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1 Introduction

Let us consider a solution u{z,t), globally defined in time of a semi-linear
parabolic equation of the form

u, = Au+ f(u) (1.1)

in a domain © in RY or in entire space, plus boundary or decay at infinity
conditions.

A natural question is whether the solution approaches a time-independent
or steady state solution of equation (1.1) as time goes to infinity.

If boundary conditions are homogeneous Dirichlet, Neumann or the do-
main is entire R¥, this equation corresponds formally to the L? gradient flow
associated to the functional

ﬂw:%LWW~LFm,

where F(u) = [§ f(s)ds. Provided that the functional is well-defined along
the trajectory, one formally sees at once that J is decreasing in time along
it, for

L 1 ~—3/ 2z t)d (1.2)

pr (u(-,1)) = 5 ), Wiz, thdz. .
In other words, J is a Lyapunov functional for this flow. Assume that the
trajectory u(-,t) is bounded in some suitable space norm, say, H'-norm.
Then every sequence t, —» oo has a subsequence which we still denote the
same way, so that

u(z, ta) ~ w(z)

weakly, in H'-sense. If suitable growth is assumed on f{s), then we also
have that J{(u(-,t)) is uniformly bounded from below and hence has a limit
ast — oo. A standard consequence of this fact and (1.2) is that w is a steady
state of (1.1). See for instance the proof of Lemma 2.1 below.

A natural question here is the problem of unigueness of the limit, namely
whether the entire trajectory approaches just a single steady state as time
goes to infinity, or else, it remains oscillating between different steady states.

The former is obviously the case if there is a unique steady state of (1.1)
for the given boundary (or decay) conditions, or if the set of such solutions
is discrete. However, this is not at all clear if steady states are not isolated.
This property occurs naturally if the space domain is entire RY since all
space translations of a given steady state are also steady states.

Important insight into this question was gained by L. Simon in [9]. Among
other results, he proves that for a broad class of paraholic L2-gradient flows
of functionals of the form I(u) = [, F(Vu, u, x)dz under suitable ellipticity
conditions, the answer to this question is affirmative, provided that F admit
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real analytic expansions in its arguments, around steady states, with coeffi-
cients uniform in the space variable. Here M is a compact manifold without
boundary.

Assume that for a globally defined solution u and a sequence t, — +co
one has that u(-,t,) — w, strongly in H'-sense. Then I{u(-,t)) | I(w) as
t 1 4+o00. In the analytic setting, it is found then that

/‘oo Nue(-, )l z2nds < C{I(u(-, t) - I(w)}?

for certain numbers C > 0 and 0 < # < 1 dependent only on the data. From
here it easily follows that

”’U.(, t) - ’(UHLZ(M)dS -0

as t — +o00, 50 that the entire trajectory approaches w. The proof of this
estimate uses the uniform analyticity assumption in essential way.

The main purpose of the present work is to analyze the problem of unique-
ness of the limit in an equation in entire R¥ for a nonlinearity, with a con-
tinuum of steady states, not included in the class covered by the results of
[9], but for which good information on the degeneracy of the steady states is
available. The problem we consider is

w=0u-u+u’  inRY x (0,00) (1.3)

u{z,0) = ug(z) (1.4)
wherel<p<~x—’f§ifN23or1<p<+ooifN=1,2. We assume in what
follows that the initial data ug is in H'(RY) N C(RY) and is nonnegative
and compactly supported.

By a (globally defined) solution of (1.3)-(1.4) we understand a function
u € C([0, 00), HY{R")) such that

/Ooo /(Vqu + up — vPyp — upy)dzdt = /ug(z)ga(x, 0)dz

for all ¢ € C([0,00), H}(R")). Here and henceforth the symbol [ with no
limits specified denotes integration on entire RY. Let us observe that the
integral quantities involved in the above expression are indeed well defined

thanks to the usual Sobolev embedding of H!(RY) into LP*'(RN) for p <
N2
N=z

Our main result states that a solution globally defined in time for this
equation canverges, as time goes to infinity, either to zero or to a solution w
of the problem

Aw—w+wP =0, w>0 inRY (1.5)

w(z) - 0 as|z] — +o0. (1.6)
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This elliptic problem is by now well understood. In fact, it follows from the
work by Gidas, Ni and Nirenberg [4] that any solution to this problem is
radially symmetric around some point. We observe that even though the
nonlinearity f(u) = u? ~ u has a local analytic expansion around w(z), its
coefficients do not remain uniformly bounded in z if p is not an integer, so
that the results in [9] do not apply.

On the other hand, Kwong [7] established that the radially symmetric
solution for 1 < p < %%% is unique. An intermediate step in the uniqueness
proof is the fact that the linearized equation around a radial solution w of
(1.5)-(1.6)

Ah—h+puw” th=0, inRY (1.7)

h{z) - 0 as jz| — +oo, (1.8)

does not admit nontrivial radial solutions. An observation due to Ni and
Takagi [8] shows that this fact implies that the only solutions of (1.7)-(1.8)
are linear combinations of the functions ££, ¢ =1,...,N.

This is a key fact in the proof of our main result

Theorem 1.1 Let u(x,t) be a globally defined solution of (1.3)-(1.4). Then
either u(-,t) goes to zero in H'-sense as t — +o0o or there erists a solution

w(z) to problem (1.5)-(1.6) such that
Jim u(,8) = w(Wm@~) = 0.

While proving that limit points of the trajectory are steady states is,
as we mentioned, relatively standard, our proof of uniqueness of the limit
takes strong advantage of the invariance under space and time translations
of (1.3) as well as of the radial nondegeneracy property above mentioned of
its steady states. This allows the use of an iterative procedure induced by
Lemma 2.2 which roughly states that once u becomes close to a w in an
interval {t*,t* + T} at “distance”, say, 7, then a small translation of w in an
amount proportional to 7 reduces this error by half on the later time interval
[t* + T,t* + 2T) provided that T is larger than certain universal constant.
This implies, after iteration, that u at later times never gets farther from w
than a constant times 7.

This idea has been used in the work [6] in the context of establishing
uniqueness of asymptotic profiles of singularities of solutions of an elliptic
equation at the critical exponent.

The special form of the nonlinearity —u + u” does not play an essential
role in our setting and could be replaced by an f(u) satisfying appropriate
growth assumptions, in particular non analytic. We can mention for instance
conditions appearing in the work [3] which guarantee the radial nondegener-
acy property.
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It is natural to attempt to characterize the set of initial data for which
the solution of (1.3)-(1.4) is globally defined and tends to a non-trivial steady
state as t — co. In this direction we have the following result.

Theorem 1.2 Given ¥ € H'(RN) N C(RY), compactly supported, nonneg-
ative and not identically zero, there exists o unigue number Ay > 0 such that
the solution of (1.3)-(1.4) for uy = M converges as t — +00 to a solution
w of (1.5)-(1.6). Moreover, for ug = M\, we have that the solution goes to
zero in H'-sense if X < A and blows-up in finite time if A > Ag. The number
Ao depends continuously on o in the H' norm.

Finally, we would like to mention that while the condition that the initial
data is compactly supported is used in the proof to control the size of the
solution outside of a bounded region, we do not believe this requirement is
essential.

The rest of this paper is devoted to the proof of the above results. In §2

we carry out the proof of Theorem 1.1, leaving the main technical steps for
sections §3-§5. Finally, we prove Theorem 1.2 in §6.

2 The proof of Theorem 1.1

In this section, we denote by u(z,t) a globally defined solution of (1.3)-(1.4),
with ug(z) a compactly supported initial data in #!(R") and prove Theorem
1.1 leaving the main technical steps for later sections.

In order to prove the existence of the limit we need the following lemma
which we will prove in the next section.

Lemma 2.1
(a)

sup Jlu(-, t)l| peoryy < +00
>0

(t)
sup [ (IVu(z, 0 + fu(z, ) )de < oo

(¢) Let t, — +o00 be o sequence such that
u(-, t,) — w(z) weakly in H'(RV).

Then for all 7 > 0 u(-, t, +7) — w(z) weakly in HY(RY) and w(x) is either
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zero or a solution of problem (1.5)-(1.6). Moreover, the convergence is also

uniform and strong in H'-sense.

A result analogous to this one in the case of a bounded domain under
Dirichlet boundary conditions has been established in [2] Let ¢,, n € N, be
such that t, —» oo as n — co. By Lemma 2.1, part (b), the sequence u(-, ¢,)
is uniformly bounded in H'(RY). Hence, up to a subsequence, there exists
w e HYRN) such that u(-,t,) — w(x) weakly in H(R"Y). It follows now
from part ¢) that w(z) is either zero or a solution of problem (1.5)-(1.6) and
the convergence is also uniform and strong in H!-sense.

Therefore the theorem will be established as soon as we prove that the
limit w is the same no matter which sequence t, we start with. The case
w = 0 follows from the fact that small constants are super-solutions of (1.3).
The case when w is non-trivial is more subtle. The main tool we use is the
following lemma, whose proof will be postponed until Section 4.

Lemma 2.2 (Main Lemma) There are positive numbers Ty > 1, 8, C and
t, with the follouwing property. Assume that w(z) is a solution of problem

(1.5)-(1.6), and t* >t are such that
To . 2 1/2
n= (/0 (-t 4+ 27) = ()il @mdt) Y < 4.

Then, there is a vector ¥ € RN with |Z| < Cn with the property that
2T 1
(L ot +£) = (- + )l gndt) 2 < 5.

0

We continue now with the proof of Theorem 1.1.

Let & > 0 and T} be as in the above lemma. Let 0 < ¢ < 4. Then we can
find ty =: t,, > f such that

T ' '
m= ()t +8) = wOln@md)” < e

Let Z; be, as predicted by Lemma 2.2, so that

n

DO

o ) e = V(2 a2 <
( flu(-to + 1) — w(- + T )lmimmydt) = <
T

and |Z;] < Cn. Now, applying Lemma 2.3 again we find &2 with [T} < %’1
such that

5o s s Y12 2 o 1
([, uloto+8) = w(- + &1t 22}l < ggn
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Iterating this procedure, we find a sequence Z,, Z,... such that |Z;) < &7,
and

L

(k+1)Tp
(/kT Nulto+12) —w(- + & +... + jk)”%I(RN)dt)l/Q < =
o

7.

Now,

(k+1)To
(/k;; t Hu(- to + 1) — w(‘)“%p(RN)dt)l/z

1
< '2777+T01/2”w(') —w(- + I+ A+ I @y

It is known that w(z) and its derivatives decay exponentially as |z| — oco. It
follows then that for some M > 0,

k k

1

”w‘() et ’lU(' +il + ... +jk)“/[1(RN) S A/[I E i‘,] _<_ MC’I} E 5;
=1 1=1

Hence o
([ et = w) @) < De,

for some number D > 0, independent of ¢ for all t > #5. From here, using
part ¢) of Lemma 2.1, the uniqueness of the limit point immediately follows.
ad

As we mentioned in the introduction, in the above proof we have borrowed
an argument contained in the paper [6], in a different context.

3 Proof of Lemma 2.1

A main role in the proof will be played by the functional

- 1 2 1 a2 ___l_h p+1
Jwy =3 [19uf+ 3 [ jul p+1/{u[ .
It is a standard fact that

C%J(u(-,t)) = —%/uf(t,z)dm. (3.1)

and hence J(u(-,t)) is a non-increasing function of ¢.

We need first some preliminary results.

The following lemma is essentially contained in {1}, We omit its proof,
based on Alexandroff’s reflection principle and pointwise comparison.
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Lemma 3.1 Assume that suppuy C B(0, Ry). Then for all R > 0 one has

sup u(r,t) < inf wu(z,t) for allt > 0.

z€8B(0,R+2Rg) *€B(0,R)

The next lemma and its corollary help us to control the size of the solution
for large values of |z{.

Lemma 3.2 Assume ug is compactly supported. Then given A > 1 there

erists R > 0 such that u(z,t) < A for all |z} > R and allt > 0.

Proof. We argue by contradiction. If the lemma fails, using Lemma 3.1,
we see that there exists 4g > 1 and sequences ¢, and R, with R, — oo as
n — oc such that

u{z, t,) > Ag forall z € B(0, Ry,).
Let us consider the problem

v = Av+ 0P —vin B0, R,) X [t,, 00)
v(zx,t) = 0 on 8B(0, R,) % [tn, c0) (3.2)
v(z,t,) = Ap on B(0, R,). (3.3)

We claim that if n is large enough, then v blows up in finite time. Indeed,
let ¢, be the first eigenfunction of the Laplacian with homogeneous Dirichlet
boundary data on B, = B(0, R,), normalized such that [y éa{z)dz = 1.
Let A, be its corresponding eigenvalue. Set ¥, (t) = [ v(z,t)@(z)dz. Then

from (3.3},
[, von=[ utav—v)+ [ g

Integrating by parts twice in space variable, using the fact that 8—3%1 < 0on
0B, and Jensen’s inequality one gets

W) = YP() ~ (An + 1)a(t) for t > .

Since A, — 0 and ¥,(t,) = Ag > 1 one obtains that 1/,(t) blows up in
finite time if n is large enough. This proves the claim. We obtain the desired
contradiction now by comparison, since v is a super solution, globally defined
in time, of problem (3.2). O

Corollary 3.1 There ezist_constents M > 0 and R > 0 such that
u(z,t) < Me~ =R for all x| > R and all t > 0.

Proof. The proof will be performed by comparison with a suitable barrier.
Let g(s) be the positive solution of
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g"(s) +gP(s) —g9(s) =0in R

which is symmetric with respect to the origin and tends to zero as |s| — oc.

It is well known that g is decreasing in [0,00), g(0) > 1 and g decays
exponentially at infinity. By Lemma 3.2 there exists R > 0 such that
u(z,t) < g(0) for all |z| > R and all ¢ > 0. Without loss of generality we may
assume that the support of ug is contained in B(0, R). Set A(|z|) = g(|z|-R).
Then N_1

h”+——r——h’+h"—h§0, r>R
since ¢'(s) < 0 for s > 0. In other words
Ah+hP —h <0

for |z} > R. Since u(z,t) < h{z) for all |z} = R and all £ > 0 the lemma
follows by comparison. O

Lemma 3.3 J(u(-,t)) > 0 for all t > 0.

Proof. We argue by contradiction. Assume J(u(-, %)) < 0 for some ¢, > 0.
Let € > 0. By Corollary 3.1 there exists B > 0 such that u(z,t) < ¢ for all
fz| > R and all ¢t > Q.

Consider the problem

vy = Qv +v? — v in B(0, R) x [0, 0)
u = 0 on 8B(0, R) x [0,00) (3.4)

v(z,0) = (u(z,tp) — €)1 =: vy(x)

/WUF-%—;- / UQ—;}T / oy

B(0,R)} B(0,R) B(0,R)

and define

JR(’U) =

o) =

We claim that we can choose ¢ small and R large such that Jz{ve) < 0.
In fact one has

Jr(vo) < J(ul- o)) + —i— ( / wt(z, to)dz ~ / (v - e>i“(rato>dI) :

p+1 B(0,R)

B /u”“(x to)ds — / (u- eV Nz, to)dz =
B(O,R)

oyt to)dz £
wPT(z, to)dT + (Wt~ (e = )% )z to)

(o R B(0,R)
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Ce 4 e/u”(:c,to)dm.

This proves the claim since £ can be chosen arbitrarily small, R arbitrarily
large and, by Corollary 3.1, [uP(z, to)dz is a fixed finite number.

Since Jr(v(-,t)) is non increasing in ¢, it follows that Jr(v(-, 1)) < 0 for
all t > tg. Now we have

L9 2 — 2 p+1 2\/(. _
55t / vz, t)dz = ~ /(IWI — Pt ?) (z, t)de =
B(0,R) BO.R)
2
~2JH('U(~J))+(1~5—;—I-) / vP Tz, t)dz > O / v2(z, 1)dz)PHD2
B(0.R) B(0,R)

and hence v blows up in finite time. This 1s a contradiction since u is a
super-solution of problem (3.4) which is globally defined in time. The lemma

is proved. O
The following lemma is essentially due to Giga and Kohn [5]. We sketch

its proof for completeness.

Lemma 3.4 Let L be such that 0 < L < co. Assume that J(u(-,t)}) 2 0 for
all t € (0, L). Then, there exists a constant C such that

u(z,t) < C forallz € R" and allt € (0, L).

Proof. If the lemma was false, then there would exist a sequence t, € (0, L)
converging to L such that

M. = {lul, ta)fjre =+ 00

Let z, be such that
MTI

5 S u(xnatn) _<_ Mn'
Set
v (y, 7) =: g2/ -1 5
where gﬁ/(P‘]) = M1 u(x" +EnYtn + EnT)
. ) b
It is easily checked that v satisfies

v,
o = Qv + P — £2u, on RY x (= ol

By the same argument as in

. the ]
exists a subsequence, whish e ¢ ast paragraph of page 18 of [5] there

il denote by Vn, and a solution v of

UT:AU+UpinRNX(—OO O]
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such that
vy = v in CEHRY x (~00,0]).
Now, since

1y

[ [ e nPdzdt < It t0)) - (1))

to

and J(u(-,t)) > 0 for all t € (0, L), we have

//{—C%vnlzdydr =

£47/(=1) / [ 16l + ny, o+ €21) dydr <
oQ
4Pl (p=1)-N-2 / / fue(z, 1) Pdzdt <
0

Eﬁp/(”")“N‘U(uo).

Since 4p/{(p—1)-N -2 >0 ifand only if p < %—*{% it follows that v, =0
and hence v is a nontrivial, since »{¢) > %, nonnegative solution of

Av+v" =0in RY.

This contradicts a well known result by Gidas and Spruck about nonexistence
of such a solution if 1 < p < ]—’z—f—% This concludes the proof of the lemma. O

We can finish now the proof of Lemma 2.1.

Part (a) follows immediately from Lemma 3.3 and Lemma 3.4 with L =
0. As for part (b) we note that by part (a), just proved, and Corollary 3.1
that there exists a constant C, independent of ¢, such that

/uf’“ < Cforallt> 0.

Now, since J(u(-,t)) decreases as t increases, we get

3 [ 190+ 5 [l = 5 [P = S 0) < T(wo)

and (b) follows.
Finally we prove statement (¢). Let ¢, — +oc0 be a sequence such that

u(-, t,) = w{z) weakly in HI(RY).

Let us fix a number 7 > 0. Integrating relation (3.1) in time from 1, to t, +7
and using Cauchy-Schwarz’s inequality we obtain the estimate
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[qu(x,zn 3 1) = ulz t)2dr < T{J((, 1) ~ Jul e+ 7))} (3.5)

Since J(u(, 1)) is decreasing and bounded below, it follows that w(z, t,+7) —
w(r) in L?. By part (b) any subsequence of u(-, ¢, + 7) has a subsequence
convergent weakly in H'. Tts limit must therefore be w. We conclude that
ul- ty +7) — w weakly in H® for any fixed 7. Let ¢ € C2°(R™). Then, since
u satisfies (1.1), we have

/(U(I,tn + 7’) —- u(I:tn))(,O(l')dz —

/ztnw /{—Vu(:r, tn + 8)Vo(z) + (WP — u)(z, t, + s)o(x) }dsdz,

so that letting n — oo we get
/{~\7wV<p + {w® — w)pldr =0,
namely w satisfies
Av+wl —w=0 {3.6)

in the weak sense. Since the sequence u(-,t,) is uniformly bounded and
u(-,t,} — w in L% we obtain from standard parabolic estimates that this
convergence is uniform on bounded sets, see for instance the argument in the
last paragraph of page 18 of [5]. Finally, the uniform exponential decay of
u in space variable provided by Corollary 3.1 imply that the convergence is
uniform in entire space.

It only remains to prove that the convergence is strong in H !, The uni-
form convergence and Corollary 3.1 yield that u(-,t,) — w in LY(RN) for all
g > 1. The same holds for u(-, ¢, + s) for any s € {0,1).

Now let A(t) be a smooth function supported in (0, 1) such that f} h(t)dt =
1. Using the weak equations satisfied by v and w with suitable test functions
we obtain that

lim I h{s)ds /(Vu(m, th+8) - Viu(z, ty + 5) — wlz))dz = 0.

N0 Jo

This implies the existence of s, € (0,1) such that
: 2 _ 2
nango/)Vu(x,tn—ksn)l ——/IVw(:c)} :
Hence u{x,t, + 5,) — w(z) strongly in H'. But
J{ulz, ty + sa)) — Ju(z, tn)) — 6,

from where it follows that the convergence of u(-, t,) to w is strong in A1, i

4 The proof of Lemma 2.2

In this section we prove the main step in the proof of uniqueness of the
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limit, Lemma 2.2, leaving for the next section the proof of a technical step,
Proposition 4.1 below.

An indirect argument shows that proving Lemma 2.2 amounts to estab-
lishing the validity of the following statement:
There exist numbers C and Ty such that if 1, - +oc and y, € RY are

any sequences such that for a solution w(x) of problem (1.5)-(1.6) one has
R o 2 12 ¢
= o flu tn + 1) — w( +yn)HHI(R~")) > U
then there exists a subseguence of t,, still denoted by t,,, and vectors T, with
[Z,] < Cny such that

o = 2 2 o b
(/;0 ffu( tw + 1) = w(- + ya +$H)HH‘(RN)> < '2'7]71 (4.1)

for all large n.

Indeed, assume that this statement hold true. If the result of Lemma 2.2
did not hold for the constants Ty and C of the above statement, then there
would exist sequences ¢, -+ co and y, € R as nn — oc such that

Ty )
T = (/0 ”u(‘ytn + 1) - w( + yn)”f,{l(Rw))l/Z -0,

but
o —an2 e A
(/FO ittt 6) = 0+ 30+ D) > 5 (4.2)
for all Z such that |7] < Cny, a contradiction which shows the validity of
Lemma 2.2. O

Next we prove the above statement. Let ¢, y, be sequences as stated.
The proof consists of analyzing the convergence of the sequence

un(z,t) — wix)

In

Onl(z, t) , (4.3)

i

where
U, t) = ulx = yn, tn +t)
We see that ¢, satisfies

(@n)e = A = ¢ + plw + pl, ~ w))P g in RY x (0,00), (4.4)

where 0 < p < 1 depends on the values of u, and w. We observe that the
sequence y, is bounded thanks to Corollary 3.1. Now, possibly passing to a
subsequence, Lemma 2.1 implies that u, converges uniformly, with no loss
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of the generality, to w. Also fI° llénll3 = 1. Therefore it is reasonable
to expect that ¢, converges in some sense to a solution ¢ of the linearized

problem '

G = Ao~ o+ pw”'¢  in RV x (0, 00). (4.5)
This is indeed the case. We say that a function ¢ is a weak-H' solution of (4.5)
if ¢ € L*([0, K), H'(R™)) for all K > 0, and for all ¢ € C§°({0, K) % RY)

we have

o

/ (/ opr — VoV — (1 = pw” op) dedt = 0.

0
1t follows from standard linear parabolic theory that a weak-H' solution ¢ of
(1.5) is actually classical. of class C2!, and furthermore, ¢ € C'((0, 00), LA(R™M)).

The next result describes the convergence of ¢, to a weak-H' solution of
(4.5} up to subsequences. We postpone its proof for the next section.
Proposition 4.1 There is.a subsequence of ¢, which we denote the same
way, and o weak-H' solution ¢ of (4.5) such that &, — ¢ weakly n
LA([0, K), HYR™)). for all K& > 0. Moreover
{a) Set
911(I~, t) = Q")n(l‘y t) - ¢(I! t)

then

[}

27 . 1
/7 H(}n(': t)”,zl{l(RN)dt S
for all sufficiently large n.

el

(b) The function ¢ has the form

N
(x.1) :chax, +6(z,1),

1=1

where ©N C? < D unth D depending only on p and N. Moreover, there
erists Ty > O such that of T > Ty, then

L7800 gyt <
T
for some o > 0 depending only on p and N.
Next we conclude the proof of the claim assuming the validity of this
result. From Proposition 4.1 we can write, passing to a subsequence if nec-

essary,

N ow ;
w(m, by + t) = wlx) + 7 Z ~04~ () + mn{z, ) + 9 (2, ).
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Let us set Z, = 7,(Cy,...,Cy). Then |i,| < Dn, with D depeundent only
on p and N. A Taylor’s expansion yields

u(z, ty, + 1) — w(T + ) = n2ka(z) + nné(r, t) + 9ubn(z, t)

where £,(z) has a uniformly bounded H;-norm. Then, integrating we get

T Ml + ) = + ) <

w{ Tl + ([ 10O+ ([ 0l | <

12
ﬂn{(“f}l/z + TI/QKnn + e’“T/Q}.
Finally, pick Ty > 1 such that ($)/2 4+ ¢7279/2 < 1. Then the expression
between brackets in the last inequality becomes less than 1/2 for all large n

since K depends only on p and N. This proves inequality (4.1) and the proof
of the claim, and hence of Lemma 2.2, is complete. O

5 The proof of Proposition 4.1

The following result contains in particular that of part (a) of Proposition 4.1.

Proposition 5.1 Let ¢, be the sequence defined in (4.8). Assume T > 1.
Then there is a subsequence of ¢, which we denote the same way, and ¢ a
weak-H' solution of (4.5) such that

(i) ¢n — ¢ weakly in L*([0, K), H}(RY)). for all K > 0, that is
L7 [ 960~ )90 + (60 - 8)odads — 0
Jor all ¢ € C([0, K) x (0, 00).
(1) For eacht > 1 and B compact subset of RY
/1‘ {#al-,s) — @(, 3)”3{*(3)‘1’3 =0
as n - co.
(1) Givent > 1 there is an integer no(t) such that for n > ng(t)

t
/] Hbn — )70 mayds <10
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(iv) There exists an integer no(T) such that
27 ; 12
[ Hon = éltinnds < 5

for n = ng(T).

Proof. Since []°|lon(, s)l%:ds < 1, there exists a sequence 7 € [1/2, 1
such that 7, — 7 and {é¢.(, 7o)/l < 2. Therefore we can assume, passing
to a subsequence, that ¢, (-, 7,) converges weakly in HYRM) to a function
do(z) € H(RY). Moreover, by Sobolev embeddings and a diagonal argu-
ment. we can assume also that @n(:, 7,) converges to ¢q strongly in L? of any
compact subset of RY. Naw we prove statement {i). Fix K > 0. We claim
that ¥ l|éa{-, 5)||3,ds is uniformly bounded. In fact, multiplying (4.4) by
¢, and integrating we get

%/¢n2dx + 2/(lv¢nl‘2+¢n2>dl_ < D/Qi)nQdI (5.1)

where D = 2p(|]ulje)?”!. Hence, recalling that [ op2(z,7n)dx < 2, we have
that for t > 7,,

/¢n2(x, tydz < 2eP* (5.2)
Combining this estimate with (5.1) we get
%/éfdz + 2/(1:705,42 + ¢n2)dz < 2DeP.

Integrating this last inequality from 7, to & and using that ST |nl-, )l [3nds <
1, we obtain

[ 6 M < 14 6P 5 262 53

and the claim is proved. It follows that there exists a subsequence, which
we relabel as ¢,, weakly convergent in L([0, K), H'(R")) to a function ¢.
Let us fix a ¢ in C((0, K) x RY). Multiplying relation (4.4) by ¢ and
integrating we obtain

K
/r /¢n@t - VQﬁnV(P - Gjnﬁp -+ p(ur + /L('un - 'lU))p‘l)(én(P) =
(5.4)

/ d)’l(‘rv Tn)ﬁﬂ(Z, Tn)dm-
Now, using the fact that

[ [ nge = T8uT0 = 6up 4 bl + lun = 0)) ™ + 600} <
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CON [ ot 5)1fnds) P = ol 2

we see that if we let n — oo in (5.4), then
K
[ [0 =890 - 0¥+ puriovy) =

/¢o oz, 7)dz.

A similar argument, integrating as in (5.4) but from 0 to 7, vields that ¢
solves (4.5) up to time K. Finally, a ¢ as in statement (i) is constructed by
letting K — oo using a standard diagonal argument.

Fix now ty > 0 and let B be a compact subset of RY. For a given 6 > 0,
let A & C&(RY) be a compactly supported function such that 0 < h < 1,
h =1on Band |[Vh| < 4. Set 8, = ¢, — ¢. Subtracting (4.5) from (4.4),
multiplying by 8,h? and integrating we obtain

10
5 e?n%z“/ V8,12 + 02)h%dz = —-/veszx
(5.5)
+ /pw”“lﬂihz + (plw + plu, — w))P™! — pwP 1,0, h7dx.
A standard argument then gives
{ / V02V R dz] < / |96, 212z + 4 [ |Th[62d
and hence from (5.5)
28t/92h2d 4 / V0% + 62)h2dz < 4/1%;292(11
(5.6)

+ / PP 2k + (p(w + pltn — w))P~) — puP™Y) dubrhida.

From (5.2), we know that [ ¢,%(z,t)dz < 2eP*, hence the same is true for
[ ¢*dz. Moreover, by Lemma 2.1, the functions u, are uniformly bounded.
This implies the existence of a constant C > 0 such that for any given ¢ > 0
92 / 24 2 )h2dx <
28t/ hadz + = [(|V8a]? + 62)h2dz
+4 / IVh202dz + C /aﬁhzdz +e

for all n > ni(e). We can choose h with & so small that
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oaz /9211 dr +1/2 /( T6,)? + 02 hidr < C'(/e;ih?dm +2)  (5.7)
for any 0 < t < tg. Gronwall’s inequality then leads us to
/92 r, )R (2)dr + 2e < (/ 02 (z, )R (2)dx + 2¢)e”
From this and relation (3.7) it follows that
/ 10005} s yls < 20 [ 02, 7B )+ 21

On the other hand,
/a;i(.x.fnm?(z)dz <

2/(¢>n(.r,r,,) — ¢la, 7))2R (2)dz + 2/ z,70) — o{z, 7)) h*(x)dz.

So since én(-,7,) converges to ¢(-,7) strongly in L* of any compact subset
of RY and, ¢ € C((0,00), L*(RY)) we obtain

lim sup/ 16,(, )15 myds < 4eetlo.
Thus, since € is arbitrary,
lim / 160 (-, )|y ds = 0 (5.8)
This yields (ii) since 7, < 1.

To establish statement (iii), we subtract again (4.4) from (4.3) and mul-
tiply by 8,. Setting 6, = p((w + p{u, — w))?~' — w? ! and integrating we
obtain

m/eidH/[va P4 02(1 — plw + pelun — w)) dl~/5 $0.dz.
Let B(R) be a ball of radius R centered at the origin. By Corollary 3.1 we
can assume R big enough so that |p(w + p{um — w))P~H < 1/2 outside B(R).

Then by standard arguments,using the square of the binomial, we have for
e>0

2 2 2 <
281/9d1+/|§791+ 2 dy

BUPYRNY Lt I WNA2 A 2 2 5
/B(R)(P(w + (U, ~ w)) 1/2)8:dx + 1/5/5n¢ +6/0ndz.
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Taking € = } we obtain a constant C so that

L8 1o ! 2 2 / 2 42
— - 1 \C 9 d 4 5,‘ .
357 ) Otz i <C [ G+ [ 520

Integrating in time

1t ‘ ¢ t
2 4 2 g. < 2 . 2 .2
/t’}ndx—{— - / 116,112 ds < C/T" /B(R) 9,,dmds+8/7n /5n¢ dzds
(5.9)

+/9§(z77n)dac.

From the uniform convergence of u, — w it follows that 8, — 0 uniformly.
On the other hand the continuity of ¢ plus the fact ¢, (-, 7 }llm < 1 and
Ho( 7)lre < 1 imply that [82(x, 7,)dz < 4.5 for n large. Now part (iii)
follows from (5.9) after an application of (5.8).

To prove {iv) pick t, € [0, 7] such that

, w0
/Hn(z,tn)dz < T

Now the same argument as above but with ¢, instead of r, gives that there
exists ng{7) such that
[ ol fds < 2
n § 0
tn ik T

and hence
/ ”a’l ;Hﬂld3<
T T

if n > ng(7). This concludes the proof of Proposition 5.1. O

Now we prove now part (b) of Proposition 4.1. Let ¢ be the solution of
equation (4.5) previouly found as a weak limit of ¢, in L2([0, K), H(R"))
for all K > 0. We assume in the remaining of this section that 7 > 1, and
will identify the form of ¢.

As we mentioned, ¢ is smooth for ¢t > 0, and also ¢ € C((0, 00), L*(R™)).

Let us consider the linear eigenvalue problem

Ay — ¢ +puPly = My, ¥ e LAHRY). (5.10)

This problem has a first eigenvalue A, which is positive and variationally
characterized as

A = — inf{A(y) | ¥ € H'(RY), /wz =1},

where

Aw) = [ 199 + (1 - pup~ ot
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We call ¥; its unique associated positive eigenfunction with [¢? = 1. It
is known, see the appendix in [8], that just one positive eigenvalue exists,
being the second eigenvalue A, = 0 with associated eigenspace spanned by
the functions g“’ 1=1,..., N,

Let us now consider the guantity

M= inf{A) (v € HI(RY), /w] 0, /wd“' = /Lf,ﬁ =1}.
ox;
(5.11)
We claim that A > 0. In fact, on the one hand, the variational characteriza-
tion of the second eigenvalue Xy = 0 implies that A > 0. Let us assume by
contradiction that A = 0. Then there is a sequence g, € H' with [¢2 =1
such that A(g,) — 0 and also [ g,y =0, [gn 5 Sw — (). Then,

p[w g = 1+/(Vgnf?+ o(1). (5.12)

It follows in particular that g, is nniformly bounded in H'. and passing to a
subsequence we may assume that g, — g in H', weakly, and also strongly in
L? on compact sets. Since w(z) — 0 as |z} — oo and [ ¢2 = 1, we have that
there exists an R > 0 such that f’xbRpwf”‘gfl < 1/4. It then follows from
(5.12) that for all sufficiently large n

[
lx|<Rgn — 4

Letting n go to infinity we find that g % 0. Using the weak convergence in
H', we find that 4(g) < 0 and from the definition of A = 0, that A(g) = 0.
Hence the infimum (5.11) is attained and equals zero. But this implies that
0 is an eigenvalue of problem (5.10) with eigenfunction g. This is impossible,
since [ g(%”: = 0 for all 1. This completes the proof of the claim.

Fix now any 0 < t; < 1. Then there are numbers Cy, Cy,...,Cy such
that

Bz, tg) = Coe vy (z) + ZC z) + (), (5.13)

and all terms in the right hand side are mutually orthogonal in L?. Define

next
N

O(z,t) = d(x,t) - CoeM'en(z) = 3_C,
=1 61"
Then clearly @ solves
0, = A0 -6 +pw” 8 in RY x (0, 00), (5.14)

and furthermore
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. . Jw : -
/9(.,0)11)1 = /a(.,O)gE =0 for all . (5.15)
We claim that
. - dw :
/9(-,15)7,{)1 dr = /9(-,t)5;; = 0 for all 4, {(5.16)
for all ¢t > #5. In fact, set
n(t) = /é(-, £y dz = 0,

Then an integration by parts shows that

gin(t) = \in(t),

from where it follows that 7(t) = 0 for all t > ¢, since n(ts) = 0. The other
orthogonality relations follow similarly.

Next, we want to estimate some norms of 8(z,). Since § solves (5.14),
we have that for all ¢t > 0,

%/&%,t)dz = ~{[(90P + 0% dx ~ [ pur='6? da).

Then, using the orthogonality relations (5.15) and the definition of the num-
ber A in (5.11), we have that

£ [ 6 0dr < -5 [ 800

Hence i ) )
[, 0dx < X0 [ 32 1),
Using this and the identity

/92(»,T)dac + /TZT /([véw +6) dxdt =

/éQ(-,T)dZ+/T2T/pw”‘lézd1:dt

we also find that
27 . . R -
/F /(’|v0(2 + 62 dzdt < Clp, N) /02(«,t0)dze-”. (5.17)

Finally, we have, from the orthogonal decomposition (5.13),
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/¢?(-,to) =CZ + C(p, N) f:cf + /92(~,to). (5.18)
1=1

Since, by definition of ¢ we have that J; [|¢}|%,dt = 1, and we assume T > 1,
then there is a 0 < ¢y < 1 such that |8(-,#5)}|%: < 1. We fix such a ¢ in the
above computation. Thus from (5.17) we find

o7 o S
[ I8¢ lEnat < CpN)e T < e,
T
with a = A/2, provided that T > Ty = Tylp, N). Equality (5.18) also

estimates only in terms of p and N the numbers C;. Thus we have established
part {b) of Proposition 4.1 except for the following important fact:

Lemma 5.1 Cy = 0 in the decomposition (5.13).

Proof.

The idea of the proof is the following: If Cy # 0, then the Lyapunov func-
tional J takes values less than J(w) along the solution u(x, t) for a sufficiently
large ¢, contradicting the fact that J(w) < J(u(-,t)) for all ¢t > 0.

We will denote by ( -, - ) the usual inner product in H*(RY). We will
assume, by contradiction, that Cy # 0. Since J'(w) = 0, a Taylor expansion
of J around w gives

o 7)2 to
/1 (J(ul-stn + ) — J(w))ds = 7/1 (J"(w)bu, $r)ds (5.19)
b [ [0 = 0+l = ) = I(0)) s s,
1 Jo
By continuity of J”, the uniform convergence of u, and (5.3) we get
/Ito /0‘(1 ~ (" (w + plun — w)) = J" (W) bn, Pn)dpds

15} 2
< o(1) [ igallinds < o(1)elto).
On the other hand, if as in the proof of (5.1) 8, = ¢, — ¢, then
10 1!
[ (w)gn b.)ds =

/1t°(<J“(w)¢>7 6) + 20" (), 61} + (J" ()60, 0))ds.

Now, using (5.1} part (iil), we get
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t ¢t
/O(J”(w)[)n,ﬁn)ds :/"/(gvanlueﬁ — pwP10%)dxds
1 0

to
< c/X 10,11 ds < cl0,

for n > n(tp). By (5.1) part (i)

to to
L @, 60ds = [ [(v6V8, + 66, - purts6,)duds < o(1).
0
Finally, using the decomposition

N
o(z,t) = CoeMiih (z) + ZC,- 0

w N
- a'TEi(I)"rH(I,t),

we have

[ 1w, 6)ds =

, to s to - N Bw .
(" (W), %) /X CoteP 3 ds + /1 Coe™(J (w)wl,ga&—iw)ds

Jw

to 1 v A N aw ~
+ [T O+ 0, Cgl + dds.

So there is a constant K > 0 independent of t;, such that

62/\) to 22X, )

- €

AtD<J;r(w)¢, ¢>d$ S 002(__)\1)( 2/\1

+ KCQG'\”O,

and hence for n > ng(ty) we get,
to T)Q
It 5) - Jwyds < 2
+K DeM® + o(1)e(ty) + K).

Since Cy # 0 we can choose ¢y big enough so that

1
((-—-2—)002(62'\”0 _ 82*’)

~%COQ(82’\‘”° —e™) 4 KCyeM + K < 0,
and now, with #; so fixed, we can pick ng sufficiently large so that, for n > ng,
/lt" J(u(e,tn + 8)) — J(w)ds < 0.
On the other hand, since J(u,(-,t)) is decreasing in ¢,

0< /}tO(J(u(~,tn +5)) = J(w))ds,
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a contradiction, so Cy = 0. The lemma, and hence all conclusions of Propo-
sition 4.1 are thus proved.0

6 The proof of Theorem 1.2

Let ¢ be as in the statement of the theorem and A > 0. We will denote by
uy the solution of (1.3)-(1.4) with initial condition uy = A%. There are two
possibilities for uy, one: it blows up in finite time, the other: it is globally
defined in time. In the second case, according to Theorem 1.1, u, converges
uniformly to either zero or, to a nonnegative non-trivial solution of (1.5). Let
us define the sets

A= {\€ (0,00} /uy blows up in finite time.}.
B = {\ € (0,00} /uy converges to a non trivial solution of (1.5).}.
C = {) € (0,00)/uy converges to zero.}.
By comparison we have that these three sets are intervals and moreover
their union is (0, co}.
We claim that A is open. Indeed, using standard parabolic estimates it
can be proved that, for a fixed ¢, the mapping

A= J(ua(+, )

is continuous at points where it is defined in a neighborhood of that point.
On the other hand it follows, from Lemma 3.3 and Lemma 3.4, that u, blows
up in finite time if and only if there exists a time ¢ such that J{u,(-, o)) < 0.
These two facts imply the claim.

We also claim that C is open. This is a consequence of the facts that
any constant less than 1 is a super-solution of (1.3}, that non trivial steady
state solutions of (1.3) have a maximum strictly bigger than 1 and, that if
A — A then, for a fixed ¢ for which they are all defined, w,, (-, t) = us(-, t)
uniformly.

Again, since small constants are super-solutions, it follows that C is not
empty.

Let ¢ be the first eigenfunction for the Dirichlet problem for —A in a ball
B such that gdxﬁ > 0. Let u be the corresponding eigenvalue and assume ¢

normalized so that [ ¢ = 1. We then have, after integration by parts and an

B
application of Jensen’s inequality,

%/UA(@t)Qﬁ(i)dl‘ z~{1+u) /Ux(xat)cﬁ(ﬂf)dm + (/ ux(z, t)d(x)dz)”.
B B B
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Since [ux(z,0)¢(z)dzr = A [¥(z)d(z)dr we conclude that uy blows up in
B B

finite time for large enough A. It follows that 4 is not empty.

Since {0, 00) is connected we have that B is not empty. [t remains to
check that it consists of a single point. Let Ay € B and let A > Ay. Assume
ux(z,t) = w(x) as t — oo where w is a solution of (1.5). Define

A
v(z,t) = —uy,(x,t).
Ao
It is easily checked that
v < Av — v + P,

Since v(z, 0) = uy(x,0), by comparison we get
U< uy.

Therefore, if u, converges to a steady state solution, that must be of the form
w(- + ) for some vector Z € RV, then rw(z) < w(z + &), a contradiction
proving that (Ag,00) C A. This ends the proof of uniqueness of the number
Ag, which we denote Ag(9).

For the continuity assertion, let us take a sequence ¥, — v in H'-sense,
where ¥, and ¥ Z 0 are continuous, nonnegative and compactly supported.
Let us set A, = Ag(2,). We claim that A, is bounded. Indeed, otherwise we
assume A, — oo. Since 1 # 0, it is easily checked then that J(A,9n) — —oc.
But, on the other hand, the definition of A, implies that J(A\.0,) > 0, a
contradiction. With no loss of generality we may assume then that A, —
Ao > 0. We need to show that A, = Ao(%). Let u{z,t) be the solution of
{1.3)-(1.4) with initial condition up = M\, and u,(z,t) the solution with
Up = A, Let us assume, by contradiction, that A, # Ag(¢). Then u(z, ¢)
either goes to zero in H' or blows-up in finite time. In either case, we
must then have the existence of a time ¢, at which J(u(-,15)) < J(w). But,
continuity of the solution of the initial value problem in the initial data
implies that also J(u,(:, %)) < J{w) for all n sufficiently large. But, again,
the definition of A, implies that J(u,(-,t}) > J(w) for all ¢, a contradiction
which finishes the proof of the theorem. O
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