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We investigate stable solutions of elliptic equations of the type

(=A)Y’'u=Af(u) in B CR"
u = 0 on (3Bl,

where n>2, s € (0,1), 1 >0 and f is any smooth positive superlinear function.
The operator (—A)* stands for the fractional Laplacian, a pseudo-differential
operator of order 2s. According to the value of 1, we study the existence and
regularity of weak solutions u.

Keywords Boundary reactions; Extremal solutions; Fractional operators.

Mathematics Subject Classification 35J25; 47G30; 35B45; S3A05.

1. Introduction

We are interested in the regularity properties of stable solutions satisfying the
following semilinear problem involving the fractional Laplacian

(=A)*u = 2f(u) in By,

1.1
u=20 on 0B,. (.0
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Here, B, denotes the unit-ball in IR”, n > 2, and s € (0, 1). The operator (—A)* is
defined as follows: let {¢,}*, denote an orthonormal basis of L?(B,) consisting
of eigenfunctions of —A in B, with homogeneous Dirichlet boundary conditions,
associated to the eigenvalues {1 }5>,. Namely, 0 < u; < pt, < 3 <--- <y = +oo,

'[Bl @j¢, dx =9,, and

—A@, = e, in B
¢, =0 on 0B;.

The operator (—A)’ is defined for any u € C°(B,) by

(—AYu =Y puer (1.2)

k=1

where

u=>y up,, and u, :f ug, dx.
k=1 By

This operator can be extended by density for u in the Hilbert space

H:{ueLZ(B,):||u||§,=zu;|uk|2<+oo}. (1.3)
k=1

Note that

H'(B)) ifse(0,1/2),
H=H)J B) ifs=1/2,
Hy(B) ifse(1/2,1),

see Section 2 for further details. In all cases, (—A)*: H — H’ is an isometric
isomorphism from H to its topological dual H'. We denote by (—A)~* its inverse,
e, fory € H', ¢ = (—A)~y if ¢ is the unique solution in H of (—A)*¢ = .

The boundary condition # = 0 that appears in (1.1) has to be interpreted with
some care if 0 < s < 1/2, see the discussion in Section 2.

We will assume that the nonlinearity f is smooth, nondecreasing,

f(0) >0, and lim M =

u—>+oo Y

+o0. (1.4)

In the spirit of [3], weak solutions for (1.1) are defined as follows: let ¢, > 0 denote
the eigenfunction associated to the principal eigenvalue of the operator —A with
homogeneous Dirichlet boundary condition on B, normalized by |25, = 1.

Definition 1.1. A measurable function u in B, such that [, s, lul@y dx < +oo and
fBl f(u)g, dx < +o0, is a weak solution of (1.1) if

/ w dx = z/ Fu) (=AY dx, for all y € C¥(B,). (1.5)
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The right-hand side in (1.5) is well defined, since for every y € C°(B,), there
exists a constant C > 0 such that [(—A)*y| < C¢,; see Lemma 3.1 and its proof.

The boundary condition u = 0 that appears in (1.1) is implicitly present in the
weak formulation (1.5), similarly as in [3]. If u € C(B,) is a weak solution then one
can deduce that u vanishes on the boundary.

We shall be interested in weak solutions of (1.1) having the following stability

property.

Definition 1.2. A weak solution u of (1.1) is semi-stable if for all y € C*(B))
we have

[ 8P dx = [ @yt dx. (1.6)
B, B,
The following result gives the existence of solutions according to the values of 4.

Proposition 1.3. Let s € (0, 1). There exists 2* > 0 such that

o for 0 < A < A%, there exists a minimal solution u, € HNL*(B;) of (1.1). In
addition, u, is semi-stable and increasing with A.

e for i = 7% the function u* =lim, ,,. u; is a weak solution of (1.1). We call i*
the extremal value of the parameter and u* the extremal solution.

o for . > 7%, (1.1) has no solution u € H N L*(B,).

For the proof, see Section 3.

Remark 1.4. Proposition 1.3 remains true when B, is replaced by any smooth
bounded domain.

Remark 1.5. For 0 < 4 < 4*, the solution u, is minimal in the sense that u; < u
for any other weak solution u. In particular, u, and u* are radial. In addition, u,
and u* are radially decreasing (see Section 4) and u; € C*(B;) N C*(B,) for o €
(0, min(2s, 1)) (see Section 2). If u* is bounded, then we also have u* € C*(B;) N
C*(B,) for « € (0, min(2s, 1)), using again Section 2.

Here is our main result, concerning the regularity of the extremal solution u*.

Theorem 1.6. Assume n > 2 and let u* be the extremal solution of (1.1). We have that:

@) Ifn <2(s+2+/2(s+ 1)) then u* € L*(B)).
®) Ifn=2(s+2+/2(s+ 1)), then forany p > n/2 —1—~/n—1—s,

there exists a constant C > 0 such that u*(x) < C|x|™" for all x € B,.

Remark 1.7. In particular, for any 2 <n <6, any s € (0,1), and any smooth
nondecreasing f such that (1.4) holds, the extremal solution is always bounded.

Remark 1.8. We do not know if the bound n < 2(s +2 4+ ,/2(s + 1)) is optimal for
the regularity of u*. We note however that lim,_ - 2(s + 2 + /2(s + 1)) = 10, and
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that the extremal solution of

—Au = Af(u) in Q (1.7)
u=20 on 0Q)

is singular when Q = B,, f(u) = ¢", and n = 10 (see e.g., [18]).

Nonlinear equations involving fractional powers of the Laplacian are currently
actively studied. Caffarelli, Salsa and Silvestre studied free boundary problems for
such operators in [11, 12]. Cabré and Tan [10] obtained several results in analogy
with the classical Lane-Emden problem —Au = u”, posed on bounded domains and
entire space, related to the role of the critical exponent. Previously, some authors
considered elliptic equations with nonlinear Neumann boundary condition, which
share some properties with semilinear equations of the form (1.1), see e.g., [9, 14].

Equation (1.1) is the fractional Laplacian version of the classical semilinear
elliptic equation (1.7). When f(u) = ¢“, (1.7) is known as the Liouville equation [21]
or the Gelfand problem [16]. Joseph and Lundgren [18] showed in this case that if
Q is a ball, then the extremal solution u* of (1.7) is bounded if and only if n < 10.
Crandall and Rabinowitz [13] and Mignot and Puel [22] proved that if f(u) = ¢ and
n < 10 then for any smoothly bounded domain Q, u* is bounded. Using Hardy’s
inequality, Brezis and Vazquez [4] provided a different proof that u* is singular
when Q = B, and n > 10. For some other explicit nonlinearities, such as f(u) =
(14 u)? with p > 1 or p < 0, the critical dimension for the regularity of the extremal
solution is known (for further details see the above mentioned references). For
general nonlinearities, Nedev [23] proved that for any convex function f satisfying
(1.4), and any smooth bounded domain Q) C IR", n < 3, u* is bounded. This result
has been extended by Cabré to the case n =4 and () strictly convex [5]. Finally,
Cabré and Capella [6] showed that if Q) is a ball and n < 9 then for any nonlinearity
f satisfying (1.4), the extremal solution is bounded.

Theorem 1.6 is an extension to the fractional Laplacian defined by (1.2) of
this result. There are other nonequivalent (see [24]) ways of defining the fractional
Laplacian in B;. Roughly speaking, interior regularity results for these operators are
the same, but boundary regularity is different. As in [6], the proof of Theorem 1.6
uses the stability condition to deduce weighted integrability of a radial derivative
of the solution, in a way which is independent of the nonlinearity. Since we work
with radially decreasing solutions, this information is relevant near the origin,
and therefore one can expect that for other definitions of fractional Laplacian
Theorem 1.6 would also hold true with the same restriction on n and s. The optimal
condition for n and s, can still depend on the definition of the fractional Laplacian.

2. Preliminaries
2.1. Functional Spaces
We start by recalling some functional spaces, see for instance [20, 25]. For s > 0,

H*(R") is defined as

H(R") = {u € L*(R") : |&[*u(¢) € L*(R")}
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where # denotes the Fourier transform of u, with norm

el sy = (L + 1E1) (D ] 2oy

This norm is equivalent to

|u(x) — u()? 2
el + ([ [ D aray)

Given a smooth bounded domain ) C IR" and 0 < s < 1, the space H*(Q) is
defined as the set of functions u € L?(Q) for which the following norm is finite

Ju(x) = u(y) )“Z
o =l + ([ [ S dxdy)
H¥ () I ||L2(Q) < alo  |x—y|t y

An equivalent construction consists of restrictions of functions in H*(R"). We define
Hj(Q) as the closure of C*(Q)) with respect to the norm || - |- It is well known
that for 0 < s < 1 , Hj(Q) = H*(Q), while for 1/2 < s < 1 the inclusion Hj() €
H*(Q) is strict (see Theorem 11.1 in [20]).

The space H defined in (1.3) is the interpolation space (Hj (), L*(Q)),,, see
for example [2, 20, 25]. Here we follow the notation from [25, Chap. 22]. Lions and
Magenes [20] showed that (H§(Q), L*(Q)),, = Hj(Q) for 0 < s < 1, s # 1/2, while

flul

(H(Q), L ()10, = Hyj ()

where

Hy’(Q) = {u e H*(Q): / u(x)?

d ’
0 d “* T +°°}

and d(x) = dist(x, 0Q) for all x € Q.

An important feature of the operator (—A)* is its nonlocal character, which is
best seen by realizing the fractional Laplacian as the boundary operator of a suitable
extension in the half-cylinder Q) x (0, o0). Such an interpretation was demonstrated
in [12] for the fractional Laplacian in IR”. Their construction can easily be extended
to the case of bounded domains as described below.

Let us define

€ =Q x (0, +0),
0,€ = 0Q x [0, +o0).
We write points in the cylinder using the notation (x, y) € € = Q x (0, +00).
Given s € (0, 1), consider the space H; ; (y'~*) of measurable functions v : € —

R such that v € H'(Q x (s,7)) forall 0 < s < t < +00, v =0 on §, € and for which
the following norm is finite

2 _ 1-2: 2
||v||H01‘L().l—2s) _/;)y v|V‘U| d.xdy.
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Proposition 2.1. There exists a trace operator from Hj,(y'™>) into H(L).
Furthermore, the space H given by (1.3) is characterized by

H={u=trquv:ve H&L(yl’z“)}.

Proof. For the case s = 1/2 see Proposition 2.1 in [10].
We consider now s # 1/2. Restating the results of Paragraph 5 of Lions [19],
there exists a constant C > 0 such that

l[v(, 0)”%{\'(]}@) <C y (v2 + |VU|2) dx dy,

R % (0,400)

whenever the right-hand side in the above inequality is finite. Now for any v €
H(; L(yl—Zs)’

/ yI2? dxdy < C/ yi=2 |Vv|2 dxdy,

as follows from the standard Poincaré inequality in ). Hence, extending v by zero
outside €, we deduce that

(s Ol sy < C||”||H0“L(y172r)-
This inequality shows that there exists a linear bounded trace operator
trg H&L(yl_h) — H'(Q).

This operator has its image contained in Hj({}). This is direct for 0 <s <
1/2 because in this case Hj(2) = H°(Q). If 1/2 <s <1 we argue that any v e
Hj , (y'~*) can be approximated by functions in Hj, (y'~*) that have support away
from 0, €. The trace of any such function has compact support in ) and is therefore
in Hj(€2). In all cases, this implies that the image of the trace operator is contained
in H.

Let us prove trg : H(}’ . (»'7%) — H is surjective. Take a function u € H and let
us prove that there exists v € Hy, (y'™*) such that tr,(v) = u. Write its spectral
decomposition u(x) = Y b.¢.(x) and consider the function

+o0
v(x,y) = 3 be ()8 (), 2.1
k=1
where g, satisfies
, 1-=2s, .
&+ Tgk — 8 =0 in (0, +o0) (2.2)
&0) =1 g(4o0) =0. (2.3)

This ODE is a Bessel equation. Two independent solutions are given by y*I (/1Y)
and y'K (\/iy), where I, K, are the modified Bessel functions of the first and
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second kind, see [1]. Since I, increases exponentially at infinity and K, decreases
exponentially, the solution we are seeking has the form

() = ' K (V1Y)

It is well-known that K (f) = at™* + o(¢~*) as t — 0, where a > 0. Therefore, one
can choose ¢, such that g,(0) = 1 and one can see that g, can be written in the form

() = h(Vy),

for a fixed function h that verifies 2(0) = 1 and /() = —ct>*~' 4+ o(t) as t — 0, for
some constant ¢ = ¢, ; > 0 depending only on s and n. This implies that

Tim —y"2g,(0) = e, 1 (2.4)

Since each of the functions g, decreases exponentially at infinity we see that v
defined by (2.1) is smooth for y > 0, x € ) and moreover satisfies

div(y! W) =0 in €.

Let us check that v € Hy, (y'~*). For any y > 0, by the properties of ¢,:
[ 190 )P dx = 3 B (a0 + £ ()°).
k=1

Integrating with respect to y over (6, +o00) where ¢ > 0:
[ [y v P dedy = X0 50080 (2.5)
k=1

From the ODE (2.2) we deduce that g, > 0, g, < 0 and g,(y)y' ™ is non-decreasing.
Thus, if §; | 0, i — oo is a decreasing sequence, —8! g} (5;)g,(J;) is increasing. By
monotone convergence and thanks to (2.4) we deduce

00 +oo
[ ] 5V )P dxdy = e, 3 bl

k=1

This proves that H C tro (H; , (y'™)). 0

Let us remark that if u € H, then the minimization problem

min{/ Y EIVP dxdy v e Hy  (y'7%), tro(v) = u}

has a solution v € Hj,(y'~*), by the weak lower semi-continuity of the norm

Il I (1> and continuity of tr,. Moreover the minimizer v is unique, which follows
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e.g. from the strict convexity of the functional. By standard elliptic theory v(x, y) is
smooth for y > 0 and satisfies

div(y!"*Ww) =0 in €

v=20 on 0,6

v=u on ( x {0}
where the boundary condition on Q x {0} is in the sense of trace. For each y > 0
we may write v(x,y) =D ;. ¢ (x)g(y) where g.(y) = fu @ (x)v(x, y) dx. Since
v(-,y) = u in L?>(Q) as y — 0, g,(0) are the Fourier coefficients of u, that is u =
> et 8:(0),. Then we deduce that g.(y) is smooth for y > 0 and satisfies the ODE

(2.2). One can check that g, (y) — 0 as y — oo and therefore g, (y) = ¢,y K,(/1;y)
for all y > 0 and some ¢, € IR. Then, similarly as in (2.5), we obtain for 6 > 0

7[R O drdy = (- g 080D (26)
R k=1

Arguing as before, for each k

1-2s 7

lim(=y g (&) = et g (0).

We deduce from (2.6) that

2 _ s _ 2
luliy = 32 i) = elvlfy o

In what follows we will call v the canonical extension of u.
2.2. Solvability for Data in H™*(Q)
This section is devoted to prove the following lemma:
Lemma 2.2. Let h € H'. Then, there is a unique solution to the problem:
find u € H such that (—A)’u = h. 2.7

Moreover u is the trace of v € H&L(yl’zs), where v is the unique solution to

div(y!=»W) =0 in €
v=20 on 0,€ (2.8)
—lirré(yl_hvy) =c,h on Q x {0}

y%

where c, ;> 0 is a constant depending on n and s only.

Remark 2.3. Equation (2.8) is understood in the sense that v € H& (') and

Cns (s tro () on = f( VTPVl dxdy forall { € Hy, (v'), (2.9)
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where (, ) 5 is the duality pairing between H and H'. The constant c, , is the same
constant appearing in (2.4).

Remark 2.4. If 1/2 < s < 1, instead of (2.7) we could use the notation

(=A)Yu=h inQ (2.10)
u=20 on 0Q)

since for these values of s there is a trace operator from H to L*(dQ) and
the boundary condition can be interpreted in this sense. For 0 < s < 1/2 this
interpretation is no longer possible. We will see later that if 4 is bounded then the
solution u of (2.7) has a representative that is continuous up to the boundary, with
zero boundary values, so the notation (2.10) is justified in this case. Note however
that for 0 < s < 1/2 and for arbitrary h € H', u = 0 on 0Q) does not have a clear
meaning. For instance, h = (—A)*1 € H' and the solution to (2.7) is u = 1. For
simplicity, from here on we use the notation (2.10) even if it is not entirely correct,
and it will always mean (2.7).

Proof of Lemma 2.2. The case s = 1/2 was treated in [10].

The space H' can be identified with the space of distributions & =) ;- h.¢,
such that Y3, A2 < oo. Then, it is straightforward to verify that for any h € H’
there is a unique u € H such that (—A)*u = h. Fix now h = ¢, for some k > 1
and let u = y; ¢, so that (—A)*u = h. By the Lax—Milgram theorem, there is a
unique v € Hy, (y'*) such that (2.9) holds. Letting g, denote the unique solution
of (2.2)—(2.3), by a direct computation, we find that

v(x, y) = 1 @ ()8 ()

solves (2.9), with h = ¢, and its trace is given by y; *¢, = u. This proves the lemma
in the case h = ¢,. By linearity and density, the same holds true for any h € H'. O

2.3. Maximum Principles
We say h € H' satisfies h > 0, if

(h, )y =0 forall pe H, ¢ >0. (2.11)
Lemma 2.5. Let n > 1 and QO C R" any bounded open set. Take h € H' and let u €
H be the corresponding solution of (2.7). Let also v € H}(y'=%) denote the canonical
extension of u. If h > 0, then u > 0 a.e. in Q) and v > 0 in 6C.

Proof. Simply use v~ as a test function in (2.9). |

Lemma 2.6. Ler Q) C R" denote any domain and take R > 0. Let v denote any locally
integrable function on Q x (0, R) such that

/ V' 7BV dx dy < +o0.
Qx(0,R)
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Assume in addition that
—V-O""*W) =0 in Qx(0,R),

v>0inQ x (0,R), and —yl’zsv),|y=0 > 0 in Q in the sense that
/ V"BV Ve dxdy > 0
Qx(0,R)

forall L € H'(y'=2, Q x (0, R)) such that { > 0 a.e. in Q x (0, R) and { = 0 on 68 x
(0,R) U Q x {R}.
Then, either v = 0, or for any compact subset K of Q) x [0, R),
ess inf v|g > 0.
Proof. Let v denote the even extension of v with respect to the y variable, defined

in Q x (—R, R) by

B(x,y) = v(x,y) ify>0,
= v(x, —y) ify <O.

Then,
/ YIBVIVE dx dy > 0,
Qx(—R,R)

for all { € H'(y'~%, Q x (=R, R)), such that { > 0 a.e. in Q x (=R, R) and { =0 on
J(Q x (=R, R)). By the results of Fabes, Kenig, and Serapioni (see Theorem 2.3.1
and the second line of equation (2.3.7) in [15]), either ¥ = 0, or ess inf |, > 0 for
any compact set K of Q x (=R, R). |
Lemma 2.7. Let Q) C IR" denote an open set satisfying an interior sphere condition at

some point x, € 08}, that is, x, € 0B,(x,) for some ball B,.(x|) C Q.Let R > 2 and let
v denote any measurable function on Q x (0, R), v >0, v # 0, such that

/ yl_zs|Vv|2 dxdy < +oo.
QOx(0,R)
Assume in addition that
—V.-('"FW) =0 in Q x (0,R),
and —y'"*v |,_ > 0 in Q in the sense that
[ YW Vdxdy =0
Qx(0,R)

forall { € H'(y'7%,Q x (0, R)) such that { > 0 a.e. in Q x (0, R) and { = 0 on 0Q) x
(0,R) U Q x {R}.
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Then, there exists € > 0 and a constant ¢ = ¢(R) > 0 such that
v(x, y) = clx — x|

for all x in the line segment from x, to x, with |x — x,| < € and all y € [0, R — 2).
Proof. Take an interior sphere B which is tangent to Jd€) at x,. Translating and
dilating Q) if necessary, we may always assume that B is the unit ball centered at the
origin. Take o« > n — 2 to be fixed later and consider z = z(x, y) the function defined
by

26, y) = (1+y*) (e —e ®D)(|x|™* = 1) forx#0 and ye[0,R—1].

We compute

Az =(1+y*) (e —e ®Dya(a — (N —2))|x| 2,
Tim (—y'7'2,) = =2s(1 = ® V) (x| = 1) for x 0,

1—2s

y 2z, = =4 [(1 —5) + (1 +9)y* — 3 = V(x| * = 1)

Zyy

If y* > (1 +35), then z,, + %Zy >0and V- (y'"*Vz) > 0.If y* < (1 +5), then z,,, +
=2z, < C(Jx|"* = 1). Choosing o large enough, we deduce that

V-('"*Vz) >0 forall x#0, yel[0,R—1].
Now, let v be as in the statement of the lemma. By Lemma 2.6, ess inf v|x > 0,
on K = 0B, x [0, R—1]. Choose 6 >0 so small that v > dz a.e. on K. By the
maximum principle, applied in the region (B,\B ;) x (0, R — 1), we deduce that v >

dz in this region. d

Lemma 2.8. Let O C R” be a bounded open set with smooth boundary. Let v denote
a measurable function on Q x (0, +00), such that

/ yl—2s|vv|2 dx dy < 400 for all R > 0
Ox(0,R)

Assume that v > 0 on 0Q x (0, 4+00), that
-V. (yl’z“Vv) >0 in Qx(0,R),

and _y1—25

v_\.|y:O > 0 in Q in the sense that
/ Y2V VW odxdy > 0
Qx(0,R)

forall L € H' (3%, Q x (0, +00)) with compact support in  x [0, +00) such that { >
0and { =00ndQ x (0,R) U Q x {R}.
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If there exist C > 0 and m > 0 such that
lu(x, )| < C(L+|y|™) for all (x,y) € Q x (0, +00), (2.12)
then v > 0 in Q x (0, 4o00).
Proof. Take R > 0 such that Q C Bg(0). Let ¢, denote the first eigenfunction

of —A in Bg(0) with zero Dirichlet boundary condition and let u; > 0 be its
corresponding eigenvalue. Let 1 > 0 to be chosen and set

2(x,y) = @p(x)(e” = 2).
We compute

e

-1 )
V. (yliz'gVZ) — y125|:_ Lig —‘1-/12 + )2(1 _ 2s)eﬂly ;Ly i|ng(x)e&)’.

By choosing 4 > 0 small we have V- (y!">Vz) < 0 in Bg(0) x (0, +00). Let € > 0.
By (2.12) there exists L > 0 such that v+ ez >0 for x € Q and y > L. Using the
maximum principle in the form of Lemma 2.5 we deduce that v+ €z >0 in Q x
(0, L). Letting L — oo we conclude that v+ €z >0 in Q x (0, 400). Finally, by
letting € — 0 we obtain the stated result. O

2.4. Interior Regularity

In this section, we study the extension problem (2.8), when % is bounded or belongs
to a Holder space. The proof of the next lemma can be found in [8, Lemma 4.4].

Lemma 2.9. Lethe H andv € H(}YL(yl’Z‘Y) denote the solution of (2.8). Then, for any
w CC Q, R >0, we have

() If h € L*(Q), then v € C¥(w x [0, R]), for any B € (0, min(1, 2s)),
(i) If h € CF(Q) then

(1) ve CH¥(w x [0, R]) if B+ 25 < 1,
(2) L e N wx[0,R])ifl<B+2s<2,i=1,....n
() 2 e CH32(w x [0,R]) if2 < B+2s i, j=1,...,n

0x;0x;

2.5. Boundary Regularity

Lemma 2.10. Let u € H be the solution of

{(—A)Su =h inQ (2.13)

u=>0 on 08)

where h € L*(Q). Then u € C*(Q) for all o € (0, min(2s, 1)).

We begin with the following estimate.
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Lemma 2.11. Let u € H be the solution of (2.13), where h € L*(L}). Then there is
constant C such that

if0<s<1/2, |u(x)| < Cdist(x, 00)2"||h||Loo(m forall x € Q,
and
f1/2<s<1, |u(x)| < Cdist(x, 0Q)||hl| =) forall x € Q.

Proof. We use a suitable barrier to prove the estimate. To construct it, we write
x=(x,...,x,) and define

1 ifxeB, x, <0
h(x)=1{-1 ifxeB, x>0
0 ifx¢gB,.

We construct a solution v of the problem

div(y!"»Wv) =0 in R” x (0, +0)
v(z) > 0 as |z] = o0
—y'"¥y, = h(x) onR" x {0}

as
h(%) .
o(x,y) = C, / / T dx dr. (2.14)
This implies
}_l ~
'I)(x, O) = C;,SV/“ %di X € IRn,
where C; =
5(x, 0) = ~C, (Ix) — I(~))
where
1
I(x) = —— dX
=) /B; |x — X|*—=2 *
and By = {(x,...,x,) € B,(0) : x; > 0}. From this formula we see that if 0 < s <
1/2 then

[I(x) — 1(0)| < C|x|* for all x € R",
and if 1/2 < s < 1 then

[I(x) — I(0)| < C|x| for all x € R".
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These estimates imply that if 0 < s < 1/2

|v(x)| < Clx|* for all x € R", (2.15)
andif 1/2<s5<1

[v(x)| < C|x| for all x € R". (2.16)

Now let u € H be the solution to (2.13) with & € L*() and let v denote its
canonical extension. Take a point x, € 0Q). By the smoothness of Q) we can find
x; € R"\Q and R > 0 such that B,(x;) € R"\Q and x, € 0Bk (x;). We can choose R
bounded and bounded below. By suitable translation and rescaling, we can assume
that x, =0, R =1 and |x;| = 1. After a further rotation we can also assume x, =
(1,0,...,0) € R™

We will then define a comparison function w as the Kelvin transform of a
translate of v as defined by (2.14). Let v(x, y) = v(x — x,, y). We write points in
(x,y) e R"x R as X = (x,y) and |X|* = |x|* + y*. We also write R"*' for the set
of points X = (x,y) € R" x R with y > 0. Let

—nz, X n
lU(X) = |X|2S v (W) X € IR++1, X ?é 0.

A direct calculation shows that
div(y' *Vw) =0 in R
and

lim (—yl’z"wy(x, y) = |x[7*"h <i — xo) s forallx e R", x#0.

y—0* |x[?

For x € R"\B,(0) we have x/|x|* € B,(0) and so h(x/|x|* —x,) = 1. Since Q is
bounded and contained in R"\B,(0), we see that there is some constant ¢ > 0
(bounded uniformly from below with respect to the parameters x,, x;, R with R
bounded from below) such that

ylir0n+(—yl_25w},(x, y)) > ¢ forall x € Q.

Since v > 0 in B;(0) x (0, 4+00) we have w > 0 in Q x (0, +00). Then, there is a
constant ¢ > 0 (uniformly bounded from below as x,, x;, and R vary) such that
w(x, 1) > ¢ for all x € Q. Since w > 0 on dQ x (0, +00) and v vanishes there, by the
maximum principle we have

v < C||h]lo@w in Q x (0, 1)
for some C > 0. From this, (2.15) and (2.16) we deduce the stated estimates. d
Proof of Lemma 2.10. We use a standard scaling argument combined with interior

regularity estimates from Lemma 2.9 and Lemma 2.11. Let v denote the canonical
extension of u# and let us concentrate on the case 0 < s < 1/2.
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Take x,, y, € Q. If x,, y, and satisfy |x, — y,| > dist(x,, 0Q)/2 and |x, — y,| >
dist(y,, 0Q)/2 from Lemma 2.11

[v(xg, 0) — v(¥g, 0)] < [v(xg, 0)] + [v(yp, 0)| < C||h”L°°(Q)|x0 - y0|2x

5
< C|| Al oyl xo — Yol”.

Now suppose that |x, — y,| < dist(x,, 0Q)/2 and let r = dist(x,, 0Q)/2.
Consider the function v(x,y) = v(x, + rx, ry) defined for x € B(0,1) and y > 0.
Thus

div(y'™*VD) =0 in B,(0) x (0, +0)
and

lim (—y'"0(x, y)) = h(x) x € B,(0),
y—0F

where 7(x) = r*h(rx). By Lemma 2.11 we find

sup [0 < Cr||hl| 1= (q)-
B,(0)

Let 0 < 8 < 2s. Using the interior estimate (Lemma 2.9)

IPllcr@,,) = Clsup [o] + sup |2]) < Cr ||l (o)
1 1
we deduce
[v(xg, 0) — v(yp, 0)] < C”h||L°°(Q)|x0 - }’0|ﬁ”2kﬁ = C”h”L“’(Q)|x0 - yo|ﬁ-
The proof in the case 1/2 < s < 1 follows analogously. |

3. Proof of Proposition 1.3

Let n>1 and Q C IR" denote a smooth bounded domain. We begin by adapting
Lemma 1 in [3]:

Lemma 3.1. Take f € L'(Q, ¢,dx). Then, there exists a unique u € L' (Q), ¢,dx) such
that

{(—A)‘Yu =f inQ 3.1)

u=~0 on 09,

in the sense that

/ W dx = / =AYy dx, for all y € C=(Q). (3.2)
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In addition, letting u, > 0 denote the principal eigenvalue of the Laplace operator with
homogeneous Dirichlet boundary condition on 0}, we have

1
[ty dx < — [ |flg, dx. (3.3)
Q Hy JQ
Moreover, if f >0 a.e., then u > 0 a.e. in ).

Proof. Take y € C*(€). Then, there exists a constant C > 0 such that |{| < Ce,.
By the maximum principle (Lemma 2.5), it follows that ¢ = (—A) Y satisfies |¢| <
%gpl. In particular, (3.2) makes sense for any y € C ().

Let f € L*(Q) C H'. Then, equation (3.1) has a unique solution u € H, i.e., for
any { € H,

+o0 “+o0
Z el = Z Sies
k=1

k=1

where u, = [, ug, dx, and {,, f, are similarly defined. Take now { = (—A) ™y, €
C>(Q). Then, {, = u;*y, and

+o00

Z W = ka:uk_S!//k’
k=1

k=1

which is equivalent to (3.2). We prove next that (3.3) holds. To see this, write f =
fT — f~, where f7 is the positive part of f and f~ its negative part. Without loss of
generality, we may always assume that f > 0 a.e. Then, by the maximum principle
(Lemma 2.5), u > 0 a.e. and using (3.2) with = ¢,, we deduce (3.3). The rest of
the proof is the same as that of Lemma 1 in [3], so we skip it. d

The method of sub and supersolutions can be applied in the context of solutions
of (1.1) belonging to H N L*(Q). We call u € H N L* () a supersolution of (1.1) if

(—A)'u = Af(u)

where the inequality is in the sense of (2.11). A subsolution u is defined be
reversing the inequality. If u, u € H N L®(Q)) are a subsbolution and a supersolution
respectively, and u < u, then a solution can be constructed by the monotone
iteration method. This works thanks to the maximum principle (Lemma 2.5) and

the estimates given by Lemmas 2.9 and 2.10.
Proof of Proposition 1.3. Since { = 0 is always a subsolution, we begin by showing
that there exists a positive supersolution of (1.1) for small A > 0. Take {, to be the
solution of
LeH (—AyL=1 (3.4)
By Lemma 2.10, {, € C(Q) and

(=AYl =1=Af(y), for i< 1/||f(C0)||L°°(Q)'
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Hence,
A* =sup{l > 0:(1.1) has a solution in H N L*(Q)}
is positive and well-defined. Multiplying (1.1) by ¢, and using that f is superlinear,
we easily deduce that 1* < 4o0. It is also clear by the method of sub and
supersolutions that (1.1) has a minimal positive solution u, € H N L*(Q), for all
A € (0, A*). The solution u; is also semi-stable, which can be proved in a similar way
as for the second order case (see [6]).
We note that for 1 € [0, 1*), f(u;) € L*(Q) and hence u, is continuous up to
the boundary and satisfies the boundary condition in the classical sense. Lemma 3.1
implies that u, also satisfies the weak formulation (1.5). We will see now that we can
take the limit in (1.5). By minimality, u; increases with 1. We claim that u*(x) :=

lim; ;. u;(x) is a weak solution of (1.1) for 4 = 4*. Take 4 < A*, u = u; and multiply
(1.1) by ¢,. Then,

I f“ ug, dx = i/ﬂ f(we, dx. (3.5)

Since f is superlinear, for every € > 0 there exists C, > 0 such that, for all 7 >0
f(t) = 11 — C.. Hence,

o [ ueia
A - — .
e=\z Hy Q“‘Pl X

Choosing € = ﬁ, we obtain that

/ u,, dx < C,
Q

for some constant C independent of 1. By (3.5), we also have

fﬂ flu)e, dx < C, (3.6)

and, by monotone convergence, we may pass to the limit as A — 1* in (1.5). d
Remark 3.2. Observe that for s > 1/2, we have the stronger estimate

;110 < C, (3.7)

as follows from multiplying (1.1) by {, (defined in (3.4)) and using Lemma 2.11,
giving the estimate

{y < Co,. (3.8)

Note also that (3.8) fails for s < 1/2. Due to radial monotonicity (see Lemma 4.1),
estimate (3.7) remains however true if ) = B, and s € (0, 1) is arbitrary.
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4. Radial Symmetry

Lemma 4.1. Let u € HN L*(B), u > 0 denote a solution of (1.1). Then, u is radially
decreasing, i.e., u(x) = u(p) whenever |x| = p, u is smooth in B, and

W0 i B\{0}. 4.1)
op

In addition, the canonical extension v of u is smooth in €, v(x,y) = v(p, y), and

0
P20 inme\p=0l. 4.2)
0

We remark that since we assume f(7) > 0 for all > 0, if A > 0 then u in the
statement of this Lemma is positive in B, thanks to the strong maximum principle
Lemma 2.6.

Proof. By Lemmata 2.9 and 2.10, u and v are Holder continuous up to the
boundary. One can get higher interior regularity by applying the argument in [8].
In few words, the idea is to differentiate the equation of the canonical extension
in x variables, to use the explicit kernel in the entire space to get an homogeneous
problem for a new function, to extend this new function to IR"*! as an even function,
and finally apply the estimates of [15].

To prove radial symmetry, (4.1), and (4.2), we apply the moving plane
method [17]. Thus, it suffices to show that

0 .
0—” <0 in{(x,y) € B, x [0, +00) : x; > O}.

X
Now we show the last statement. Given u € (0, 1], let T, = {(x,y) € R" x R* : x; =
pyand 3, = {(x,y) € B; x [0, +00) : x; > u}. Let also v,(x, y) = v(2u — x;, x', y) for
(x,y) € 2, and w, = v, — v. We claim that w, > 0 in X, for u close to 1. To prove
this, observe that w = w, solves

div(y'=>»Vw) =0 in%,
w>0 ond;%,

-y w, —a(x)w=0 on {xe B, :x > pu} x {0},

where

M whenever u, # u,
a(x) = u,—u g (4.3)

0 otherwise.

Now multiply the above equation by w™ and integrate over X,. Then,

/ Y Vw TP dxdy = / a(x)(w™)? dx.
3, X

{xeBy:x;>pu}
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We extend w~ by 0 outside 3, so that w™ € H'(y'"*; R"). By the trace theorem
(Proposition 2.1), there exists a constant C,, > 0 such that

lw ey < G [ 3721V dxdy,
er
and by the Sobolev imbedding of H*(RR") into L”(IR"), with
, 4.4)

we have

||w7||iﬁ(]R”) < Csllw™| zs(n{n)'

Hence, by Holder’s inequality

2/p
(/ |w|f’dx) <. la()|(w ) dx
n {xeBy:x;>p}

2/p ) 1-2/p
< C,.Cq (/ (w™)? dx) (/ la|72 dx) .
{xeB;:x;>u} {xeBy:x;>p}

Since a is uniformly bounded, f{xéB] 1) la|72 dx — 0, as u — 1~. Therefore, for p
sufficiently close to 1, we conclude that w™ = 0, and the claim.
Consider now

o = inf{p e (0,1) 1w, >0in 3 }.

The above argument shows that g, is well-defined and y, < 1. We want to prove
that y, = 0. Assume by contradiction that x, > 0. By continuity, w, > 0in X, , and
by the strong maximum principle (Lemma 2.6), w, > 0in X, . Fix now € > 0 small,
u =ty — € and choose a compact set K C {x € B, : x; > y, } such that

1-2/p 1

P
C,Cs </ la| 72 dx) < —.
{xeBy:x>u\K 2

Taking € > 0 smaller if necessary, we can assume that w, > 0 in K. Arguing as
before, we can prove that w, =0 in X ,\K, and thus w, > 0 everywhere in X,
contradicting the definition of w,.

We have just proved that w, >0 in 3, for all u € (0,1), and by the strong
maximum principle (Lemma 2.6) we find that w, > 0in X, . Finally, by the boundary
point lemma (Lemma 2.7), we conclude

av.‘l / aw,u / /
2—(u,x',y) = ——(u, x',y) <0 forall (u, x',y) € B x [0, +00),
0x, 0x,

as desired. O
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5. Weighted Integrability

We will use the following notation. Given a point (x, y) € € = B; x (0, +00), we let
p=|x| and v, = g—; for any C' function v defined on ¢, which depends only on p
and y.

In what follows, for 4 € [0, A*), u, denotes the minimal solution of (1.1) and v,
its canonical extension, which satisfies

div(y'>Ww) =0 in €
v=20 on 0,6 (5.1
—lim, ,,(y'"*v,) = Af(v) on B, x {0}.

For 4 €[0,4"), u, € C*(B;) N C(B,), and v, is smooth in €. Indeed, by
Lemmata 2.9 and 2.10 we obtain Holder regularity of u, up to the boundary. One
can get higher interior regularity by applying the argument in [8]. In a similar
way, we also deduce that v, € C*(K x [0, R]) for every compact K C B, and R > 0.
Moreover, any of the derivatives of v, with respect to the x variables belongs to
C*(K x [0, R]) for every compact set K C B; and R > 0.

The main result in this section is the following. It is an estimate for the L?>-norm
of y'7 p~*u , for certain exponent o that depends on the dimension n. This estimate,
which is independent of A and holds for stable solutions only, is the key ingredient
in the proof of the regularity Theorem 1.6.

Proposition 5.1. Assume n > 2. Let . € (0,1%), u=u, be the minimal solution of
(1.1) and v its canonical extension. Let o satisfy

l<a<l++vn—1. (5.2)
Then
/ yl_zsvip_z“dx dy <C (5.3)
[p=1/2]

where C is a constant independent of 1, and [p < 1/2] denotes the set {(x,y) € €:
x| < 1/2}.

Before proving Proposition 5.1 we need two preliminary results.

In the next lemma we collect some basic estimates expressing that v, and its
derivatives have exponential decay for y > 1, which is uniform up to 4 < 4*, and
that for fixed 4 < 4%, v,(p, y) = O(p) as p — 0, uniformly as y — 0.

Lemma 5.2.

a) There are y > 0, C > 0 such that
v,(x,y) < Ce P, (x) forally>1, xe B, 7¢€][0,1%). (54
Moreover, for any k > 0 there is C,, > 0 such that

|D*v,(x,y)| < Cre™ forally>1, xeB,, iel0,7%). (5.5)
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The constants y and C are independent of 1.
b) Given 1 € [0, A*) and K a compact subset of B, there exists C > 0 such that

10,v;(Ix|,y)| < C|x| VxeK, y=0. (5.6)

The constant in (5.6) may blow up as 4 — 1*, but we will use this inequality for
fixed 4 € [0, A*).

Proof. a) Define w(x, y) = ¢,(x)y*e™. A straight forward computation shows
that

V0"V = (e[ = )y = (1 +29)]

and

Vg = My (e =9y + 20577 = 25y (x)-

Multiplying equation (5.1) by w and integrating by parts twice gives
/1/ f(u;')wdx—i—/ yl’zxw),v)u dx+/ V' Vw)v, = 0.
B, B %
Recalling that w(x, 0) = 0, we find

23/ Qo u; dx = / v, (x)e”” [(i1 — )y + (1 + 2s)] dxdy.
B, %

Now, we choose 0 <y < \/)_l and use estimate fBl ¢ u; dx < C derived in (3.6), to
find

/ v (x)e Pdxdy < C (5.7)
€
forall 0 < A < A*.
Let z be the solution to
—Az=1 in B,
z=0 on 0B,.

For © > t > 0 define ¢(x, y) = z(x)(t — y)(y — ). We compute

V. (V) =y [—(r - +z<x)(— 24 (1 2s>(— 2+ 2 ’))}

Assume that 0 < 7 <t < 3¢/2. We find
V-7V < =y (= )y — 1),

Multiplying (5.1) by ¢ and integrating over B; x (z, ) we obtain
1-2s 1-2s
T (1 — t)/ v,(x, D)z(x)dx+t (1 —1) / v, (x, Hz(x) dx
B By

== [ YUV dxdy = |
By x(t,7)

By x(t,t

)y”sw(f —y)(y — t)dxdy.
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Thus, for + > 6 we deduce

/ Y 7B, dxdy < Ctl’zs'/ v,(x, 1)z(x) dx
By x(t41,142) B,

4 C(r + 3)1 / v, (x, t + 3)z(x) dx.
B,

Integrating this inequality with respect to ¢ € [6, 13], recalling that z < Ce, for some
C > 0, and using (5.7) we obtain

/ v,dxdy < C
By x[8.11]

with a constant independent of A as 1 — A*.
This inequality and standard elliptic estimates imply

v,(x,y) < Ce ¢, (x) forallye[8,10], xe€ B, and 1€][0,1). (5.8)

Now let w(x,y) = Co,(x)e™™. For 0 <y < \/7, this is a supersolution of the
equation in (5.1) and by comparison in B, x (1, +o0), using (5.8), we deduce (5.4).
Inequality (5.5) is a consequence of (5.4) and elliptic estimates.

b) This part follows from the fact that for 2 < 4*, u, is smooth in B, and hence
v, and its derivatives with respect to the x variables are in C*(K x [0, R]) for any
compact K C B, and R > 0. a

Now, we show a result on the form of the second variation of the energy for
radially symmetric solutions of (1.1). An analogous result was showed in Lemma
1 of [6] for the Laplacian, and the ideas of its proof where inspired by the Simons
Theorem on the existence of minimal cones (see [7] for further details). We also
point out that, the expression for the second variation of the energy in the following
lemma is two dimensional, in the sense that it depends on both p and y. This is in
contrast to the previous results of this kind where all the expression depends on the
radial coordinate only (see [7].)

Lemma 5.3. Given A € (0, 1*), let u =u; € HNL>(B,) denote the minimal solution
of (1.1), and let v € Hy,(y'™*) denote its canonical extension. Then, for every n €
C'(B, x [0, +00)) with compact support in €, but not necessarily vanishing on B, x
{0}, we have

2
o - Sv
f y1—2svilvn|2 dxdy > (n _ 1)/ yl 2 _;112 dxdy (59)

Proof. Inequality (1.6) implies that for all ¢ € Hy, (y'~*), there holds

f VB VER dxdy > )v/ )& dx, (5.10)
% B

where in the right-hand-side integral we identified ¢ with its trace.
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Let n € C'(B, x [0, +00)) as in the statement of the lemma and take ¢ = n,.
By Lemma 5.2, ¢ € Hy ;(y'™*) and from (5.10) we obtain

)»/ f/(u)vf,nzdx < f ylfz"|V(vl,n)|2dxdy
By @
= [ TP + I + v, Vo, - Vi) drdy

= [(/yl’zs{vf,|Vn|2 + V(r'v,) - Vv,} dx dy. (5.11)

Since by Lemma 4.1, u is radially symmetric, by differentiation of (5.1) with
respect to p, one gets

=1

V. (y172svvp) — y172 p2

v, in €. (5.12)

P

Next, we differentiate the Neumann boundary condition in (5.1) with respect to p
to obtain

—yl_zsﬁyvp = Af'(v)v, for0<p<1. (5.13)

Now, we multiply (5.12) by nzvp, and integrate by parts and use (5.13) to find

2 [ L, ()
[ ENORy,) Sy, dxdy = [ F @ dx— (=) [V dvdy,

Combining the last equation with (5.11) yields (5.9). O
Now we give:

Proof of Proposition 5.1. Given ¢ > 0 let {, € C*(R) be such that {,(r) =0 for r <

gand r > 3/4, { (f) =1 for t € [2¢,1/2], and {/(t) < C/e for ¢ € [¢, 2¢]. Given R >

0 we let ¢, denote a function C*(IR) such that y,(y) =1 for all r < R and Y, (y) =

0 forally >R+ 1.

Let o satisfy (5.2) and for & > 0, R > 0 define n(p, y) = p' (. (p)Yx(y). Given
0 > 0 we estimate

VP < (1= 2)* + 0)p~ L, (0)" W () + Cop™ IV hp)
for some C; > 0. Then by (5.9)
(1= 1) [ ¥ b drdy < (1 =)’ +0) [ Y0207 ) dxdy
+C [ Y IVC) Pd dy.
Choosing ¢ > 0 small enough

[y oy ddy < € [ 0 0V + ) dxdy
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where C > 0. Thanks to (5.6) we have

—2s 220 c —2s 42
L)}’l 2p? U,2)|VCS|2‘//%3dXd)’ = ;/{ Y Fpt P dx dy

£<p=<2¢,0<y<R+1]

< C(R4 1) Fgh 2, (5.14)
Because of (5.2) we have that 2 — 2a + n > 0. Letting € — 0 we find

yl—ZSv?)p—Zozdx dy < C/ yl—Z.Yp2—20(vidx dy<C
[

/[nsuz,ysk] 1/2<p<3/4JU[R<y<R+1]

where the last inequality follows from (5.5). Finally, letting R — oo we conclude
(5.3). Note that the constant C in (5.14) depends on 4, but we let &¢ — 0 with 4 fixed,
so estimate (5.3) does not depend on 2 in the end. d

6. Proof of Theorem 1.6

Before giving the proof of Theorem 1.6 we need the following result, where we show
an explicit point-wise bound for the solution of the linear problem.

Lemma 6.1. Let h € L*(B,) and u € H be the unique solution of
(=A)’u=h in B,.

Then

[h(®)]

B, |x - 5C|n72S

lu(x)] < C, dx for every x € B,. (6.1)

Proof. Writing h = h™ — h~ with A*, h~ > 0 we see that it is sufficient to prove the
result in the case & > 0, so that also u > 0.

Let v be the canonical extension of u. Since v(x, o) = 0, for every x, we can
write

v(x,0) = —/0 v,(x, y)dy forall x € By. (6.2)

Let g(x) be equal to h(x) extended by 0 in R"\B,, and denote by v the solution
of

div(y!=>Vy) =0 in R” x (0, +o00)
9(z) > 0 as |z] - o0 (6.3)
—yl_zsﬁy =g(x) on R” x {0}.

By the Green’s representation formula for (6.3), we have

8(®) -
n+2-2s

R (|x— 312 +)2)*

—IN)),()C, y) = Cn,.vy (64)
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1 1-2s7,

Consider the functions w = —y *2“v_v and w = —y ~*v,. Then, w and w satisfy
VO*~'Vw) =0 in €.

Since —v, > 0 in R” x [0, +00) in particular we have
w>0=w on J,€6.

Furthermore

w<w in B; x {0}

and for ze€ %6, w(z), w(z) > 0 as |z] > 4o0. Then, the maximum principle
(Lemma 2.8) implies that

—v, < —v, in €. (6.5)
Combining (6.2), (6.5) together with (6.4) we find

g(x)
R (lx — 32 +y2) "5

v(x,0) < C"’S-/o y dx dy

~ o y ~
=C X dy ) dx
Wg()(/o i y)

for all x € B, where we have used Fubini’s theorem in the last line. Claim (6.1)
follows by performing the integration over the y variable in the last expression, and
recalling the definition of g(x). |

Now we give:

Proof of Theorem 1.6. We denote points in € = B, x (0, +o0) as (x,y) € €, where
x € By, y € (0, +00), and p = |x|.

Step 1. Take o such that (5.2) holds. We claim that for > 0 such that 2(f +
s — o) < n we have

f flup)pPdx<C (6.6)

with C independent of A as A — A*.
To prove the claim, let &€ > 0, R > 0 and multiply (2.8) by (p*> + y* + &) %2 and
integrate over [p < 1/2,0 <y < R] to get

0= V- OEW) (o + ¥+ &) P dx dy.
[p=1/2,0=y=R]

Integrating by parts we find

)Lv/l; fu)(p* + ) "Pdx=—I, - L+ I (6.7)
12
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where
I, = / Rl’zsvy(p, R)Y(p* + R* + &) "7 dx
[p=1/2]
L=[  YEu/2,0)/4+ 5 +8) P dy
[0<y<R]
I=—f YR+ ) PP (v, + vyy) dx dy.
i [p=<1/2,0=y=<R] i

By (5.4) and (5.5), I, and I, remain uniformly bounded as ¢ — 0 and 41 — 1*. We
decompose further

13 = Ip + Iy
where
I=- / VB 4y s)_‘m_lvl,p dx dy,
[p<1/2,0=y=R]
I =— / V(07 4 Y+ 8)7/3/27111),)7 dx dy.
[p=1/2,0=y=<R]

Now we estimate /,. Let g(x) be equal to Af(u,;(x)) extended by 0 in R"\B,, and
denote by v the solution of

div(y!=*Vy) =0 in R" x (0, +00)
B(z) — 0 as |z| — oo (6.8)
—y'"7¥%, =¢g(x) on R" x {0}.

By the Green representation formula for (6.8), we have

- (%) -
~,(x,y) = C,, - dX. 6.9
v,(x,y) =C, yfw Tt (6.9)

Consider the functions w = —y'"*v, and @ = —y'~*%,. Then, w and w satisfy

V-*'Vw) =0 in €.
Since —v, > 0 in R" x [0, +00) we have in particular
w>0=w onJ,€6.
Furthermore
w<w in B, x {0}

and for z € €6, w(z),w(z) > 0 as |z] > +oo. Then, the maximum principle
(Lemma 2.8) implies that
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It follows that

I.vf_

/ y172S(p2 4 8)7/f/2711~)yy dx dy
[p=<1/2,0<y<R]

and by (6.9)
3-25 (%
I, = Bcn,s/ / &) - s dxdxdy
[p=1/20<y<R] /R (p? 4 y2 4 £)P2H (|x — X|2 +y?) 2
y372s
SﬁCm/ g(x) f —— dxdy | dx.
T IRe [r<1/2.0<y=R] (p2 4 y2 + £)P2+ (|x — X2 +y2) T
(6.10)
For 0 < f < n let us introduce the number
y372s
A, =[ ———dxdy
T e (P 43 (02 + [x - o)
where e is any unit vector in IR”. Note that
3-2s
/ . - e dxdy
[p=1/2.0=y=R] (p> + y> + )P (x = X|> + y*) 7
y372.v
= ~ n+2-2s dx dy = |%|7ﬁAn,s,/ﬂ'
R0t (p2 4+ )20 (= 3P )
From (6.10) we get
I, < BC, A, f]R @IF| di = BC, A, 47 fB F) x| dx. (6.11)
1

Combining (6.7) with (6.11) we obtain
/l/ f(uA)(pz + 8)7/;/2 dx = _Il - [2 + ﬁcn,sAn,s,[f/l/ f(ui)|x|7ﬁ dx + Ip'
By By
Letting ¢ — 0 we deduce

(1= BC, A2 [ fupdx < Chf — flu)dx
B

Bi\By >

+ limsup(|},| + || + |1,)- (6.12)
e—0

We postpone for later the proof of the following:

Lemma 6.2. We have 1—BC, A, ;>0, where C, is the constant in the
representation formula (2.14).
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Proof of Theorem 1.6 Continued. Thanks to the previous lemma we can obtain (6.6)
from (6.12) by estimating the terms in the right hand side of this inequality. Recall
that by (5.4) and (5.5),

Ll <C, |l =C (6.13)

for some C independent £ — 0 and A — A*.
By the Cauchy-Schwarz inequality

s 12 e 172
Li=s(/ ) ([ I eay)
ol =F < peiposer”oF y> ( et 0ever) (P2 + 32 + e)p2

The last integral can be estimated by

1-2s 1220 1-2s 20

y P oo y p
——dxdy < / / — — _dxdy.
/[psl/z,OSysR] (P> + y* + e)f+2 Y=h e (p* + y2)P! Y

We change variables y = pr for p > 0. Since > 0, we have

1-2s

/. y p2+24x
lp=1/20=y=R] (p*> + y* + £)/+2

z‘1—23

dxdy < 202025 / DL
i P o (14t

and this integral is finite if 2(8+s— «) < n. The integral f[pfl/Z,OSySR] y
p~* dx dy remains bounded as ¢ — 0 and . — 2* by (5.3), provided « satisfies (5.2).
Thus, if o satisfies (5.2) and 2( + s — ) < n we deduce that

I, =C (6.14)

with C independent of &€ > 0 and /4 € [0, 1*).
Therefore, from (6.12), (6.13) and (6.14), and using a uniform bound for u; in
B\B,,, we deduce (6.6).

Step 2. Conclusion.

(a) Assume first that n <2(s+2+/2(s+1)). Then, n/2 —s<1++vn—1
and we can choose o satisfying n/2 —s <a <14+ +n—1. Thus,n —2s < n/2 + o —
s and we may choose f = n — 2s in (6.6), which implies that fBl flu)p™*dx < C
with a constant independent of 1. By (6.1) we have

u,(0) < C, /B P2 f(u; (p))dx < C.

Since u; is radially decreasing, we conclude that u, is uniformly bounded in B, as
A — 2%

(b) Now assume that n > 2(s + 2+ /2(s+1)). Suppose | <a < 1++vn—1,
fp >0, and 2(f + s — o) < n. Then, using that ' > 0, that u, is radially decreasing,
as well as the estimate (6.6), we have for p < 1/2

cp" P f(u,(p)) = F(u(p)) / x| dx < / Flu)lx P dx < €

2 \B)
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where ¢ > 0. This yields
fu;(p)) < CpP™ for0<p<1

where C is independent of A. Using (6.1), this implies that if additionally § < n — 2s,
then

u,(x) < for all x € B,.

C
|x|n—/i—25

Since we have the restrictions f < n/2 4+ o — s and o < 1 ++/n — 1, we see that for
any pt > n/2 —s—1—+/n—1, there is C independent of A such that

C
u,(x) < — for all x € B,.
|x[

By letting 1 — 4* in the last expression we conclude the proof. O

Finally, it only rest to give:

Proof of Lemma 6.2. Let h € L*(IR") be radial and have compact support, and
u(x,y) = u(p, y) be a solution of

div(y'"*Vu) =0 in IR" x (0, +00)
u(x,y) —> 0 as |(x, y)| — o (6.15)
—y'"*u, = h(x) on R" x {0}.

Now, we claim that, for any 0 < f < n

0=(1-pC,A, . /]R“ h(x)pdx+p yl_zsr_ﬁ_zpup dx dy. (6.16)

R” x (0,400)

Assuming the claim for a moment we prove the lemma. Choose a smooth radially
decreasing function k& > 0, h # 0 with compact support. Let u be the solution of
(6.15). By (2.14), u can be explicitly given by a convolution kernel. In turn, this
shows that u is radial with respect to x and non-increasing in |x|. Hence

/ yl_zsr_ﬂ_zpup dxdy <0
IR” x (0, 4-00)
and
/ h(x)p~Fdx > 0.
IRII
This shows that 1 — C, (A, s > 0.
Now we give the argument for (6.16). Let ¢ >0, fe€ (0,n+2—2s) and

multiply equation (6.15) by (p*> + y> + &)~ to get

0= / div(y'" "> Vu)(p* + y* + &) P dx dy
R % (0,400)

_ _/ yl—2suy(p2 + &) P2 dx
[Rn
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ﬁ/w 0+ )ylﬁ(p2 +y +e) P (x- Vou+y uy) dxdy

2 —p2 1-2s¢ 2 | 2 —p2-1
:/}Rnh(x)(p + &) H dx—i—ﬁ/ YR Y o)V pu, dx dy

(0, 00)

4 ﬁ y2—2x(p2 4 y2 4 8)_ﬂ/2_1uy dx dy
R % (0,400)

Using the representation formula
h(x)
TP - X

=y Puy(x,y) = C, " f
R
we find

0= / h(x)(p* + &) dx + ﬂf YR+ Y+ )P pu, dx dy
R” 7% (0,4-00)
h(x)
n+2-2s

O+ =X

— BC, f YR+ o) P dxdxdy.
IR % (0,400) JR”

By Fubini, the last integral becomes

3-2s

[ n [ . —____dxdydy,
T ke (WP 7+ eGR4 [ — 3

and by the change variables: y = |x|y’, y > 0, x = |X|x/, ¥’ € R”", we find

3-2s

~ &€
/ 4 o dxdy = |x|ﬁAn!s,/}<~_2)
R0 ([ 37 + £)2H1 (2 4 x — 3) 25 H

where

3-2s

y
A, p5(1) Z/ ———— dx dy.
H o (5 4 32 4 0P 07+ v - )

Therefore, from the above computations we get
0= /]Rn h(x)(p* + &) P2(1 = BC, A, , y(/IZ)) dx
/g/IRnX(O#m)yl—h(pz +y2 +8)—B/2—1pup dx dy. 6.17)
Notice that
};13?) A, p(&/|X?) = A,,,; forallxeR"

and that this limit is finite for 0 < f < n +2 — 2s. Moreover A, , ; is independent
of %. Since B < n and h is bounded with compact support the function k(p)p~* is
integrable. Hence, by letting & — 0 in (6.17) we obtain (6.16). O
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