be the smallest time such that vg (sg) = 0.
Using (24) we see that

0 = v3(s0) = (2 + 7)v3(s0) + v4(s0).

Butvs(sg) > —at (N —2—1) wededuce v4(sg) < at(N—-2—1)2+71).Lets; < 59
be the smallest time such that v4(t) = at(N — 2 — 7)(tr + 2). Then vé"(sl) < 0and
hence

vi(s)) < 1.
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Let s, < s1 be the smallest time such that v{(sp) = 1. Then v’1 (s2) < 0 and we
conclude

() < —art.

Let s3 < s, be the smallest time such that v>(s3) = —at. Then vé(S3) < 0 and we
conclude

v3(s2) < —at(N —2 —1).
Now since s, < 59, we have v3(sy) > —at(N — 2 — 1), a contradiction. This estab-
lishes our claim (40).
Since (40) holds we have then v3(¢) > —at(N — 2 — 1) for all ¥ < T. From the
second equation in (24), we have
vy = —(N —2—1)vh + v
We claim that v > 0. By contradiction if s is the smallest time such that v} (sg) = 0
then using (40), we have that vé’ (s0) > 0s0 vy has a local minimum at so which is not
possible, since v; is increasing near ¢t = —oo. We conclude that
vy(1) >0 Vi <T. 41)
Similarly using
v = (=7 +2v10) v] + vvh, for a=—1
or
v = tv) +vh, for a=1,
the inequality (41), and if « = —1, the positivity of v; in (—oo, T), we obtain that
vi(t) >0 Vi <T. (42)
and now using the fourth equation in (24), and (42), we have
vy (1) >0 Vi <T,
this proves that (39) is valid for all —oo <t < T.
Now using (42) the property (a) follows.

Let us prove now that

sup v (t) = +o0. 43)

t<T
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If we assume the contrary, i.e. v; remains bounded, then (24) implies the estimate
(v, ..., v) (O] < Cl(v1, ..., v) (@) VI <T,

for some C > 0 and from Gronwall’s inequality we deduce that the solution is defined
for all times, that is, T = +o00. Since v is increasing, v (f) - L < 400 ast — 00,
and vi (tx) — 0 along some sequence ty — 0o. But vy, vy are increasing and v, (1) >
—at and vy (¢) > 1 for all t > —oo. From the equation for U;’ i.e.

v = Ivr”‘oz(v’f‘ -+ vllfa(vz +at)

we obtain a contradiction, since a(v$(r) — 1) > 0 for all # > —oo. This proves (43).
Now using (42) the property (a) follows.
We claim that

sup va(1) > 0. (44)

t<T

If this fails, then v () < 0 for all # < T'. Therefore by the equation for vﬁ in (24)
0 < vi(r) < Cur(n).

Gronwall’s inequality implies that v; cannot blow up in finite time. But v; () blows
up as t — T and this implies that 7 = 4o00. Now let us show that v4(t) — oo
as t — 00. Indeed, if we assume that v4(f) — L < o0 ast — oo then for some
sequence 7y — 00, vy (fr) — 0. Using the equation for v} and (43) we obtain a contra-
diction. Applying the same argument and the equation for v}, we obtain v3(r) — oo
ast — oo, and va(t) — oo ast — oo. This contradicts our assumption and proves
(44).
We also have

sup v3(t) > 0. (45)
t<T

In fact, using the equation for v} in (24):
v3(t) = vh(t) + (N — 2 — 1)va (1)

we see that if vy(¢) > O then v3(¢) > 0, because v/z(t) >0and N —2—1 > 0.
Finally the property b) clearly follows from (44) and that v} (r) > O forallt < T.
Similarly property c) is a consequence of (45) and that v5(r) > Oforallr < T. O

Proof of Theorems 2, 5 and 8 By Propositions 6 and 7 we know that W“(Pp) N

{vo = 0} is a single point, which we call P*. Any weakly singular radial solution of
1
(2) gives rise, through the change of variables v(t) = (A/(aK)) 7~ Te* (1 + au(e’)),

t < 0, and (23), to a solution V : (=00, 0] — R* of the system (24) such that the
final conditions (25) hold. Since the solution is weakly singular, lim,_, _o, V (¢) = P>.
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Hence V ((—o0, 0]) is contained in W*(P,) and therefore there are 2 possibilities:
either (V'(r), vV} < 0 for # near —oo or (V'(¢), vV} > 0 for t near —oo. The first
case is not possible, because Proposition 6 shows that V cannot satisfy the end con-
dition v2(0) = 0. Thus we are in the second case and we can apply Proposition 7 b).
Therefore there exists a 5 > —oo such that v3(f9) = 0 and by uniqueness 7o = O.
Then V(0) = P*, which implies that V is uniquely determined. This concludes the
proof of Theorems 2 and 5. The proof of Theorem 8 is similar, using Proposition 7 c),
since v3(0) = CAu(1). O

4 Entire solutions for negative powers
Throughout this section we assume that p is in the range defined by:
p<—1 ifN>4 or-3<p<-—-1 if N=3. (46)

We consider the initial value problem

277 pr
[A U=KoU"”, u>0 re(,Rnx(B)) (47)

U@y =1, U0)=0, AUO) =B, (AU)(0)=0

where Ko < 0 is given by (13). Here [0, Rnmax(B)) is the interval of existence of the
solution. The main result here is the following.

Proposition 8 Assume N > 4 and p < —1, or N =3 and -3 < p < —1. Then
there is a unique B* > 0 such that:

(@) IfB < B* then Rmax(B) < oo,
(b) If B = B* then Rmax(B) = 00
(¢) If B = B* then

lim T Ug-(r) = 1. (48)
(d) If B = B* then
U B—B* 5
p(r) > Upg(r) + r< forallr >0 49)

2N

and

k

UL = Up(r)+

r>0 forallr > 0.
(e) If0 < B < B* then there exists 0 < Ry < Rmax(B) such that U};(r) > 0 for all

r € (0, Ry), U/;(Ro) =0, U/g(r) < O0forr € (Ry, Rmax(B)).
() If B < O then U//g(r) < 0 forallr € (0, Rmax(B)).
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McKenna and Reichel [34, Theorem 3.1] proved (a) and (b) of the above result for
N > 3. In the same reference the authors showed that for any S,

Ug < Cr* forallr >1,
for some C > 0. Guo and Wei [27, Theorem 1.3] obtained statement c) for p = —2
and N = 3. The goal here is to extend the result to the remaining powers.
Let us introduce some notation. Given Upg the solution of the problem (47) let

ve(t) =r'Up(r), r=eé', —oo <t <log(Rmax(p)).

Then vg satisfies Eq. (20) in (—00, log(Rmax(B))). We also define Vg = (vg 1, ...,
vg,4) by (23). Then V satisfies the system (24). We then see that

d
= T Y — (r+1)t_U t
vp1 = e*"Ug vp2 = e T Ugle)
d
Uﬂ’S — ae(r+2)tAU/3(et) Uﬂ,4 — ae(T+3)fd AUﬂ(et)
r

For any B > 0, from the formula

]
r) = rl_NKO/sN_lUlg(s)pds <0 for0 <r < Rmax(B)  (50)
0

dAUﬁ
dr

we deduce that AUg(r) is decreasing on [0, Rmax(8)) and

lim AUg(r) exists.
r—> Rmax (B)

We recall a comparison result.

Lemma 9 (McKenna and Reichel [34, Lemma 3.2]) Assume that f : R — R is
differentiable and increasing. Let u, v € C 4([0, R)), R > 0 be such that

Vr e [0,R) A*u(r) — f(u(r) > A%v(r) — f(v(r)),
u(0) > v(0), «'(0) >v'(0), Au(0) > Av(0), (Auw)'(0) > (Av)(0).

Then for all r € [0, R)
u(r) = v(r), W) =), Au@r) > Av(r), (Aw)'(r) = (Av)'(r). (51)

Moreover:

(1) The initial point O can be replaced by any initial point p > 0 if all four initial
data are weakly ordered.
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(i) A strict inequality in one of the initial data at p > 0 or in the differential inequal-
ity on (p, R) implies a strict ordering of u, v/, Au, (Au) and v, v/, Av, (Av)
in (51).

Although the lemma is stated for f differentiable, the proofis also valid if f(u) = —u”
(p < 0) and u, v are positive.

Lemma 10 Let § > B* so that Rmax(B) = oo. Then lim, . oc AUg(r) > 0 and
lim, o0 AUg(r) = 0 if and only if = B*.

Proof 1f
rl;n(;no AUg(r) <0
integrating twice we deduce
Ug(r) < —Cir* 4+ C, forallr >0

with C1, C2 > 0, which is impossible.
Assume now that

lim AUg(r) >0
r—00
then
Up(r) = cr® and Up(r) = cr forallr >0 (52)

for some ¢ > 0. Also, integrating once the Eq. (47) we see that for all r > 2:

rl=N if N <-2p
(AUg) (r) = —c 1r'""Nlogr if N =—2p (53)
rli+2r it N > —2p.

Let m € R to be fixed and
v(r) = (1+rH™
A computation shows that:
A = ACm)(1 +rH)™ 2 4+ BRm)(1 + 2" + c2m)(1 + rHm*
where

AW) =vv+N-2)(v—=2)(v+ N —4)
Bv)=-2v(v—=-2)(v—4H(Ww+ N —4)
Cw)=v(v—-2)(v—4)(v—06).
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For N > 3 and 2m € (1, 2) we have A2m) < 0, B2m) < 0 and C(2m) < 0. Let
b > 0 and w(r) = v(br). Then for b > 0 large enough

A%w < KowP forall r > 0,
(asimilar calculation is done in [34, Lemma 3.5]). We choosem € (1/2, 1) closeto I so
that2m—3 > 142 p.From (52) and (53) there exists ry > O such that Ug(rg) > w(ro),

U/’S (ro) > w'(ro), AUg(rg) > Aw(ro) and (AUp)'(ro) > (Aw)'(ro). By the contin-
uous dependence of the solution to (47) there is 1 < B such that

Ug, (ro) > w(ro), Ug (ro) > w'(ro)
and
AUg, (ro) > Aw(ro), (AUg) (r0) > (Aw)'(ro).
Using Lemma 9 we deduce that Ug, > w for all» > r¢. This shows that ug, is defined
for all r > 0 and hence B; > B*. We deduce that 8 > B*.
Now suppose that 8 > B*. From Lemma 9 we deduce that
(AUg)' (r) = (AUg+)'(r) forallr > 0.
Integrating this we find
lim AUg(r) — B > lim AUg«(r) — p*
r—00 r—0o0
which implies
lim AUg(r) = B — p* > 0.
r—00
O

Lemma 11 It cannot happen than vg«(t) — +o00 ast — 00. Iflim;_, oo vg«(t) = L
exists, then L = 1.

Proof For simplicity we write v = vg«. We have
0+ N—-2—1)0; —1)v="h()

where h(t) = et AUg+(e'). Thanks to Lemma 10 () = 0(e™?") as t — oc.
Using the variation of parameters formula:

!

v(1) = Ae™ + Be T2V 4 #/ [er(’”)h(s) — e(r+27N)(t75>h(s)] ds.
N -2
1o
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Hence
v(t) = 0" ast — co. (54)
If v(t) - +o0 ast — oo then (20) takes the form:
Lv = g(t) withg(t) =o(l)ast — oo.
The linearly independent solutions of the homogeneous equation Lz = 0 are "’ with
vi=t+2, m»=t4+2—N, 3 =1t+4—N, =t

(except when N = 4, in which case they are ¢’ withv = t+2, 7+2—N, T and te™).
The only positive v; is vi = 7 + 2. For simplicity we proceed assuming N # 4. The
case N = 4 can be treated similarly. By the variation of parameters formula (Theorem
6.4 [10, Chap. 3])

4 e ¢] t

4
v(t) = Zcievit +di /e““’—”g(s)ds +Zdi/e”"(’_s)g(s)ds (55)

i=1 f i=2

where the integrals represent a concrete choice of a particular solution and d;, i =
1, ..., 4 are fixed constants. Since v; = 7 + 2 > 0, we have

o0
/e‘”(t*s)g(s) ds -0 ast— oo.
t

Fori = 2, 3,4 we have v; < 0 and hence,

t
/e”i(’_s)g(s) ds - 0 ast— oo.
0

If vt) — o0 as t — oo we conclude that ¢; #* 0 in (55), that is,
lim;_s o0 v(1)e~ 2" = ¢, with ¢ > 0. This contradicts (54).
The rest of the proof is the same as [27, Lemma 4.3]. O

Lemma 12 We have

lim sup vg=(¢) > 0. (56)
11— 00

Proof We use the test-function method of Mitidieri and Pohozaev [35], see also
[1,14,20]. Let us write v = vg+. Assume by contradiction that

lim v(7) = 0.
—o0
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Let 0 < § < 1/2 be fixed. Then there exists T > 0 such that v(t) < § forall t > 0.
Since the Eq. (20) is autonomous we can assume that 7 = 0.

Let¢ € C4(R) be such that, ) < ¢ < 1,¢(t) =0fort <Oandt > 3, ¢() >0
fort € (0,3),¢(t) =1fort €[1,2],and fori = 1,2, 3,4

3
()2
@) dt < +o00.
®
Let L > 1 and ¢ (t) = ¢(¢/L). We rewrite the Eq. (20) in the form

4
> Kiv(t) = Kow? —v) fort e R (57)
i=1

where Ko, ..., K3 are as before and K4 = 1. Multiplying (57) by ¢1 and integrating
we find

4 3L 3
D K=l / ¢ vdi = Ko / (W = v)py dr. (58)
i=l 0 0

Since 0 < v(t) < 1 fort > 0 and p < 0 we have v(r)? — v(z) > 0. Thus (58) yields

3L 3L
|K0| WP —v)prdt < K IIllaX4/ vl dr (59)
,,,,, J

where K = Z?:l |K;|. Let ¢ > 0O to be fixed later on. Using

@2

vlpP| < ev’¢r + Ce .

we obtain from (59)

i F g0y
/ (|Ko|(v” —v) —¢eKv )qsL dt < C.K max / dr. (60)
o T

Recall that 0 < v(f) < S forallt > 0. Since 0 < § < 1/2,
min |Ko|(v? —v) > 0.
ve(0,5]

Therefore we can fix ¢ > 0 sufficiently small so that

c(8) = min |Ko|(v” —v) — eKv? > 0.
ve(0,48]

@ Springer



Multiplicity for the bilaplacian with power nonlinearity 167

This implies |Ko|(v(¢)? — v(t)) — eKv(1)? > ¢(8) > Oforall r > 0. It follows from
this and (60) that

3L 3L

(¢;)?
c(®)L < c(8)/¢L(I) dt < C.K max L agr.
i=1,..,.4 oL
0 0
But
3L 3
(42 ) (i)\2 )
@L) 4 :LI‘ZI/—((]5 <
oL ®
0
Then
c®)L < CeK Il’llaX4C,‘L1_2i forall L > 1,
i=l1,...,
which is not possible. O
Lemma 13 We have
lim inf vg« () > 0. (61)
11— 00
Proof We write v = vg+, V = (v1,...,v4) = Vg and U = Upg=+. Suppose by con-

tradiction that lim inf;_, o, v(¢#) = 0. Then, since (56) holds, there is a sequence (#;)
such that t, — 00, fr+1 > fr + 1, v(f) — 0, v'(fx) = 0and v”(7x) > 0. Let Ry = €%
and define

— U (Rp417).

B U(tk+1)Rk+1

Then Uy satisfies

AUy = vt 1)’ ' KoUP  inRY,
vtOR " U(Ry)

Uc(1) =1, Ur(Ri/Rry1) = — = .
T vta R, URe)

But C%U > 0 and Rr4+1 > Ry. Therefore,
Ui(Ri/Ri+1) < 1.
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We compute

T+2

AUL(r) = AU (Riy17)
v(tk+1)
RT+2

— kL =) (t1t) [U//(tk-i-l +1)+(N—-2— ZT)U/(tk-H +1)
U (te+1)
—t(N =2 = Dt +1)].
Therefore
AUr(1) >0 and AUg(Ri/Ry+1) = 0.

Define now u; = 1 — Uj. Then uy satisfies

APy = Kol )P (1 —w)? in RY (62)
up(1) =0, ug(Re/Rp41) =20, Aug(1) <0, Aug(Ri/Ri+1) < 0.
Let Dy = B (0)\ER1< /Ri41(0). Let A; be the first eigenvalue for —A with Dirichlet

boundary condition in the annulus Dy and ¢, > 0 be an associated eigenfunction, that
is

—A¢r = Mpr  in Dy
¢r =0 on dDy.

Then A%¢; = A}¢x. Multiplying (62) equation by ¢ and integrating by parts we
obtain

| Kolv(iesn)?™! / (1 — )y dx = / Ay dx

Dy Dy
0 Auy Py Jdug 0 APy
/|:8n¢k uk8n+8n P — U on
d Dy
+ / ug A%y dx.
Dy

Buton 0Dy, ¢ = A =0, % < 0and % > 0. Hence

0 0A
Auk%zo and wug P >0 on dDyg.

n n

Using also the inequality (1 — u)?” > u for 0 < u < 1 it follows that

|Kolv(te1)P ™1 < 22,
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But since the annulus Dy has a width that does not converge to zero, A; remains
uniformly bounded, even if R;/Ri4+1 — 0. It follows that v(#¢+1) remains bounded
away from zero as k — oo, which is a contradiction. |

Lemma 14 There exists C > 1 such that for all t > 0
1
I <vg1(t) <C, —C =<wg(t) <0, —C <wg3(t) <0, 0=<vg4(t) <C,

and
Ul (D] < C Vi=0,....4.

Proof In this proof we omit 8* from the notation. The estimate (61) implies that
v1(t) < C for all # > 0. Using the equation for v4 we find that for 0 <7y < ¢

t
va (1) = e~ WA N0, (1) + | Ko / Ny ()P ds
to

a formula that shows that v4 remains bounded as t — oo. Similarly, integrating the
equation for vz we obtain for 0 < t < 1y

t
U3(t) ze(‘[+2)l e—(‘f+2)t()v3(t0) +/e—(f+2)sv4(s) dS

]

—(t+2)s

Since v4 is bounded and T + 2 > O the integral ftso e v4(s) ds exists. Using

Lemma 10 we know that v3(r) = o(e"+2") as t — 00, a condition that implies

o0
vi(ty) = —e T2 / e~ DS y,(s) ds.

fo

The fact that v4 is bounded and this formula imply that v3 is bounded. Repeating the
same argument that we used for v4 we may prove that v> remains bounded as ¢t — oo.
Writing the equation for v; in the form

% (ef‘rltvl(t)) = (ef‘tltvl(t))zelrllm(t)

and integrating over 0 < fo < ¢t yields

eltlht

vi(t) =

eIl ot Itls :
) fto eltlsvy(s) ds
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But the fact that %U > 0 implies that v, < 0, and since |v>| is bounded, we deduce
from the above formula that v; is bounded below by a positive constant.

Finally, v3 < 0isdueto AU > 0 and v4 > 0 is because %AU < 0. The estimates
for v and its derivatives follow from the estimates for v; and (23), (24). O

For v solving (20) for all # € R and v(¢) > 0 for all # € R we define

1 K K p+1
E(0) = 50/ = S20/0)? = ZPo) + Ko_”;’l -

As we will see, this energy is useful if K3 > 0 and K; < 0. We note that K3 > 0 is
equivalent to T < (N — 4)/2, which always holds for negative exponents. However,
the sign of K is not constant in the range (10).

Lemma 15 Assume K| < 0. Suppose v > 0 solves (20) for all t € R. If t; < to and
V(1)) =0, V() =0 then
E(n) < E(t)

with strict inequality unless v is constant in [t1, t2].
Proof Using the equation
n

123 n
E()—E(t)= / E'(tydt=v"' [} 4+ K30V |?=K3 [ (0" (0)? dr+ Ky | (0 (1)) dr.
4

n n

(63)
The lemma follows once we know that K3 > 0 and K < O. O
Lemma 16 Assume K| < 0. Then
o0 o
/vl/ﬁ*(s)2 ds < +o00, /vg*(s)2 ds < +00 (64)
0 0

Proof 1t is a consequence of (63) and the fact that v is bounded and bounded away
from zero, and that the derivatives of v remain bounded as t — 0. O

Lemma 17 Assume K> K3 — K1 > 0. Then (64) holds.

Proof Using (63) in the interval [#y, f;] with o < #; and that v and its derivatives are
uniformly bounded by Lemma 14 we obtain

1 1
K3 / W"? - Ky / W)*=0() (65)
o o

with O (1) bounded independently of #y and .
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Multiplying (20) by v and integrating over [fg, t] we find
K K1 ,]"
|:v/”v — "V + K3v"v — 73(1/)2 + Kyv'v + 71v2i|
1o
1 131

1 1
+/<v”)2 - Kz/(v’>2+1<o/v2 _ KO/W —0.
o 0

) 0
Using Lemma 14 we deduce that

1 n

131 1
/(v”)2 - Kz/<v’>2 + Ko/v2 - Ko/v"“ — o)
In) o

4] 4]

where O(1) is bounded independently of 7y and #;. Hence by (65)

n 11
KrK3 — K
%/(v’)2+|1<o|/(v2—v”“) = o). (66)
3
0]

0]
Then

131

/ > —vwth <c (67)

o

with a constant C independent of #(, #1. But just integrating (20) on [#g, #1] and using
the bound on v and its derivatives (c.f. Lemma 14) we find

1
/(v —vP)=0(), (68)
1o

where O (1) is bounded independently of o, 1. Using the inequality v—v? < v*>—pP+!
for all v > 0 together with (68) yields

4]
—C < /(v2 — Pt

to
We deduce from this and (67) that

1

/(v2 —oPth = 0(1).

]
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Hence, by (66) we have fooo(v’)2 < 00. The relation (65) gives also fooo(v”)2 < 00.
]

Proof of Proposition 8 (a) and (b) are proved in [34, Theorem 3.1].

(c) We write v = vg+. An explicit computation using (22) shows that forall N > 3
andallt < (N—4)/2wehave K| < Oor K» K3 — K| > 0, see the Appendix, Sect. A.
If K1 < 0 we may apply Lemma 16 and if Ko K3 — K1 > 0 we apply Lemma 17 to
conclude that (64) holds.

Let (#¢) be a strictly increasing sequence such that #y — 400, limy_, oo (t4+1 — %) =
0, and

V(tp) > 0 ask — oo.
Ift > s > 0 we have by (64)
V(1) = v'()] < Clr — 5|72,
Hence for ¢ € [#, tx+1]
V(O] < 1V (1)) + C e — 1)/
This shows that v'(z) — 0 as r — o0o. Using then elliptic estimates we deduce
v(i)(t) — 0 ast— o0

fori = 1,2, 3, 4. Using the equation we also deduce that v(r) — 1 ast — oco. We
hence obtain that (v((z), ..., v4(t)) — P> ast — oo.

(d) Let B > B*. Using Lemma 9 we see that (AUg)" > (AUﬂ*)/ for all r > 0.
Since AUg(0) — AUg«(0) = p — B*, integrating we deduce that

NN UL = UR)Y = (B — g1V forallr > 0.

Integrating successively we deduce U/’g (r) > Ul’g*(r) + (B =B > 0forallr >0
and (49).

(e) Let 0 < B < p*. Then by (50), AUpg is decreasing. But it is also positive
at 0 and it cannot be positive in (0, Rnax(B)), because otherwise Ug would be an
entire solution. Hence AUg changes sign exactly once in (0, Rmax(8)). Using then
the formula

,
N UL =/sN_1AUg(s)ds vr >0 (69)
0

we see that U fg is first increasing, then decreasing. It has to be negative at some point

because otherwise Ug would be entire. Thus U ;3 vanishes at exactly one point Ry, is
positive on (0, Rp) and negative on (Rg, Rmax(B)).
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(D If B < 0 then AUg(0) < 0 and then AUg(r) < 0 for all € (0, Ryax(B)).
Hence by (69), Uf/}(r) < Oforall » € (0, Rmax (B)). O

5 Heteroclinic connection from P; to P,

Proposition 18 In the following cases:

(a)NZSandp>%—ﬁ
b)) N>4and p < —1

(c) N=3and -3 <p<-—1
system (24) has an heteroclinic orbit from Py to Ps.

When p is positive this result is related to the properties of the initial value problem:

AU = KolUIP7'U r € (0, Rmax (B))

, , (70)
uoy=1, U0 =0, AUO)=p, (AU)O)=0
where [0, Rmax (8)) is the maximal interval of existence, and for negative p itis related
to the initial value problem (47).
In the case of negative powers we will deduce Proposition 18 from Proposition 8,
and in the case of positive powers we will use the following result.

Theorem 10 (Gazzola and Grunau [20, Theorem 2]) Assume N > 5, p > %—Jj. Then
there exists a unique * < 0 such that Ry, (B*) = +00 and

lim r*Ug«(r) = L. (71)
r—0o0
Moreover:
(@ If B < PB* there exists 0 < Ry < R such that Ug(R;) = 0 and
lim,—, g (p) Up (r) = —o00.

) If0 > B > PB* there exists 0 < Ry < Rmax(B) such that U/’S(r) < 0
for r € (0, Ry), U,/g(RO) = 0, Ué(r) > 0 for r € (Ro, Rmax(B)), and
Hmr—)Rmax(ﬁ) Uﬁ (r) = OQ.

The these properties we add the following:

Lemma 19 Assume N > 5, p > %—Jj‘ and let Ug be the solution to (70). If B < B*
then

Up(r) < Ups(r) + P jvﬂ " forall 7 €10, Ruax ()

and

B— B

N r? forallr € [0, Rmax(B)). (72)

Up(r) = Up«(r) +

If B > 0 then U/S(r) > 0 forallr € (0, Rmax(B))-
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Proof of Proposition 18 We fix * is such that either (48) or (71) holds. Define v(¢) =
rtUpg«(r), r = e', t € R. Then v satisfies Eq. (20) for all t+ € R. We also define
V = (v1,...,v4) by (23). Then V satisfies the system (24) for all t € R. Since Upg-
is smooth at the origin

lim V()= P
t——00
and (71) tells us that
Iim vi(t) = 1.
—00
The proofs of Theorem 10 and of Proposition 8 actually yield:
lim V(t) = P».
—>00

See indeed Proposition 3 in [20] for p positive and Sect. 4 for negative p. O

Proof of Lemma 19 Let B < B* (recall that 8* < 0). Using Lemma 9 we see that
(AUp)" < (AUg+) for all r > 0. Since AUg(0) — AUg+(0) = B — B*, integrating
we deduce that

NN WU = Up) < (B —pHrNT! forall r > 0.

Integrating successively we deduce U,/s (r) < Up(r)+ (B—B")y <Oforallr >0
and (72).
If B > 0 then AUg(0) > 0. Since

,
r) = rl_NKo/sN_lUﬁ(s)pds >0
0

dAUg
dr

for 0 <7 < Rmax(B) we have AUg(r) > 0 forall r € (0, Rmax(B)). Hence by (69),
U//S(r) > 0 forall r € (0, Rmax(B)). O

Lemma 20 Assume V : (T,00) — R* V = (v1, v2, va, v4) is a solution to (24)
such that lim;_, o V (t) = P> and either

v v 73
m —+ m — ast — 400 ( )
or
Vo v 74
&) — ey — ast — +00. (74)

Then V cannot be extended to a connection from Py to Ps.

@ Springer



Multiplicity for the bilaplacian with power nonlinearity 175

Proof The case of positive p was already treated in [15, Proposition 1].
Assume first that (73) holds. Then by (33) we have

vi(1) <0, v5(1) >0, v5() <0, vy(t)>0
for all # near +00 and

vi(®) > 1, v < —ar,

75
v3(t) > —at(N —2—1), w(t)<at(N-2-1)(t+2) (75)

for all ¢ near +o00. We claim that
() < —at Vi >T. (76)

Assume by contradiction that this fails. Then from (75) we can define #; > T to be
the last time such that v>(#;) = —at. Then vé(tl) < 0. Using the Eq. (24) we deduce
that

v3(f]) < —at(N —2 —1).

Then thanks to (75) we can define , > t; to be the last time such that v3(p) =

—at(N — 2 — 7). This implies that vg (2) > 0 and by the system (24)
va(tr) = at(N —2 —1)(t + 2).

Let 13 > 1, be the last time such that v4(13) = aT(N —2—1)(r +2). Then v)(13) < 0.
We deduce from (24) that

vi(13) < 1.
Let 74 > 13 be the last time such that vi(t4) = 1. Then v](t4) > 0 and by (24)
v2(l4) = —art.
But va(#) < —at forallt € (#1, 0o0), which is a contradiction. This proves claim (76)
and shows that the trajectory defined by V cannot come from P;j.
Assume now that (74) holds. We claim that in this case

v3(t) < —at(N —2—1) forallt > T. 77)

The proof is similar as before. Note that under the assumption (74) we have the oppo-
site inequalities in (75). If the statement (77) fails we can defined the last time #; such

that v3(t;) = —at(N — 2 — 7). Then define successively 7, > #; such that v4(#;) =
at(N =2 —1)(r +2), v)(t2) = 0,13 > 1 such that v(13) = 1, v}(13) < 0,14 > 13
such that v(t4) = —at and v/z(t4) > 0, which leads to v3(t4) > —at(N —2 — 1)

which yields a contradiction. This shows that the trajectory cannot come from P;. O
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6 Proof of Theorem 1

We assume here N =3and —3 < p < —lor N > 4 and p < —1. Let u be a radial
singular weak solution to (2). We define v(¢), r < 0 by (19) and vy, ..., v4 by (23).

The arguments are very similar to those of Sect. 4, so we will skip some of the
proofs. The first step is to prove the following estimates.

Lemma 21 We have

limsup v(t) > 0.

t——00
The proof is the same as for Lemma 12.

Lemma 22 We have

liminf v(¢) > 0. (78)

——00
The proof is analogous to that of Lemma 13.

Lemma 23 There is C > 0 such that fori = 1,2,3,4

[vi ()] < Ce™ forallt <0.
Proof We assume that 0 < u(r) < 1for 0 < r < 1 which implies 0 < v(¢) < e*’ for
all < 0. We regard (20) as an elliptic equation, or use interpolation inequalities such

as in Chapter 6 of [22] to obtain: fort < —landi =1,2,3,4

W@ <C sup (o] + [vP)).
[t—1,t+1]

Since v(f) < ¢’ and v bounded away from zero by (78), we deduce that [v!)| < Ce™
for all + < 0. Using the formulas (23) we deduce the result for vy, ..., v4. O

Lemma 24 There exists C > 1 such that for all t > 0

v =C, [l =C Ol =C |u@l=C

al—

and
W@ <C Vi=0,...,4.

Proof Case of dimension N > 5. By [16, Theorem 6] we know that there exists some
constant C > 0 such that

—r ' <l—u@)<Cr7t forallO0 <r < 1.
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This means that é < v() < C for all ¢

<
Chapter 6] we obtain: forr < —l andi =1, 2,

0. By interpolation inequalities [22,
3,4

W@ <C sup (Jv] + [vP)).
[t—1,t41]

Since v is bounded and bounded away from zero, we deduce that v® remains uni-
formly bounded. The estimates for vy, ..., v4 follow from (23).

Case N = 3, 4. We observe that (78) implies that v{(#) < C for all r < 0 and some
C > 0.Let#g <1 < 0. Integrating the equation for v; we find

1
va(to) = e~ N =470 |y (1) N =401 K| / N =405y, (5)IP1 ds

fo

Since N —4 — 7 > 0 and v is uniformly bounded above by Lemma 22 the integral
above converges as f) — —oo. We will prove that

n
va()e™N =400 = | Ko / eN=4=05y, (5)IPl ds (79)

—00
holds for all #; < 0. Indeed, suppose this fails for some #; < 0. Then

vy ~ e~ N—4-D1 (80)
where we use the notation

f~g if , lim f(¢t)/g(t) exists and is no zero,
——00

for f, g : (—oo, 0] — R such that g(#) # 0. Integrating the equation for v on [, 1]
with t < #; we find

1
v3(1) = T | v (1)) TN — / e D5y, (s)ds | . (81)

t

Since T + 2 > 0, we find from (80) that v3(r) ~ ¢~ V=401, Integrating the equation
for v} in [z, 1] with # < 1, < 0 we obtain

n
Uz(t) — e—(N—2—r)t vz(tz)e(N—z—f)lz _ /e(N—Z—T)Sv3(S) ds.

t
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But we know by Lemma 23 that |v,(¢)| < Ce™ forallt < 0.Sincet+2—N <1 <0
we must have

19}

va(tr)eN 2R — / eWN 275 ya(s)ds forallt < 0. (82)

We deduce from this formula that
Vo (1) ~ e” N4t (83)

Writing the equation for v/ in the form

% (e_”"vl(t)) = (e_‘tltvl(t))zelrllvg(t)

and integrating over t < f, < 0 yields

ol

(84)

Ul(t) == e\r\[z t |'L" .
£+ [ eluy(s) ds

v1(%2)
Assume N = 4. Then, since v2(¢) ~ e~V ~4=7) we have

4]

/elrlsv2(s) ds ~t,

t

and hence vy (r) ~ % But v = 1/v; and 1 — u(e’) = Ce "v(t). From this we

deduce that 1 — u(e’) ~ |t| as t — —oo, which is impossible because 1 — u(r) < 1
for all 0 < r < 1. This proves (79) when N = 4.

Assume now N = 3. Then by (83), /™ vy(s) ~ ¢* and therefore the integral
fttz €™, (s) ds has a finite limit as r — —oo. If

Jrin B
—+ / e ua(s)ds #£0
v (t2)
—0o0
for some #; < 0 then by (84)
vi(t) ~e .
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This means v(t) ~ e’,and hence 1 —u(e’) = Ce~"'v(t) ~ 1. Thus, lim, (1 —u(r))
exists and is not zero. Then w is a regular solution, which we assume is not. Therefore

eITUZ

v1(82)

9]
+ / ™y (s)ds =0

—0Q
for all #, < 0. This formula yields

oIl

v(t) =——F—"""—-
fioo elTsuy(s) ds

which implies vi(r) ~ e~(FD7 by (83) so that v(r) ~ ¢*D? Then 1 — u(e’) =
Ce™ " v(t) ~ €' and therefore

1—u@r)~r asr— 0. (85)

Then (1 —u(r))~? ~ r~P and this belongs to LY (B) for ¢ < 3/|p|, in 3 dimensions.
By L7 regularity v € W*4(B) and in 3 dimensions this is contained in C'*(B) for
some o > 0if 1/g — 1 < 0. But g can be chosen such that ¢ > 1 because |p| < 3.
Therefore u € C' forsome « > 0, but this contradicts (85). We have then established
(79) also in the case N = 3.

Using now (79) and the fact that v; is bounded we deduce that vs4 is bounded.
This and (81) imply that vz remains bounded as ¢t — —oo. By (82) vy remains
bounded. Consider now formula (84). Knowing that v, remains bounded we see that
fttz el™Svy(s) ds has a limit as t — —oo. If

%)

+ / e uy(s)ds £0

—00

eltln

v1(f2)

for some 7o < 0 then vy (r) ~ e!™1* and this implies that 1 — u(r) ~ 1 as r — 0. But
then w is a regular solution, which we assume is not. Therefore

oIl /’2 -
+ e uy(s)ds =0
v1(12)
—0Q
for all #, < 0. This formula yields
|T|t
e

)=

Sl et va(s)ds

and since vy is bounded we deduce from it that v is bounded below. This concludes
the proof. O
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Proof of Theorem 1 The proof is similar to the one of Proposition 8§ part c). We claim
that

0 0
/ V' (s)?ds < 400, / V' (s)?ds < +o0 (86)
—0Q —0Q

In the case K| < 0 this can be proved multiplying the equation by v’ and integrating
in some interval [z, 0] (similar to using £ in Lemma 16). In the case Ko K3 — K1 > 0
the same proof as in Lemma 17 yields (86).

Since forall N > 3and all T < (N —4)/2 we have K| < 0Qor K,K3 — K1 > 0,
see the Appendix, Sect. A, we obtain the validity of (86) in any case. Using (86) one
may prove as in Proposition 8 part c) that v(f) — 1 as t — —oo and hence u is a
weakly singular solution. O

7 Proof of Theorems 4 and 7

Throughout this section we assume (8) for positive powers and (10) for negative pow-
ers. Let P, P, be the stationary points of the system (24) defined in (26). Then P; has
a 2-dimensional unstable manifold W*(P;) while P, has a 1-dimensional unstable
manifold W¥%(P,) and a 3-dimensional stable manifold W¥(P,).

Let Vo : R — R* be the heteroclinic connection from P; to P, of Proposition 18
and \70 = Vo(—00, 00). Then \70 is contained in both W¥(P;) and W*(P,).

Lemma 25 WY(P)) aAnd WS (P,) intersect transversally on points of \70. More pre-
cisely for points Q € Vy sufficiently close to P> there directions in the tangent plane
to WY (Py) which are almost parallel to v the tangent vector to W"(P,) at P;.

Proof Let Ug(r) be the solution to (70) or (47) defined in the maximal interval
[0, Rmax(B)). Let B* denote the unique value of 8 such that Ryax(8*) = oo and

lim r"Ug«(r) exists.
r— 00
In Lemma 19 (for positive p) and in Proposition 8 d) (for negative p) is shown that

for af < af* the following estimate holds:

*

B e € 10, R (B).

aUg(r) < aUp(r) — oz/g

Then %(r) |p=p+ satisfies the linearized equation at Ug+ and

_8 f/} —1 Vr >0 &7
> > .
p /3=ﬁ*(r) =N = .

@ Springer



Multiplicity for the bilaplacian with power nonlinearity 181

Let v(t) = ettUﬂ*(et), t € R.Let V = (vq,...,v4) be defined by (23) and let
Z= %m:ﬂ*- Then Z = (zy, ..., z4) satisfies

Z'=(M+R1)Z

where M is the matrix defined in (27) and

(1 —a)w % —1) v =1 0 0

0 0 00

R0 = 0 0 00
pKoP ™ = 1) 0 0 0

Recall that V(r) — P, as t — 0o. Moreover the convergence is exponential, that is
there are C, o > O such that |V () — P»| < Ce™°! forall t > 0. This follows from the
Hartman-Grobman theorem (see Theorem 7.1 in [29, Chap. IX] or Theorem 1.3.1 in
[25, Chap. 1]), which shows that the system (24) is Co-conjugate to its linearization
near P,. Recall that the eigenvalues of M are v > 0 > v, and v3, v4 which have
negative real part and nonzero imaginary part. Let v) € C* denote an eigenvector
associated to v;. By Theorem 8.1 in [10, Chap. 3] there are solutions ¢ to

o =M+ R))pr, t>0

such that lim;_, o @i (1)e % = v® 1t follows from this that Z = Z?:l cip; for
some constants ci, ..., c4 € C. The condition (87) and the definitions in (23) imply
that |z2(¢)| > ce®t?" forsome ¢ > Oandall7 > 0. But 7 +2 > 0,50 |Z(¢)| — 0o as
t — oo. Since v; > 0 and vy, v3, v4 have negative real part, we conclude that c¢; # 0
and

Z(t) = cjvWPe™ +0(e”) ast — oo.

Since v is the tangent vector to W*(P,), we have that % is not tangent to W¥(Py)
for ¢ large. On the other hand % is tangent to W (Py) by construction. This shows

that W*(P,) and W¥(Py) intersect transversally on points of Vo close to Ps. By the
invertibility of the flow away ferm the stationary points, W*(P,) and W"(Py) intersect
transversally on all points of Vj. O

Proof of Theorems 4 and 7 We will write generic points in the phase space R* as
(v1, v2,v3,v4). Let{e; : j=1,...,4} denote the canonical basis of R4.

By Propositions 6 and 7 we know that W*(P,) N {v, = 0} is a single point, which
we call P* = (P, P}, P{, Py). Let £ = W¥(Py) N {v2 = 0}. Each regular radial
solution of (2) corresponds to exactly one point v = (vy, ..., v4) € £ with v > 0.

The multiplicity results are consequence of the following claims:

(a) €& contains a spiral S about the point P*,
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(b) S is contained in a 2-dimensional C! surface ¥ C {vo = 0}, and

(c) the plane generated by ey, e3, ey is transversal to the tangent plane to X' at P*.
More precisely, by (a) we mean that after a C! diffeomorphism of a neighborhood
of P* to a neighborhood of the origin in R*, which maps P* to the origin, the curve
S can be parametrized by a C! function of the form (r(s) cos(s), r(s) sin(s), 0, 0),
s € [0, 00), such that r(s) > O for all s > 0 and r(s) — 0 as s — o00. Moreover
one can choose this diffeomorphism such that X corresponds to part of the surface
{x = (x1, x2,x3,x4) € R* : x3=x4 = 0}.

Assume (a), (b) and (c) have been proved and define the hyperplane H; = {v; =
(A /aKo)ﬁ} where 1 > 0. After the C' diffeomorphism described above we can
assume that S = {(r(s) cos(s), 7(s)sin(s),0,0) : s > O} and ¥ N B, = {x =
(x1, X2, X3, x4) € R . x3 = x4 = 0} N B, for some p > 0. The hyperplane H, is
transformed into a C! hypersurface. If A = Ag then H; contains the origin and the
condition c) ensures that it is transversal to X' at the origin. By transversality, H, N X
isaC! curve through the origin contained in {x3 = x4 = 0} (in the new coordinates).
Using polar coordinates in {x3 = x4 = 0} we then see that H,_ intersects the spiral S
infinitely many times, which means that (2) has infinitely many radial regular solu-
tions. If & # Ag but A is close to Ag, H, N & contains a large number of points, which
yields a large number of radial regular solutions of (2).

In what follows we will prove (a), (b) and (c). Let X; denote the flow gener-
ated by (24), that is, X;(€) is the solution to (24) at time ¢ with initial condition
Xo(&) = € € R*. For fixed &, X;(€) is defined for ¢ in a maximal open interval
containing 0.

Since (24) is C'-conjugate to its linearization around the point P> by Lemma 5,
there is an open neighborhood Np, of P, and a c! diffeomorphism R : Np, — Nj to
an open neighborhood Ny of 0 such that RX ,R~! = L, where L, is the flow generated
by M, and the formula holds in some neighborhood of the origin.

Let D be the 3 dimensional disk D = {v = (v, ...,v4) : v2 =0, [v—P*| < 1},
which by Proposition 7 is transversal to W*(P»). Let B € W*(P,) N Np, be an open
neighborhood of P, relative to W*¥(P>) diffeomorphic to a 3 dimensional disk. By
choosing smaller neighborhoods if necessary, we may apply the A-lemma of Palis
[36]. Let D; be the connected component of X,(D) N Np, that contains X, (P*).
Then, given ¢ > 0 there exists some #p < 0, |fo| large, such that D;, contains a
3-dimensional C! manifold M that is a eC'-close to B*, which means that there is a
diffeomorphism n : M — B?* such that [|i —nllc1aq) < &€ Wherei : M — R* is the
inclusion map.

Chose some point Q € Vi such that 0 € Np,. By Lemma 25 we may choose a C!
curve contained in W*(Py), say I = {y(s) : |s| <&} withy : (=4,8) — R*acC!
function with ¥ (0) = Q, y’(0) not tangent to W*(P,) at Q. We can assume also that
this curve is contained in Np,. Choosing ¢ small we can assume that I intersects M.

We summarize in the next lemma several properties that we prove later on in this
section.

Lemma 26 Forlarget, X,(I") N M is a single point that we call P; and the following
properties hold:

1. The collection of the points Py for large t forms a spiral.
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2. There exists a 2 dimensional C' manifold X that contains P, for all t large.

3. Let Qy be the intersection of M with W"(P,). Then the tangent plane to > at
Q1 becomes parallel to the one generated by Re(v(3)), Im@®) (the eigenvector
corresponding to v3, v4) as € — O.

4. Moreover, for s > 0 suitably small the time t such that X,;(y (s)) € M satisfies

s=ce """ o™ ast — o0 (83)

where ¢ > 0.

Let S denote the collection {P; : t > t1} where t| is suitably large. Define S =
X 4 (5) and ¥ = X,,O(EN). Since X_4, is a smooth diffeomorphism from M to a
neighborhood of P* inside the hyperplane {vo = 0} we see that S is a spiral contained
in a C! surface X. The points of S belong to W*(P;) because they were obtained
though the flow from points in X, (I"). This proves parts (a) and (b).

We now prove statement c). It is sufficient to show that inside the space {v> = 0}
the plane generated by e3, e4 is transversal to the tangent space to X at P*. Let
V = (v1,...,vs) : (—00,0] — R*denote the trajectory corresponding to the weakly
singular solution, that is, lim,_, _o, V() = P>, v2(0) = 0. To prove our claim we
need to transport the plane generated by ez and e4 back along V to P, and this
is accomplished by solving the linearized equation around V. More precisely, let
Z,7: (=00, 0] — R* be solutions to the linearization of (24) around V, that is,
Z = (21, 22, 23, 74) satisfies fort < 0

2y = (@t 4 (1 —a)v;*v)z1 +v; 2
Hh=—(N-2-1Dz+z3

89
B=Q2+0n+u (89)
Zy=—(N -4 -1z + pKov{’ 'z
and similarly for 7 = (Z1, 22, 23, Z4). As final conditions we take Z(0) = e3,

Z(0) = ey.
By Theorem 8.1 in [10, Chap. 3] there are solutions ¢ : (—oo, 0] — C* to (89)
such that

lim g (t)e % = p® (90)
——00
where v, .. 0@ are the eigenvectors of M. Recall that v v@ are real, and

v®), v® are complex conjugate. Thus one can assume that @1, ¢, are real ¢3, @4 are
complex conjugate. Then

4 4
Z(t) =Y cigi(t), and Z(t) =) Gigi(t)
i=1 i=1

for some constants ¢y, ..., c4,C1, ..., c4 € C. We note that ¢y, ¢2, ¢1, ¢o are real and
c303(t) + capa(t) € R, c3¢03(t) 4 c44(t) € Rforall t <O0.
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We claim that
¢y #0 or ¢ #0. on

Assume, by contradiction, that ¢c; = 0 and ¢; = 0. Define

11—« 1—«
v 1

ft) = N 4201 (M — 2302 () + 22173 (1) — M) v < 0.
v

A calculation using (89) shows that f is constant. Using the final conditions for Z and
Z we see that f(0) = 0 and hence

f@) =0 Ve <O.
Using (90), (31) and the assumption ¢, = 0, ¢; = 0 we can compute
t_l)il_noof(f) = (c3¢4 — C3¢4)B
where

B=Ww—-—1)(W+N-2-1)(n3-2—-1)— (w3 —D)(v3+N—-2-1)(v4—7)
T —)Ws+N=-2-7)(v3—1) = (g —T)(y + N =2 —1)(vg =2 — 1)

1
= —EMZ(N) M (N) — M(N)

Thus B € iR, B # 0 and we conclude that (c3¢4 — ¢3¢4) = 0. This means that
there exists a A € C such that ¢y = Ack, kK = 3, 4. Since c3¢3(t) + c494(t) € R,
C3@3(t) + cap4(t) € Rforall + < 0, vy > 0 and we assume that ¢c; = ¢, = 0, we
must have A € R. Using Z(0) = e3 and Z(0) = e4 we see that

(€1 = Ac)@1(0) = eq — Aes.

But ¢; = c¢V’, for some constant ¢ € R, since both solve (89) and both tend to O as
t — —oo. We know that v} (0) > 0 by Proposition 7 and this implies ¢; — Ac; =0, a
contradiction.
Finally, the condition (91) implies the assertion ¢). Indeed, let us recall that X' =
,0(2) where ¥ is defined in Lemma 26 and 7y < 0, with |z| large. Let Qy, be
the intersection of X with W*%(P). By 3. of Lemma 26 the tangent plane to X at
0y, 1s almost parallel to the plane generated by Re(w®), Im(w®) (the eigenvector
corresponding to v3). The condition (91) shows that for |fg| large at least one of the
vectors Z (1) or Zo is transversal to the tangent plane to SatQ 1> since one of these
vectors contains a component almost in the direction of v®.
To finish the proof of Theorem 4 we still need to verify one assertion: for A # Ag (2)
has at most a finite number of solutions. We will do this in Proposition 31 of Sect. 8.
O
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Proof of Lemma 26 Let us recall that by Lemma 5 there is a C! diffeomorphism
R : Np, = Ny from an open neighborhood Np, of P to an open neighborhood Ny
of 0 with R(P>) = 0, det(R'(P,)) > 0, such that RX;R~! = L, where L, = ¢’ is
the flow generated by M, and the formula holds in some neighborhood of the origin.

Thus we may assume that P; is at the origin, and after a further linear change of
variables, that W¥(P,) in a neighborhood of the origin is {(y1,...,v4) : y; =0}
and B* = {(y1,...,ya) : y1 =0, |y| < 8} for some § > 0. We can also assume that
the heteroclinic orbit Vj near the origin in the new variables is given by

Vo(t) = (0, cpe", c3Re(e™"), calm(e™)), t>0 (92)

for some constants ¢, c3, c4. By Lemma 20 the curve V() cannot have a direction that
becomes paralleltoe; = (0, 1,0, 0) ast — oo. Since [v2| > |Re(v3)| by (28),¢c3 # 0
or ¢4 # 0. By choosing ¢ small, we can assume that the normal vector to M near
P* is almost parallel to e; = (1, 0, 0, 0). Thus by passing to a subset of M we may
assume that M is a C! graph over the variables (y2, y3, y4), that is, there exists a C 1
function ¥ : {y/ = (vo, y3, y4) € R3, |y/| < 8§} — R with ¥ (0) > 0 such that

M={W @), y) : ¢ eR, |y| <8}

By Lemma 25 the tangent plane to W"(P;) at points close to the new origin (i.e.
P>) contains vectors almost parallel to e; = (1, 0, 0, 0) and hence yl’ (0) # 0. Using
the implicit function theorem we see that for large ¢ the intersection of M and L,(I")
occurs at points of the form

Py = (1()e™, ya(s)e™, y3(s)Re(e™"), yal(s)Im(e™"))

where s = ce V1" + o(e V") as t — oo for some ¢ > 0. Since ¢3 # 0 or ¢4 # 0in
(92) we can define a surface

Y ={y= v,y v) : lyl <8 y1 =¥ ys,ya), v2 = 9g(y3, ya)}

that contains the points P;, where g is smooth away from the origin and has the property

9(y3, ya) = O(I(y3, y)l)

with 8 = vp/Re(v3). Thanks to (28) we see that 8 > 1. Therefore ¢ is C! and ¥ is a
C! surface. O

Proof of Theorem 9 By Propositions 6 and 7 we know that W*“(P,) N {v3 = 0} is a
single point, which we call P* = (13*, 152*, 153*, Isf).

As in Theorem 4, the multiplicity results asserted in Theorem 9 are consequence
of the following claims:

(@) £ := W"(P;) N {vs = 0} contains a spiral S about the point P*,
(b) S is contained in a 2-dimensional C! surface ¥ C {v3 = 0}, and

@ Springer



186 J. Davila et al.

(c) the plane through P* parallel to 2, 3, 4 is transversal to the tangent plane to
X at P*.

The proofs are similar to the Dirichlet case, now changing v» = 0 for v3 = 0. So
to prove c) it will be sufficient now to show that inside the space {vs = 0} the plane
generated by e, e4 is transversal to the tangent space to ¥ at P*. We define now Z
satisfying (89) with the final condition Z(0) = e;, and 7 remains unchanged. In the
same form we claim that (91) holds. Indeed using the same argument as before with
Z(0) = e5 and Z(0) = e4, we find

(€1 — Ae)e1(0) = eg4 — Aep.

But we know by Proposition 7 that vé (0) > 0 and this implies ¢; — Ac; = 0, a
contradiction. The rest of the proof is the same. O

8 Structure of the solution set

The initial value problems (70) for positive p and (47) for negative p yield solutions
to problem (2). Indeed, let Ug be the solution of (70) or (47) defined in the maximal
interval of existence [0, Rmax(8)). Set

] — (B*(p),0) forN >5,p > %_4_—21
(0,,3*(]7)) forN:3and_3<P<—l,0er4andp<_l’

where 8*(p) is the critical value obtained in Proposition 8 for negative p and in Theo-
rem 10 for positive p. Thanks to these results we know thatif 8 € I then U /3 vanishes
exactly at Ro(B), and for B outside I, U f’; does not vanish. It is not difficult to verify
that Ro(B) defines a C' function of 8 € I. Let us introduce, for 8 € I the function
ug(r) = sign(p) [W — 1} , 0<sr=<1. (93)
Ug(Ro(B))
Then ug is a solution of (2) for the value of Ag = |Ko|Ug(Ro(B))?~' Ro(B)*.

As in Sect. 7, we let £ = W"(P;) N {va = 0} and recall that each regular
radial solution of (2) corresponds to exactly one point v = (vy,...,v4) € £ with
vy > 0. Define & = W“(P)) N{v; = 0,v; > 0}. For B € I we let Vg =
(vg,1,...,084) 1 (=00, T(B)) — R* be the function obtained from vg(1) = Ug(e')
for t < T(B) through the transformations (23), where 7' (8) = log(Rmax(8)). Define
also To(B) = log(Ro(B)) for B € I. Then Vg satisfies (24) and v g(Tp(B)) = 0. Since
Vg (=00, T(B)) lies in W*(Py) we have Vg(Tp(B)) € £. Letusdefine ¢ : I — R* by

¢(B) = Vp(To(p)) forall el

Then by construction ¢ (8) € &y forall B € 1.
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Lemma 27 Let P* be the intersection of W"(Py) with {vy = 0}. Then
lim ¢(B8) = P*, lim Ty(B) = +oo
P ﬁ*¢ B Sim, To B

and

lim u(0) = 00 forpositil./e p
B—pB* 1 for negative p.

Proof Let M, Qand I" = {y(s) : |s| < 8 }withy : (=8, 8) — R*beas in the proof
of Theorem 4. Let Iy = {y(s) : 0 <s < § }. We note that for 8 € I and S close to
B* there is some time #1 () such that Vg(t1(B)) € Ip. As B — B*, Vg(t1(B)) — Q
Fixing ¢ sufficiently small, we may define the function t : Iy — R4 where t(p) is
such that X (,)(p) € M. Then 7 is continuous, and by (88)

élog(l/s) < t(y(s)) <Clog(l/s) forO<s <3é

where C > 0 is some constant. This shows that 7(p) — +o00 as p — Q and then
To(B) — oo as B — B*. As in the proof of Lemma 26 one can also show that as
p — O, p € I the point X, (,)(p) approaches the intersection of M with W*(P,).
This shows that ¢ (8) — P* as B — B*. Finally, since Tp(B8) — oo as § — S* we
see from formula (93) that ug(0) — oo as B — B* if p is positive and ug(0) — 1 as
B — B*if p is negative. O

Lemma 28 We have
li =0 d i 0) =0.
ﬂlg})dwﬂ) an ﬂgllou/s( )
Proof Using the implicit function theorem there is 6 > 0 such that for A > 0 small

there is a unique small solution u, of (2). The map A > u, is C! into C*(B). Set

1 4+ awu, (Arr)

Unin = 1 + oy, (0)

where

(|Ko|(1 + am(onl—")‘/“
A = .
A
Then Uy, is the solution of (70) with B = B(X) where () := oeA%AgA(O)/(l +
a u, (0)) by uniqueness of thatinitial value problem. In particularug = u, if 8 = B(1).
Since u, — 0as A — 0, using standard elliptic estimates one can prove that

U, 1

- (1-r%? A—0
- _)SN(N+2)( re)° asi —
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in C*(B). It follows that B(A) = O(1'/?) as A — 0. Thus for small 8 € I the solution
of the shooting problem (70) or (47) is U » with A > 0 such that S(A) = B, and this
A > 0 is uniquely determined. Then as 8 — 0, A — 0 and Ug(0) = u3(0) — 0.
Also Ry(B) = 1/A, — Oand ¢(B) — 0as B — 0 (since ¢ (B) is expressed in terms
of derivatives of u;). O

Analogously to [27, Lemma 5.1] we have:

Lemma 29 Let p € R. Suppose that uy, uy are smooth radial solutions of (2) asso-
ciated to parameters A1 > 0, Ay > 0 such that u1(0) = u(0). Then Ay = Ay and
U = ujp.

Proof First we consider the case p # 0. Suppose we have smooth radial solutions u,
uy of (2) associated to parameters A| > Aj such that u;(0) = uz(0) = «.
Let o = sign(p). For j = 1, 2 define

1 +ozuj(k;1/4r)
14+ax

1/4

vi(r) = , forr e[0,2,7]

The v; satisfies

A% = f(v) forr €0, )\j./“]

v;(0) =1, v}(O):O, (Avj)'(0)=0

1/4

FA P 174
Y 1 +oak’

vi(h V(M =0

where f(¢) = a(l +aKk)P~1P Note that f isincreasing. Since u and u; are decreas-
ing functions on (0, 1), we have that

av)i(r) <0 forallr € (0, xj./“). (94)
Assume that ¢ Av1(0) < aAvy(0). Then by Lemma 9 a¢ vi(r) < o va(r) for all
r € [0, A;M]. In particular @ vg (A;M) <« vg()\é/‘l) = o/(1 4+ ak) which is impossi-
ble because (94) implies that o v{(r) > /(1 4+ ak) for all r € [0, )»}/4).

Assume now that ¢ Avi(0) > aAvy(0). Then by Lemma 9 avi(r) > avy(r),
avi(r) > avi(r), aAvi(r) > adAvy(r), a(Av))'(r) > a(Avy)'(r) for all r €
[0, ké“]. Since v; is defined up to k}/4, v> can be extended to [O, )»i/4] and the
previous inequalities are valid in this interval. Evaluating at )Li/ * we deduce that

0 =av|(,") > avy(1)/%. (95)
Since w = o Av; satisfies Aw = af (v;) > 0 it is subharmonic and hence w(ry) <

w(rp) forall0 <ri <mrm < )L}/ 4. But the Green function for the bilaplacian in the
ball of radius R > 0 with Dirichlet boundary conditions G (x, y) satisfies G (x, y) >
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c(R — |x|)2(R — |y|)2 for some ¢ > 0, see [24]. This implies that asz()»éM) >0
and therefore w(r) > O forall r € [)Lé/4, )L}M]. Thus

r

rN_lavé(r) = / tN_laAvg(t) dt >0 forallr € (A;M,A}M].

1/4
%)

In particular avé (A}/ 4) > 0 which contradicts (95).

It follows that Avi(0) = Avy(0) and hence v; = v;. This implies that A = Aj
and that u; = up.

The remaining case p = 0, can be solved explicitly and we find that A = 8(N +
2)N u(0). O

Proof of Theorems 3 and 6 To prove this we will show that

So={pB) : Bel} (96)

Indeed, by construction ¢(8) € & for each 8 € 1. To prove & C {¢p(B) : B € I}
we need to show that given any radial regular solution u of (2) there exists B € [/
such that u = ug. Note that if p is negative and u is a radial regular solution for some
A > 0then 0 < u(0) < 1. Using Lemma 29 it is sufficient to find § € I such that
u(0) = ug(0). We have by Lemma 27 that ug(0) — +o00 as B — B* if p is positive
and ug(0) — 1if p is negative. By Lemma 28 we know that ug(0) — 0 as 8 — 0.
Since ug(0) varies continuously with 8 there is 8 € I such that u(0) = Ug(0). O

Lemma 30 The map ¢ : I — R* is a real analytic.

Proof Let By € I. Then there is ro > 0 and § > 0 such that Ug(ry) is well defined
for all B € (Byp — 8, Bo + 8) and is analytic. Fix Ro(Bp) < R1 < Rmax(Bo). Then, by
standard theory of ODE, by taking § > 0O smaller if necessary we find that Ug(r) is
well defined for all » € [0, R;]. Moreover Ug(r) is analytic with respect to 8 € (o —
8, Bo+9d) andr € (Ro(B) — &, Ro(B) + 9) (see [8]). Since %Uﬂ(RO(,BO)Nﬂ:ﬂo # 0,
by the implicit function theorem the map 8 — Ry () is analytic in a neighborhood
of Bo. It follows that ¢ (8) = Vg(To(B)) is analytic in a neighborhood of By. O

Proposition 31 Assume p is in the range (8) or (10). If L # \g, then there is at most
a finite number of regular radial solutions of (2).

Proof By (96) and Lemmas 27 and 28 we can consider P; and P* as the endpoints of
&o. If A = 0 then w = 0 is the only solution of (2). Let A # 0, A # A*. By analyticity
& N {v; = A} can only accumulate at either P; or P*. Since P* is not included in
{vi = A} accumulation in P* is not possible. Similarly, since P; ¢ {v; = A} the set
EoN{v1 = A} cannot accumulate at P;. Thus & N{v; = A} consists of a finite number
of points, which correspond to regular radial solutions of (2). O

Proof of Proposition 2 By [7] and [14] there exists A* such that if 0 < A < A* then
(2) has a minimal smooth solution u, and if A > 1* then (20) has no weak solution.
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Although in [7] the authors deal with (2) when p = —2 and N = 3, the proof applies to
any p < Oand N > 1. The limit u* = lim;_»;+ u, exists pointwise, belongs to H?(B)
and is a weak solution to (20) in the sense (4) or (5). The functions u,, 0 < A < A*
and u* are radially symmetric and radially decreasing.

Assume u* is singular. Fix A € (0, A*) and let v be a smooth radial solution to (2)
with parameter A. Since A € (0, A*) — u, (0) depends continuously on A, and since
lim; _, 3= 1 (0) — oo we see that there exists some A € (0, A*) such that v(0) = w, (0).
By Lemma 29 we conclude that A = A and v = u, .

Now assume that for all 0 < A < A* there is a unique solution. Then this solution
has to be the minimal u, and is therefore regular. This shows that Ag > A*. Since we
always have the opposite inequality we deduce Lg = A*. We claim that v* = ug. If
u* is not regular then it has to be weakly singular and by uniqueness u* = ug. So,
suppose that «* is regular. Since u, < u* and u* is regular there would be a constant
C such that (1 + sign(p)u;)? < Cforall0 < i < A*and all 0 < r < 1. Recall the
family of solution ug constructed in (93). By Lemma 27

ﬁliné*(l + sign(p)up(0))” = oo.

But each ug corresponds to some u; by uniqueness, which gives a contradiction. 0O

Appendix A: Sign of some constants

We see that K is a cubic polynomial in 7 and that #, which corresponds to the

critical exponent p* = %, is a root. Then

Ky =—4 (r - NT_4) (t—t )z -1

where

4 N—4+\/(N—2)2+4 _ N-4 JN=-2?24+4

T 2 L S 2

Since T —- (N —4)/2 < t* forall N > 3 we see that K; < Oon (z—, (N —4)/2)
and (t7, 00).

Using formulas (22) we see that K» K3 — K is a cubic polynomial in  which can
be written as

N -4
K>K3; — K1 =-20 (‘L’ - T) (t — ) (T — W)

where

N—4 J(N-22+4 N—4+\/(N—2)2+4

Tg = — Ty =

2 25 ' 2 25
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Since 7, < (N —4)/2 < 1) forall N > 3 we see that K, K3 — K1 > 0 on (—00, 174)
and (N — 4)/2, 7p). It follows that for all T < (N — 4)/2 we have K; < 0 or
K>K3; — K1 > 0.

Appendix B: Calculation of p. and p}

The relation pKoy = Hy can be written as a fourth order polynomial in 7, that is

T+ +2)(N-2—1)(N—4—1)= Hy.

This polynomial has four real roots given by

N-6 1
rle:—j:E\/4+N2—4\/N2+HN

2

and

N—-6 1
= Tiz\/4+N2+4\/N2+HN.

We can check that rzi are always outside the range (14) or (15), because 12+ >N-2
(the corresponding value of p satisfies 1 < p < (N+2)/(N—2)),and7, < —4,(0 <
p < 1) and so we write

441, 4+t
pe=——1 and ph = —+1
T g

Note that p only appears as a critical power when N = 3, since for N = 4, 1:1+ =0
and for N > 4, we have rf' >(N—-4)/2,(1<p<(N+4)/(N—4)).
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