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Abstract. We study nonproper uniformly elliptic fully nonlinear equations in-
volving extremal operators of Pucci type. We prove the existence of all radial
spectrum for this type of operators and establish a multiplicity results through
global bifurcation.

1 Introduction

In the sobability of fully nonlinear elliptic equations of the type

F (D2u, Du, u, x) = 0,

have been extensively studied in the framework of classical, strong and viscosity so-
lutions, see for example, Lions [24], Evans [15], Gilbarg, Trundinger [22], Crandall
Ishii, Lions [11] and Caffarelli, Cabre [6] and Caffarelli, Crandall, Kocan, Swiech
[7], Crandall, Kocan, Lions, Swiech [9]. Most of these works concern proper or
coercive operators, that is, F nonincreasing u.

In this paper we want to solve, through global bifurcation, non proper equations
of the type






M±
C (D2u) + g(u) = 0, in Ω,

u = 0 on ∂Ω,
(1.1)

where Ω ⊂ RN and M±
C are general Hamilton-Jacobi-Bellman (HJB) operators.

Specifically theses operators are defined as:

M+
C (M) = sup

σ(A)∈C
tr(AM) and M−

C (M) = inf
σ(A)∈C

tr(AM), (1.2)

where C is any subset of the cube [λ, Λ]N invariant with respect to permutations
of coordinates and σ(A) is the set of eigenvalues of A. These operators reduce
to classical Pucci type operators when C = [λ, Λ]N , and to the Laplacian when
λ = Λ = 1. When λ ≤ 1/N , Λ = 1−λ(N −1) and C = {a ∈ [λ, Λ]N |

∑N
i=1 ai = 1}

the operator corresponds to Pucci’s operators, see [27], [28].
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This general class of extremal operators were introduced, in this form, by
Felmer and Quaas in [19] and [20]. Observe that the operators in the class are
positively homogeneous of degree one and so, the associated eigenvalue problem is

{
M+

C (D2u) = µu, in Ω,
u = 0 on ∂Ω.

(1.3)

Therefore in the case λ = Λ = 1 the classical Rabinowitz bifurcation theory [34],
[33], [35] gives an answer to existence of solution to (1.1).

Concerning the first half eigenvalue problem, recent results have been estab-
lished by Quaas Sirakov in [32], see also [31] in the general setting of convex
(concave) operators. For the case of Pucci type of operator with C = [λ, Λ]N , some
of the results were established earlier by Felmer Quaas [18], Quaas in [29] and
Busca, Esteban and Quaas [5]. Other previous results of first half eigenvalue are
due to Lions [25] and Pucci [27].

The aim of this paper is to extend the results for C = [λ, Λ]N in [5] of local
bifurcation from the first two half eigenvalues and from the radial spectrum to this
class of HJB operator. Moreover, we establish existence results for equation of (1.1)
through global bifurcation. These results are new even in the case C = [λ, Λ]N .

We start recalling the results of [32] that we need.

Theorem 1.1 Let Ω be a regular domain. There exist two positive half-eigenvalues
µ+

1 , µ−1 , and two functions ϕ+
1 , ϕ−1 ∈ C2(Ω) ∩C(Ω̄) such that (µ+

1 , ϕ+
1 ), (µ−1 , ϕ−1 )

are solutions to (1.3) and ϕ+
1 > 0, ϕ−1 < 0 in Ω. Moreover, these two half-

eigenvalues are simple, that is, all positive solutions to (1.3) are of the form
(µ+

1 , αϕ+
1 ), with α > 0. The same holds for the negative solution. Additionally,

the half-eigenvalues are strict monotone with respect to the domain.

Remark 1.1 Principal eigenvalue for other type of fully nonlinear operators have
been recently studied by Birindelli, Demengel [3], [4] and Juutienn [23].

Now we give our first result which deals with the existence of the radial spectrum
for this class of operators. Notice that nothing is known about higher eigenvalue
for general domains. We think that the result below gives light on the fact that
infinitely many eigenvalues exist. For the radially symmetric situation we can
apply ODE techniques to get the results.

Theorem 1.2 Let Ω = B1 the unit ball. The set of all the scalars µ such that (1.3)
admits a nontrivial radial solution, consists of two unbounded increasing sequences

0 < µ+
1 < µ+

2 < · · · < µ+
k < · · ·,

0 < µ−1 < µ−2 < · · · < µ−k < · · ·.

2



Moreover, the set of radial solutions of (1.3) for µ = µ+
k is positively spanned by a

function ϕ+
k , which is positive at the origin and has exactly k-1 zeros in (0, 1), all

these zeros being simple. The same holds for µ = µ−k , but considering ϕ−k negative
at the origin.

This result is related with the radial Fucik spectrum studied by Arias and
Campos in [1], see [5] for more details and other related references.

Finally, we want to adress our original motivation, that is, we want to prove
existence results for an equation of the type (1.1). For this purpose we consider
the nonlinear bifurcation problem associated, that is:

−M+
C (D2u) = µu + f(u, µ) in Ω,

u = 0 on ∂Ω,
(1.4)

where f is continuous, f(s, µ) = o(|s|) near s = 0, uniformly for µ ∈ R and Ω is a
general regular bounded domain. Concerning this problem we have the following
Theorem.

Theorem 1.3 The pair (µ+
1 , 0) (resp. (µ−1 , 0)) is a bifurcation point of positive

(resp. negative) solutions to (1.4). Moreover, the set of nontrivial solutions of
(1.4) whose closure contains (µ+

1 , 0) (resp. (µ−1 , 0)), is either unbounded or con-
tains a pair (µ̄, 0) for some µ̄, eigenvalue of (1.3) with µ̄ &= µ+

1 (resp. µ̄ &= µ−1 ).

The first bifurcation results in the context of HJB equation are due to Lions
[25] where very particular nonlinearities are considered. In that paper the author
also gave the existence of half eigenvalue and its probabilistic interpretation in
terms of stochastic control. It is interesting to understand how such a bifurcation
result can be extended to the context of [3] or [23].

In the radially symmetric case we obtain a more complete result.

Theorem 1.4 Let Ω = B1. For each k ∈ N, k ≥ 1 there are two connected
components H±

k ⊂ S±
k of nontrivial solutions to (1.4), whose closures contain

(µ±k , 0). Moreover, H±
k are unbounded and (µ, u) ∈ S±

k implies that u possesses
exactly k − 1 zeros in (0, 1).

Remark 1.2 1) S+
k (resp. S−k ) denotes the set of solutions that are positive (resp.

negative) at the origin, with exactly k − 1 zeros in (0, 1).

Now we are in position to state our first existence result for (1.1) with Ω = B1,
where g : R → R is a continuos function and g(0) = 0.

Theorem 1.5 Let Ω = B1, assume

sup
s∈R

∣∣∣
g(s)
s

∣∣∣ < ∞,
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and that for some positive natural numbers k y n, with k ≤ n

lim
s→0

g(s)
s

< µ+
k ≤ µ+

n < lim inf
|s|→∞

g(s)
s

.

Then (1.1) possesses at least n−k+1 nontrivial radial solution. More precisely,
for each j such that k ≤ j ≤ n , there is a radial solution of the problem (1.1)
positive in the origin with exactly j − 1 zeros in (0, 1).

An analogous result can be established when µ+
k,n is replaced by µ−k,n but the

solutions are negative at the origin.

Remark 1.3 i) Similar results can be obtained for in general domains when k =
n = 1 using Theorem 1.3 , see [30] in the case of C = [λ, Λ]N with a different
proof.
ii) Another multiplicity result can be obtained in a ball through global bifurcation
assuming sub-critical nonlinearity with critical exponent p∗ found by Felmer and
Quaas in [19] for this type of operators. The sub-critical behavior of the nonlinear-
ity will give the desired bound on the branch though blow-up method, see the proof
of Theorem 1.5 and Gidas Spruck [21] .

If g is an odd function, then we have more solutions since we can distinguish
the positive and minus the negative solution at the origin. Observe that this result
is only valid for nonlinear operators.

Corollary 1.1 Let Ω = B1, assume g is odd,

sup
s∈R

|g(s)
s

| < ∞,

and that for some positive natural numbers k y n, with k ≤ n

lim
s→0

g(s)
s

< min{µ+
k , µ−k } ≤ max{µ+

n , µ−n } < lim inf
|s|→∞

g(s)
s

.

Then (1.1) possesses at least 2(n− k + 1) nontrivial radial solutions.

Finally, notice that all above results can be rewritten in the case of M−
C using

that M−
C (M) = −M+

C (−M) for any M ∈ SN the set of all N by N symmetric
matrices.

The paper is organized as follows. In the section 2 we define the homotopy of
the HJB operator and the Laplacian that is used to compute the degree. Then
we give a sketch of the proof Theorem 1.3. In section 3 we study the radial case.
First, we prove the existence of the radial spectrum, then the local bifurcation and
finally we establish our main existence results.
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2 Homotopy and General Domain

We start this section by recalling some results of [32] that we need.

Theorem 2.1 i) There exists ε0 > 0 depending on N,Ω, C such that the problem
(1.3) , has no nontrivial solution, for µ ∈ (−∞, µ−1 + ε0) \ {µ+

1 , µ−1 }
ii) For any f ∈ Lp(Ω), p ≥ N there exists a unique solution u ∈ W 2,p

loc (Ω)∪C(Ω̄)
of

{
M+

C (D2u) + µu = f, in Ω,
u = 0 on ∂Ω,

(2.5)

for µ < µ+
1 . Moreover, if µ+

1 ≤ µ < µ−1 the the problem (2.5) does not have a
solution, provided f ≤ 0, f &= 0 in Ω.

We need some preliminaries in order to compute the Leray-Schauder degree of
our equivalent problem.

We start by constructing an homotopic deformation of C to a point. More
precisely, let Ĉ∗ : [0, 1] +→ [λ, Λ]N a multivalued function such that

Ĉα = {a ∈ [λ, Λ]N | a = ā + α(a− ā), a ∈ C},

where ā ∈ C satisfies āi = ā1 for all i = 2, ..., N .
Notice that Ĉα is convex for all α ∈ [0, 1] and Ĉ0 = {ā} and C̄1 = C. In a

natural way we define the extremal operator related to Ĉα and define

Mα := M+
Ĉα

.

Therefore, we have M0 := ā∆ and M1 := M+
C .

Define now Lα as the inverse of −Mα. It is well known that Lα is well defined
in S := {u ∈ C(Ω̄) |u = 0 on ∂Ω} (see for example [8], also Theorem 3.1 in
[36]) and L+

α is compact (see [6], also Proposition 4.2 in [9] and Teorem 3.8 [7] ).
Let observe that in [8] C2,α estimates holds up to the boundary if Ω is smooth,
this give compactness in C2.

The aim is to compute the degree degS(I − µLα, B(0, r), 0) for some values of
µ where it is well define..

Proposition 2.1 Let r > 0, ᾱ > 0, µ ∈ R. Then

degS(I − µLᾱ, B(0, r), 0) =






1 if µ < µ+
1 (ᾱ),

0 if µ+
1 (ᾱ) < µ < µ−1 (ᾱ),

−1 if µ−1 (ᾱ) < µ < µ2(ᾱ).

Remark 2.1 1) Since Lα is compact, the degree is well defined if
0 &∈ (I − µLᾱ)(∂B(0, r)).
2) µ2(ᾱ) could be +∞ since is define as a infimum of solution to (1.3) with µ >
µ−1 (ᾱ).
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This Proposition and then Theorem 1.3 can be proven without changes form
the form the proof in [5] the only different is that we need to use the above
homotopy to prove Proposition 2.1 (to get degree -1) and the non-existence result
of Theorem 2.1 ii) (to get degree 0) and i) of Theorem 2.1 (degree 1). For more
details see the proof of proposition 3.1 below.

3 Spectrum in the Radial Case and existence
results

We start this section by studying the operator acting on radial function, most of
the this is done in [19] the only point here is that we need to define the operator
for negative and positive right hand side simultaneously and where the derivative
vanishes.

In the case of radially symmetric solutions then we can define the operator
M+

C acting on C2 radially symmetric functions as

MC(D2u) = sup
(a1,a2)∈C̃

a1u
′′ +

(N − 1)a2u′

r
, (3.6)

where C̃ := {(a1,
1

N−1

∑N
i=2 ai) ∈ R2 / a ∈ C}. In the rest of the paper we will

write C for C̃ to simplify the notation. In order to describe the set C in a more
convenient way, and to avoid trivialization, we make a further assumption.
(D) The set C ⊂ R2

+ is compact, convex and its projection onto the y-axis is not
a singleton.

Assuming (D) we exclude the case when the projection of (D) onto the y-axis
is a singleton, which is equivalent to C = {(a1, a1)}. This particular case can be
analyzed as the radial Laplacian. Observe that C is a symmetric set.
Under the assumption (D) we may describe ∂C by means of two functions. Let 0 <
θmin < θmax be defined as θmin = min{θ | (x, θ) ∈ C} and θmax = max{θ | (x, θ) ∈
C}, and define the functions S, S̃ : [θmin, θmax] → R+ as

S(θ) = min{x | (x, θ) ∈ C}, S̃(θ) = max{x | (x, θ) ∈ C}.

With these definitions we see that S is convex, S̃ is concave and

C = {(x, θ) | θ ∈ [θmin, θmax], S(θ) ≤ x ≤ S̃(θ)}.

Being S convex, it has one-sided derivatives S′−(θ) and S′+(θ), consequently it
is locally Lipschitz continuous in (θmin, θmax). The sub-differential of S is then
defined as ∂S(θ) = [S′−(θ), S′+(θ)], for θ ∈ (θmin, θmax). The cases θ = θmin and
θ = θmax are special. At θmax we have two possibilities, either S′−(θmax) exists,
and then we define ∂S(θmax) = [S′−(θmax),+∞), or

lim
t→0−

S(θmax + t)− S(θmax)
t

= +∞.
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An analogous situation occurs at θmin . We observe that with these definitions,
for every Q ∈ R there is at least one solution θ ∈ [θmin, θmax] of the equation

∂S(θ)θ − S(θ) , Q. (3.7)

The case when this equation has multiple solutions is very important for our
analysis and occurs when the function S coincide locally with an affine function.
In each of this maximal intervals [θ−i , θ+

i ], with θ−i < θ+
i where the function S is

affine, we may write for

S(θ) = diθ −Qi ∀ θ ∈ [θ−i , θ+
i ],

for numbers di and Qi.
We define the function d : R → R as d(Q) ∈ ∂S(θ) such that

d(Q)θ − S(θ) = Q.

All the above holds for S̃ with natural modification since S̃ is concave and ∂S̃ is
the super-differential of S̃. We would also like to define θ as a function of Q, but
we cannot do it in a unique way because of the possible multiplicity of solutions
of the equation above. We make a choice considering Θ : R → R as Θ(Qi) = θ+

i
in each interval where S or S̃ are affine functions.

Now we are interested in the study of the problem

v′′(r) + (Nd − 1)
v′(r)

r
+

µ

θ
v(r) = 0 in (0, 1), (3.8)

v′(0) = 0, v(1) = 0, (3.9)

where θ = Θ(v/(N − 1)v′) when v′ &= 0 and

Nd =

{
S(θ)

θ (N − 1) if v′ < 0,
S̃(θ)

θ (N − 1) if v′ > 0.
(3.10)

When v′ = 0, then θ := θmin if v > 0 and θ := θmax if v < 0. Notice that the
functions θ(r) y Nd(r) are mesurable functions, having discontinuities whenever r
is so that v(r)r/(N − 1)v′(r) = Qi and S, S̃ are affine functions. Moreover, both
θ(r) and Nd(r) are bounded and bounded away from 0.

Next we briefly study the existence, uniqueness, global existence, and oscilla-
tion of the solutions to the related initial value problem

u′′(r) + (Nd − 1)
u′(r)

r
+

1
θ
u(r) = 0 in (0,∞), (3.11)

u′(0) = 0, u(0) = 1. (3.12)

Then we will come back to (3.8), (3.9) and to the proof of Theorem 1.2. In the
rest of the paper we will use the following two important remarks.
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Remark 3.1 By the definition of the maximal operator, for a solution u of equa-
tion (3.11) we have that

u′′(r) +
S(θ̂)

θ̂
(N − 1)

u′(r)
r

+
u(r)

θ̂
≤ 0,

for all θ̂ ∈ [θmin, θmax] and the same is valid for S̃.

Remark 3.2 We have the following estimates for the dimension number Nd(r)

N+ ≤ Nd(r) ≤ N−,

where N+ − 1 := S(θ+)
θ+ (N − 1) and N− − 1 := S̃(θ−)

θ− (N − 1) and θ± are solutions
of the equations

∂S(θ+) , S(θ+)
θ+

, ∂S̃(θ−) , S̃(θ−)
θ−

,

for θ+, θ− ∈ [θmin, θmax].

First using Theorem 1.1 and the symmetry result of [12] we can conclude, after
a rescaling if necessary, the existence of a unique u ∈ C2 solution to

{u′(r) exp(
∫ r

r0

Nd(τ)− 1
τ

dτ)}′ = −1
θ

exp(
∫ r

r0

Nd(τ)− 1
τ

dτ)u(r), (3.13)

u′(0) = 0, u(0) = 1.

Observe that the existence can be obtain from Schauder fixed point (see [19] for
similar argument) but the uniqueness is not trivial to obtain and is related to the
simplicity result in Theorem 1.1 .

Now for some δ > 0 small, u satisfies

u′′ = −(Nd − 1)
u′

r
− u

θ
, in (0, δ].

Next we consider (3.11) with initial values u(δ) = 0 and u′(δ) at r = δ. From the
standard theory of ordinary differential equations we find a unique C2 solution of
this problem for r ∈ [δ, a), for a > δ. Using Gronwall’s inequality we can extend
the local solution to [0,∞).
In the following Lemma we will show that the solution u is oscillatory.

Lemma 3.1 The unique solution u to (3.11)-(3.12) is oscillatory, that is, given
any r > 0, there is a τ > r such that u(τ) = 0.
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Proof. Suppose that u is not oscillatory, that is, for some r0, u does not vanish on
(r0,∞). Assume first that u > 0 in (r0,∞). Let φ be a solution to (3.11) and (3.12)
for fix θ̃ and S(θ) = θ = θ̃, then it is known, since it corresponds to the Laplace
operator, that φ is oscillatory. So, we can take r0 < r1, r2 such that φ(r) > 0 if
r ∈ (r1, r2) and φ(r1) = φ(r2) = 0. From the definition and the optimality of the
operator, u and φ satisfy

u′′ + (N − 1)
u′

r
+

u

θ̃
≤ 0,

φ′′ + (N − 1)
φ′

r
+

φ

θ̃
= 0,

for θ̃ ∈ [θmin, θmax]. If we multiply the first equation by φ and the second by u,
subtract them and then integrate, we get

rN−1
1 u(r1)φ′(r1)− rN−1

2 u(r2)φ′(r2) ≤ 0,

getting a contradiction.
Suppose now that u < 0 in (r0,∞). In that case, from the the equation (3.13), we
claim that u′ > 0 in (r0,∞), taking if necessary a larger r0. If there exists a r∗

such that u′(r∗) = 0, then using the equation we have that u′ > 0 in (r∗,∞). So
we only need to discard the case u′ < 0 in (r0,∞). In that case u satisfies

{
u′ exp

( ∫ r

r0

Nd(τ)− 1
τ

dτ
)}′

= −u

θ
exp

( ∫ r

r0

Nd(τ)− 1
τ

dτ
)
.

Let denote by g(r) = u′ exp
( ∫ r

r0

Nd(τ)−1
τ dτ

)
, we have that g(r) is monotone, then

there exists a finite c1 < 0 such as limr→∞ g(r) = c1. On the other hand, since
u′ < 0, there exists c2 ∈ [−∞, 0) such that limr→∞ u(r) = c2, then from the
equation, we get that

lim
r→∞

g′(r) = − lim
r→∞

u(r)
θ

exp
( ∫ r

r0

Nd(τ)− 1
τ

dτ
)

= +∞.

That is a contradiction with limr→∞ g(r) = c1, proving the claim.
Using u′ > 0, Remark 3.2 and the definition of the maximal operator we get

u′′(r) + (N− − 1)
u′(r)

r
≥ − u(r)

θmax
,

now if we multiply this equation by rN−−1/u(r) < 0 we have that

b′(r) +
b2(r)
rN−−1

+
rN−−1

θmax
≤ 0, (3.14)

where

b(r) = rN−−1 u′(r)
u(r)

, r ∈ (r0,∞).
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Integrating (3.14) from r0 to t > r0 we get

b(t)− b(r0) + C̃1{tN
− − rN−

0 }+
∫ t

r0

b2(r)
rN−−1

dr ≤ 0. (3.15)

In particular we have

−b(t) ≥ CtN
−
, for some C > 0 and t large.

Define now

k(t) =
∫ t

r0

b2(r)
rN−−1

dr,

and notice from the previous fact that

k(t) ≥ c̃tN
++2 for some c > 0 and t large. (3.16)

By (3.15) k(t) ≤ −b(t), and so

k′(t) ≥ t1−N−k2(t), for t large.

From this last inequality follows that

C1

( 1
k(t)

− 1
k(s)

)
≥

( 1
tN−−2

− 1
sN−−2

)
,

for some C1 and t, s large. Noting that N− > N > 2 and taking s → ∞ we find
that k(t) satisfies

k(t) ≤ C1t
N−−2 (3.17)

However (3.16) and (3.17) are not compatible, hence u must be oscillatory.

Notice that the same proof holds when the initial conditions are u(0) = −1,
u′(0) = 0 in (3.11).

Next Lemma is a principal step in proving that the branches conserve the
number of zeros and that the zeros are isolated .

Lemma 3.2 Consider a ∈ L∞(0, α) and u ∈ C2[0, α] with satisfying
{

ρu(r)u′(r)
}′

+ a(r)ρu(r)u(r) = 0 a.e (0, α),

where ρu(r) := exp(
∫ r
r0

(Nd(τ)− 1/τ)dτ), denote an integral factor of the equation
and

u(r0) = 0, u′(r0) = 0,

for some r0 ∈ (0, α]. Then u ≡ 0.
Moreover, if u(0) &= 0 then first zero of u is not arbitrarily close to 0.
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Remark 3.3 It can also be proven that all pairs of zeros of the above equation
can not be arbitrarily close.

Proof. Observe that u satisfies the equation

u(r) =
∫ r

r0

1
ρu(s)

∫ s

r0

ρu(τ)a(τ)u(τ)dτds,

now taken r0 ∈ (0, α) we have that

|u(r)| ≤ Cδ‖a‖L∞ sup
τ∈[r0−δ,r0+δ]

|u(τ)| r ∈ (r0 − δ, r0 + δ),

with C a positive constant. Then u ≡ 0 in (ρ0 − δ, r0 + δ) for δ small enough. So,
u ≡ 0 in [0, α].

Let r∗ the first zero of u, then by ABP estimate in Br∗ since u satisfies
M+

C (D2u(|x|)) + a(|x|)u(|x|) = 0 in the LN viscosity sense , see for example [7],
we have

sup
[0,r∗)

|u| ≤ r∗‖a‖L∞ sup
[0,r∗)

|u|,

getting a contradiction if r∗ is sufficiently small.

Proof of Theorem 1.2. Let denote uν the above solutions of (3.11) with initial
conditions uν = ±1 (here and in the rest of the proof ν ∈ {+,−}). From Lemma
3.1, uν has infinitely many zeros:

0 < βν
1 < βν

2 < . . . < βν
k < . . . (3.18)

Using the previous Lemma all the zeros of the equation are simples.
Now if we take r = βν

k r̃ where r̃ ∈ [0, 1] and define µν
k = (βν

k )2, then µν
k is an eigen-

value for M+
C in B1, with u(βν

k r̃) and r̃ ∈ [0, 1] the corresponding eigenfunction
with k − 1 zeros.

Let now µ be an eigenvalue of M+
C in B1 with a radial eigenfunction z(r) such

that z(0) > 0. Notice that µ > 0 and by uniqueness z(r) = z(0)u+(µ1/2r). But
z(1) = 0, then µ = (β+

k )2 for some k ∈ N and z = z(0)u+. Similarly if z(0) < 0.
Therefore, there are not others radial eigenvalues different form µν

ks. From here
we obtain Theorem 1.2.

Now we will show some properties about the distibution of the eigenvalues.

Lemma 3.3 For k ∈ N, k > 1 we have µ−k < µ+
k+1 and µ+

k < µ−k+1.

Proof. We will prove the Lemma in terms of the functions defined above.
We claim that if u+ has to change sign between two consecutive zeros of u−, if u+

has the same sign of u−.
Suppose first by contradiction that u−(r1) = u−(r2) = 0, u−(r) > 0 for all r ∈
(r1, r2) and u+ > 0 for all r ∈ [r1, r2]. Let r3 < r1 < r2 < r4 be the next zeros
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of u+, that is, u+(r3) = u+(r4) = 0, u+ > 0 for all r ∈ (r3, r4). Then, the first
half-eigenvalue in A1 := {r1 < |x| < r2} is µ+(A1) = 1 and first half-eigenvalue
in A2 := {r3 < |x| < r4} is µ+(A2) = 1. Define now u(r) = u+(βr), with
β > 1 such that r4/β > r2 and r3/β < r1 . So, u is a positive eigenfunction in
A3 := {r3/β < |x| < r4/β} with eigenvalue µ+(A3) = β2. But A1 ⊂ A3, therefore
µ+(A1) = 1 ≥ µ+(A3) = β2 getting a contradiction with the monotonicity respect
the domain of the eigenvalues see Theorem 1.1 . The same kind of argument can
be used in the case when u− negative in (r1, r2) and u+ negative in! [r1, r2]. Hence,
the claim follows. By inverting the roles of u−, if u+ we get the conclusion of the
Lemma.

Remark 3.4 The above Lemma implies that in the case β+
k < β−k , u+u− > 0 for

all r ∈ (β−k , β+
k ). The same holds true in the case β+

k > β−k .

Next, we prove some preliminary non existence result to prepare the proof of
Theorem 1.4, the proof use some ideas that can be found for example in the book
by [13].

Lemma 3.4 Assume that µ+
k &= µ−k and that there exists r0 ∈ (0, 1) such that

u±(r) > 0 for all r ∈ (r0, 1]. Then, there exists a continuous function g such that
there is no solution to the problem

u′′ = −(N − 1)s(θ)
θ

u′

r
− µu

θ
+ g in [0, r0], (3.19)

and

u′′ ≥ −(N − 1)s(θ)
θ

u′

r
− µu

θ
+ g in (r0, 1], (3.20)

u′(0) = 0, u(1) = 0, (3.21)

for µ between µ+
k and µ−k and s,θ given by the optimal condition

−u′′r

(N − 1)u′
∈ ∂S(θ),

in the case u′ > 0, s = S. Similar in the other cases, so that we have the extremal
operator.

Remark 3.5 1) Let us denote by u+ and u− the solutions of (3.19) with r0 = 1
and g = 0 and respective initial conditions u(0) = 1, u′(0) = 0 and u(0) =
−1, u′(0) = 0. Let us suppose that µ is between µ+

k and µ−k , then by previos
remark we deduce that u+(1)u−(1) > 0.
2) There is a similar non-existence result in the case when there exists r0 ∈ (0, 1)
such that u± < 0 for all r ∈ (r0, 1], replacing (3.20) by

u′′ ≤ −(N − 1)s(θ)
θ

u′

r
− µu

θ
+ g in (r0, 1]. (3.22)
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Proof. Consider then the particular case

u±(r) > 0, u′±(r) ≤ 0 for all r ∈ (r0, 1],

where we denote u± := u± for notation convinence in this proof. All other cases
can be treated similarly.
Let g : [0, 1] → R be a continuous function such that g(r) = 0 for all r ∈ [0, r0]
and g(r) > 0 for all r ∈ (r0, 1]. For γ ∈ R let φγ be the solution to (3.19), (3.20)
and (3.21) with, φγ(0) = γ. Then, we have

φγ = γu+ ∀ r ∈ [0, r0],

since uniqueness holds when g = 0. Put r1 = inf{r ∈ (r0, 1) : φγ(r) = 0}. The
interval (r0, r1) contains a point τ1 such that

[ φγ

u+

]
(τ1) < 0.

If this is not the case, then

φγ(τ)
u+(τ)

≥ φγ(r0)
u+(r0)

= γ > 0 τ ∈ (r0, r1),

which is impossible. So, we obtain

(φ′γu+ − φγu′+)(τ1) < 0.

Define

G(r) = exp
( ∫ r

r0

Nd(t, φγ)− 1
t

dt
)
(φ′γu+ − φγu′+),

where Nd(t, φγ) is the dimension number for φγ denote ρ :=
∫ r
r0

Nd(t,φγ)−1
t dt.

Now we claim that there exists a τ2, r0 ≤ τ2 < τ1 such that

φ′γ(r) < 0 for all r ∈ (τ2, τ1) y G(τ2) ≥ 0.

If φ′γ(r) < 0 for all r ∈ (r0, τ1), since G(r0) = 0, we conclude taken τ2 = r0. If not,
define τ2 = sup{τ ∈ [r0, τ1)/φ′γ(τ) = 0}.
Notice that τ2 < τ1 and φ′γ(τ1) < 0, so φ′γ(r) < 0 for all r ∈ (τ2, τ1).
From the definition of τ2 we have that φ′γ(τ2) = 0. Thus, G(τ2) > 0 and the claim
follows. By equation satisfied by u+ we get using the optimal condition

{
ρu′+

}′
≤ −µu+

θ
ρ in (τ2, τ1), (3.23)

here θ is give by φα Since φγ is positive in (τ2, τ1), we obtain

G′(r) ≥ ρ

θ
u+(r)g(r) > 0
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for all r ∈ (τ2, τ1), so we get a contradiction.
The case when γ ≤ 0 are quite analogous. All the above shows that there is no
solution for (3.19), (3.20) y (3.21).

Now we can compute the Leray-Schauder degree in the radial case and get.

Proposition 3.1 Let r > 0, α,µ ∈ R. Then

degC(I − µLα, B(0, r), 0) =






1 if µ < µ+
1 (α),

0 if µ+
k (α) < µ < µ−k (α)
or if µ−k (α) < µ < µ+

k (α),
(−1)k if µ+

k (α) < µ < µ−k+1(α)
or µ−k (α) < µ < µ+

k+1(α).

(3.24)

where C := {u ∈ C([0, 1])| u(0) = 1, u′(0) = 0}.

Remark 3.6 1) For k ∈ N, k ≥ 1, we do not expect in general

µ+
k ≤ µ−k .

2) If µ+
k = µ−k , the case degC(I−µL+

α , B(0, r), 0) is not present in this proposition.

Proof Assume first that µ+
k (α) < µ < µ−k+1(α) or µ−k (α) < µ < µ+

k+1(α). Since
µ±j (α) are continuous functions of α we find a continuous function µ̄ : [0, 1] → R
such that max{µ+

k (α), µ−k (α)} < µ̄(α) < min{µ+
k+1(α), µ−k+1(α)} and µ̄(α) = µ.

The invariance of the Leray-Schauder’s degree under compact homotopies implies

d(λ) = (I − µ̄(α)L+
α , B(0, r), 0) = constant,

for α ∈ [0, 1]. In particular d(α) = d(0) = (−1)k and the result follows.
The case µ < µ+

1 (α) is direct homotopy with the identity map. In the case µ+
k (α) <

µ < µ−k (α) or µ−k (α) < µ < µ+
k (α), we will prove that (I − µL+

α )(B(r, 0)) is not a
neighborhood of zero.
Suppose by contradiction that (I−µL+

α )(B(r, 0)) is a neighborhood of zero. Then,
for any smooth h with ‖h‖C([0,1]) small, there exist a solution u for

u− µL+
α u = h (3.25)

In particular we can take h being the solution to

M+
C (D2h) = ψ in Ω and h = 0 on ∂Ω,

where ‖ψ‖C([0,1]) > 0 is small enought. Now from the properties of the maximal
operator and the definition of L+

α , we obtain

M+
C (D2(u)) + µ(u) ≤ ψ,
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Taking ψ = g, where g is a function of the type used in Lemma 3.4, we will wet that
u satisfies (3.19), (3.22)) and (3.21). Then, we wet a contradiction with Lemma
3.4, see also remark below it. So, degC(I − µL+

α , B(r, 0), 0) = 0 in this case, and
the proof is finished.

Proof of Theorem 1.4. Using the same argument of Rabinowitz (change of
degree produce solution, see [5] for this setting), we obtain the existence of a half-
component H+

k ⊂ R × C([0, 1]) of radially symmetric solutions of (1.4), whose
clausure H

+
k contains (µ+

k , 0), and is either unbounded or contains a point (µ±j , 0),
with j &= k in the case of µ+

j .
Let us first prove that if H+

k ⊂ S+
k , By the convergence to the eigenfunction we

find a neighborhood N of (µ+
k , 0) such that N ∪H+

k ⊂ S+
k .

Moreover, from Lemma 3.2 we can extend the previous local properties of H+
k to

all of it. Hence, H+
k must be unbounded.

In the rest of the paper we will apply Theorem 1.4 to prove existence of the
problem (1.1) and prove Theorem 1.5 and its corollary.
For the prove we will need the following Sturm comparison Lemma.

Lemma 3.5 Let a, b ∈ L∞(0, 1) with a ≥ b in (0, 1). Assume that u, v ∈ C2[0, 1]\
{0}, u′(0) = v′(0) = 0, and respectively satisfy

−
{

ρu(r)u′(r)
}′

= ρ̃u(r)u(r)a(r) a.e. (0, 1),

−
{

ρv(r)v′(r)
}′

= ρ̃v(r)v(r)b(r) a.e. (0, 1),

where ρu(r) denote the integral factor of the equation , ρ̃u(r) := ρu(r)/θ , ρu and
θ are characterized by the the optimal condition.
Then

i) If v has a zero in (0, 1), then u does too. The first zero of u is less than or
equal to the first zero of v.

ii) If (r0, r1) ∈ [0, 1], v(r0) = v(r1) = 0, u(r) &= 0, r ∈ (r0, r1) and a ≥ b in
some subset of (r0, r1), then u has at least one zero in (r0, r1).

Proof. First we consider the case when u, v > 0 in the corresponding interval for
i) and ii). To prove i), suppose that u do not have a zero, then using the definition
of the maximal operator we have

−
{

ρv(r)u′(r)
}′

v(r) ≥ ρ̃v(r)a(r)u(r)v(r),

−
{

ρv(r)v′(r)
}′

u(r) = ρ̃v(r)b(r)u(r)v(r).
(3.26)
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Now integrating in [0, r0] where v(r0) = 0, and then sustracting the first equation
from the second one, we obtain

−ρv(r0)v′(r0)u(r0)− ρv(0)v′(0)u(0) ≤
∫ r0

0
ρ̃v(s)u(s)v(s)(b(s)− a(s))ds,

getting a contradiction.
To prove ii), supose that u do not have a zero in [r0, r1], then integrating (3.26) in
[r0, r1], then we have that

−ρv(r1)v′(r1)u(r1) + ρv(r0)v′(r0)u(r0) ≤
∫ r1

r0

ρ̃v(s)u(s)v(s)(b(s)− a(s))ds,

getting a contradiction.
Now if we consider the case when u < 0 and v > 0 in the corresponding interval
for i) and ii), to prove i), using the same argument we have that

−
{

ρu(r)u′(r)
}′

v(r) = ρ̃u(r)a(r)u(r)v(r),

−
{

ρu(r)v′(r)
}′

u(r) ≥ ρ̃u(r)b(r)u(r)v(r).
(3.27)

Now we can use a similar Sturm type argument as in the previous case.
The others cases are similar, using in an apropiate form the definition of the
maximal operator to get the same integral factor in both inequalities .

Proof of Theorem 1.5. If we denote by λ = lims→0g(s)/s, the we can write
g(s) = λs + f(s), with f(s) = o(|s|) near s = 0. Consider the bifurcation problem

−
{

ρv(r)v′
}′

= ρ̃v(r)(λv + f(r)) r ∈ (0, 1) (3.28)

v′(0) = 0, v(1) = 0,

and H+
j for k ≤ j ≤ n be the set of nontrivial solutions of (3.28) given by Theorem

1.4.
Let (λ, v) ∈ H+

j and C = µj + sups∈R|g(s)/s|. Then we claim that λ ≤ C. Indeed,
observe that the pair (λ, v) satisfy

−
{

ρv(r)v′
}′

= b(r)ρ̃v(r)v r ∈ (0, 1),
v′(0) = 0, v(1) = 0,

where b(r) = λ + g(v(r))/v(r). Suppose λ > C. Then b(r) > µj for r ∈ (0, 1).
Using Lemma (3.5) we have that v has at least j zeros in (0, 1), this is impossible,
then λ ≤ C.
Now, if λ ∈ [λ, C], we claim that exist M > 0 such as (λ, u) ∈ H+

j then ‖u‖C[0,1] ≤
M . Indeed, suppose by contradiction, then exist a sequence {λn}n∈N in [λ, C] and
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{un}n∈N in C1[0, 1] such as (λn, un) ∈ H+
j , where λn → λ0 and ‖u n|L∞ →∞.

Define now ûn = un/‖un‖L∞ , then ûn satisfy the equation

−
{

ρûn(r)û′n
}′

= ρ̃ûn ûn

(
λn +

f(un)
un

)
. (3.29)

We can assume, up to a subsequence, that ûn → û in C2. Also, from the bounded-
ness of g(s)/s, we obtain that the sequence {f(un)/un}→ h ∈ L∞. Taking limits
in (3.29) we obtain a solution of

−
{

ρû(r)û′
}′

= ρ̃û(r)ûh(r), a.e (0, 1).

Observe that if û(r) &= 0, then un(r) → ±∞ when n goes to +∞. If this is not the
case, then ûn(r) = un(r)/‖un‖L∞ → 0, which is a contradiction. Then we have
that un → ±∞ a.e. in (0, 1) when n goes to +∞ using Lemma 3.2 for û.
We claim that h(r) > µj a.e on (0, 1). Indeed, since f(s)/s+λ0 = g(s)/s+λ0−λ,
λ0 − λ ≥ 0 and µj < liminf|s|→∞g(s)/s we obtain the result.
Now using again Lemma 3.5 we get a contradiction comparing the numbers of
zeros.

Proof of Corollary 1.1. We only need to prove that a solution u1 positive at
the origin is different from minus a negative solution at the origin u2. Suppose by
contradiction that u1 = −u2, then using that g is odd and the equation satisfies
by u1 and u2 we fine

M−
C (D2u1) = M+

C (D2u1) in B1.

This is a contradiction since C and u1 are both not trivial .

References

[1] M. Arias, J. Campos, Radial Fuik Spectrum of the Laplace Operator. Journal
of Mathematical Analysis and Applications, 190, 3, 15 1995, 654-666.

[2] H. Berestycki, L. Nirenberg, S.R.S. Varadhan, The principal eigenvalue and
maximum principle for second order elliptic operators in general domains,
Comm. Pure Appl. Math. 47 (1994), no. 1, 47-92.

[3] I. Birindelli, F. Demengel, Eigenvalue, maximum principle and regularity for
fully non linear homogeneous operators. Commun. Pure Appl. Anal. 6 (2007),
no. 2, 335–366.

[4] I. Birindelli, F. Demengel, First eigenvalue and maximum principle for fully
nonlinear singular operators. Adv. Differential Equations 11 (2006), no. 1,
91–119.

17



[5] J. Busca, M. Esteban, A. Quaas, Nonlinear Eigenvalues and Bifurcation Prob-
lems for Pucci’s Operator Ann. Inst. Henri Poincare (C) Non Linear Analysis
22, 5, 2005, 187-206.
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[13] P. Drábek, Solvability and bifurcations of nonlinear equations, Pitman Re-
search Notes in Mathematics Series, 264. Longman Scientific and Technical,
Harlow; copublished in the United States with John Wiley and Sons, Inc.,
New York, 1992.

[14] L.C. Evans, Classical solutions of fully nonlinear, convex, second-order elliptic
equations, Comm. Pure Appl. Math. 25 1982, 333-363.

[15] L.C. Evans, Classical solutions of fully nonlinear, convex, second-order elliptic
equations, Comm. Pure Appl. Math. 25 ,1982, 333-363.

[16] P. Felmer, A. Quaas, On Critical exponents for the Pucci’s extremal operators,
Ann. Inst. Henri Poincare (C) Non Linear Analysis, 20, 5, 2003, 843-865.

[17] P. Felmer, A. Quaas, Critical exponents for the Pucci’s extremal operators
Comptes Rendus Mathematique, 335, 11, 1, 2002, 909-914.

[18] P. Felmer, A. Quaas, Positive solutions to ’semi-linear’ equation involving the
Pucci’s operator, J. Diff. Eqs., 199, No 2, 2004, 376-393.

18



[19] P. Felmer, A. Quaas, Critical Exponents for Uniformly Elliptic Extremal Op-
erators, Indiana Univ. Math. J., 55, 2, 2006, 593-629.

[20] P. Felmer, A. Quaas ,On fundamental solutions, dimension and two properties
of uniformly elliptic maximal operators, to appear in Trans. of the American
Math. Society.

[21] B. Gidas, J. Spruck, Global and local behavior of positive solutions of non-
linear elliptic equations, Comm. Pure Appl. Math. 34, 1981, 525-598.

[22] D. Gilbarg, N. S. Trudinger, Elliptic partial differential equation of second
order, 2nd ed., Springer-verlag, 1983.

[23] P. Juutinen, Principal eigenvalue of a very badly degenerate operator and
applications, J. Differential Equations 236 (2007), no. 2, 532–550.

[24] P. L. Lions, Resolution analytique des problemes de Bellman-Dirichlet, Acta
Math., 146 1981, 151-166.

[25] P.L. Lions, Bifurcation and optimal stochastic control, Nonlinear Anal. 2
(1983), pp. 177-207.

[26] P.L. Lions, H. Ishii, Viscosity solutions of fully nonlinear second-order elliptic
partial differential equations. Journal of Differential Equations 3, 1990, 26-78.

[27] C. Pucci, Maximum and minimum first eigenvalues for a class of elliptic op-
erators. Proc. Amer. Math. Soc. 17, 1966, 788–795.

[28] C. Pucci, Operatori ellittici estremanti, Ann. Mat. Pure Appl. 72, 1966, 141-
170.

[29] A. Quaas, Existence of positive solutions to a ’semilinear’ equation involving
the Pucci’s operator in a convex domain. Diff. Integral Equation, 17, 2004,
481-494.

[30] A. Quaas, B. Sirakov, Existence results for nonproper elliptic equations in-
volving the Pucci operator, Comm. Part. Diff. Eq. 31 (2006), 987-1003.

[31] A. Quaas, B. Sirakov, On the principal eigenvalues and the Dirichlet problem
for fully nonlinear operators Comptes Rendus Mathematique, 342, 2, 15, 2006,
115-118.

[32] A. Quaas, B. Sirakov, Principal eigenvalues and the Dirichlet problem for
fully nonlinear operators, Adv. Math. 218 (2008) 105-135.

[33] P. H. Rabinowitz, Some aspect of nonlinear eigenvalue problem, Rocky
Moutain J. Math 74, no. 3 (1973), pp. 161-202.

19



[34] P. H. Rabinowitz, Some global results for nonlinear eigenvalue problems. J.
Funct. Anal. 7 (1971), pp. 487-513.
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