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ABSTRACT. Via the study of a simple Dirichlet boundary value problem asso-
ciated with the one-dimensional p-Laplacian, p > 1, we show that in globally
nonresonant problems for this differential operator the number of solutions may
be arbitrarily large when p € (1, 00)\{2} . From this point of view p = 2 turns
out to be a very special case.

1. INTRODUCTION

Let us consider the boundary value problem

(1.1) (6'P7%) + f(ul*u) = h(x),  x€(0,T),

(1.2) u(0)=u(T)=0,

where f € C(R,R) and h € C[0, T]. In (1.1) and henceforth ' = d/dx
and 1 < p < 0. It follows from the results of [2], (see also [3]), that (1.1)-
(1.2) possesses at least one solution if f satisfies the asymptotic nonresonance
condition

(1.3) A < llirlninff(s)/s < limsup f(s)/s < 4,
§|—00 |

§|—00

for some k € N. In (1.3), {ln}:‘;l is the sequence of eigenvalues corresponding
to the problem

(1.4) (' P72Y +Auf*u=0, xe(0,T),
(1.5) u(0) = u(T) = 0.
These eigenvalues are given by
kn \?
(1.6) A = (T") , keN,
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where
1
1/p ds
1.7 n =2(p-1 / —_—,
(see [5], [6] or [3]).

We note that condition (1.3) is satisfied if, e.g., f is of class C ! and there
exist constants «, f such that
(1.8) M <a< f(s)SB<hy,,
for some k € N and all s eR.

It is well known that in the case p = 2, the global nonresonance condition
(1.8) also ensures uniqueness of the solution of (1.1), (1.2). At this point a
natural question arises. Given p € (1, oo), does (1.8) suffice for the unique
solvability of (1.1), (1.2)? Our aim in this paper is to show that the answer is
negative if p # 2. To do this, the rest of this paper will consider the boundary
value problem

(1.9) , (P72 + A2 u=1, xe(0,T),
(1.10) (Fy) u0)=u(T)=0
which is obtained from (1.1), (1.2) by setting f(s) =4s, s€eR,and h=1.
We note that in problem (P,) the nonresonance condition (1.8) holds if and
only if 4, <A< 4,,, forsome k € N.
Next let us denote the number of solutions of (F;) by N,(4). For p =2,
that is, for the linear case, elementary calculations show that
1 ifA# (kn/T)* forallk €N,
(1.11) N,(A)={ 0 if A=((2k — 1)n/T)* for some k € N,
o if A= (2kn/T)’ for some k € N.
Thus, for p =2 and A between consecutive eigenvalues, N,(4) =1.
We will show in the next section that for p # 2, the number of solutions of
(P,) can be arbitrarily large. Indeed, and as a consequence of our Theorem 2.1
we will obtain

(1.12) lim N,(2) = 0.

In particular, for p # 2 and A between consecutive eigenvalues, not only
may N,(4) be different from one but also A large implies N,(4) large. Thus,
concerning Np(/l) there is a sharp contrast between problem (P,) under the
nonresonant condition (1.8) for p # 2 and the case p =2.

These findings reveal that the uniqueness problem for (1.1)—(1.2) under global
nonresonance can be highly nontrivial.

Remark. If welet f(0) =0, A =0 in (1.1), (1.2) then (1.8) ensures that u = 0
is the unique solution of (1.1), (1.2). This result is easily shown from Sturm’s
theorem for equations of the form

(&P 2u') +a(x)uf u=0,
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p-LAPLACIAN UNDER GLOBAL NONRESONANCE 133

(see for example [4]), and the fact that an eigenfunction associated with 4 = 4,
n (1.4), (1.5) possesses exactly k — 1 zeros in (0, T).

2. MAIN RESULT AND CONSEQUENCES

In this section we state our main result, Theorem 2.1, and derive some con-
sequences from it. Theorem 2.1 will be proved in the next section.

Together with the sequence {4,},., of eigenvalues of (1.4), (1.5) we will
consider the sequence {u,},., defined by
(2.1) w, = (kp'm,/T)?,  keN.
In (2.1) and henceforth, p’ = p/(p — 1). We observe that W < (=)(>)Ay if
p < (=)(>)2. These numbers u, , k € N, will play an important role in our
results. Indeed, it is their nonuniform distribution with respect to the 4,’s for
p # 2 which produces the existence of a large number of solutions to (P;) for
large 4.

We will say that a function u € C l[0, T] belongs to E,: (E,?) (E,) if u
possesses exactly k — 1 zeros in (0, T') and #'(0) > (=)(<)0.
Theorem 2.1. (a) If A € (0, 4,), then (P,) possesses exactly one solution u, and
ueE .

(b) If A= 4,, then (P,) has no solution.

(c) If A is strictly between A, _, and u,, then (P,) possesses at least one
solution u € E,_, .

(d) If A is strictly between w, and Ay, then (P,) possesses at least one
solution u € E, .

(€) If A=, then (P,) possesses a solution u € E,?.

(f) If A is strictly between u, and A,,, then (P,) possesses a solution u in
E5, and a solution v in E, .
Remark. In contrast with (a) of Theorem 2.1, it is shown in [3] that for p > 2
and A€ (0, 4,) one can always find an & € C[0, I] such that the problem

(&%) +Mulu=h(x), xe(0,T),
ul0)=u(T)=0
admits at least two solutions. We also remark that Anane and Gossez [1] have
studied the resonance-nonresonance problem for the p-Laplacian in the case

where the nonlinearity “lies” to the left of the first eigenvalue.
By combining (a)-(f) of Theorem 2.1 we can easily obtain the following.

Corollary 2.2, Let p € (1, 00)\{2}. Then (P,) is solvable for all A > 0 ex-
cept A = A, and, eventually, those numbers i of the form A = A, _, for k <

/
1lp -2].
From this corollary we obtain, in particular, that (P,) is solvable for all large

positive A. Furthermore, as A goes to infinity the number of solutions Np(l)
of (P,) goes to infinity, as the following estimate shows.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use




134 M. A. DEL PINO AND R. F. MANASEVICH

Proposition 2.3. Let p € (1, ), p # 2. Then the number of solutions N,(4)
of (P,) satisfies

1 1

3TAMP
(2.2) N,(4) 2 7

forall 4> 0. In particular, lim,_, Np(l) =00.

Proof. We will assume p > 2. The case p < 2 can be treated similarly.
Let us fix A > 0 and denote by M f the number of positive integers such that
(f) of Theorem 2.1 holds, i.e.,
i
_ D npk 1p 27tpk
(23) Mf—Cal'd{kGN T</1 <T .

Clearly

(2.4) Mmeax{keN

1/p 1/p
k<?ﬂ }—min{keN‘n <k}+1
p

and hence

1/p 1/p 1/p
(2.5) Mfz(l-l)-(? +1)=&(l,_%)-1.
pT, T T, \p
Next, let us denote by M, (M) the number of positive integers such that
(c) ((d)) of Theorem 2.1 holds. Estimates similar to those for M + yield

TA'? (1 1\ 3
> —_—_—) -z
(26 Me2 T <P' 2) 2’
A7 1 1) 1
> ——Z)=-=Z.
(2.7) M, > - (p, 2) 3
From (2.5)-(2.7) we obtain
3TAP 11
(2.8) N,A) 2 M+ My +mp > = (17_5)_3,

and hence the proposition. 0O

3. PROOF OF THEOREM 2.1
In this section we will prove Theorem 2.1. To this end, we will first study
some properties of the solution to the initial value problem
(3.1) (P72 + Aufu=1,
(3.2) u0)=0 u'(0)=a.
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p-LAPLACIAN UNDER GLOBAL NONRESONANCE 135

We will construct a global solution to this problem. Multiplying both sides of
(3.1) by «' and integrating from 0 to ¢ we find that a solution u to (3.1),
(3.2) must satisfy the energy relation

W@F  lu@F _ lof

33 + u(t).
(3.3) P » e (1)
Let £,(a) be the first positive zero of ' . Thus for ¢ € (0, t,(a))

u(t) » , o 1p
(3.4) t=/ dw/(a +pw—1%5)
0
if >0, and
—u(t) D ' » \1/p
(3.5) z=/ dw/(lof’ - p'w - A2;)
0
if a < 0. Thus, considering the function
S

(3.6) F(s) = /0 dw/(jaf’ +p' sgn(@)w — 12",

where .
(@) { 1 ifa>0,
n =
U=\ 21 ifa<o0
it follows that

(3.7) t(a) = F(q()),
where g(a) is the unique positive root of the equation
(3.8) Ax"[(p = 1) = p’sgn(a)x = |af’ .

Also, from (3.4)-(3.6) and for ¢ € (0, ¢,()], we have

{ F7'¢t) ifa>0,

u(t) = —1 .

-F(t) ifa<O.

Conversely, if we have a function u of the form (3.9) it can be directly verified
that u satisfies (3.1), (3.2) and hence is the unique solution of this initial value
problem on the interval (0, ¢,(a)] with £,(a) defined by (3.7).

Next, let us extend u to obtain a global solution u,(a, ?) to (3.1), (3.2).
Thus define u,(a, t) = u(t) for t € (0, t,(a)], w,(a, t) = u(2t,(a) —t) for
te(t(a), 2t;(a)], and u (e, 1) = u(—a, 2(t;(a)+t,(—a))—t) for t € [2t;(a),
2(t,(a)+t;(—a))] . Finally we periodically extend this function to the whole real
line in a 2(f;(a) + ¢,(—a))-periodic manner. It is easily verified that u,(a, ?)
is of class C' and solves (3.1), (3.2). It can be shown that this is actually the
unique solution of (3.1), (3.2).

We note that the zeros of u,(a, t) are the numbers 2kz,(a)+2(k—é&)t;,(~a),
k € N, ¢ =0 or 1. Clearly, whenever one of these numbers equals 7T~ wc
obtain a solution of (P,).

Next, let us show some properties of the function #,(a) which will be needed
in the proof of Theorem 2.1.

(3.9)
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136 M. A. DEL PINO AND R. F. MANASEVICH

Lemma 3.1. The function t,(a) satisfies
(a) t, is strictly decreasing and continuous on the intervals (—co, 0) and

(b) 5? ’p(:'z?vénts a jump discontinuity at o = 0; more precisely,
(3.10) 0= tim #,(a) < £;(0) = p'm, /22"

(c)
(3.11) lim_#;(a) = 7,/2A"? = Jlim 1,(e).

Proof. From (3.6) and (3.7) follows

q(a) » , s 1/p
(3.12) t(a) = /o dw/(laf’ +p' sgn(ayw — 127

Substituting w = sq(a) in (3.12) and calling on (3.8) with x = g(a) we obtain

1
(3.13) tl(cx):/0 ds/(-—L=p'sgn(a)(1 - 5) + A7 (1 - ")

To examine the behavior of g(a) with respect to a we note that the Implicit
Function Theorem and (3.8) imply that g(a) is of class C' on R\{0} and

dq plaf*a
%(a) =7 p—1 _ :
p (Ag(a) sgn(a))

From the definition of g(a), we easily see that the denominator on the right-
hand side of (3.14) is positive and hence that g(a) is strictly increasing and
continuous for a € [0, oo) and strictly decreasing and continuous for a €
(=00, 0). Thus (a) follows immediately from (3.13).

To show (b) we first observe that g(0”) = 0 and hence from (3.12) we
conclude that lim_ _ - ¢,(a) = 0. Next, setting a = 0 in (3.13) and using the

fact that ¢(0) = (p/A)"/®~" from (3.8), we obtain

(3.14)

- 1)1/”/l ds
3.15 t,(0)=|—— _
(3.15) 2(0) ( 7 0 (s—s2)7?
The substitution s = 7° in (3.15) yields
_ p-1 1/p rl1 p'd‘t _p'ﬂp
(3.16) £,(0) = (—'1 ) /O T =

This shows (b). Finally, to show (c), we note that g(a) — +o00 as |a| — .
Letting a go to +oo in (3.15), it follows from the Dominated Convergence
Theorem that

. 3 p—1 l/p p1 ds o=,
(3.17) o2 (2] = (T) /o (1—s?)lVe — 310p"

This concludes the proof of (¢) and hence the lemma. O
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p-LAPLACIAN UNDER GLOBAL NONRESONANCE 137

With these preliminaries we are now ready to prove Theorem 2.1. For no-
tational simplicity, throughout the proof we will assume T = m,. In this case

A, =k’ and p, = (p'k)?, k eN.

Proof of Theorem 2.1. (a) Assume that 0 < A < 1. Then from Lemma 2.1
we find 2¢;(a) > n, for o > 0. Hence there is no solution of (P,) with
nonnegative derivative at ¢ = 0. Again from Lemma 3.1, but for a < 0, we
see that there is a unique " < 0 such that 2¢;(a”) = m,. It follows that
u,(a”, t) is the unique solution of (P,) and it belongs to E; .

(b) Suppose that A = 1. The absence of solutions to (P;) in this case follows
directly from the facts that 2¢,(a) > T, for a >0, and 2¢,(a) < m, for a<O0.

(c) We assume 4 strictly between 4,,_, and g4, i.e., A7 is between 2k —1

and p'k . Let us consider the function
(3.18) fla) =2(k = 1)(t,(a) + t,(—a)) + 2t,(a).

From Lemma 3.1 we see that f is continuous on (0, co), f(0%) = p'knp/ll/” ,
and lim__, _ f(a) = (2k—1)7,/A'? . Now, the fact that A'"? is strictly between
2k —1 and p'k implies the existence of @ > 0 such that f(a@) = m, , and hence
u(t) = uy(a, t) is a solution to (P,) with exactly 2k — 2 inner zeros. Clearly
ueky, .

(d) The proof is analogous to that of (c) except that this time we consider
the function

(3.19) fla) = 2k(t;(a) + t;(~a)) + 2t,(a)

on the interval (—oc, 0).

(e) If A = p,, then AY? = kp'. This implies that 2kt;(0) = =, and,
therefore, u(t) = u,(0, t) is a solution of (P,) with exactly k — 1 inner zeros.
Clearly u € E,? . We note that in this case all the zeros of u are double.

(f) Suppose finally that A is strictly in between kp’ and 2k . For this case
we define

(3.20) Sfla) = 2k(t;(a) + 1;(-a)).
Clearly f is continuous on each of the intervals (—oo, 0) and (0, c0). Also
f(o*) = p'knp/ll/p and lim__ ,  f(a) = 2k7tp/).l/p. Reasoning as before we

obtain the existence of solutions u, v of (P,) with u € E;, and v € E,, .
This concludes the proof of the theorem. 0O
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