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ON THE ROLE OF MEAN CURVATURE IN SOME SINGULARLY
PERTURBED NEUMANN PROBLEMS*
MANUEL DEL PINOt, PATRICIO L. FELMER', AND JUNCHENG WEI*

Abstract. We construct solutions exhibiting a single spike-layer shape around some point of
the boundary as e — 0 for the problem

e2Au—u+uP =0 inQ,

(0.1) w>0 inQ,
24 =0 on 09,
1%

where Q is a bounded domain with smooth boundary in RV, p > 1, and p < %fg if N > 3. Our
main result states that given a topologically nontrivial critical point of the mean curvature function
of 99, for instance, a possibly degenerate local maximum, local minimum, or saddle point, there is
a solution with a single local maximum, which is located at the boundary and approaches this point

as € — 0 while vanishing asymptotically elsewhere.
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1. Introduction. In this paper, we are concerned with the following singularly
perturbed problem:

E2Au—u+uP =0 inQ,

(1.1) u>0 in §,
%:0 on OS2,

where Q C R" is a smooth, not necessarily bounded domain; ¢ > 0; and 1 < p <
(N+2)/(N=2)if N>3andp>2if N=2.

Equation (1.1) arises from various applications. For instance, it can be regarded
as that satisfied by stationary solutions for the Keller-Segal system in chemotaxis (see
[14], [17], [19]) and the Gierer-Meinhardt system in biological pattern formation (see
12], [21]).

In [17], Lin, Ni, and Takagi first studied the problem of existence of least-energy
solutions. Subsequently, Ni and Takagi in [19] and [21] showed that the least-energy
solution u. has a unique local maximum point P., which is located on 9Q2. Moreover,
ue — 0 in CL _(Q\P.) and u.(P-) — a > 0 as ¢ — 0. Such a family of solutions
is usually called a boundary spike-layer. Moreover, they are able to locate the spike
by establishing that P. approaches the most curved part of 92, namely, H(P.) —
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maxpeyo H(P), where H is the mean curvature. Later Wei studied general boundary
spike solutions in [23] and showed that for any solution with single peak P. on 01,
Vop, H(P:) — 0, where V,,,_ denote the tangential gradient at P. € 9€2. On the other
hand, if Py € 0Q, V., H(FP) = 0 and the matrix (VEPOH(PO)) is nonsingular, then
there exists for e sufficiently small, solution u. of (1.1) with a single peak approaching
Py. The degenerate case was left open.

In [21], Ni and Takagi constructed boundary spike solutions in the case when
) is axially symmetric. Gui [10] has studied the case when H(P) has a possibly
degenerate local maximum at Py, also constructing multiple-peak solutions at given
local maximum points of H(P). In the single peak case, the result in [10] states that
for any set A C 012, open relative to 0f), such that
(1.2) max H(P) > max H(P)
there exists a family of solutions with a single global maximum point which approaches
a local maximum point of H(P) in A.

In this paper, we will show that a spike-layer family indeed exists concentrating at
any topologically nontrivial critical point-region, a variational linking notion first in-
troduced in [5] in the framework of concentration phenomena in nonlinear Schrédinger
equations.

This notion includes, for instance, the case of local maxima or local minima of
the mean curvature of the boundary, in the same sense as in (1.2), and also that of
a possibly degenerate saddle-point. More precisely, we can consider a local situation
on a set A C 99 where a change of topology of the level sets of H(P) occurs. If ¢ is
the level at which this change takes place in a sense to be made precise below, then
a boundary-spike family of solutions exists, with maxima P € A so that H(P.) — c.

Since we do not want to restrict ourselves to the case of a homogeneous nonlin-
earity, we will consider the more general semilinear Neumann problem

2Au—u+ f(u)=0 in{,

(1.3) u>0 in §,
ou
50 = 0 on 09,

where € is a small positive number. f: R — R satisfies the conditions (f1)—(f5) below:
(fl) fe CHR), f(t)=0fort <0, and f(t) — 400 as t — +o0.
(f2) For t > 0, f admits the decomposition in C'(R)

f@t) = fi(t) = f2(2),

where (i) f1(t) = 0, f2(t) > 0 with f1(0) = f1(0) = f2(0) = f3(0) = 0; and
(ii) there is a ¢ > 1 such that flt—gt) is nondecreasing in ¢t > 0, where as fi—ff)
is nonincreasing in ¢ > 0.
(£3) [f'(t)| < a1 + aztP~! for some positive constants a1, az and 1 < p < ({34
(f4) There exists 7 € (0, &) such that F(¢) < ntf(t),t > 0, where F(t) = fot f(s)ds.
To state the last condition, as in [20], we consider the problem in the whole
space

Aw —w+ f(w) =0,w > 0in RV,
(14) w(0) = max w(z) and w(z) — 0 as |z| — +o0.
[AS
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It is well known that (1.4) has a solution w, and w is radial and unique (see
[13], [4], [15]). The last condition is stated in (£5).
(f5) L =A — 1+ f/(w) is invertible over H2(RY) = {u € H? : u(x) = u(|z|)}.
We note that the function

fi&)=tP —at?fort >0,1<g<p

with p subcritical and a > 0 satisfies all the assumptions (see [20]).

Let H(P) be the mean curvature function at P € 9Q. In what follows, we state
precisely our assumption on {2 and H. We assume that €2 is a smooth, not necessarily
bounded domain in RV, and that there is an open and bounded set A C 99 with
smooth boundary 0A and closed subsets of A, B, By such that B is connected and
By C B. Let T be the class of all continuous functions ¢ : B — A with the property
that ¢(y) =y for all y € By. Assume that the max-min value

(1.5) ¢ = sup min H(¢(y))
el YeB
is well defined and additionally that
(H1)
in H(y) > c.
min (y) >c
(H2) For all y € A such that H(y) = ¢, there exists a direction T', tangent to A
at y so that

VH(y) - T #0.

Note that A C 9 is an (N — 2)-dimensional set.

Standard deformation arguments show that these assumptions ensure that the
max-min value c is a critical value for H(P) in A, which is topologically nontrivial
(therefore, our results cover that of [10] in the single peak case). In fact, assumption
(H2) “seals” A so that the local linking structure described indeed provides critical
points at the level ¢ in A, possibly admitting full degeneracy.

It is not hard to check that all these assumptions are satisfied in a general local
maximum, local minimum, or saddle-point situation, not necessarily nondegenerate
or isolated. Our main result asserts that there is a family of solutions to problem
(1.1) concentrating around a critical point at the level ¢ of H in A.

THEOREM 1.1. Suppose f satisfies (f1)—(f5) and the mean curvature function H
satisfied (H1) and (H2). Then there exists €g > 0 such that when € < eg, problem
(1.3) has a solution u. with the property that

(i) we has exactly one local maximum point x. and x. € A;

(ii) lime_o H(z:) = ¢;

(iii) limg_o ue(2ze + ex) = w(x) and there exist positive constants ¢, 6 such that

Slo —
0 < uc(x) <c exp (—M> , x el
€
Here w is the unique solution of (1.4).
The proof of this result makes use of ideas developed in [20] and [23] and a
variational scheme similar to that in [5], where it is constructed as a bound state for
the semiclassical Schrédinger equation

2Au—-V(z)u+u’ =0 in RV,
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exhibiting concentration near topologically nontrivial critical points of V' (z); see also
the work of the authors in [9]. Related results in this direction can be found in [6]
and [7].

We have recently learned that Li [16] has considered, in the case of a bounded
domain, a different notion of nontriviality not variational in nature. This notion is
implied by our assumptions (H1)-(H2) in case the curvature is C'. Thus, in case
f(s) = uP, with p superlinear and subcritical, and for a bounded domain, our result
is a consequence of the results in [16]. However, Li’s method, relying on a finite-
dimensional Lyapunov—Schmidt reduction, is very different from ours.

On the other hand, our method is also applicable to obtain partial localization
results even in case H is not C*.

Finally, we remark that when p = %, problem (1.1) has been studied in [1], [2],
[3], [11], [18], and [22], among others.

The rest of this paper will be devoted to the proof of Theorem 1.1. In section 2,
we define a modified functional which satisfies the Palais—Smale (P.S.) condition and,
roughly speaking, permits us to restrict ourselves to what happens in A. We then
define a min-max value and by using assumption (H1) we prove that there is a critical
point for the modified functional with this value. In section 3 by using assumption
(H2) we prove that the critical point so found is actually a critical point of the original
functional and we conclude the proof of Theorem 1.1.

2. Preliminary results and set-up of a min-max scheme. In this section,
we first define a modified functional and state some preliminary results. We then set
up a variational scheme and obtain a critical point for the modified functional.

Let f: R — R satisfying (f1)—(f5). We first define an “energy” functional

I (u) = 1/ 2| Vul|? +u? — / F(u),
2 Ja Q
where u € HY(Q), F(u) = [, f(s)ds.
As in [5], we now define a modification of this functional which satisfies the P.S.
condition and for which we find a critical point via an appropriate min-max scheme.
Let p = %, where 7 is defined by (f4). Let R > ﬁ Let a > 0 be the value at
which f(a)/a =1/R. Set

f(s) if s<a,
fs) = 1.
ES if s > a.

The following technical lemma is stated in [10] and can be proved by using local
coordinate systems for JA.

LEMMA 2.1. There exists a subdomain 0Qy C Q such that 9o NI = A and
o0g = 0Q0\0N is smooth and orthogonal to OQ at OA.

We now define

13
9(15) = X F(5) + (1 — x0)F(s) and G(z,€) = / o(x, 7)dr,

where xgq, denotes the characteristic function of €2y.
First we note that g is a Carathéodory function. In addition one can check that
(f1)—(f4) implies that g satisfies the following conditions:
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(gl) g(x,t) =0 for t <0 and g(x,t) — oo as t — oo.

(g2) g(x,t) = o(t) near t = 0 uniformly in z € Q.

(g3) g(z,t) = O(tP) as t — oo for 1 < p < &2 if N > 3 and no restriction on p if
1,2.

(ii) 2G(z,t) < g(z, t)t < > Vi€ RT,z & Qo.
Consider the modified functional

1 1
Js(u)z§/Q€2|VU|2+§/QU2—/QG($,U)7 u € HY(Q),

whose critical points correspond to solutions of the equation

e?Au—u+g(u,z) =0 in Q,
(2.1) ou

%:0 on 0f).

As in [5], J, satisfies the P.S. condition whether €2 is bounded or not. We observe
that a solution to (2.1) which satisfies that u < a on Q\Q( will also be a solution of
(1.3). We will define a min-max quantity for J. which will yield a solution to (2.1)
which turns out to be a solution for (1.3) and thus will be the solution announced by
Theorem 1.1.

To this end, we consider the solution manifold of (2.1) defined as

(2.2) M. = {u e HY(Q)\{0}] /9(62|Vu|2 +u?) = /Qg(x,u)u} .

All nonzero critical points of J. of course lie on M.. Reciprocally, it is standard
to check that critical points of J. constrained to this manifold are critical points of
J. on HY(Q).

Let w be the unique solution of (1.4) and let us consider its energy

(2.3) I(w):%/RN(|Vw|2+w2)— F(w).

RN

For P € 99, we define w! as
-P
’LUEP = t57pw <x5> S ME,

with t. p > 0. Let us consider the center of mass of a function u € L*(Q) defined as

Jo, wuPda
2.4 ==
(24) 80 = P
For P € B, it is easy to see that B(w!) = P+ O(e). Hence, there exists a continuous

function 7.(P) such that 7.(P) = P + O(e) and ﬂ(w?(P)) = P for P € B. We now
define

We,p = w.‘ls—g(P) :
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Hence we have 8(w. p) = PV P € B, and by similar arguments as in Proposition 3.2
in [19] we find that, ¥V P € B,

(2.5) Jo(we p) =V {;I(w) —~ve(N —1)H(P) + 0(6)} ,
where
(2.6) e g A

We now consider the class I'. of all continuous maps ¢ : B — M, such that
@(y) = We,y Vy S BO7
and we define the min-max value S. as follows:

(2.7) Se = inf sup J.(p(y)).
pel'e yeB

We note that

(2.8) Se > sup Je(we y)
yE€Bo
and
(2.9) Se = inf sup J.(p(y)) < sup Je(we,y).
v€el'c yeB yEB

Hence by (2.5), (2.8), and (2.9), we have

e—0

1
(2.10) lime NS, = 5J(w).

The following is the key result of this section. It implies that S is a critical value
for J..
LEMMA 2.2. For ¢ sufficiently small, we have

(2.11) Se > sup Je(wey).
y€ DBy

In the rest of this section, we prove Lemma 2.2. To this end we will first prove a
version of a result of Ni and Takagi for the modified functional J. (see Proposition 2.1
in [20]).

LEMMA 2.3. Let Q; C Q be a subdomain such that 0Q, NI = Ay is open relative
to 002 and 8Qf = 0Q1\0Q is smooth and orthogonal to OQ at ON1. We define

g (210) = X, £ () + (1 — x0,) (), @M%@ZA%m@@M

and

1 1
J€791(u) = 7/ EQ‘V’U’|2+7/ U2—/ G91($>u)'
2 Q 2 Q Q
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Suppose that ue is a solution of

e?Au —u+ go, (z,u) =0 in Q,

(2.12) u >0 in Q,
% =0 on 09,
such that
(2.13) e N e, (ue) — % (w).
Then we have
(2.14) e (ug) = &V {;I(w) —e(N = 1) H(z.) + 0(5)} ,

where x. € 00 N OQ is the mazimum point of u. and v is defined by (2.6). In
particular,

(2.15) Jeq, (ue) > &V {;I(w) — ey ze('g?l?}r{]OQ(N —1)H(x) + 0(5)} .

Before going into the proof of Lemma 2.3 we state and prove a corollary that will
be useful later.

COROLLARY 2.1. Lete =€, — 0 and u. € M. o, be a family of functions such
that

(2.16) limsupe N J. 0, (u:) <

e—0

I(w),

N | =

where
M., = {uGHl(Q)\{0}|/Q(52|Vu2+u2) /Qggl(:c,u)u}.

Let x. = B(uc) be the center of mass of ue; then x. — 0, and if T is an accumulation
point of {x.}, the following estimate holds:

(2.17) Jeq, (ue) >V {;I(w) —ve(N —1)H(z) + O(E)} .

Proof. Passing to a subsequence we can assume that x. — Z. Let us consider the
modified center of mass defined as

_ fB&(f) zu?

N o w?

@)

(u)

Given 6§ > 0 we then have that

(2.18) B(ue) € Bs(z)
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V small €. In fact, using a concentration-compactness-type argument similar to the one
given in Lemma 1.1 in [5], we find R > 0, a subsequence ¢ — 0, and y. € Q. = ¢~ 1Q
such that

/ v? >o0>0,
Br(ye)
where v.(z) = v.(ex).

Let us assume first that dist(y.,.) — co. Since v, is bounded in H!(.), given
6 > 0 there exists r > 0 such that

/ |Vue|? +u? < 6.
Br11(0)\B(0)

Then we choose an appropriate cut-off function v so that ¢ =1 on B,.(0) and ¢ =0
on B,;1(0) and we find

Ue = Yue + (1 — )ue = we + ve.

If we choose ¢ small enough, we find that for both v. and w. we can find ¢, t? very
close to 1 so that w, = tiw,E and v, = tgv\E are in M, o,. But this implies that lim inf
Je q, (ug) > I(w), contradicting the hypothesis.

Therefore, we must have that dist(y., 9Q:) < C. We can assume that y. € 0.
By the argument given above, taking a sequence 6,, — 0 and using (2.16) we find a
subsequence u. = v + w. with w. — 0.

Finally, using the minimizing character of this sequence u. and Ekeland’s varia-
tional principle we find that u.(x. +cy) converges in H!-sense to a least energy critical
point w of the limiting functional I given in (2.3) in the half space. We certainly have
that z. + eye — = € 99, thus proving (2.18).

Then we have

Jea, (ue) > inf{J. o, (u) | v € M, q,, B(u) € Bs(7)}.

Since the functional J. o, satisfies the P.S. condition, it follows that the latter number
is attained at some function @, € H'(2). Working out a first variation with test
functions supported outside Bs(Z), we see that 4. satisfies the equation

2 At — . + go, (v, 1) = 0 in Q\Bs(Z).

Again, if we set v.(y) = u.(Z. + ey) with Z. = B(u.), then v. converges in the H'-
sense to w in the half space. In particular, elliptic estimates applied to the above
equation imply that @. goes to zero uniformly, away from the ball Bs(Z). Thus we
have that

Je,0, () = Je 0,0 Bas (z) (Ue)

and also U € M, o,nB,s(z)- Let us consider a set {05 so that {3 N Bos(Z) C Qs C
0y N Bss(T), satisfying the hypotheses of Lemma 2.3. Then we obtain

J57521 (’I_LE) > inf Jagz& (u)

u€M; ag

However the latter number can be estimated from below using Lemma 2.3. Doing so
we have

1
Jeo,(te) > € {QI(w) €y xeamsz?rﬁaﬂ(N H(z) + 0(5)} .
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To obtain (2.17), we first use the continuity of H to choose ¢ and then we choose
small enough, according to (2.15). This finishes the proof. O
Now we will give a proof of Lemma 2.3. We start with some preliminaries.
Proof of Lemma 2.3. Since u. satisfies (2.12) and e VJ. o, (ue) is bounded,
u. converges locally in the H! sense to a solution of the limiting equation. Then
a concentration-compactness argument gives that ||i. — wl|g1(q,. .y — 0 for some

2. € Q, where
Q..p = {yley+ P € Q}, Peq,

d(z:,00) < C

and e (y) = ue(ey + 2z:). Moreover, because of (2.13) we have that
and z. € Qy (otherwise, the energy of u. will be at least of the order of e I(w); see
Lemma 1.1 in [5]). Observe that u. satisfies

(2.19) e?Aue — ue + f(us) +he =0,

where he = (1 — xa,)(f(ue) — f(us)). Hence h. = o(1) uniformly and 4. — w in a
C’lloC sense. Furthermore, there exist constants «, 5 > 0 such that

t-(y) < o exp(—plyl).

Next, an argument given in [19] shows that u. has only one local maximum point z.
and z. € 9971 N IN.

We now consider two cases. Let b > 0 so that w(b) = a.

Case 1. If lim inf. _qd(z., 09Q])/e > b, then u. satisfies

52AU6 — Ues + f(us) =0,

and then, by Proposition 2.1 in [20], we have that

Jeq, (ue) = eV {;I(w) —~e(N — 1)H(z.) + 0(5)} ,

finishing the proof of the lemma.

Case 2. lim inf._od(z.,00])/e < b. We see first that we can assume that lim
inf._,o d(z., 0Ql+)/5 = b since the contrary, together with the convergence of u. to w,
implies a contradiction with (2.13).

To prove the lemma in this case we need some work. We next consider some
notation. Let 7. € dQ be such that d(z.,00]) = |z. — Z.|. Then since 9] is
orthogonal to 02 at A;, we have that the projection of Z. onto dA;, which we call
zP, satisfies

|z — 2| |Z. — 2| _

— b and 0.

(2.20) - -

Without loss of generality, we can assume that v, = —ey, where v,_ denotes the
exterior normal at x. and that Z. = d(z.,0Q] )e§, where e§ — e; as ¢ — 0.

Set x = . + ey, Q. = {y : z- + ey € Q}. For notational convenience in the
rest of the paper, given a function p : 2 — R, we denote by p the function defined
on Q. as p(y) = p(x). We observe that support of the function h. is contained in
Bs. ((Ze — ) /e) N Q., where 6. — 0. This fact follows from the uniform convergence
of @, to w and the exponential decay of w at infinity.
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Now we will study the asymptotic behavior of u.. First we define the function ¢,
as

(2.21) ue(z) = we(z) + e, x €Q,

where w.(r) = w(**=). It is our goal to study the behavior of the function ¢.. The
next lemma provides an important estimate.
LEMMA 2.4. For e sufficiently small, we have

(2.22) lhell i) < ofe)-

Proof. We multiply the equation satisfied by . (see (2.19)) by gZi and integrate

by parts to obtain
~ 0. / { N 1~2}
he— = F(u.) — zuZ p vidy,
/QE Oy 0. (Ge) 2 1

where vy is the first component of the normal vector. To estimate the right-hand
side of the above equality we J\give a local representation of the boundary near the
origin and find that 11 = ¢ 1;11 a;y; + O(g?). On the other hand, from the radial
symmetry of w we have that

1
(2.23) / {F(w)—wz}yidy—O for i=1,...,N—1.
ORY 2
Then

(2.24) /aQ {F(aa) — ;ag} vidy = o(e).

To finish we observe that since supp(h.) C Bas,.(be1), for small ¢, we have that

gfﬁ N CE?Tjﬂl(bel) # 0 for all y € supp(h) and hence

proving (2.22). d R )
Next we study the behavior of the function ¢.. We see that ¢. satisfies the
equation

A¢e — (1+de)op- + f'(w)ge + h? =0 in Q.,

(2.25) _
0%e _ —la—w n 0f)
v eov ° <
where
de = —— (@) — f(w)) - f'(w).

e
We observe that d. — 0 uniformly and we note that w. = w.

A local representation of  near z. is considered next. There is R > 0 and
a neighborhood N, of z. so that (y',yn) € N. N Q if and only if yy > p(y),
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y' € B(0,R), p(0) = z, and Vp.(0) = 0. We observe that if z. — ¢ as ¢ — 0, then
pe — p in C? uniformly, where p is a local representation of the boundary centered
at xg.

Now we get an asymptotic formula for the normal derivative of w. We find, for
y € B(0, £), that

(2.26) et = 5

where (p¢);; denotes the partial derivatives of p. at 0. Here and in what follows we
use the Einstein convention for summations.
In studying the behavior of ¢. we need the limiting equation

(pe)ijyiy; + o(e),

Ap— ¢+ f'(w)p=0in RY,
(2.27) 06 w'(ly))

oyn 2y

PijYiYy; On aRf

We have the following lemma. ~
LEMMA 2.5. Thereis 1 < q < N/(N —1) so that ||¢c| pa(q.) is bounded and there
are constants a, 3, Ry > 0 so that

(2.28) 6 ()] < a exp(=Blyl)  for |yl > Ro.
Moreover,
(2.29) e — QNSOHLLI(QE) — 0,

where ¢y € HY(RY) is the solution to (2.27).
Proof. Let us assume that ||¢.|| Le(Q.) is not bounded and define the function

‘55 = QBE/HQBEHLIZ(Q)E)- Then dsg satisfies

Age — (1 +de)ge + f'(w)ge + he = 0 in O,
0.
v

(2.30)

= n, on 0,

where h, = /35/€||<58HL(1(QE) — 0 in the L! sense and

10w, ~
Ne = —EE/H%HM(QE)'

We observe that n. — 0 uniformly and that it satisfies an estimate of the form
(2.31) ne(y)] < ac exp(=Plyl)  for ye 0.

for some constants a., 3 >0, and a. — 0.
We recall that supp(h.) C Bas_(be1), with 6 — 0. Thus, standard elliptic esti-
mates and comparison arguments, using the facts just mentioned and that ||A. ||« (q. )

is bounded, yield the existence of constants Ry, o, 8 > 0 such that

(2.32) 6=(y)| < @ exp(—Bly|)  for |y| > Ro.
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Since || Ad.|| 1.y < C, a well-known elliptic estimate yields that

(2.33) H@HWW(Q@BRO ) < CRy-

By the boundedness of ngSE in L? we have that for a subsequence ngSE — (;AS weakly in L9.
Now, (2.32) and (2.33) implies that this convergence is strong in L%, in particular,
¢ # 0. Moreover, ¢ € WH(RY), it satisfies

Ad— ¢+ f'(w)dp =0in RY,
(2.34)

9o ~
ayiN =0 on 8R+
and
(2.35) 6(y)| < a exp(=Blyl)  for |yl large.

We observe that Vw(0) = 0 and that Vu(z.) = 0; then V. (0) — V$(0) = 0. Thus
hypothesis (f5) and the argument given in the proof of Lemma 4.6 of Ni and Takagi
[20] imply that ¢ = 0, which is a contradiction. 3

Next we can give a similar argument to obtain that the family ¢. satisfies (2.28)
and that, if ¢y is the solution of (2.27), then

(2.36) ¢ = GollLa(.) — O,

finishing the proof of Lemma 2.5. 0
Proof of Lemma 2.3 (finished). We have

-N _ [ Yova+ad) - Fla) - Fla F (1) — F(ie).
o) = [ SOVEP ) F) P+ [ PG - G

=L+

We first estimate integral I. It follows from hypothesis (f5) and Lemma 2.4 that

1) = / (1 - xau)(F(az) — F(a.))

- (-x0,) / () = Fs))ds

(237) < [ 0= xa) FEIEE o)

€

Next we study I7; for that purpose, we write

1
I = / 5(\Vw|2 +w?) — F(w) +
Q.

(2.38) + s/ {Vw Vo, +wo. — f(w)g.} + E. = I| + I} + E..
QE
A direct computation using the properties of w yields

(2.39) = %I(w) —e(N = 1) H(z.) + o(e).
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Using integration by parts and the equation satisfied by w we find

2.40 IL=¢ —¢. = o(e),
(2.40) i=e [ God= ol

where the last equality follows from (2.26) and the fact that e¢. — 0 uniformly.
Finally we consider E.: using Taylor expansion we have

e m-2{f o (f Vi - Flu+te6.032) .

For a given large R, we obtain

5/ |V¢~>5|2:5/ |V¢~>5\2+5/ Vq~5€~1/gz~58
Q. Q:NBR(0) 8(Q-NBR(0))

(2.42) 75/ A¢.-b..
QaﬂBR(O)C

The first and second term on the right-hand side above go to zero because 5&’5 — 0
in CL_and ¢. € WL(Q.). Next, using the equation for ¢. and (2.28) we find that

1
loc loc
the third term also converges to 0, so we conclude that

(2.43) e/|V&F=ouy

€

Using similar arguments we treat the other terms appearing in (2.41). Thus we finally
obtain that E. = o(¢), finishing the proof. |
Proof of Lemma 2.2. Suppose (2.11) is not true; then

(2.44) Se = sup Jo(wey).

YyE€Bo
S, =¢eN {

< 31w = rele+8) +o0)}.

Hence

DN =

I{w) = 7 i (¥ = D) + ofe)

where c+6 < minye g, H(y) for some 6§ > 0 (by assumption (H1)). Then, by definition
of S¢ there exists . € I'; such that

215) o) <V {310 e (e 3) +oa)} vyen

Take a sequence &, — 0 and denote ¢, = ¢,,. Let AT be a small fixed neighborhood
of A and m : AT — A a continuous map which equals the identity on A. Define
dn(y) = m(B(pn(y))) for y € B, where 3 is the center of mass defined in (2.4). We
claim that for large n we have

(2.46) Blealw) €A* and Hbuly) 2 e+ VyeB.
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This immediately yields the desired contradiction. In fact, since ¢, (y) = we,, , for
y € By, it follows that ¢, (y) =y for y € By. Hence ¢,, € I" and by definition of ¢, we
have

(2.47) ¢ > min H(¢n(y)),
y€EB
which is impossible in view of (2.46).
We now prove (2.46). The fact that 8(¢,(y)) € AT is obtained by slightly mod-
ifying the arguments in [5, Lemma 1.1]. Thus, we just need to prove the second
statement in (2.46). Suppose it is not true; then there exists y,, € B such that

6
We can assume that ¢, (y,) — 2o € A and then H(z) < c+ 2.
Next we apply Corollary 2.1 to the family of functions u, = ¢, (y,) and obtain
that

(2.48) To(up) > &N {;I(w) e <c + i) + 0(5)} .

Comparing (2.45) and (2.48) we get a contradiction and thus Lemma 2.2 is
proved. ]

By Lemma 2.2, we have by a standard deformation argument the main result of
this section, namely, the following proposition.

PROPOSITION 2.6. The number defined by (2.8) is a critical value of J.. That is,
there is a solution u. € H' to (2.1) such that J.(u.) = S. V ¢ sufficiently small.

3. Proof of Theorem 1.1. In this section, we show that the solution u. to (2.1)
constructed in Proposition 2.6 is a solution of (1.3). The key step is the following
proposition.

PROPOSITION 3.1. If m. is given by me = max,eoq, U (), then

(3.1) lim m. = 0.
e—0

Before we prove the above proposition, we need the following lemma.
LEMMA 3.2. Let z. be the maximum point of u.; then we have

lim H(z.) — ¢,
e—0

where c is the maz-min value defined in (1.5).
Proof. By Lemma 2.3, we have

(3.2) Jo(ue) = N {;I(w) —e(N = 1) H(z.) + 0(6)}
and then
(3.3) limsup H(z.) < c.

e—0

In fact, assuming the contrary we have H(z.) > ¢+ g for € and ¢ small and then we
have a similar situation as in (2.45), so that following the arguments given from there
we get a contradiction.
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On the other hand, let § > 0 and ¢g € I' be such that

min H (¢o(y)) > ¢ — 6.

Then, by (2.5) and the definition of S, = J.(uc), we have

Je(ue) < sup Js(we,%(y))
yeB

< {Lrw) oo iy () + 000

(3.4) <o {;I(w) —ey(N = D)(c - 6) —I—o(s)}.

From here and (3.2) we obtain
H(z.)>c—6+0(1).

Since § is arbitrary using (3.3) we then conclude with the proof. d

We are now in a position to prove Proposition 3.1.

Proof of Proposition 3.1. Suppose, on the contrary, that m. > 6 > 0. Then let
uc(z:) = max,cqus(x). Then z. € A, M — b > 0, and w(b) = a, and by
Lemma 3.2 H(z.) — ¢ as ¢ — 0. We recall that the function . satisfies

At — e + f(ie) + he = 0 in Q,

(3.5) i,
ov

=0 on 092..

Let 7. be a direction, tangent to A. at T2. We assume that T. converges to Ty and
we observe that T Le N, with the notatlonal convention given in the proof of Lemma
2.3. Next we multiply (3.5) by Vi - 7. and we integrate by parts to obtain

2 2
(3.6) / {|qu +% _pa }T ,,_/ hau&
b0, L 2 2

Using the asymptotic expansion (2.21), integrating by parts again, and using the
equation for w we obtain that

9w Jw
o0, OV 8TE

(3.7) = / Ot
Q. OT;

where 4. (t) = w+ te.. For later reference, we write Iy + Iy = I3 above. We first
claim that by slightly modifying 7. we can get I3 = 0. In fact, the normal vector v
near the origin, in a ball of fixed radius Ry > 0, has the form

ve [ [ (T Voo ad - fa)s v

(3.8) =014+ 0(e))en +¢ Z azyi +
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Thus, taking into account that the support of h. shrinks to a point, that he > 0, and
that u. converges to w, we perturb T. so that 7. Ley and I3 = 0, and still keep that
TE — T().

Next we consider I. We observe that

(3.9) /E)RN {Vw - Vo + wey — f(w)qgo} y; =0,

since the function ¢g, the solution of (2.27), is even on the boundary and so is w.
From here, and taking into account (3.8), (2.28), and the convergence of ¢. to ¢g in

WLh1(€,), we find that T = o(c2) and thus

ow Ow
3.10 / Owdw _ oy
( ) o0, OV OT. (%)

Now we turn to study this last term. For this purpose, we obtain an expansion for
derivatives of w near the origin and on the boundary of .. A direct calculation,
using Taylor expansion of the function w and the local representation the boundary,
with the notation given in section 2, gives

(3.11) wy(y, p=(y)) = we(y, 0) + O(e?), 1<¢{<N-1,
and

ou, _ ew 2w
(3.12) 5(% pe(y)) = gm(ps)myz‘yj + gm(pe)ijkyiyjyk + o(e?).

Using evenness-oddness properties of these functions, we see that
/
w
/ we(y,0)7—pijyiy; = 0,
ORY lyl

and then, computing the integral on 0€2., we see that for any R > 0 we have

/

w
/ w3500 (0 ) iyyiys = O(2).
80.NB(0,R) ly|

We also see that

(3.13) / w@(yvo)ﬂpijkyiyjyk = Kpiir,
ORY ly|

where K is a nonzero constant. Then we conclude that

(3.14) Eizfl = pieTt + o(1).

From here and (3.10), taking the limit as ¢ — 0 we find that

(3.15) VH(z)-To =0

and this contradicts hypothesis (H2). 0

Finally we prove Theorem 1.1.
Proof of Theorem 1.1. By (3.1), we have that

ue(z) <a Vaxe .

Hence u. satisfies (1.3) since f(u.) = f(u.) for z & Q. Since eV J.(u.) — LI(w),
by [19] or [23], we have that u. has only one local maximum point z. and z. € A. By
Lemma 3.2, lim._,o H(z.) = ¢. The rest of the proof follows from [19] and [20]. O
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