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1 Introduction

In this paper we study the existence of positive solutions to the nonlinear elliptic
problems

—Au = u%“ in 2
u>0 in 2 (1.1)
u=20 on 012

where (2 is a bounded domain with smooth boundary in RN, N >3,andeisa
small positive parameter.
It is well know that problem

—Au=1u? in {2
u>0 in 2 (1.2)
u=20 on 012

has at least one solution when g < % for any smooth bounded domain (2.

On the contrary, when g is critical or supercritical the existence of solutions to
problem (1.2) depends strongly on the shape of the domain {2. Indeed, if ¢ > %
Pohozaev’s identity [18] gives that problem (1.2) has no solution if {2 is star-shaped.

On the other hand, if ¢ = %, problem (1.2) has at least one solution when (2 is
a symmetric annulus, see Kazdan-Warner [15], or when {2 has a “small hole”, see
Coron [9].

In a remarkable work [3], Bahri and Coron generalize the previous results, by
proving that if ¢ = £+2 and if some homology group of {2 with coefficients in Zo

N—2
is nontrivial, then problem (1.2) has a solution.
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Asreported by Brezis in [5], Rabinowitz poses the question whether the nontriviality
of the topology of (2 in the sense of Bahri-Coron is a sufficient condition for
existence of solutions to (1.2) when ¢ > %
In [16,17] Passaseo constructs examples that show that the answer is in general
negative. Among other results, he finds that for N > 4 there is a topologically
nontrivial domain, for which no solution of (1.2) exists if ¢ > %—fé This of course
does not rule out the possibility that solutions exist in (1.1) provided that ¢ is
sufficiently small.

Before stating our result, we need to introduce some notation. Let us denote by

G(z,y) the Green’s function of the domain, namely G satisfies
AG(z,y) =0(z—y), xz€{,

G(z,y) =0, z€0f,

where §(x) denotes the Dirac mass at the origin. We denote by H (z, y) its regular
part, namely
H(z,y) = I'(z —y) — G(z,y)

where I" denotes the fundamental solution of the Laplacian,
I(z) = by,

so that H satisfies
A H(xz,y) =0, xz€ L,

H(z,y)=TI'(zx—y), =z€d.

Its diagonal H (x, x) is usually called the Robin’s function of the domain.
The following function will play a crucial role in our analysis:

0(&1,6) = HE (61,6 HE (&2,6) — G(&1, &) (1.3)

We will construct solutions of (1.1) whichas e — 0 develop a spike-shape, blowing-
up at exactly two distict points &1, {2 while approaching zero elsewhere, provided
that the set where ¢ < 0 is topologically nontrivial in a sense to be specified below.
The pair (&1, &) will be a critical point of ¢ with ¢(&1,&2) < 0.

For a subspace B of {2 we will designate by H%(B) its d-th cohomology group
with integral coefficients. We will consider the homomorphism ¢* : H*({2) —
H*(B), induced by the inclusion ¢ : B — (2.

Theorem 1.1 Assume N > 3 and let {2 be a bounded domain with smooth bound-
aryin RN, with the following property: There exists a compact manifold M C (2
and an integer d > 1 such that, p < 0 on M x M, 1* : HY(Q) — HYM) is
nontrivial and either d is odd or H*(2) = 0.

Then there exists €y > 0 such that, for any 0 < € < gg, problem (1.1) has at least
one solution u.. Moreover, let C be the component of the set where p < 0 which
contains M x M. Then, given any sequence € = €, — 0, there is a subsequence,
which we denote in the same way, and a critical point (§1,&2) € C of the function
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@ such that u.(x) — 0 on compact subsets of 2\ {&1, &2} and such that for any
>0
sup  uc(x) = 400, i=1,2,
|[z—&i| <6
ase — 0.

Actually, the proof will provide much finer information on the asymptotic profile
of the blow-up of these solutions as ¢ — 0: after scaling and translation one sees
around each ¢; a “bubble”, namely a solution in entire IR" of the equation at the
critical exponent. More precisely, we will find,

N-2

—QNZ( A= ) +O.(), (14

i—1 eF= AL A+ | — &ie]?

where 0. (x) — 0 uniformly ase — 0, §;c — &; up to subsequences, where (1, £2)
is a critical point of ¢ with negative critical value. Besides, one can identify the
limits A\; of \;. as

v H(E; &)
A =N e e G

In the next section we will present two examples to clarify the meaning of Theorem
1.1. In fact, its assumptions are satisfied, hence yielding these two-bubble solutions
if for instance to a fixed domain D one excises a subdomain w contained in a ball
of sufficiently small radius. The other example consists of an arbitrary domain in
IR? from which one takes away a solid torus with sufficiently small cross-section.

J#F4 i) =1,2

It is rather intriguing that the former situation is precisely that considered by
Coron, who finds existence when p = % The solutions here found of course
do not correspond in the limit to those found by Coron or Bahri-Coron since they
disappear as € — 0. The persistence of this solution for small € has been conjectured

by Dancer, see [10], [11], [12].

The role of Green’s and Robin’s functions in the concentration phenomena
associated to the critical exponent has already been considered in several works,
N+2

when the exponent q approaches critical from below, namely ¢ = 755 — €. See

Brezis and Peletier [7], Rey [19], [20], [21], Han [14] and Bahri, Li and Rey [4]. In
N+42

the latter reference, multi-bubble solutions are found for N > 4 and ¢ = 55 — ¢,
concentrating around nondegenerate critical points of certain object which for two-
spikes corresponds to the function ¢ (in their case with positive critical value.). This
construction was improved to dimension N = 3 in [21].

Our proof borrows ideas of the above mentioned works. One obvious diffi-
culty one has to circumvent is the fact that Sobolev’s embedding is no longer
valid in our situation. We are able however to work out in “well-chosen” spaces a
somewhat novel reduction to a finite dimensional problem, which we treat with a
variational-topological approach. We remark that our method does not use any a
priori knowledge of non-degeneracy, an assumption perhaps generic, but hard to
check in examples. The main point is then to recognize that critical points of the
underlying finite dimesional energy correspond to critical points of the full energy

functional, hence to solutions of our problem.
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2 Examples and scheme of proof

Let D be a bounded domain with smooth boundary in RN, N > 3, which contains
the origin 0. We shall emphasize the dependence of the Green’s function on the
domain by writing it as Gp(x,y), and similarly for its regular part Hp(x,y). Let
us consider a number § > 0 and the domain

Ds =D\ B(0,6).
We denote by G5, Hs respectively its Green’s function and regular part.
Lemma 2.1 The following result holds

lim Hé(l’, y) = H‘D(l’, y)7
§—0

uniformly on x,y in compact subsets of D \ {0}.
Proof. The maximum principle yields

H&(Iay) S H’D(Iay)a

hence the family of functions Hj(x,y) is uniformly bounded as § — 0 on each
compact subset of D\ {0} x D\ {0}, and strictly increasing in §. By harmonicity,
its pointwise limit as 6 — 0 is therefore uniform on compacts of D \ {0}. Since
the resulting limit H (x, y) is harmonic in  and bounded, it extends smoothly as a
harmonic function in all of D. H therefore satisfies equation

A H(z,y) =0, z€D,
H(z,y)=I'(zx—y), €D
and is thus equal to Hp. [
Consider now a smooth domain w such that w C B(0, ) C D and the domain
2=D\w. @2.1)

Denote by G and H its Green’s function and regular part, and consider the function
©(&1,&2) defined on 2 x 2\ {& = &} asin (1.3).

Corollary 2.1 For any (fixed) sufficiently small number p > 0 there is a 69 > 0
such that if w is any domain with w C B(0,0) and § < Jy, then

sup  ¢(&1,62) < 0.
[€1]=I&2]=p

Hence, Theorem 1.1 applies to {2 given by (2.1), with

M =pSN-L,



Two-bubble solutions in the super-critical Bahri-Coron’s problem 117

Proof. We have that Hp is smooth near (0, 0) while Gp becomes unbounded, hence
for any p > 0

sup  $(&1,&2) <0
[€1]=]82]=p

where ¢ is defined by

P(€1,62) = HA(E1,61)HA(E2,6) — G (€1, 69).

On the other hand, for this p, it follows from the previous lemma that H and hence
G become uniformly close to Hp and Gp on [£1| = |&3] = p as & gets smaller.
The desired conclusion then readily follows. [

A second example we consider is the following. Let N = 3 and D be as above.
Consider now a solid torus in IR® given by T(l,r), where [ is the radius of the axis
circle, which we assume centered at 0, and r that of a cross-section. Assume now
that there is an rq > 0 such that T'(I,9) C D. Consider now D; defined as

Ds = D\ T(1,9).

Similarly as in the previous example the Green’s and Robin functions of Ds will
approach that of D. Then, fixing now a sufficiently small p > 0 and considering
the boundary of a fixed section S*(p) of T'(I, p), we will have now that if 2 = Ds
with ¢ sufficiently small, then

sup  p(&1,&) <O0.
£1,62€81(p)

It follows that Theorem 1.1 applies now with
M = S'(p).

It is perhaps clear from the above argument that it suffices that for a torus not
necessarily symmetric taken away, the same would be true, provided that it is
“narrow” only in certain region.

Now we proceed into the proof of Theorem 1.1. As we have mentioned, our ap-
proach consists of a combination of a finite dimensional reduction implicit-function
like, in suitable spaces, and a variational approach for the finite dimensional result-
ing problem. In §3, we work out an asymptotic expansion for a finite-dimensional
functional which will be, up to lower order terms, that we want to get critical
points for. §4 is devoted to a linear problem which plays a crucial role in the finite-
dimensional reduction, which is carried out in certain weighted L>° spaces in §5.
The reduced functional is analyzed asymptotically in §6, and its relation with the
expansion in §3 is found. In §7 we set up a min-max scheme to find a critical point
for the reduced functional. Here is where the topological assumption of Theorem
1.1 is used in order to prove that a crucial intersection property is accomplished.
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3 Basic estimates in the reduced energy

Let

N—-2
_ 1 2
7o) = e (=757
where ay = (N(N — 2))¥ Then U satisfies the equation
—AU =U” in RV,

Here and in what follows N > 3 and p = N—J_rg We also denote

N-—2

_ A 2
=)

which also satisfies
—AU)Hg = Ui\)’g in BN,

which constitute the extremals for Sobolev’s critical embedding and are actually
all positive solutions of the elliptic equation, see [1,22,6,8].

Let {2 be a bounded domain with smooth boundary in RN . We denote by U ¢ the
H{ (£2)-projection of Uy, ¢, namely the unique solution of the equation

—AUy ¢ = Uf\),ﬁ in 2
Ure=0 onodf2
In other words Uy ¢ = Uy ¢ — ¢ ¢ where ¢, ¢ solves
—Apre=0 in{?
dre =Une ondf.

Then the following estimates hold

Oxe(w) = H(z, A7 / 07 +o(A"77), (3.1)
RN
and, away from z = €,
Use(z) = Gz, N T [ TP +o(A"7), (3.2)
RN

uniformly for £ on each compact subset of (2. Here G and H are respectively the
Green function of the Laplacian with Dirichlet boundary condition on 2 and its
regular part.

We consider now two points £1,& € (2, small numbers A, Ao > 0 and the
functions
Ui =Uxyzn Ui=Uye, 1=1,2.
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Our purpose is to estimate the following quantity

1 1
Jo(Ul—i—UQ)Z5/9|V(U1+U2)|2—pﬁ/9(U1+U2)p+1.

Let us set
1 1

_ 1 D2 — Frp+1
Cn Q/IRN‘ U| p+1 IRNU

and

Os(02) = {(£1,&) € 2 x 2 : & —&| > 6, dist(§;,002) > 9,
i=1,2). (3.3)

Then the following estimate holds

Lemma 3.1 Given 6§ > 0 we have the validity of the expansion

1 N2
Jo(Ur +Uz) =2CN + 3 (/]RN Up) {H(fl,fl))\iv_z

N-z N-2
FH(62,6)05 72 = 2G (€1, &N T A, 7 }
+o(max{Ay, A}V %)
uniformly with respect to (£1,&2) € Os(02).

Proof. The basic estimates leading to the above expansion are basically contained
in [2], [4]. We recall them in the following:

2
/|DUZ»|2:/ |DU* - (/ UP) H(&, N2+ 0(AN72),  (34)
2 RN RN

2 N—2 N-—2
/ VULV, = ( / Up) GEL )M T A7+ o(max{As, A}V 2),
0 RN

(3.5)
1 _ N2 N-2
—— [ (U + Uy)PHt — Pt —ppt! = 2(/ UP)2G(&1,E)N 7 Ny 2
p +1 0 RN
+o(max{A, A}V 72) (3.6)
and

ot [ o
2
—(/ UP) H(& N2+ 0NV . (3.7)
IRN

Finally we decompose

1 1
Jo(UlJrUz): Z 5/9|VU¢|2*m/QUlP+1+

i=1,2
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1
VU VUy — —— [ (U + Up)PH — gPtt —pptt.
/Q 1VU, p+1/9(1 2) 1 2

substituting estimates (3.4), (3.5), (3.6) and (3.7) in this relation we obtain the
thesis. [

In what follows of this section we will make a choice of the numbers \; in terms
of e: we will assume
AN=2 = ey A2e (3.8)

where ¢y is a constant we will choose later and A; is only allowed to range on a
bounded interval of the form 0 < § < A; < §~ L.
Let us consider the energy functional, associated to problem (1.1),

/ |Du / uPtite,
p+1+s

We consider next the problem of estimating the quantity J.(U; 4 Us). First we see
that
J- (U1 + Uz) = Jo(Ur + Uz)+

c / (Uy + Un)PH! — 1%/ (U, + Us)P+ log(Uy + Us) + o(e).
(7 (%

(p+1)?
As we have seen, we have

[wnrvpr=z [ 07 on),

RN

On the other hand, for a small number p we can decompose

/ (U1 + Ug)p+1 log(U1 + Ug) = / (Ul + Ug)p+1 10g(U1 + U2)+
0 lz—&1]<p

/ (U1 + UQ)p+1 log(U1 -+ UQ) -+ 0(6).
|z—E&2|<p

Now, we have

/ (U1+U2)p+1 10g(U1+U2) = — 10g>\1/ (U1+U2)p+1+
l[x—&1]<p |[x—&1l<p

N-2 N2
/ el (Ui + Up)P T log(A 2 Ui+ A 2 Up) =
z—E1[<p

_9 _ _ _
log)\l(/ Urtt o)) +/ UPtlogU + o(1).
2 RN RN

We conclude that

_9 _
/ (U1 + UQ)erl 1Og(U1 + UQ) = — log()\l)\g)/ prtl
2 RN

+2/ U log U + o(1).
IRN
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Hence

Je (U1 + Us) = Jo(Ur + Us)

1 _ 1 _ _
2 —— U”“——/ UPtllog U
+8{(p+1>2/m PE

N —2 _
+— = clog(MA UPTL 4 o(e).
TR [ 07 e

Combining this estimate with the previous lemma, and our choice (3.8) for A1, Ao
with _—_
1 Ur
N = —‘[1’%”772 (3.9)
p+1([pyUP)

we get the following result.

Lemma 3.2 Given 6 > 0 and and choosing )\iv 2 = enA2e with cy given by
(3.9), then we have
JE(Ul + Uz) =
20N + wneloge + yve + wne ¥ (&1, &2, A1, A2) + o(e),

uniformly with respect to (1, &2, Ay, A3) € O5(82) x (6,07 1[). Here

V(6 60, A1, Ar) = L{H(E,E) A + H(E, 613 — 26(61, ) A Ao)
+log A1 As, (3.10)

1 _ 1 _ _
=2 UP+1——/ UPTllogU 1
w {(P+1)2/JRN p+1 /gy U} + wnlogen

1 o1
and wy = ﬁflRN Urtl,

Remark. The quantity o(e) in the expansion above is actually also of that size in
the C''-norm as a function of ¢ and A in the considered region.

4 A linear problem

In this section we introduce a linear problem defined in a suitable functional-analytic
setting which is the basis for the reduction of problem (1.1) to the study of a finite
dimensional problem. It seems useful to consider the problem in proper streched

variables. For this purpose, let us consider the domain {2, = ¢~ ~=2 (2. For functions
u and v defined on {2, we shall denote in what follows

<u,v>:/ uv.
?

€

Consider then a fixed number § > 0, and points & € 2., numbers A; > 07 = 1,2,
with

& — & > 6772, dist (€],00.) >0 B < Ay <5, (4.1)
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and the functions

N-2

_ _ At :
00 =0n) = o )

1
where A} = (cyA2)~-2. As before, we take the projections onto Hg (£2.) of these
functions, namely the functions V; given as the unique solutions of

—AV; = VP in (.

Vi=0 ondf2.
Consider further the following functions
oW i v, ) )
Z’i': ) ':17"'7N7 Zl = 3 — Qi) ‘/Z N_2‘/’L7

and their respective H{ ({2.)-projections Z;;, namely the unique solutions of
AZjj = AZ;; in £,
Z;i; =0 on0df2.
For further notational simplicity, we we will denote
V=Vi+V, and V=V +V.

Consider now the following problem. Given h € C®({2.), find a function ¢ such
that for certain constants c;;,% = 1,2, j = 1,..., N + 1 one has

Ap+ (p+ VPt = h+ 3, e VI Ziy in (2
6=0 on 02, 4.2)
<VP'Zij,6>=0 for all 4, j.

We want to show that this problem is uniquely solvable with uniform bounds in
certain appropriate norms. To this end, we consider the following weighted L°°-
norms. For a function v defined on (2., we define

N N—2

—2 -B
lelle = sup | (L4 2 = €)% + 1+ o - 6~ "F) v,

€N

where = 1if N = 3 and 8 = % if N > 4. Similarly we define, for any
dimension N > 3,

_N-2

Jollee = sup | (14 2= 13557 + (1o = &) 77) 7 vl
ref2.

These norms are easily seen to be equivalent respectively to ||(V)™?4)|| and
||(V)7ﬁwHoo, uniformly in points and numbers satisfying (4.1). It should be
noticed that in a related problem in entire space with “almost critical” nonlinearity,
Wang and Wei [23] have used instead a weighted Sobolev spaces approach to carry
out a finite dimensional reduction in searching for one-spike solutions.

Our purpose in what follows is to prove the following result.
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Proposition 4.1 Assume constraints (4.1) hold. Then there are numbers €y > 0,
C > 0, such that for all 0 < & < gg and all h € C*({2.), problem (4.2) admits a
unique solution ¢ = L.(h). Besides,

[Le(R)]l« < O[]l (4.3)

and
lcij| < Cl[Al] - (4.4)

Here and in the rest of this paper, we denote by C' a generic constant which is
independent of ¢ and of the particular §;, A; chosen satisfying (4.1).

Lemma 4.1 Under the conditions of Proposition 4.1, assume the existence of a
sequence € = e, — 0 such that there are functions ¢ and he with ||he||« = o(1)

if N # 4, |loge| ||hel|«x = 0(1) if N = 4, such that
A(be + (p + S)Vp_1+5¢€ = hg + Z Cij‘/vipilzij in .QE
4,J
o =0 on 02,

< VP ' Zij, ¢ >=0foralli,j,
for certain constants c;;, depending on . Then
[[@ell« = 0.

Proof. We shall establish first the slightly weaker assertion that

10<ll,
N

— —2 p—
= swp | ((L+]o =€) + 1+ 2 — &)
TE:

n—2\ —(B-p)
=) @) =0

with p > 0 a small fixed number. To do this, we assume the opposite, so that with
no loss of generality we may take ||¢.||, = 1. Testing the above equation against
Z11,, integrating by parts twice we get that

Zcij <VP ' Zij, Zi >=< AZi+ (p+e)VP T 2y, ¢ > — < he, Zu, >

4.5)
This defines a linear system in the ¢;; which is “almost diagonal” as € approaches
zero, since we have fork =1,..., N

- 2
_ _ 1 (0Uy4,
< VP 'Zy, Zy, >= 5i,l5j,kr/ NUﬁi ! (&gko) +o(1) (4.6)
R :

andfork =N +1

< VP Zij Zy gy >= 6108j, 841 / U (@ Ua + (N - 2)U4,)" +0(1)
R
4.7)
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for suitable A; > 0. On the other hand, it is easy to see that we have, for [ = 1, 2,
< AZi+ (p+ VP Zig, ¢ >= 0(1)]|6], (4.8)

after noticing that AZ;;, + p‘_/lp _1Zlk = 0 and an application of dominated con-
vergence. Finally we have

| < h€7Zij > | § C”hs”**
Thus, we conclude that
lcijl < Cllhells +o(1)[[ ¢l (4.9)

so that ¢;; = o(1). Rewrite now the equation in the following form

¢E(x) - (p + E) /_Q Gs(x7y)vp+a_1¢6dy =

- / G phedy— Y e / VP ZyGulayy)dy we 2. (410)
2 02

where G denotes the Green’s function of (2.. We make now the following obser-
vation:

/ Ge(z,y)|he| dy <
2.

Ihe H**C/ (A+]y— &R 2+ 1 +]y— &2 2) dy <

N-—2 N-—2 B
Cllh|l.- | log ] (<1+|x—§;\2>— = (L - 7))

1if N =4
with m = .
0if N #£4

On the other hand, we have

|Zcij/n VP Z,Ge(x,y) dy| <

Cllocly + ) Y [ =) (1+1y—eit) ) <

Clllgellp + Ihelloe) (1 + |2 = €137 + (1 + o — &2~

Similarly, we obtain

/ Gz, y)VP+ 1 | dy <
2.

N-2 N_2\P
Cllgelly ((1+ 1o = &3 + (1 + [ - &)™)
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Equation (4.10) and the above estimates imply that

N—-2

9= ()] < C(llgellp + llheller) ((1+Iw—£1|2)’ 2

N

—2\ B
1+ le -~ F) @i

hence that

N2\ —(B=p)
U+ -gh ) ) <

N-—-2

(A4l -

—2

C(+le—€P)"F + (1 +lo—gP) )"

Since ||¢.||, = 1, it follows the existence of a radius R > 0 and a number v > 0,
both independent of ¢ such that ||¢c || Lo (B (¢7)) > 7 for eitheri = 1 ori = 2.
Assume this happens for ¢ = 1. Then local elliptic estimates and the bound (4.11)
yield that, up to a subsequence, ¢.(z) = ¢.(x — &) converges uniformly over
compacts of IRY to a nontrivial solution ¢ of

Ap+pUh'é =0, (4.12)
for some A > 0, which besides satisfies
|#()] < Ol =7, (4.13)
Hence, for N = 3 we have
6(x)] < Cla>~.

Now, since ¢~> satisfies (4.12) and estimate (4.13) holds, a bootstrap argument leads
to
|p(x)| < Clz>~N  forany N > 3.
It is well known that this implies that ¢ is a linear combination of the functions
%Uzg‘jo , T VU/LO + (N —2)U 4 o, see for instance [19]. On the other hand, we recall
J
that

/ ¢-VP ' Zi; =0 foralli,j.
Qs

By dominated convergence, this relation is easily seen to be preserved up to the
limit, hence
Trrp—1 aUA,O

OULy o= | Uk, (VU0 + (N =2)Us0) =0,
RN JZ'J RN

for all 5. Hence the only possibility is that ¢ = 0, which is a contradiction which
yields the proof of ||¢.||, — 0. Finally, from estimate (4.11), we observe that

[@ells < Cllhellex + llell,),

hence ||¢. ||« — 0, and the proof is thus complete. [
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Now we are in a position to prove Proposition 4.1. To do this, let us consider
the space
H={peHy(Q2)| <V} Zij,6 >=0Vi,j}

endowed with the usual inner product [¢, ] = |, 0. V¢Vi. Problem (4.2) ex-
pressed in weak form is equivalent to that of finding a ¢ € H such that

9] =< ((p+e)VP™"lo—h), ¥ > V¢ €H.

With the aid of Riesz’s representation theorem, this equation gets rewritten in H in
the operational form ~
¢=T.(¢)+h (4.14)

with certain b € H which depends linearly in & and where 77 is a compact operator
in H. Fredholm’s alternative guarantees unique solvability of this problem for any
h provided that the homogeneous equation

(b = Ta(d))

has only the zero solution in H. Let us observe that this last equation is equivalent
to

Ap+(p+e)VP o= "¢;; VI Zi; in g, (4.15)
2%
¢=0 ondfl,

< ¢ VP Zii >=0
for certain constants c;;. Assume it has a nontrivial solution ¢ = ¢., which with
no loss of generality may be taken so that ||¢.||. = 1. But this makes the previous
lemma applicable, so that necessarily ||¢¢||. — 0. This is certainly a contradiction
that proves that this equation only has the trivial solution in H. We conclude then
that for each h, problem (4.2) admits a unique solution. We check that

18]« < CllBlax-

We assume again the opposite. In doing so, we find a sequence h. with || hg|s =
o(1) and solutions ¢. € H of problem (4.2) with ||¢.|l. = 1. Again this makes
the previous lemma applicable, and a contradiction has been found. This proves
estimate (4.3). Estimate (4.4) follows from this and relation (4.9). This concludes
the proof of the proposition. [J

It is important for later purposes to understand the differentiability of the oper-
ator L. on the variables

gl = (fllafé) € 9527 (AlaAQ) € ]Rﬁ_

which satisfy constraints (4.1). Consider the LJ° (resp. LJ3) of functions defined
on (2. with finite ||||. norm (resp. |||/« norm). We consider the map

(&', A, h) = S, A, h) = Le(h), (4.16)

as a map with values in L° N H}(§2.). We have the following result:
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Proposition 4.2 Under the conditions of Proposition 4.1, the map S is of class C".
Besides, we have
Ve, aS(E, ARl < C|1]]

Proof. Let us consider differentiation with respect to the variable {},,, k = 1,2,1 =

1,..., N.Fornotational simplicity we write % = 0. Letusset, ¢ = S(&', A, h)
ij

and, still formally, Z = 0J¢¢. We seek for an expression for Z. Then Z satisfies

the following equation:

AZ+ (p+e)VPH1Z = —(p+ )9 (VP19 o+
Y VI Zij + cijde (VI Ziy) in 2.
1.7
Here d;; = O¢c;;. Besides, from differentiating the orthogonality condition <
o, Vip -1 Z;; >= 0 we further obtain the relations

< ¢, 00(VI ' Zij) >+ < 2,VP ' Z;; >=0.
Let us consider constants b;; such that

<Z =Y b, VP Zij >=0.
Ik

These relations amount to

Zblk < Zlk, Vf’lZij >=< Q5, (95/‘/;p71Z¢j > “4.17)
1k

Since this system is diagonal dominant with uniformly bounded coefficients, we
see that it is uniquely solvable and that

bir = O(||¢]l+)
uniformly on &', A in the considered region. Now, we easily see that
160 (VP 5) s < O]l
Recall now that from Proposition 4.2 ¢;; = O(]|h|++). On the other hand
|06 (V™1 Zij(2))| < Cla = €17V,

hence
Ici;0e V™ Zij )l < C[B| s

Letusnow setn = Z — > . . b;; Z;;. Then, summing up the estimates above, and
using that ||@||« < C||h||.«, we get that 7 satisfies the relation

A+ (p+e)VP "o =f+> di; VP ' Zy; in 2, (4.18)

2]
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where
f= wa (A+ (p+ VP ) Zj + ¢ij0e (VP Zij)—
(p+ )0 (VP119) 0, (4.19)
so that
| £l < Cl[Al]as-

Since besides 7 € H}(§2.) and
<n, VP ' Zy;>=0 foralli,j, (4.20)

we have that n = L.(f). Reciprocally, if we now define
)+ Z bij Zij,
,J

with b;; given by relations (4.17) and f by (4.19), then it is a matter of routine to
check that indeed Z = 0¢/¢. In fact Z depends continuously on the parameters
&', A and h for the norm || ||, and || Z]|. < C||h|« for points in the considered
region. The corresponding result for differentiation with respect to the A;’s follow
similarly. This concludes the proof. [J

Remark 4.1 We can also state the above result by saying that the map (¢, ) — L,
is of class C'* in £(L22, L2°) and, for instance

kK

(DerLe)(h) = Le(f) + Z bij Zij, 4.21)

where f is given by (4.19) and b;; by (4.17) .

5 The finite-dimensional reduction

At this point we are ready to start the finite dimensional reduction. Again for
notational brevity, we write V' = Vi + V5 and V' = 1} + V5. We consider now
the nonlinear problem of finding a function ¢ such that for some constants c;; the
following equation holds

AV A+ +¢)+ (V4o + ¢ =3, ey VP Zi; in 12,
=0 ond2., (5.1
Jo. QVP ' Zi; =0 for all 7, 5,

where the function v will be chosen below. Let us rewrite the first equation in (5.1)
in the following form
Ap+ (p+e)VPHelo =

N+ ¢) — (A + (p+ VP + R+ > e VI Zyy in 2,

i,J
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where
Ne(n) = (V 4+t = Vete — (p+e)Vrte—lp, 52)
R = Vera _ ‘7117 _ ‘7210.
We choose in what follows, 1) as
v =—L.(R%), (5.3)

where L. is the operator defined in Proposition 4.1. We will estimate separately
each term in (5.2) in the || ||.«-norm. To estimate N.(7), it is convenient, and
sufficient for our purposes, to assume ||7||. < 1. Note that

Nen) = BEIP LR oy, ey (5:4)

witht € (0,1). If N < 6, then p > 2 and we can estimate

V™ 2N ()] < CVP2B-w=m+28 )2,

hence
[IN=() [l < ClIml|Z.

Assume now that N > 6. If | < $V then relation (5.4) yields that
V- =N (n)] < OV )2 < Ce* 2.
In the other case, we see directly from (5.2) that | V. (n)| < C|n|P and hence
Vw2 N ()| < VPP w2 g2 < Cem PP g
Combining these relations we get

Cllnl? ifN <6

<
- < (G e iy v o 69

Next we estimate the term R°. We have

N+42

|RE| < [VPHE —VP| + 0(e V7)) < eCVP|log Vil () + o(e ¥2)

. . < 1 = -

in the regions where |z — £}| < de~ ¥-2, for small 6 > 0. Taking into account that
N+2 | .

|R¢| < C'e™=2 in the complement of these two regions, we get

[ B®|[x < Ce.
Combining this with (5.3) and (5.5), we obtain then the following estimate.

Lemma 5.1 Assume that the conditions of Proposition 4.1 are satisfied. Then there
is a positive constant C' such that, for any sufficiently small € and ||p||. < 1,

C(lIg]I% +£2) ifN <6

N0+ 01 < { G e o) 6, 59
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Proposition 5.1 Assume the conditions of Proposition 4.1 are satisfied. Then there
is a C > 0, such that for all small ¢ there exists a unique solution ¢ = ¢(&', A)
with

lI¢ll- < Ce

to the problem

Ap+ (p+e)VPHely = —N.(+¢) + X, ci; V' Zyj in 2.
$=0 ondf2. (5.7)
Jo. QVP ' Zii =0 forall i, j,

where 1 is the function defined in (5.3).

Proof. Let us set
F={¢eHy : |||l <e}.

Define now the map A, : F — H{ as
Ac(¢) = —Le(N:(¢ + 9)),

where L. is the linear operator defined in Proposition 4.1. Since ¢ = —L.(R?)
and since L. is a linear operator, solving (5.7) is equivalent to finding a fixed point
¢ for A.. From Proposition 4.1 and Lemma 5.1 we conclude that, for ¢ sufficiently
small and any ¢ € F, we have

1A= (@)1« = [[Le(Ne(@ + )|+ < ClINe(9 + ) |en <

Ce? <e if N <6
C(28+1 PP+ < ¢ if N > 6,

where the last inequality holds provided that ¢ is sufficiently small. Now we will

show that the map A. is a contraction, for any € small enough. That will imply that

A has a unique fixed point in F and hence problem (5.7) has a unique solution.
For any ¢1, ¢2 in F,. we have

[Ac(¢1) = Ac(@2)llx < ClINe( + 61) = Ne(9 + da) s

hence we just need to check that V. is a contraction in its corresponding norms.
By definition of N,

DgNe(¢) = (p+e)[(V + @i ="t —vrre-l].
Hence we get
[N+ ¢1) = Ne( + 62)| < OV |61 — o],

for some g@ in the segment joining ¥ + ¢; and 1 + ¢2. Hence, we get for small
enough |||,

VIR N+ ¢1) = Ne(+ ¢2)] < CVP718]L[l61 = ool
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‘We conclude

[Ne(¥ 4+ ¢1) = Ne(¥ + ¢2)[lex < V(015 + llp2l + [[00]14) |61 — 2]l
< emniZB 6 — gy,

and hence A, is a contraction mapping for the || ||.-norm inside F,. O

Our purpose in what remains of this section is to analyze the differentiability
properties of the function ¢(¢’, A) defined in Proposition 5.1

Proposition 5.2 The function (', A) — ¢(&', A) provided by Proposition 5.1 is of
class C* for the norm || ||.. Moreover,

IV er,a)0ll« < Ce.
Proof. We recall that ¢ is defined through the relation

Write N (&', A, ¢) = N.(¢), namely
N(E,4,0) = (V + )5 — VP — (p+e)VPHlg,

Then
DN(E, A,6) = (p+e)[(V + g)nret —yrre]]

and

DeN(E,A,0) = (p+e)[(V+o)it!
—VPHETL (p e~ 1D)VPTEGDLY,  (5.8)

similarly for Dy N (€', A, ). We have that
DyB(€', A, 9)[0] = 0 + L(0DgN: (¢ + ) = 0 + M(0).

Now,

IM(O)]« < CIODFNe( +¥))llee < CIV™ T DyNe(§ + 1) 6]
Now,
VoI HDEN (6 + )| < VP76 + . < CemnR

It follows that for small e, the linear operator D, B(&’, A, ¢) is invertible in L°,
with uniformly bounded inverse. It also depends continuously on its parameters.

Now, let us consider differentiability with respect to the (£, A) variables. We
have

DE’B(€/7A7 ¢) = (Dﬁ’La)(Ne(¢ + ¢))+
[Le((DerN)(E', A, ¢+ 1)) + L((DgN)(E', A, & + ) Dert))].
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Here D¢/ L. is the operator defined by the expression (4.21) and the second quantity
by (5.8). Observe also that

D{/w = (DE/Lg)(RE:) + L. (Df/RE). 5.9
Also,
D¢y R® = (p+¢e)VPT " De Vi — pVP ' D V1. (5.10)

These expressions also depend continuously on their parameters. We have a similar
expression for the derivative with respect to A.

The implicit function theorem then applies to yield that ¢(¢’, A) indeed defines
a C'! function into LZ°. Moreover, we have for instance

De¢p = —(DgB(E, A, ¢)) "' [(Der Le ) (Ne(¢+0)) +[Le(Der [N (€, A, 9+0)]) +

Lo((DgN)(€, A, ¢ + 1) Derp)]].
Hence,
IDer @l < CUIN(b + ) nt

1D N (&', A, &+ ) ||lex + DN (&', A, 90 + ) Derth] ),

where we have used Remark 4.1. From Lemma 5.1, we get

Ce? ifN <6
[Ne(p 4 ) ][ax < {Capﬂﬂ N > 6. (5.11)

On the other hand, from (5.8) we have

N—-1

CVNTZ|(V )2 VPl _(pye—1)VPHe2g)| <

(D' N)(E', 4, 9)

IN

oV =TI gL,
hence
(D N)(E', A, p + @)|lax < Clldp + |4 < Ce.

In similar way we get that

[DgN (&', 4,9 + @) Det)[|ss < Ce.

Hence, we finally get
IDegll« < Ce,

as desired. A similar estimate holds for differentiation with respect to the A;’s. This
concludes the proof. [
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6 The reduced functional

Now we have all elements at hand for the resolution of the full problem. In what
follows we consider points (&7, &5, Ay, Ag) = (&', A) with, fori = 1,2,

& — & > e ™35, dist(E,00.) > e VIS, S< A <5 (6.1)

The estimates obtained below will be uniform on points satisfying these constraints.
Let ¢(x) = ¢(&’, A)(x) be the unique solution of problem

AV +Y+¢)+ (VY + o) =3, e VP Zy in 82
$»=0 on 9. (6.2)
fgs ¢‘/;p712ij =0 for all 4, j

as predicted by Proposition 5.1. We observe that if ' = g—ﬁg with £ € 2 x (2,
and A are so that ¢;; = 0 for all 7, j, we obtain a solution of our original problem,
by means of the scaling

u(z) = e Cv(ze™¥-2), (6.3)

where
1

=V vz A d (=—"—.
v=V+y+ole¥2¢A) and ¢ P

(6.4)

v will be a critical point of the functional

1 1
I.(v) = / Do - — L / et
2 Qa p+€+1 -Qe

/ | / up+1+6.
p+1+s

It seems reasonable therefore to consider the functions defined in {2
2 _ __1 1
P& A)(x) = p(e” T=2E, A) (e V2 ),
P(z) = e (e 2z) and  Ui(z) = e Vi(e 72a) =3 OUpe ¢, (2),

i

while u« one of

where

X = (enA2e)™=  and & =g

in particular,

(&1,&2) € 05(92)

(see (3.3)) since (6.1) holds. Let us set U = Ui + Us. Consider now the functional

I(6,A) = J.(U + 9 + $(€, A)). (6.5)

We see that
(6, A) =" "X T(V+ ¢+ ¢)

We start with the following basic claim:
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Lemma 6.1 v = U + ¢ + ¢ is a solution of problem (1.1) if and only if (£, A)is
a critical point of I.

Proof. We will have that the numbers c;; in (5.7) are all zero if and only if
DI.(V + ¢)[Zi;] =0 foralli,j, (6.6)

where, for now, we write (;3 = 1 + ¢. On the other hand,

0
—I(&,A4)=0
6 (& 4)
for all [, k if and only if
—TZ.(V+¢)=0
ag, =Y
where ¢/ = ¢=1/(N=2)¢ namely if and only if
- oV oIy
DI.(V+¢ [ + } = 0.
V9 g, " o,
Now, 5
Vv
— =7 1).
o€, 1k +o(1)
Hence

DZ.(V + ¢)[Zu. +o(1)] = 0
with o(1) — 0 in, say, || ||«-norm, since we have also seen that ||%||* = o(1).
ij
Now, by definition of ¢ we have that
DIV + ¢)[] = 0

for all ¢ in H} with < @, V™' Z;; >= 0 forall 4, j. For a given function § we can
find constants b;; such that 6 — > b;; Z,; satisfies

<0-— ZbijZij,le_lzlk- >=10
(2%

for all [, k. In fact this amounts to the system
<OV Z >= bij < Zi VP Zi >
0,J
which has a uniformly invertible associated matrix. We see in particular that b;; =
O(]|6]|+)- Then the above estimate implies that

ol
=0
0&ij

if and only if -
DI.(V + ¢)[Zij + 0(1)0] = 0
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where 6 is a uniformly bounded element of the space spanned by the Z;;’s. Thus
the above relation for all ¢, 5 is equivalent to

DLV + §)[Z,) = 0

for all ¢, j. By definition of the ¢;;, it is easily seen that this is indeed equivalent
to ¢;; = 0 for all 4, j. Therefore finding (¢’, A) in such a way that the numbers ¢;;

which appear in problem (6.2) are zero is equivalent to finding critical points of the
function I(¢,4). O

Our next purpose is to establish an asymptotic estimate for the functional
I(¢, A). We prove

Proposition 6.1 Let ( be given by (6.4). Then we have the expansion,
eXTI(€, A) = 20N + ynve + wne U (€, A) + 0(e)0(€, A), (6.7)

uniformly with respect to (£, A) € Os(£2) x (16,6 71])%, where 0 and V¢ 40 are
uniformly bounded, independently of €. Here, we recall

w(E,A) = %{H(&,&)A% + H(&,82) A5 — 2G(&1, &) A1 Az} +log Ay Ay,
and the constants in (6.7) are those in Lemma 3.2.
Proof. To begin with, we will prove that the following relations hold
I(¢,4) = J.(U) = o(e) (6.8)

and
Ve alI(€,A) — J.(U)] = o(e). (6.9)

First, a Taylor expansion gives that

Jo(U + ) = 1(€,4) = J(U+ ) — J(U+9 + ¢) =

1
/ tdtD?J.(U + U + t9)[d, 9], (6.10)

0

since 0 = DI.(V + ¢ + ¢)[¢] = e2"'DJ.(U + 9 + $)[4]. Now, from the
definition of ¢, we see that

1 1
/ tdtD2J. (U + 9 + t9)[¢, §] = 1% / tdtD*T(V + 1 + t¢)[¢, ]

0 0

1
_ 1-2¢ 2 pte—1 2
. /Otdt[/ﬂev(ﬂ (p+2)(V + 0 +16) ¢]

_ax /01 ” (/Q N.(6+ 1)

+/ (p+e)[VPrel — (V44 + t¢>)P+51]¢2) . (6.11)
2

€
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Since, we recall ||¢||. + ||#||. = O(e), the above relation together with (5.11) yield
in particular,

0(?) if N <6
I(&,A) — J.(U + ) = { O(e?[loge]) it N =6 (6.12)
O(E~2) if N >71,

uniformly on &, A in the considered region. Let us estimate now difference in
derivatives. Differentiating with respect to £ variables we get from (6.11) that

De[I(€,4) = J-(U + )]

:5172*@/ tdt (/ De/[(No(¢+4)) )

ko) [ Tel(V + v+ toprt - <V>P+6-1>¢>2]) L (6.13)

Here {) = ¢~ e &;. Using the computations in the proof of Proposition 5.2 we get
that

De[I(€,4) = J.(U +4)] = ofe)

Now,

Je(U+4) — J.(U) = "LV + v) — Z(V))]
_ 51—2( _ c pte—1
{[a-vaiw+o [ @+

QE

_VP“rE—l)wQ] _ 2/ st} (614)
Qe
where we have used that
PV =~ | Rv.

Arguing as before and taking into account that (6.12) holds, we get (6.8). On the
other hand, using (6.14), we see that

DelJo(U + ) = J(U)]
1
el =%-¥= D, {/O (1—t)dt[(p+e) /Q (V + tap)pte=t
—VPteThy?) — 2 / Rw}.
Qa
A computation similar to those already carried out yields then that

De[J.(U + ) — J(T)] = ofe) — 26~ 72 Des( /Q R,



Two-bubble solutions in the super-critical Bahri-Coron’s problem 137

The desired result will follow if we prove that
g*ﬁpg,(/ REY) = o(e). (6.15)
0.
First, if N > 3, Proposition 5.2 yields

1 O 73) ifN=4,5
6—mD§,(/ R) = { O™/ logel) if N =6
2 O(e™=2) if N >7.

Let us consider now the case N = 3. We have that

Dy (/Q RE?/’) = /Q (DggRE)il)-F/Q (Dep)R® = (1 + I1).

=

Let us estimate first 77. Our first observation is that, locally, around &/,
e RE (& 4 x) — Vi log Vo + V'

uniformly over compacts, for certain constant c. Here Vy(|z|) = Uy o for some
A > 0. We also set Zy = z - VVy + V. Hence, e 1) (x + &) — w(|z|) where w
is the unique radial solution of

Aw + pVghw = Vg log Vo + Vgt + bV Z
which goes to zero at oo, and is such that
Vit Zow = 0.
IRN

The constant b is precisely that making the integral of the right hand side of the
above equation against Z equal to zero. In a similar way,

e D, t(x+ &) = w'(|x\>|%.

After a suitable application of dominated convergence, we get that After a suitable
application of dominated convergence, we get that

I7 = 5—2/9 (De, ) Z/ (De, )

€

wf <Dglw>Rf}
Q.\N2,, B(&))

1 1
= | (V3 logVo+ eV + 0V Zo) (e (l2) = + 0 (= ) =0 ( % )+
by symmetry. The term [ can we dealt with in a similar manner. We conclude that
I+ II — 0 since R can be chosen as large as desired. Hence relation (6.15) has
been established, and this proves the result in what concerns to derivatives with
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respect to . Derivatives with respect to A are actually dealt with in fact in simpler

way, since the term £ %2 does not appear in the differentiation. The validity of
(6.15) thus follows.

We consider next the problem of estimating the quantity
Je(Uy + Us) = J(e5(Ur + Ua)).

where ¢ = % — (. We have the expansion

E_QCJE(EE(Ul + UQ)) =

1—e3

J.(Uy + U. _
(U1 + 2)+p—|—1+5

/ (Uy + Up)Prite, (6.16)
2

Let us now consider the second term in (6.16). From estimates already carried out
in §3, we see that

prlte _ (& 1 p+1
7/9(U1+U2) ( 210g€+0(6))[p+1/9(U1+U2) +

_ &
(p+1)?

£ / (U1 + Ua)P ™ log(Uy + Us) + ofe)] =
2

U Up+1_
/9(1-1- 2) PE1

1 _
—m( . UPtheloge + ofe). (6.17)

Combining (6.16), (6.17), (6.8) and (6.9) and the results of Lemma 3.2, (6.7) finally
follows. [

Lemma 3.2 and its remark, together with (6.9), yield

1
I(f,/l) =2CN + &N +Ep

+1(/1R~ UPTHW(E, A) + o(e), (6.18)

and

1
p+1

VI(EA) = /]R UP(VEE ) o)), (619

estimates that will be crucial later for our purposes
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7 The min-max

In this section we set up a min-max scheme to find a critical point of the function
. This scheme can be also used to find a critical point for the reduced functional
I. We recall that the function ¥ is well defined in (£2 x 2\ A) x IR%, where A is
the diagonal A = {(£1,&2) € 2 x 2 /& = & }. In order to avoid the singularity
of ¥ over A we consider M > 0 and define

_ G G =M
Gu(§) = {M it Ge) > M, (7.1)

and we consider Wy, : £2, x 2, x IR% — IR defined by
Ung (€, 4) = (& A) = Gu(§) A1z + G(§) A1 A, (7.2)

where p > 0 and 2, = {& € £2/dist(&1,002) > p}. We will specify p and
M later, and for notational convenience we will simply write ¥ys, = ¥ and
D = 02,x2,x IR% . We consider a further restriction D, = {(£, 4) € D / ¢(€) <
—po}, where pg = min{2 exp(—2Cy — 1), —2 max{y /in M?}}, with

Co = sup  ¥(0).
(§,0)eM?2x1y

With this choice certainly M? x IRZ C D,,.

Aiming to define the min-max class, for every £ € M? we let d(¢) = (dy(€),
da(€)) € IR? be the negative direction of the quadratic form defining . Such a
direction exists since, by hypothesis of Theorem 1.1, the function ¢ is negative over
M?. We easily see that there is a constant ¢ > 0 so that ¢ < d; (§)da(€) < ¢ for
all € € M2,

Next we let I" be the class of continuous functions v : M? x Iy x [0,1] — D,
such that

L. (& 00,t) = (§,00d(€)), and 7(€, 05 ", t) = (€, 0 'd(€)) for all € € M?,
t €0,1],and
2. 7(£,0,0) = (§,0d(¢)) forall (§,0) € M? x I,

where Iy = [0, 0y 1] with o is a small number to be chosen later. Then we define
the min-max value

c(2) = inf sup U(v(& 0,1)) (7.3)
Y€l (¢,0)eM2x1,

and we will prove in what follows that c(2) is a critical value of ¥. The first step in
this direction is an intersection lemma. The idea behind this result is the topological
continuation of the set of solution of an equation, and is based on the work of
Fitzpatrick, Massab6 and Pejsachowicz [13]. For every (£, 0,t) € M2 x I x [0, 1]
we denote (€, 0,t) = (£(€,0,t), A(€,0,t)) € D, and we define the set

S={(0)eM>x1Iy/ A(0,1) Ay(€,0,1) = 1}.
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Lemma 7.1 For every open neighborhood V of S in M? x Iy, the projection
g : V — M? induces a monomorphism in cohomology, that is

g+ H (M) — H'(V)
is a monomorphism.
Proof. Let us define the set
Z([0,1]) = {(&,0) € M* x Iy | f(&0,t) # 1, forall t € [0,1]},

where f(§,0,t) = A (& o,t) Ay (£, 0,t). Then the function h defined by h(&, o, t)
= (9(&,0), f(& 0,t)) is a homotopy of pairs

h: (M2 x Iy, Z([0,1])) x [0,1] — (M? x RT, M? x (IR*\ {1}).
By choosing oy small enough we have that the following inclusion is well defined:
G (M2 x Iy, M? x 0I) — (M? x Iy, Z([0,1])).

If 4 is also an inclusion map and ho(-) = h(:,0), then we have the following
commutative diagram in cohomology

HY (M2 x I, Z([0,1])) &% H*(M2 x R*, M2 x (R*\ {1}))
N %
H*(M? x Iy, M? x dIy)

Since ¢* is an isomorphism we conclude that A is a monomorphism and then from
the homotopy axiom, we find that

= (g, f1) : (M? x Io, Z([0,1])) = (M? x R, M? x (IR \ {1}))
induces a monomorphism in cohomology, where hq(-) = h(-, 1). Next, defining
Z(1) ={(§,0) e M* x Iy [ f(§,0,1) # 1}
and noting that Z ([0, 1]) C Z(1) we also find that
hy : (M? x Io, Z(1)) = (M?® x R, M? x (IR"\ {1})

induces a monomorphism in cohomology. Since V and Z(1) are open, and V¢ C
Z(1), defining Z = Z(1) NV and using the excision axiom, we conclude that

RE: H*(M? x RY, M? x (RT\ {1})) — H*(V, 2)

is a monomorphism. Let e be a generator of H' (IR, IR™\ {1}) andu € H'(M?),
with ¢ > 0, then following from the basic relation between cross product and cup
product in cohomology, we have

hi(uxe) =d"(g"(u) x fi(e)) = g"(u) ~ fi(e).

Since h] is a monomorphism, it follows that g* is also a monomorphism. [J
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Corollary 7.1 There is a constant K, independent of o, so that

sup  ¥(y(§,0,1)) > =K forallyecI.
(&,0)eEM2x1I,

Proof. Since {2 is smooth, there is 6y > O such thatif &1, & € 2, and |§1 —&2| < do
then the line segment [£1,&2] C (2. Then we let K > 0 so that G(&1,&) > K
implies |&1 — &3] < do. We observe that, if we assume that M is chosen such that
M > 2K, then the implication remains valid both for G and G ;.

Assume, for contradiction, that for certain v € I’

U(vy(,0,1) < —K forall (&0) € M? x I.

This implies that, for a small neighborhood V of S in M? x I, we have

G((,0,1)) > K forall (&0)€eV. (7.4)

Let Dg = 2 x 2 x Bi and 3 = v(+,1). Consider the inclusion i5 : 11 (V) —
Dy and the maps p : 11(V) — 2 x R} and § : 2 x R} — Dy defined
as p(&1,&2,4) = (&1, A4) and §(&1,A) = (&1,&1, A). From (7.4) we find that the
function i : 1 (V)% [0,1] — Dgdefinedas h(&1,&2, A, 1) = (&1, &+t(§1—&2), A)
is a homotopy between i and § o p. Let d be the integer given in Theorem 1.2 and
consider the following commutative diagram

HX (M2 x 1)) &5 H(Dy)
il i)
H>(V) £ HY(p (V)

where 4 is inclusion map and 2 = 71 |y. From the hypothesis of Theorem 1.2
we find u € HY(M) and v € H?(£2) nontrivial elements such that *(v) = wu.
If o x & € H*!(Dy) is the corresponding element, then by homotopy axiom and
Lemma 4.1 we have ¢} o] (0 x 0) # 0. On the other hand we see that 6* (0 X 0) =
b~ b € H?4(2 x IR?) is zero, either because d is odd or because H24(£2) = 0.
In both cases we have then 3 o i5(0 x ©) = 0, providing a contradiction. [J

In view of Corollary 7.1, in order to prove that the min-max number (7.3) is a
critical value, we need to care about the fact that the domain in which ¥ is defined is
not necessarily closed for the gradient flow of ¥. The following lemma, involving
the original ¢, is a step in this direction

Lemma 7.2 Given c < 0 there exists a sufficiently small number p > 0 with the

following property: If (€1,&) € 0(£2, x £2,) is such that 0(&1,&) = ¢, then there
is a vector T, tangent to 0(12, x (2,) at the point ({1, &2), so that

Ve(&1,&) -7 #0. (7.5)

The number p does not depend on c.
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Proof. Consider, for small p, the modified domain
Q2 =pt0,

and observe that for this domain, its associated Green’s function and regular part
are given by

G(z1,32) = pN2G(pz1, pr2), H(w1,32) = pN 2H(pz1, p2).
Then ¢(px1, pra) = c translates into G(z1, z2) = cp™¥ ~2 where
@1, w0) = H(xy,21) Y2 H(2g, 22)Y? — G(21, 22).

Assume that dist (pz1,092) = p, namely that dist (z;,962) = 1. After a rotation
and a translation, we assume that the closest point of the boundary to z; is the
origin, that z; = (0,1), where 0 = 0jp~v—1 and that as p — 0 the domain §2
becomes the half-space ¥ > 0. In order to make the relation ¢(x1, x2) = cp™ 2
remain, as p — 0, we claim that necessarily we must have d = |21 — z2| = O(1)
as p — 0. In fact, otherwise we will have

N—-2

.IEI($1,£C1)1/2H($2,.’E2)1/2 > Cd 2

while )
G(x1,20) < Cd~ V=2,

Hence, for large d
N—
Cd "% < @lar, ) = ep™ 2,

which is impossible since ¢ < 0. We observe that this conclusion does not depend
on the value of ¢, but on the fact ¢ is negative. By assumption, we also have |z1 —
22| > 1. Then we let p — 0 and then assume that the point x5 converges to
some Ty = (74, 7), where #)Y > 1. We also set, consistently 7; = (0, 1). The
functions H (x,) and G(z, ) converge to the corresponding ones H and G in the
half-space = > 0, namely to

. bn
H(x,y)*m

and

. 1 1
G =0 - .
) =t (s~ s
Here, for y = (y/, yn) we denote § = (y', —yn ). Similarly, V¢ converges to Vi
where R . .
gb(xl, .TQ) = H(l‘l, 1'1)1/2H(£C2, $2)1/2 — G(CEl, .%2).
We have that
¢(71,72) =0,

Assume first that Zf, # 0. Then

Vo, §(T1,T2) = =V, G(71, 72)

—(N—2)bN( ! .

|Zo — £1|N72 - |502 _ §1|N—2

)Jc;#o
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since clearly [Ty — Z1| < |Z2 — Z1|. The vector of RY x RY (0/,0,x},0) is
clearly tangent to the boundary of the restriction 27 > 0, where we are assuming
the considered point lies. Assume now that x5, = 0, case in which otherwise Zo =
(0", ap) with ag > 2, and then

by (1, To + (a — ag)T1) = : ! - : - -
N P T1,T2 a—ap)ry) = 21\7;2 (2@)N52 (a_l)N72 (1_~_a)N72

Differentiating with respect to a we get
by' Vay @(T1, T2)
= (N =227 Vag " — (ag — 1)~V 4 (g + 1)~V
This combined with the relation ¢(Z1, Z2) = 0 yields
by Vaoy (T1, T2)
= (N =2)[(ag— 1)~ N=1 — o= W= N2 _ (504 1)=(N=-D] > 0,
Indeed, since ¢(Z1,Z2) = 0 we have

11 L 1 1
2]\771@0% 2a0 2N—2a(;VT_2 (ao — 1)N71 (ao + 1)N71

So we can conclude that
bn'V,y @(E1, T) > 0. O
We finally can prove
Proposition 7.1 The number c(§2) given in (7.3) is a critical value for ¥ in D.

Proof. We first prove that for every sequence {(&,,, A,)} C D, such that (&, Ay,)
— (£,4) € 0D, and ¥ (&, A,,) — c(£2) there is a vector T, tangent to 0D, at
(€, A), such that

V(& A)-T #0. (7.6)

In order to prove (7.6) we first observe that if A,, — A € 8B2+ then ¥ (&, A,,) —

—o0. Thus we can assume that A € IR?, € € £2, x 2, and (&) < —po. Two cases
arise, if V AW_(fl A) # 0 then T can be chosen parallel to V AP (€, A). Otherwise,
when V¥ (€, A) = 0 we have that A satisfies

7H£52,§72)1/72 ) 2 7HE§17§71)1/72 _
H(&,6)2p(&1,6)" 72 H(&,8)%0(61,6)

and ¢ satisfies ¢(€) < 0. Substituting back in ¥, we get

- - - = 1 1 1
V(&1 &2, A1, Ag) = —5 + S log T =—
202 Te(&, &)l
and then ¢ () = —exp(—2¢(2) — 1) < —2py < —po, so that £ € I(£2, x 12,).
At this point we choose M: We take p > 0 as in Lemma 7.2, then we let H, =

R=-
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max{H (&1,61) /& € 2,} and consider M > exp(2K — 1) + H,. We observe
then, that the use of Corollary 7.1 implies G/(£1, &;) < M. Thus, we can apply (7.5)
to complete the proof of (7.6). Now we can define an appropriate negative gradient
flow that will remain in D, at level c(£2).

To finish we only need to prove the Palais Smale condition in D, at level c({2),
that is, that if {(&,, A,)} C D, satisfies ¥ (&,,, A,,) — ¢(£2) and V& (&, A) = 0
then {(&,,, A,,)} has a subsequence converging to some (€, A) € D.,. In fact, it can
be shown that the sequence A,, remains bounded. Then we conclude using (7.6).

O

Now we are in a position to complete the proof of Theorem 1.1, proving that
the reduced functional has a critical point.

Proof of Theorem 1.1 completed. We consider the domain D, p = {2, x {2, x
[r, R]* N D, with 7, R to be chosen later. The functional I is well defined on D, g
except on the set A, = {£ € £2, x 2, / |&1 — &| < p}. Proceeding as with ¥,
we can extend [ to all D, g, keeping the relations (6.18) and (6.19) over D, g.

By the Palais Smale condition for ¥ proved in Proposition 7.1 there are numbers
R > 0,c > 0and ag > 0 such that for all 0 < a < «ag, and (§,4) € D, g
satisfying |A| > Rand ¢(£2) —2a < ¥ (£, A) < ¢(§2)+2a we have [V (£, A)| >
c.

Next by the min-max characterization of ¢({2) to choose y € I so that

()< s UH(Ea1) <o) +a
(&,0)eEM2x1I,

By making r small and R larger if necessary, we can assume that y(£,0,1) €
Dr/2,R/2 C DT,R for all (570') € M? x Iy.

‘We define a min-max value for the functional I using -y and the negative gradient
flow for I. More precisely we considern : D, g x[0, 00] — D,. g being the solution
of the equation /) = —h(n)V1(n) with initial condition (¢, A,0) = (&, A). Here
the function A is defined in D, g so that h(§, A) = 0 for all (¢, A) with ¥ (£, 4) <
c(2) —2ccand h(§, A) = 1if ¥ (€, A) > ¢(£2) — a, satisfying 0 < h < 1.

By the choice of r and R and taking in account (6.18) and (6.19) we have
n(&, A,t) € D, g forall t > 0. Then the following min-max value

C(2)=inf  sup  I(n(v( 0,1),t))
t20 (¢, 0)eM2x1,

is a critical value for /. In all this reasoning we are assuming that  is small enough,
to make the errors in (6.18) and (6.19) sufficiently small. [
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