PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 112, Number 1, May 1991

EXISTENCE FOR A FOURTH-ORDER
BOUNDARY VALUE PROBLEM UNDER A
TWO-PARAMETER NONRESONANCE CONDITION

MANUEL A. DEL PINO AND RAUL F. MANASEVICH

(Communicated by Kenneth R. Meyer)

ABSTRACT. We show existence for a nonlinear fourth-order boundary value
problem under a nonresonance condition involving a two-parameter linear eigen-
value problem. We also state extensions of this result to certain higher-order
P.D.E. cases.

1. INTRODUCTION

In this paper we are mainly concerned with existence for a fourth-order
boundary value problem of the form

(1.1) YW= fx,p,9")  0<x<1

(1.2) yO) =yo, W)=y, YO =¥, Y'(1)=¥
where f:[0, 1] xR x R — R is continuous. Our aim is to establish additional
conditions on f which ensure the solvability of (1.1)-(1.2) for any y,, y,,
)_) 0° 7 1°

In [1], Aftabizadeh showed the existence of a solution to (1.1)-(1.2) under
the restriction that f is a bounded function. In [ 3, Theorem 1], Yang extended
this existence result, letting f satisfy a growth condition of the form

(1.3) If(x,y, 2)| <aly| +blz| +¢
for all x € [0, 1]. Here, a, b, and c are positive constants such that
a b
1.4 —+ =<1
(1.4) )

Yang’s result also extended a previous work of Usmani [2], who considered
an f of the form f(x,y,y") = g(x)y + h(x) with SUP, 10,1y 18(X)| < .
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Yang further proved the unique solvability of (1.1)-(1.2) for f of such form,
but with g satisfying the nonresonance condition
(1.5) (kn)* < g(x) < ((k + )m)*

for some k € N and for all x € [0, 1].
We note here that the sequence {(k7z)"},‘:‘;l corresponds to the eigenvalues
of the problem

(1.6) =2y,
(1.7) (0) =0 =y(1) =y"(0) = y"(1).
In §2 of this paper we study the two-parameter eigenvalue problem
(1.8) Y =ay -y,
(1.9) »(0)=0=y(1) =y"(0) =y"(1),

which generalizes (1.6)-(1.7). In §3, using the results of §2 and a more general
condition than that given by (1.3)-(1.4) we considerably extend the abovemen-
tioned results.

Our results can also be generalized to higher-order equations, as well as to
some semilinear elliptic problems. In this direction, in §4 we show one possible
generalization.

2. PRELIMINARY RESULTS

We begin this section by solving the eigenvalue problem (1.8)-(1.9). A pair
(a, B) such that (1.8)-(1.9) possesses a nontrivial solution will be called an
eigenvalue pair. A corresponding nontrivial solution will be called an eigen-

function.
Proposition 2.1. (a, B) is an eigenvalue pair of (1.8)-(1.9) (if and only if)
@.1) LEN AN

G
for some k € N.

Proof. Let Ly =y". Then

(2.2) W+ By —ay = (L+r)(L+n)y

for some r,, r, € C. It is easy to see that if (1.8)-(1.9) possesses a nontrivial
solution, then either r, = (km)? or r,= (km)* for some k € N. In either case,
sinkznx is a nontrivial solution of (1.8)-(1.9). By substituting this solution

into (1.8), (2.1) follows. Reciprocally, if (2.1) holds, then clearly sinkzx is a
nontrivial solution of (1.8)-(1.9). O

Next, for j € N, let us set
(2.3) Lj={(a,ﬂ)| o B 1}.

T
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In view of the above proposition, we call L; an eigenline of (1.8)-(1.9). We note
that an eigenvalue pair (a, f) can belong to at most two eigenlines. If (a, 8)
belongs to just one L T then the corresponding eigenspace is that spanned by
sin jax. If (a, B) belongs to Lj N L, then the corresponding eigenspace is
that spanned by sin jzx and sinknx.

Suppose now that the pair (a, ) is not an eigenvalue pair of (1.8)-(1.9);
ie.,

a B

£ 21
kn)zsé ,

for all Kk € N and that 4 € L2(0, 1). From, for example, the Fredholm
Alternative, it follows that the boundary value problem

(2.5) Y =ay - gy + h(x),

(2.6) ¥(0)=0=y(1)=y"(0) =»"(1)

has a unique solution for each & € L? (0, 1). Moreover, this solution admits a
Fourier series expansion of the form

= h, sinknx
2.7) y(x) = kE::l pEm S T
where
(2:8) hx) = by sinknx,
k=1
Also, we have that
(2.9) () = i k*nh, sinkmx

=1 k*n* — o — Bk’

From (2.8) and (2.9) we can easily see that the operators A, B: L2(0, 1) —
L*(0, 1) defined by,

(2.10) Athy=y,  Bh)=y"

are compact linear operators. In (2.10), y is the solution of (2.5)-(2.6) cor-
responding to h € L’ (0, 1). The norms of 4 and B are respectively given
by

(2.11)

1 k*n?
A|| = max , ||B|| = max .
il keu{|k“n4-a-pk2n2|} 1Bl keN{|k4n4—a—ﬂk27z2|}
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3. EXISTENCE UNDER A NONRESONANCE CONDITION
In this section we state and prove our main result.
Theorem 3.1. Assume that the pair (o, B) satisfies
o B
(3.1) ——+—= #1,
(km)* * (km)?
for all k € N, and that there are positive constants a, b, and ¢ such that

1 kn?
3.2 ama + bmax <1.
(3.2) kelg‘{|k47z4—a—,8k27t2|} e {|k4n4—a—ﬂk21z2|}

and

(3.3) |f(x, ¥, z) = (ay — Bz)| < aly| + blz| + ¢

forall x€[0,1], y €R, z € R then problem (1.1)-(1.2) possesses at least one
solution.

Before going into the details of the proof, we first note that Theorem 1 of [3]
follows from Theorem 3.1 by just setting («, §) = (0, 0). Also, we note that
(3.1)=(3.2) trivially implies that

a + bk’n?
|k*n* —a— kY |k*n* - a - Bkin?|
for all k € N. It turns out that (3.4) is equivalent to the fact that the square
l[a—a,a+a]x[B—b, B+ b] does not intersect any of the eigenlines L; of

(1.8)-(1.9). From this point of view (3.1)-(3.2) can be thought of as a two-
parameter nonresonance condition relative to the eigenlines L ;e In particular,

in the case of f of class C ! what Theorem 3.1 says is roughly that if for large
|y| +|z| the pair
of of
(5 52)

lies on a certain closed rectangle in R? which does not intersect the eigenlines
L;,jeN, of (1.8)-(1.9), then problem (1.1)-(1.2) is solvable. Finally, we
conjecture that (3.4) instead of (3.2) suffices for the validity of Theorem 3.1.

<1

(3.4)

Proof of Theorem 3.1. Without loss of generality, we can suppose y, =0=y, =
¥, =7, in (1.2). Let us define T: L*(0, 1) x L*(0, 1) —» L*(0, 1) x L*(0, 1)
by

(35) T, 2)=(A(f(, ¥, 2) = (- B2)), BU(, ¥, 2) = (¥ = B2))),

where 4 and B are the operators defined in (2.10). The growth condition
(3.3) together with the compactness of 4 and B imply that T is a completely
continuous operator. Also, it is clear that (1.1)-(1.2) is equivalent to the fixed
point problem in L%(0, 1) x L*(0, 1)

(3.6) »,2)=T@, 2).
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We will study this fixed-point problem by means of the well known Leray-
Schauder Theorem. To do this, we show that there is a uniform bound inde-
pendent of ¢ € [0, 1] for the solutions of the equation

(3.7) ¥, z)=1tT(y, 2).

Thus let (¥, z) be a solution of (3.7). From the definition of T and (3.3), we
obtain the result that

(3.8) IIVl2 < [l4li{allyll 2 + bllz]| 2 + ¢}
and
(3.9) [1zl2 < [IBI{allyll 2 + bllzl| 2 + ¢}

By combining (3.8) and (3.9) and using (3.2) and (2.11), we obtain the existence
of a constant K = K(a, b, c, ||4]|, ||B||) such that

(3.10) Wl + Mzl < K.

From the Leray-Schauder Theorem we conclude the existence of at least one
solution to (3.6), and the theorem follows. [

Remark. The uniqueness of the solution predicted by Theorem 3.1 can be easily
shown if we replace (3.3) by the stronger Lipschitz-type condition

@11 |(f(x,y, z)—(ey—B2)-f(x,V,Z)— (¥ - BZ) < aly-Y|+b|z-Z|.
In the case that f(x, y, z) is of class c'in (¥, z), (3.11) is equivalent to

f

i} of
(3.12) w(x,y,z)—a <a, 5% Y,2) =B <b
for every x € [0, 1], y and z in R. For example, if
(3.13) f(x,y, z)=g(x)y+h(x),

with g and % continuous in [0, 1], we recover the uniqueness assertion of
Theorem 2 of [3] by setting # =b =0 in (3.12).
4. AN EXTENSION OF THEOREM 3.1

Theorem 3.1 can be generalized to some higher-order elliptic problems. We
establish here one possible extension.

Let Q be a bounded domain in R” and f: QxR"” — R” satisfy a Carathéo-
dory condition. Consider the problem

(4.1) (-A)"u=f(x,u, —Au, ..., (-A)" " 'u),

(4.2) u, —Au, ..., (-A)""'ue H)(Q).

By a solution of (4.1)-(4.2), we understand a weak solution (z,, ..., z,_,) €
(H&(Q))” of the system

(4.3) -Az,_ =z

;» fori=1,...,n-1
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(4.4) -Az, =f(x,z;,...,2,_ ). o

Let {4,},., be the sequence of eigenvalues of —A under Dirichlet boundary
conditions. We have the following existence result, whose proof can be carried
out using the same arguments employed in proving Theorem 3.1.

Theorem 4.1. Assume that there are real numbers o, «a,, ..., a,_, , such that

[0
(4.5) D+t 2L 21 forallkeN
A AL k
and positive constants a,, a,, ..., a,_,, C, Such that
(4.6) a.max{ - - } <1
o keN |2y - XI5 el

and such that

n—-1 n—1
(4.7) FX, S eees Sy ) = Y asi| <) als] +e,

i=0 i=0
forall x € Q, s5,..., s,_, € R. Then (4.1)-(4.2) possesses at least one
solution.

Uniqueness can be obtained replacing (4.7) by a Lipschitz condition similar
to (3.10).
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