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We construct solutions of the equation

1+ | VuP)

—A
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O<u<l

in a bounded smooth domain of RR? with Dirichlet boundary condition, for A > 0
small. These solutions approach 1 as . — 0 at one point, and if Q is not simply
connected we find solutions forming singularities at many points. The equation arises
in the modeling of a MEMS with fringing field. A surprising connection with plasma
problem is found.
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1. Introduction

The following elliptic equation arises in the modeling of electrostatic Micro-
Electromechanical Systems (MEMY),

—Au:L O<u<1 inQ

(1 —-u)?’ (1.1)
u=>0 on 0Q)
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Point Ruptures for a MEMS Equation 1463

where ) is a bounded domain in IR? with smooth boundary and 4 > 0. Taking into
account a fringing field in the modeling of the MEMS vyields an extra term:

1+ 6|Vul? .

—_— 1 Q

e’ O<u<l1 in (12)
u=20 on 0Q),

—Au=21

where 6 > 0, see [13-16].

Of special interest are solutions that give rise to singularities in the equation,
that is such that u ~ 1 in some region, which in the physical model represents a
rupture in the device. We will say that a family of classical solutions u, of (1.1) or
(1.2) develops ruptures as A approaches a critical parameter if sup,, u, — 1.

As observed numerically by Pelesko and Driscoll [16] and rigorously by Ye and
Wei [18], there is a striking difference between (1.2) with 6 > 0 and (1.1). On one
hand, for (1.1) in the unit ball, one knows that there is a family of solutions u,
developing a rupture at the origin for 4 — J, # 0. In this case 4, and the limit
function u, are explicit, see [12]. More properties on equation (1.1) can be found in
[6, 7, 9-11]. On the other hand, for (1.2) with ¢ > 0, if 4 has a fixed positive lower
bound, then there is an a-priori estimate u < C < 1 for any solution u of (1.2), see
Theorem 4 in [18]. Then the implicit function theorem and the global bifurcation
theorem of Rabinowitz [17], imply that there is a family (4, ) of solutions of (1.2)
with A — 0 and supyu — 1.

The precise behavior of solutions developing ruptures as . — 0 and the set
of possible ruptures is not known so far. We give an answer to this question by
constructing families of solutions that develop one or more ruptures as 4 — 0, and
obtain a precise asymptotic description. The analysis also reveals connections with
the plasma problem and the Liouville equation. This seems to be the first result for
the construction of multiple point ruptures.

For simplicity we will work with 6 = 1, namely we work with

1+ |Vul? .
—Au—im, O<u<l1 mnQ (13)

u=0 on 09},

but the results are valid for any ¢ > 0.

Let m > 1 be an integer. We say that a family of solutions u, of (1.3) defined
for all 2> 0 small develops m isolated ruptures as A — 0, if there are points
& oo € € Q, uniformly separated between them and from the boundary, such
that for any 6 > 0

limsup sup u<l1
=0 O\ULL, Bs(.0)

and forany 6 >0and alli=1,..., m:

sup u > 1 as A — 0.
B5(&i,2)

Our main results are the following.
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Theorem 1.1. There exists Ay > 0 such that for 1 € (0, J,) there is a solution u, of
(1.3) developing one isolated rupture as 4 — 0.

Theorem 1.2. If Q is not simply connected, for any integer m > 1 there exists A,, > 0
such that for 4 € (0, 4,,) there is a solution u; of (1.3) developing m isolated ruptures
as A — 0.

The location of the ruptures of the solutions constructed in the previous results
is determined by a function ¢,, that depends on the Green function of the Laplacian
in Q and its regular part. More precisely, let G denote the Green function for the
Laplacian with Dirichlet boundary condition:

—AG(-,y) =46, inQ
G(x,y)=0 for all x € 0Q)

and H its regular part, given by

1 1
H(x,y) = G(x,y) — — log . 1.4)
2n |x — |
For an integer m > 1 and ¢, ..., ¢, different points in () we define
Cu(&isen &) = H(E &) + 3 G(ELE)). (L5)
i=1 A

Then in Theorems 1.1 and 1.2, after passing to a subsequence, the rupture points
E1s -+ s Cs € Q of the solution u;, converge to a critical point of ¢,,.

For multiple ruptures, i.e. m > 1, the condition that () is not simply connected
guarantees existence of stable critical points of ¢,,, see [5]. By stable we mean that
these critical points also exist for functions close to ¢,, in C! norm.

As a byproduct of the analysis, we also have the following result.

Theorem 1.3. For any non-degenerate critical point £ = (¢, ...,¢,) of ¢, there is
Jo > 0 such that ) € (0, Ay) there is a solution u, of (1.3) developing m isolated

ruptures as \ — 0 at points &, ;, ..., ¢, ; € Q that converge to (¢, ..., ¢E,).

Regarding the asymptotic behavior of the solutions we construct, if u; is the

solution of any of the three theorems above developing m ruptures &, ;,..., ¢, ;
€ Q, then
(9= 23" Glx, £,)(1 +o(1)
u(x) = - x & 0
[Tog 7] & 70 =
as 4 — 0, for points x € () away from ¢, ;, ..., ¢, ;. Very close to the points ¢; ; we

have an expansion of the form

A Alog |log Al A |log 4|2
=1- — 1 Vol —|x =&, lLo.t.
u(x) [log /| |log A|? +|log)»|2 OB\ " ) =l ) ) 1o
(1.6)
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where l.o.t. contains smaller order terms and the function V| is the unique radial
function satisfying

—AV, = (V, in R*>, maxV,=1. 1.7
0 0)+ 1ax Vo

The number o, is given by ay = (3= [p2(Vp) +)71. The expansion (1.6) is valid for
points x € O such that |x —¢;;| < WR, where 0 < R < R, and R, > 0 is the
radius for which V{(R,) = 0.

The function V; can be written more explicitly as follows. The number R, > 0
is the radius such that the principal Dirichlet eigenvalue of —A in By (0) is 1. Let
¢, be the first eigenfunction in By (0):

—Ap;=¢;, ¢ >0 in BRO(O)
¢, =0 on 0B (0)

normalized so that ¢,(0) = 1 and let

dy = —<P/1 (Ry). (1.8)
Then
Vy(x) = @, (x) if x € By (0) (19)
’ —dyRy log(|x|/Ry) if x & By, (0). '

The key behind the main results is a change of variables similar to the one
introduced in Ye and Wei [18], which allows us to rewrite problem (1.3) in the form

log A2
IoglQ

—Av=f,(v—|logl|) inQ, = i (1.10)

v=20 on 0Q);,

with a nonlinearity f, that satisfies
fi(t)—>1t, asi—0
for all r € R, where ¢, = max(z, 0). See the derivation in Section 2 and the definition

of f, in (2.6).
Formally, replacing f,(¢) in (1.10) by ¢, and setting

| log A|?
v(x) = v<| Oi | x), x € Q,

we are lead to

—&2Av=(v—1), inQ
v=20 on 01},

where € = m This problem is, after some transformations, the same as the

plasma problem studied in [2, 3] and also presents similarities with the Liouville
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equation [1, 4, 5, 8]. For both problems there are existence and classification results
of solutions exhibiting point concentration. In both problems the location of the
concentration points is determined by an energy expansion that at main nontrivial
order involves the same function ¢,,.

The results of this article give some information on the bifurcation diagram
associated to (1.3). In fact, we can say that there are branches of solutions of the
form (4, u;) defined for small /2 > 0 such that

A

= 1 _——
max u, Tog /]

(14+0(1)) asi— 0.

In the problem (1.2) with an arbitrary 6 > 0, the same branches exist but it is natural
to expect that there is a non-uniform behavior as 6 > 0. In particular, the smaller the
value 0 > 0 is, the more that the bifurcation diagram of (1.2) should resemble the
one of (1.1), in particular with an increasing number of foldings, up to some point
in the max u axis that depends on J, and after which one can expect the branches
constructed in this article. This can be seen in numerical calculations in [16] for the
unit disk. Regarding the applications, a question of interest is the first folding point,
that is related to the maximum voltage that can be applied to the device. In [13] the
authors study formally the effect of small 6 > 0 in the first folding point.

The proof of all theorems is carried out with equation (1.10), by a Lyapunov-
Schmidt finite dimensional reduction. In Section 3, given m uniformly separated
points &, ..., ¢, in Q, we construct an approximate solution V,(&,,...,¢,) of
(1.10), in the same spirit as in [3-5]. We also compute in this section an expansion of
the energy I, of V,(¢,, ..., ¢,), where I, is the natural energy functional associated
to (1.10). We seek a true solution of (1.10) of the form V, + ¢, where ¢ is small
in an appropriate norm. For this, in Section 4 we study the linearization of (1.10)
around V, and prove its bounded invertibility in appropriate spaces, except natural
orthogonality conditions. In Section 5 we show existence of solutions to a projected
version of (1.10). After the reduction, the problem becomes one of finding critical
points of a function that is close in C! norm to ¢, on compact subsets of its domain
of definition, and this is done in Section 6. In the case of two or more points of
concentration in a non-simply connected domain, this is the guaranteed by a result
in [5], which has also appeared in [3].

The main difficulty in this process is that the nonlinearity f, converges to x_,
which is only Lipschitz and hence, some estimates of derivatives of the solution,
which involve f/, become delicate as 4 — 0. This is similar to the difficulty in [3],
except that for us the nonlinearity is not explicit but smooth.

2. Change of Variables

Equation (1.3) is equivalent to

1+ |V,
i
u =1 on 0Q},

Au, =4 ,0<u; <1 inQ
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where u; = 1 —u. Let us write u; in the form u,(x) = Zw(x/4), x € Q, so that w
satisfies

1+ |Vw|?
ZIT
w= - on 0Q/A.

1
Aw , O<w<z in Q/2

Motivated by [18], we can eliminate the gradient term by introducing the change of
variables

1

v, = g(w) where g(w) = / e ds. 2.1
We compute
1
Av, = —Eel/w,

and note that g : (0, +00) — IR is a decreasing convex function with range equal to
R. Therefore g=' : R — (0, +00) is well defined. Let

1
h(w) = —e'" for all w > 0
w

and

f(1) = h(g™\(1)). 2.2)
Then v, satisfies

v = —¢) on 0Q) /A

{—Avl = f(v,) in Q).

where
12
c,=—g(1/2) = / e ds.
1
Note that
1 :
¢, = z+|10gA| +0(1) asA—0
and that f: R — (0, o0) is a convex increasing function. Moreover
f(v) = v(logv)* + o(v(logv)*) as v — +oo (2.3)

flv) = 0(%) as v —> —oo. (2.4)
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Let v, = v; + ¢, so that it satisfies
_AUZ - f(U2 - C},) IIl Q/}v
v, =0 on 0Q/A.

Finally, we write v, as

C)

v(|log /%x) (2.5)

vy (x) =

|log 2

which leads to

1 712
—Av=f,(v—|logi]) inQ, = | Oid Q
v=20 on 0Q),,
where
(1) = Fet (2:6)
A c;llog AlP" \Jlogi| )° ’

This is the formulation used in the proofs of the main results. Observe that thanks
to (2.3), (2.4) we have

f,(ty >t, asi— 0 forallreRR.

We collect here some useful estimates for the non-linearity (we omit the
computations).

Lemma 2.1. Let f be defined by (2.2) and f, be the function (2.6). Then the following
properties hold:

f(1) = t((log1)* + O((log )’ loglog 1)) as t — +oo

C
f(r) < T2 forallt <0

log | log A
[ =1, + O(%) as A — 0, uniformly for t on bounded sets (2.7)
A
3
=<C t<0 2.8
H0 = O T o) TS 238)
fi(t) = O() uniformly for t in bounded sets (2.9)
ci
() < Ht<0 2.10
1O = Tiogai@r + #hogam 7= (210
fi(t) = O(1/2) uniformly for t in bounded sets (2.11)
C
fi@) = — if1/(Z]log2]) — oo (2.12)
23
i <c 4 forall t <0 (2.13)

[log 2] ([t]* + A%| log Z]*)
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Remark 2.2. The choice of the scaling of the domain in (2.5) is motivated by the

following computations. At points where u develops ruptures, the function v, (c.f.
(2.1)) blows up. Therefore it is natural to introduce a new variable v so that

v, (x) = Mi((log M)’x) x e %Q, (2.14)

where M > 0 is a new large parameter to be chosen later on. We find

. 1 - . (logM)?
—Av = Wf(Mv) m TQ

By (2.3), (2.4)

Wf(Mt) — [+ as M — —+o0

for any ¢ € R, which is the motivation to introduce (log M)?* as scaling in (2.14). If
we choose M such that max v = 1, then v solves at main order

. (logM)?

—Av =7, In ; Q

max v = 1.
Assuming that v has a maximum at the origin, heuristically we can expect that
v(x) &~ Vy(x).
We use this information to obtain an estimate of the size of M. By definition of v,
v1(x) & MV, ((log M)*x).
Evaluating this relation on the boundary of +Q we find

log M)*D
¢, = Md\R,log (M>

R,
where D represents the diameter of the domain. This gives the relation

i
M\ =
P = @ Roilog i

o( ) as 1A — 0,

1
Allog /|

so log(M;) = |log 2| + o(|log A]) as 4 — 0. This motivates (2.5).
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3. First Approximation and Its Energy
3.1. Setup

We will work mainly with the following reformulation of problem (1.3),

{—Av = f,(v—|logZ]) in Q; 3.1)

v=20 on 0},

where

1 Ci
filx) = ¢,|log ).|3f( |log Z| x)

with f defined in (2.2) and

log 4|
_ |logal”

Q
* i

We will define an initial approximation of a solution to (3.1) based on the
solutions w; , of the following problem

1
w;/,ot(r) + ;w;,a(r) = _fi(wl,oz) r>0 (32)
w;,(0) =o, w;,(0) =0,

where o > 0.

Lemma 3.1. We have:

(a)

(3.3)

log | log A
wm:a%+OC%L%J>

|log /|

as . — 0 in the C' norm over compact sets of R?, where V, is the function defined
in (1.9).
(b) There is a unique R, , > 0 such that

N3

wZ,m (R),,m) = O’

and it satisfies

log|logZl\ d log | log 4
&d=&+o(%L%ﬂ) NZO(%L%J)

— 34
|log /] do. |log /| (34)

as A — 0 where R, is the number defined just before (1.9) and 0(%) is uniform
for o in compact sets of (0, +00).

(©

log|log/
—w) ,(R;,) = doo+ 0(%) as A — 0 (3.5)
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uniformly for o in compact sets of (0, +00), where d, is defined in (1.8).

For the proof see section 3.2.

We proceed now with the construction of an initial approximation of a solution
to (3.1). Let m > 1 be a fixed integer, ¢,,..., ¢, € Q, and p,, ..., u, > 0. We will
always assume that for some small 6 > 0

|&— &> forallisj (3.6)
dist(¢;, 0Q0) > 0, foralll <j<m, (3.7)
o< < 607! foralll <j<m. (3.8)
Let us use the notation
> |logi?
éj = Tﬁj (S Q;'.

The parameters p; will be chosen later on, but let us comment that they are used
to decrease the error of the approximation. We will see that to choose the numbers
1; is equivalent to choose the value of « in (3.2). In the limit as 2 — 0 the solution
of this ODE is just oV, as stated in Lemma 3.1. Note that V], is also a solution of
(1.7) for any o > 0. Actually the same approach is taken in the plasma problem [3]
and in the Liouville equation [1, 4, 5, §].

Thanks to (3.5), we can find for 4 > 0 small a unique positive number «; such
that

_w;.,a‘,(Rz,a,)Rz,a/ =K (3.9)
Let us write
w;(r) = w)v!aj(r), R, = R;”aj. (3.10)
We define
w;(|x — &) + | log 4| if [x - &| <R,
YT | top (S ) ltogdl ks &,

The function V; is radial about the point & janditis C Uacross the boundary of the
ball By (¢)), thanks to (3.9). It satisfies

_AV: (V. — lO )» . £ on ]Rz’
{ j = F:(V; = 11og 21) s, 2, (3.11)

maxg: V; = Vj(Ej) =o; + |log|.

Since the function V; does not satisfy the boundary condition on 0Q; we
consider V; — H; where H; is the solution of the problem

{AHJ-:() inQ, (312)

H; =V, on 0Q,.
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Then

_z
H,(x) = —, log (“R—f') +|log /| for all x € 002,

J

and we get the formula

A
H;(x) = —27r,ujH(Wx, fj> —2u;log[log 2| + w;log R; + (1 — p;)|log 4|

where H is the regular part of the Green function, c.f. (1.4). We define the initial
approximation as:

V,=YV,—H, (3.13)

We look for a solution v of (3.1) of the form v =V, + ¢ where ¢ is small
compared to V,. Then problem (3.1) gets reformulated in terms of ¢ as follows:

Ap+ fi(V, —|logi)¢ + E, + N(¢) =0 in Q,

(3.14)
$=0 on 0Q);,

where

E; = AV, + f,(V, — [log 4])
N(p) = f;(V, + ¢ — |log A|) — f,(V;, — [log A|) — f;(V; — |log A|)¢.

Up to now the parameters u; were free in the interval (9, 67" (6 >0 a small
constant). To ensure that E; is small in an appropriate norm to be introduced later

it is necessary to adjust the numbers y; in a suitable way.

Lemma 3.2. Assume that p,, ..., u, > 0 satisfy the system of equations

log |log 4| log R, 2n [
p=1-2p

llog]  Mlogil ~ [log/] wH(E &) + 3 1G (& é_j)} (3.15)

i#]
foralli=1,...,m. Then for all R > 0, we have

V.(x) = V,(x) + 0(@), for all x € By(Z) (3.16)

as A — 0, where the term O(M%lz) is in C' norm in By(&)).
The proof of this lemma is given in section 3.2.

We note that the system of equations (3.15) is nonlinear since the functions R;
depend on ;. Nevertheless this system is solvable for small 1 > 0 and we obtain the
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following expansion for the solution

log|logi|  logR, 2=
. ozl " Togd] ~ Toga] | G )+ 2664
(log| log 2[)’
N g 3.17
" ( og iP (3.17)

as 1 — 0.
Because of Lemma 3.2 we will work in the sequel only with g, satisfying (3.15)
and in particular we will always assume that

log|log /|

,ui=1+0( ) as 2 — 0. (3.18)

|log /|
Also, thanks to Lemma 3.1, we will assume

—log|log/1|> as 1 — 0

R. =R [0)
ot ( log /]

1

To solve (3.14) with ¢ small in a convenient sense we need to choose the points
&, ..., ¢, € Q, appropriately, and for this we use a variational formulation of (3.1):
v is a solution of (3.1) if and only if v € H}(Q) is a critical point of the energy
functional

1 2
I,(v) = E/g Vol —/Q F,(v— |log i|) (3.19)
where
F@) = [ fi(s)ds
-1
We note that 7, is a C! functional on H}(Q). If ¢ is a small solution of (3.14) one
may expect that I,(V, + ¢) is critical with respect to ¢, ..., &,. Therefore, in order

to find the good choice of the points &, ..., ¢, it becomes important to compute
L(V)).

Lemma 3.3. Suppose ¢, ..., &, € Q satisfy the separation conditions (3.6), (3.7), and
let y; satisfy (3.15). Then

1,(V,) = nm|log /| — 2mmlog |log A| + nmlog Ry — 27*¢,,(¢;, ..., &,) + o(1)
(3.20)

as A — 0, where @,, is defined in (1.5), and o(1) is uniform with respect to the C' norm
in the region (3.6), (3.7).

Proof. We compute

1 )
L) =5 [ Wil = [ F(v; — llog ).
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Using (3.11) and (3.12) we have

[wir=|
Q; Q;

Therefore, by Lemma 3.2

f, 1w

m _ _ /AL
=S, o, b= (=D + Howil + O )

2 m

>

j=1"Br; (S

SNV, — H)) e
=1

m m i
2D AT o AT (o5
(3.21)
as 4 — 0. Integrating (3.11) in BRJ_(E].) and then using (3.4) and (3.17) we obtain

log |log /| 2n log R,

f fo(wi(x)) dx = 2mu; = 21 — 4 . (3.22)
Be, " ! |log 4| [log /|
4r? (log |log A|)?
™ Tog /] |:H(§,-, ¢)+ ;G(fj, 5i):| + 0(w>~

For the terms |, Be (0) f:(w;)w;, we note that multiplying (3.11) by w; and integrating
in By, we obtain

_ 2
/BR_/«O) Silwjw; = fBR,.w) Vil
But by (3.3)
log |log /|
s .V 0 —
Y=t T ( [og /]

in the C' norm over compact sets of IR?, where « ; satisfies (3.9), and we get

log|log 4|
.uj = dOROOCj =+ 0<|1()T .
This gives
1 log | log 4
V2 = v, 1 o oglloe Ay
! dy Ry |log /|

Using this, (3.4) and (3.18) we see that

1 log|log /1|)
YW, = —— VW, |* + 0(— .
/BR, 0 Filwpw; d3R; /BRO © VWl |log 2|
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Therefore we find
1
3 /;1 |VV,|> = nm|log A| — 2nmlog |log A| + nmlog R, — 2@, (&, ..., &)

(log | log A])?

+ |log 2

fB [VVol* + O( ). (3.23)

2d%R}

Now we compute
[ Fv,=logih =3[ F(v,=llogi)+ [ F,(v; - [log2)
Q; j=1 BR/»(C/) Q;

where (~2,- = Q\ UL, BRI(E,-)- First we have, using (2.7) and (3.16),

)
F,(V, —|log]) = F,(w) + 0 —— ). 3.24
[ o Fvimtioeih = [ rw)+0( i) (.24
Using Lemma 3.1, F,;(t) = %ti + 0(%), (3.4) and (3.18), we obtain
/ F(V —|1ogx|)=Lf v2+0<M> (3.25)
By 2d2R] Jg,, ° |log /| '

as 4 — 0. To estimate the integral in Q , we use the inequality (2.8) which implies
that

A
|F;(v)] < Cm forall —1<v<0 (3.26)
and
3
|F,(v)] = C for all v < —1. (3.27)
‘ |log 4|
We write
[ Ew,—logiy =3 [ F,(V, = [log /])
Q; j=1"Bior;E)\Br; )

+ [ F,(V, — |log ])
Q\UBjog, ;)

and estimate, using Lemma 3.2 and (3.26),

A
/[ FAV, —log ) = [ RV, - log ] + 0 120
BIOR,'(E.;J\BR;'(ZT,') BIOR,'(E:;)\BR,'(E;) | Og/L|
)\:
= F,(V. — |logi|)+0<—)
BIORI-(Z:])\BRI-(:{]-) ! |10g/1|2

~0( o) (3.29)
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Far away from the points & ; we argue as follows. For points x in 6BIORj(E ;) we have,
because of Lemma 3.2, that V,(x) — |log | < —M where M > 0 is a fixed constant.
But V; — [log /| is harmonic in O\ U7, BIORJ-(E/') and equal to —|log | on dQ),, and
therefore V,(x) A| < —M holds for all points in Q\ U}, BIORJ(E ;). Thus we
can use (3.27) and deduce

/ F,(V, — |log 2|) = O(2| log A]).
RACLITTHER

Combining the estimates for each term, and noting that

[wie=[ v
B B,

Ro

we conclude that formula (3.20) is valid with o(1) in the C° norm over the region
(3.6), (3.7).

Regarding the estimate in C' norm, the error term in (3.23) is also O((l"g‘l‘gz‘% Al )
in C! norm for the parameters in the region (3.6), (3.7), since we can use (3.16) for
the error in (3.21) and the dependence on the ¢; in the terms appearing in (3.21) is
through the y; in expression (3.22). Similarly, the errors in (3.24), (3.25) and (3.28)

are also C' with respect to ¢&;. O

3.2. Proof of Lemmas 3.1 and 3.2

Proof of Lemma 3.1. Firs we remark that for 4 > 0 the nonlinearity f, is smooth,
and that the solution w; , of (3.2) exists for all » > 0. It is also smooth with respect
toa>0,1>0.

a) Estimate (3.3) follows from f,(r) =7, + 0(l°ﬁ(|)lg°/g) loglloeZ]y 5 ) —» (0 uniformly on
compact subsets of R (c.f. (2.7)).

b) The existence of R;, follows from the convergence in part a), and the
uniqueness because %wiyx(r) < 0. The estimate for R;, in (3.4) follows by the
implicit function theorem, noting that w, ,(r) is C' in r, that w, , and %w;ﬂa(r) have
continuous extensions to 4 = 0, and 5‘—iw;ﬂa(R0) < 0 (with a uniform distance as 1 —
0). What needs to be verified is that the expansion

0
w, (1) = w, ,(Ry) + w,w(Ro)(” Ry) +o(|r — Ryl)

as r — R, has an error o(|r — R,|) which is uniform as A — 0. This estimate can be
obtained from elliptic estimates, since Aw; , remains bounded, and so is uniformly
C"* on compact sets.

We prove now the estimate <R, , O(IOﬁng")g‘M) in (3.4). Differentiating the
relation w; (R, ,) = 0 with respect to o we obtain

d R (ﬁfx w/l,x(Ri,c{) )
do ! :w/v(ny)
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Since 3 w ) a(R 1») 1s bounded away from zero, we need only to estimate L w, (R, ,).
Let z,, = ~w, , which is smooth and satisfies

Az, = fi(w;,)z,, in R (3.29)
We claim that

log|log 4|

3.30
[Tog /] (3.30)

|2,..(Ro)| = C
To prove this we let ¢(r) =z, ,(r) — V() and note that

—A¢ = fi(w;,) 250 = 2 Vo = Ly, @ + (F1(W3,) = s, )20

Multiplying this equation by V, and integrating in B gives:
R(R)Vy(R)) = [ (1032) = 7, )21 Va
Ro

and the integral on the right hand side can be verified to be 0(%) as 1 — 0.
Equation (3.29) shows that z, , is C'* on compact set, for any u € (0, 1). Using this
property and (3.30) we deduce

log|log A|

. (R, <C
[2a(Ri)| = C= 0

¢) This property follows from the convergence w, , — oV, as A — 0 in C* on
compact sets of R? and R, , — R, as 4 — 0. |

Proof of Lemma 3.2. Fixi=1,...,m and R > 0 be fixed. For x € B,(¢,) we have

V00 = H(3) = Vi) + 2 (1 ) + 2

A| — ;i log R,
— (I = )| log 4.

For x € By(&), if we take j # i then
A
Vi(x) — H;(x) = 2npu,G o )|2x ¢;
(This is valid actually for |x — Ej| > R;.) Therefore, for x € B,(&)

Vi(x) = 2 _(Vi(x) — H;(x)) = V,(x) + 2““'*’(@* €i> + 2p;1og [ log 4|

j=1

A
—wlogR, — (1 — p)|log 2| +2 G ——ux, ¢
:ul Og i ( :ul)| Og |+ ﬂ:;'uj <|10g/"h|2x é/)
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= V,(x) + 2mp; H(E;, &) + 2, log | log /|

A
— wilogR; — (1 — p;)[log 2| + znZﬂjG(éh ¢)+ 0(ﬁ)’
i | 0g/“|

where the O(m) is in C' norm. Using the equations satisfied by ;> (3.15), we
find the desired estimate (3.16). d

4. Linear Theory

Here we study the invertibility of the operator
Lo =Adp+ Wo

in Q, where

W = f,(V, — |log A)).

Throughout this section we assume that ¢&;,..., ¢, € Q) satisfy the separation
conditions (3.6), (3.7) and EJ- = '1"%”2 ¢; € Q. We also assume that g, ..., g, satisfy
(3.8).

We consider the linear problem of given % in an appropriate space, finding ¢
and Cijp 1= 1,...,m, j=1,2, such that

L¢=h+z Z ¢;;Z;; in Q,
i=1 j=1,2 Y 4.1)
¢=0 on 04,

/ $Z,=0 foralli=1,2,j=1,...,m, 4.2)
Q;

where the functions Z;; are defined by

Zij(x) = Z,-,-(X)Ho(x - El)

with

A% -
2(0) = 2= &), (43)
Y
and 7, is a smooth radial function in R? with support in Bg,(0) and identically 1 in
Bg,2(0), and Vj is defined in (1.9). Note that %(x — £;) is continuous but not cl.

The choice of 7, makes Z;; a smooth function with compact support.
Let Y be the space of measurable functions 4 : ), — R such that

heL®( ) and h e LP(Bag,z,)) forall j=1,....,m,



Point Ruptures for a MEMS Equation 1479
where
Q, =0\ U;'nzl BZRO(_fj)
and 2 < p < 4o is fixed. We will consider the following norm on Y:
m _ -1 m
2]y = sup ( |x — f_j|2”> |h(x)]+ 3 1Al 28 e 0o
xeQ); \j=1 j=1 J

where 0 <o <1 is a small constant. Note that since p > 2, if A €Y then any
solution ¢ € H}(Q,) of (4.1) is C'(Q)).

Proposition 4.1. There is Ay > 0 such that for any 0 < 4 < A, and for all h € Y there
is a unique ¢ € L*(();) and unique c;; € R that solve (4.1), (4.2). Moreover

D0,y + 22 22 leyl < ClliAlly. (4.4)
i=1 j=1,2
In addition, the maps ¢y, ..., ¢, = ¢, c;; are differentiable and
1
108, Pl + 10z, ¢ < Cav ™|y (4.5)

The proof of this result relies on the non-degeneracy of V, (defined in (1.9)),
which satisfies

_AVO = (Vo)+ il’l IRz,
and is radially symmetric with maxg. V, = 1.

Proposition 4.2. Let ¢ € L*(IR?) be a solution of

—A¢ = X[v0>0]¢ in R?,

where ..o is the characteristic function of the set [V, > 0] = By (0). Then ¢ is a
linear combination of
5)61 ’ a.x2 '
For the proof see [3, Proposition 3.1].

To prove Proposition 4.1 we start with an apriori estimate.

Lemma 4.3. There is C > 0 such that for all 1 > 0 small, and for any he€ Y, ¢ €
L*(Q;), and c;; € R that verify (4.1), (4.2) we have

Ibllie0, + 22 22 leyl < Clilly.

i=1 j=1,2
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Proof. We first prove that
el = Clirlly + oM dlli=(a,) (4.6)

as 2 — 0. For this let 7 be a radial function in C*(IR*) with support in B,(0) and
n=11in B,(0). Let n,(x) = n(A"*(x — &;)) and

Zii =z,
where z,; is defined in (4.3). Multiplying (4.1) by Z,; we find
/Q/:¢(Azl.j+ WZ,) = /Q WZ; +c; /Q 2,7,
This gives
leul < Cllhlly + 1@llieca, [ AZ;;+ WZy.
We compute
AZ/ + WZ‘,‘ =n;(Az;; + Wz;;) + 2V, Vz,; + An, z,;.

Using that |z;;(x)| < Clx —&|™" and |Vz;(x)| < Clx — &| for |x — &| = 2R,, we
see that

/“’ |2Vn,; Vz,; + An,z;| = 0(2'?)

as A — 0. The other term can be estimated as follows:

|”I)_(Azij + WZij)| = ||77).||L”||Zij”L°° ABg (8) — f;,(V/ —|log )] — 0
Q, Q 0

A

as A — 0. Therefore
/Q- AZ, + WZ,;| = (1)

as A — 0 and this proves (4.6).
Now we claim that if R > 0 is large enough, then

Al =, < CUIPI; + IIAlly + > lei; 1) 4.7)

i=1 j=1,2

where

I¢ll; = sup_|ol.

UL Br (%)
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For this we use a barrier argument. Let
Y(x) =2 (1 =[x = &™)
=1
Fix R > 2R,. By (2.10), W(x) < C2*/|log /| for x € Q,\ U, Bx(&,). Then
AY + W)y <0 in Q\ UL, Be(&)),
provided 4 > 0 is small. This shows that the operator A + W satisfies the maximum
principle in this region. Applying the maximum principle to C(|||ly + X |c;| +

ol £ ¢, where C is a large constant, we arrive at (4.7).
Using (4.6) and (4.7) we obtain

M,y = CAISN; + l12]y)-
Therefore to prove the lemma it suffices to show
Il < Clinly. (4.8)

We prove this estimate by contradiction. Assume that there are sequences 4, — 0,
(¢,) in L=(Q; ), (c™) in R and (h,) in Y that satisfy (4.1), (4.2) and

ij
@ull; > nll7,ly-

By linearity we can assume that | ¢,||; = 1. Then (4.6) implies that ||%,|, — 0 and

c,-(;') — 0 as n — +oo. Then for a fixed i € {1,..., m} and a subsequence (denoted
the same as the original sequence)

sup [¢,| = ¢
Br(&:)

for some ¢ > 0. By translating we can assume that ¢, = 0. Using the equation, we
get that up to another subsequence, ¢, — ¢ uniformly on compact sets of R? and
that ¢ # 0 is a bounded solution of

A¢ -+ XBRO(O)d) =0 in IRZ.

By Proposition 4.2, ¢ = a,z;; + a,z;, for some a,, a, € R. But ¢ also satisfies
[ ¢z,=0 j=1.2,
R2

which shows that a; =a, =0 so ¢ =0, a contradiction. This proves (4.8) and
finishes the proof of the lemma. |

Proof of Proposition 4.1. Consider the Hilbert space

H={¢eH3(Ql):f Zp=0i=1,....m, j=1,2}
Q;
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with inner product (¢, ¢,) = fﬂ_ V¢, Ve,. For h € Y, the variational problem: find
¢ € H such that '

<¢¢>=£AW¢—M¢fmaH¢eH

is a weak formulation of (4.1), (4.2). Using the Riesz representation theorem, this
variational problem is equivalent to solve

b+ K(p) =h (4.9)

where 1 € H and K : H — H is a compact operator. When 4 = 0 then 7 = 0 and by
Lemma 4.3 ¢ = 0. By the Fredholm alternative there is a solution ¢ € H of (4.9)
giving a weak solution of (4.1), (4.2). By standard regularity theory ¢ € C(Q,) and
we get the estimate (4.4) from Lemma 4.3.

Now we proceed with the differentiability properties of ¢, ¢;; with respect to
&, ..., ¢, For this we proceed formally, assuming the differentiability, and obtain
estimate (4.5). This argument can then later be justified by applying it to finite
differences instead of derivatives. We recall that ¢ is the unique solution of

L¢—h+ZZCU ij i /l

i=1 j=1,2
satisfying ¢ = 0 on 0(); and the orthogonality conditions (4.2), and that the ¢;; are

uniquely determined. Assuming that ¢, ¢;; are differentiable and setting v ='05kq§
we find

Llp— aékw¢+h+zd11 IJ+ZC1] CA ’J
where d;; = 0z c;;. Differentiating the orthogonality condition (4.2) we get
/ l//Zz] + (backzu - 0

Setting

fﬂ ¢) & l/
Jo, 2

Y= Vv +b;Z; where b; =
we get that  satisfies (4.2) and
Ll// - ackW¢+h+Zdu U+Zcuack t/+ZbijL(Zij) il’l QA'

Hence, applying the apriori estimate of Lemma 4.3 we deduce

1Wlli~a,) + 1dil < CAUI0:, Wolly + IRl + 3 1elllog LIZ) |y + 32 1B, IIL(Z)y)-
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We claim that each term is bounded by cir! |2y .Let us verify this explicitly for
[0z, Wy, because the others are direct. Since |||~ < C||h|y, it suffices to verify
that

10 Wlly < Car. (4.10)

But 0; W = f7(V, — |log 4]) ¢, V,. One can verify directly that [|0z, V; [|,~(o,) < C. We
then conclude the validity of (4.10) by using the next lemma. d

Lemma 4.4. We have
17 1_
1£7 (v, = [log ADly < €277 (4.11)
for some C > 0 and all /. > 0 small.

Proof. Let us write fli =Q,\ UL, BZRO(E]-). Using (2.13) and that V, —|log | <
—a for some a > 0 on ﬁl we get

m —1
sup (2 - zm“) F(V, - log il)| < €A,

xe); j=1

To estimate || f7(V, — [log A))[|r(s,, o) We split the integral
o 2R i

(v, = Nog a7 = [ oo+

Bary@p Dy D,

where D, = BR/+L)V(Z:j)\BijL/l(Ej)’ D, = BZRO(E]-)\D1 and L > 0 is some large fixed
number. In D, by (2.11) we estimate |f}| < C/A and we get

[ 17V = logapi = €',

To estimate the integral over D, we recall that V,(x) —[log | = w;(|x — Ejl) +
O(m) for x € By (&;) (cf. (3.16)) in C' norm. Since_wj(Rj) =0, V,—|logi
has a zero set that is at distance O(4) from 0By (<), and V;(x) — |log/|
separates linearly from this curve. So thanks to (2.12), |f/(V;(x) — [log|)| <
Cdist(x, 0B (£;))~" on D,. Therefore

C
[ v, —ltogihlr = ¢ [ yray= i,
D, Li
It follows that

" 2l
”f/ (V, —|log )“D”LP(BMO(E/)) < Cir,

and taking ¢ > 0 small we get the stated estimate (4.11). |
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5. A Nonlinear Projected Problem

In this section we solve the nonlinear problem

Lo+N)+E, =) Y c¢,;Z; inQ,

i=1 j=1,2 (5.1)
=0 on 0Q),
with ¢ satisfying
/ $Z,=0 foralli=1,2, j=1,...,m. (5.2)
Q, '
We always assume that &,, ..., £, € Q satisfy the separation conditions (3.6), (3.7),
and ¢; = “"fj)" ¢
Proposition 5.1. Assume u,, ..., u, satisfy (3.15). Then there is Ay > 0 such that
for 24.€(0,4) (5.1), (5.2) has a wunique solution ¢ = ¢(&,,...,¢,) and c; =
¢;;j(&y, ..., &) such that
m 2
el + D23 eyl = €A (5.3)

i=1 j=2

Proof. For the argument it is better to work with the space X defined as the
set of continuous functions ¢ on €, such that ¢ restricted to By (;) belongs to
W= (By, (&) for all j=1,..., m, equipped with the norm

m
ol = 1Pl ~) + D ||¢||W1’°°(BZR0(E‘,-))'
=1

We rewrite problem (5.1), (5.2) as the fixed point problem

b = F(¢)

where F = —T(N(¢) + E;) and T is the linear operator defined in Proposition 4.1,
which by estimate (4.4) satisfies

|T(h)|., < C|lk|l, forallheY.

By elliptic estimates we also deduce

IT(M)x < Cliklly

with a constant C independent of 4, and here it is important that p > 2.
Let us estimate ||E,||,. Using (2.8) we have

m -1
sup( |x—éj|—2-“) IE,()] < C11="| log A+ < 1%
0 1

xeQ; \ j=
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for A > 0 small, where (A)A =0\ UL, BzRO(Ej). Also, using Lemma 3.2 we see that

”

Vs . -
|E;| < Cm in Byg, (&)
So we deduce
IE;Ily < ca'=>. (5.4)

For fixed y > 0, let B = {¢ € X : ||p|lx < yA'7*"}. We claim that there exist constants
C, a > 0 such that for ¢, ¢, € %

[N(dy) — N()ly < CAl|dy — dallxs (5.5)

and we can prove this with ¢ = =22,

Indeed,

1
N() = N(§2) = (b1 = ) [ N9+ 5(dy — 92)) ds.
Therefore, to obtain (5.5) it is enough to show that for all s € [0, 1]

IN"(p + s(db1 — $2))lly = CA°.

Part of this norm is || N'(¢p, + s(¢p, — ¢2))||LP<BzR0(Ej))' Write ¢ = ¢, + s(¢p; — ¢,) and
note that ||¢|y < yA'=?°. Then

J

where

2

BZRO Sj

: IN'(P)I" = / . 1fi (Vi + & — [log ) = f;(V; = [log A" = I, + I,

2R0(2/
L= [ 1RV, + 6= llog i) — £V, —log 2P, k=12
k

A= BR,»+/1”‘(%j)\BRj—/l"l(Ej)’ Ay = BZRO(Ej)\Al’

the numbers R; are given in (3.10) and m > 0 is a parameter to be chosen. Since f;
is uniformly bounded in the range of its arguments (see (2.9)), we find

| = ClA| = €. (5.6)
On A, we obtain
5| < /A 11;(V; 4+ ¢ — [log 2]) — f;(V; — [log A])[”
2

1
< [ [ 15V, + 50— |log D9 de d.
A, J0
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We recall that V;(x) — [log A| = w;(|x — Ejl) + O(m) for x € BZRO(EJ-) (cf. (3.1_6))
in C' norm, and note that the gradient of ¢ is small in uniform norm in By (),
because [|¢[ly < pA'~>°. This and w;(R;) = 0 yield

|V, +1¢p —|logl]|| = cA™ in A,
for some constant ¢ > 0. Therefore, from estimate (2.12)

|} (V; 4t — |log A)| < Cdist(x, 9By (E;)) ™"
on A, and we get
] < CAmP |z, < cainHi-a0r

Combining this last estimate with (5.6) we obtain

IN' (2 + (b1 = 2Dl 5 < COMIP A1/ D41727).

We choose m = 1 — 2¢ and we obtain

1-2¢
Lr(Bag, Gy = CA7

IN"(D)]

(5.7)

Next we estimate the weighted L* norm of N'(¢) away from the points Ej. For
this we recall that if [x — ¢;| > 2R, for all j, then V, — [log 4| < —M for some fixed
M > 0 and the same holds for V, + s¢ — |log A|. Therefore (2.10) yields

m -1
5@<Zu—g+ﬂ IN'($)| < CAI=%. (5.8)

xe) \ j=1

The combination of (5.7), (5.8) proves (5.5).

Using (5.4) and (5.5), we see that choosing y > 0 fixed and large in the definition
of %, for 1 > 0 sufficiently small, F is a contraction in %, and by the contraction
mapping principle F has a unique fixed point in %. O

Proposition 5.2. For A >0 sufficiently small, the maps &, ...,¢, — ¢, Cij
constructed in Proposition 5.1 are differentiable in the region defined by (3.6), (3.7)
and for any k =1, ..., m, and A > 0 small
1-2¢
10z, @l = + 110z, ¢yl .~ = CAT7. (5.9)
For the proof we need the following lemma.
Lemma 5.3. We have

||a§kE||Y < C}ymin(172a,l/p)'

Proof. We compute 0z E; = Ad: V, + f;(V; — [log 4|)d¢ V;. It can be verified that
|0, V;| < C in Q, for some fixed constant.
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Let us compute 0z E;(x) for xe Q;\UL, BR/_(E]-). In this region V, is
harmonic and therefore 0z E;, = f;(V, — [log 4|)0; V,. Therefore, using (2.10) and
that ||0z V|| 1x(,) < C we get

sup (Z |x — E_,|“> |02, E;| < C2'~|log AT < €2 (5.10)

xeQ; \j=1

for 2 > 0 small, where (A)A = Q,\ UL, BZRO(E]-).

Let us estimate ||0; E,||LP(BZR 0B ) I, + I, where

"

Il :/ 3 < |aEkEi|p’ 12 :/ - - |621{E/L
Bary (C\Br;+11(&1) Bri+1,(C)\Br; (<)
and L > 0 is some large constant. Using inequality (2.10) we can estimate

Cci?
/ ' ees N o 5.11
|V, — [log 2])| = dist(x, 0By (&;))? o

for x € szl)(zi)\BR,-Jer(Ei)- Therefore

2Ry |
hg(mh/' —dy < Ch.
L. yP

For I, we have, using the uniform bound for f; and ¢ V,, |I,| < CA. Hence we find

/ N = CA (5.12)
Bopy (S)\Br, (&)

To estimate inside BR,(Ei) we use Lemma 3.2 to write
E; = fi(V; — [log | + g(x)) — fu(V; — [log Z])

for x BR,_(E,-), where

) = 2m [ #( ot g ) - H ) |
+zn2uj[ (Il ’ s é)—G(i,-,é,)]-

J#i

We recall that w; depends on y; because the initial condition «; in the ODE (3.2) is
determined by u; from the relation (3.9). We make the dependence of the solution
w of (3.2) explicit by writing w = w(r, ). We also note that x, depends on ¢ =
1,..., m through the formula (3.15). Then

0: E,=E, +E,

Sk A
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where
Ey = [fi(wi(jx = &D + g(x) = fi(wi(]x = &) 0 wi(]x = &, %)
= f//(wl(|x - "—:z|) + g(x))@zkg
Then we compute

ow, x—¢& 0w, « 0o; O
Ol =&l o) = —0, 5 Sy

rle—g| o T ow a8,

and we get
|0z, wi(]x — &, )| < C for x € By (&) (5.13)
To estimate E, we write A; = BRI,(_E,-)\BR,,_LA«(E,»), A, = BR’,_L/»‘(E,.) and L > 0 is a large

constant. Then, using the uniform bounds (5.13) and (2.9) we get [ a |7 = CA
Since g(x) = O(4/|log /|?), we estimate using (2.12)

fA |E,|” < C/A [fi(wi(|x = &) + g(x) — f1(w;(|x = &P
1 -
= C/A fo f} (wi(|x = &) + w8(x)|7|gl” dr dx < Ci.

Also f 5 |E2|” < C/? and we conclude that

f |0z, Ez|" < CO. (5.14)
BR,(§1

Combining (5.10), (5.12) and (5.14) we obtain the result of the lemma. d

Proof of Proposition 5.2. The proof that ¢, c;; are differentiable with respect to
¢, ..., ¢, can be done with the contraction mapping principle, using that the linear
operator defined in Proposition 4.1 is differentiable with respect to &, ..., ¢,,. We
proceed to prove estimate (5.9). Differentiating the equation in (5.1) with respect to
Ek we obtain, for yy = 6@(1),

Ay + Wy + (63kW)¢ + @zjkE;. + ngN((b) - Z(aékcij)zij - Z C;;0 ckZl/ =0

in Q,. Let y =y — Y. d,.Z,, where d; = fﬂ $0s, ”/fn 7. In this way, Y satisfies

ij=ij
the orthogonahty conditions (4.2). Applymg Proposmon 4.1 we can estimate

191 + 32105, c41 = (135, Elly + 105, W)+ 35, M)
+ X leyll3 Zyly + X 1y 1AZ;; + W2y )-

Estimate (5.3) gives that |c
Lemma 5.3 yields

O(A'7%) and |d oAy as 1 — 0.

[jl = [jl =

”aE’kE”Y < C}'min(l—Zo-,l/p)'
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We compute
(05, W) + 02, N(9) = [ £V, + ¢ — [Tog 2I) — £,(V, = [log 21) |25, V. + W),

The same computations that lead to (5.7) and (5.8) show that

1-2¢

I3 (V: 4+ & = [Tog ) — f3(V, — [log Ay = C277.

Therefore
135, W)+ 2 NIy < CO7 47 [0
Collecting the estimates above, we obtain
Wl < CO7° 4 CL W)
For / > 0 small we deduce (5.9). O

6. Proof of the Main Results
We work with points £; € Q satisfying (3.6), (3.7), that is, in the set

Q, = {(E, ..., &) € Q"1 |& —&| = Vi# ), dist(E;,00) =V < j < m),

where 6 > 0 is small. Recall that EJ- = %é ; € Q,;. We also work with u; given by
(3.15). ~

For &= (&,...,¢&,) €Q,, let ¢(&) denote the solution of (5.1), (5.2) that
satisfies ||¢||, < CA'~*" constructed in Proposition 5.1 and let c;(¢) denote the
constants appearing in equation (5.1).

Writing the initial approximation V, = V,(&) (defined in (3.13)), we set

Ji(§) = L(V,(8) + ¢(5))
where I, is the functional given in (3.19).

Lemma 6.1. If &= (¢,...,¢)) € SNZm is a critical point of J; then c¢;;(§) = 0 for all
i=1,....,mandall j=1,2, so that V,(&) + ¢(&) is a solution of (3.1).

The proof of this lemma is very similar to Lemma 4.1 in [3] or Lemma 5.1 in

[5].
Lemma 6.2. We have the expansion
L(V,+ ;) =L(V,) +0,()

as 7. — 0, where ©,(&) = o(1) in the C' norm in Q.
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Proof. Using that
DLV, + ¢)[d,] = - c; / 2y, =0
we compute |
L+ 6) L) =~ [ DLV, 4 59)(8, 6,1 dxds
= —/0] S/Q) (F,(V,+ ¢, — |log A]) — £,(V, — | log 2)) ¢,
[5G0, Voo, ~ E) b,

We compute with detail the estimate for the derivative of I,(V, + ¢,) — I,(V;) with
respect to &,. The estimate for the C° norm is similar. Differentiating with respect
to &,

1
Oz, (L,(V, +¢,) = L(V,)) = /0 s(hy+ L+ ...)ds

where
h== [, GV, + 6, = logl) = Fi(V, = [log i), V),
b= [ GVt 6, = logdl) = 20(V, + 6, = |log 1) (2, 6.9,
b= [ S0V, + s, = [1og i@V, + 59,8
i=— (AT ACRN
== [ GV, + 6, = logdl) = ,(V, ~ |1og D)2 .

Each term I, will be estimated below, but before, we remark that

[ 15V, 4 59, = log )| = . (6.1
by (2.9), (2.10), and
[ 17V, + 59, = log )| = Cllog . (62)

which is proved by a computation similar to Lemma 4.4.
We start with

|| < /ﬂ’ |f,(V,+ ¢, — [logA]) — fi(V, — |10gi|)||é’ng;.| b, ]

< 1%, Villi=lid:ll = /Q £ (Vi + &, — |log 2]) — fi(V; — [log A])]
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1
= Clgli [ [ 17V, + ¢ — log 2])| dt
0 Ja,
< C2**|log /|,

where we have used (5.3) and (6.2). Next we estimate

1
15| < /0 S/Q‘(lfi/(v/l + ¢; — [log AD[ + 2f;(V; + 5§, — [log A]) )0z, &, 1191
1 5y 20
< Cllog dill =Nl < CAF 7275

by (5.3), (5.9) and (6.1). Similarly

1
= [ 17V s, = log 2D)az, (V; + s ] < €2 log ]
and
1_2
] < Wbillm [ 105 B+ 1050l [ 1B, < €257 [log P,

since outside a big ball around the &, |f;], |fi| < C4*/|log 4| and the area of Q; is
proportional to |log A|*/Z2. In summary

105, (L(V, + ¢) = L)) = G277
We choose now p > 2 close to 2 and ¢ > 0 small. Since 0, = Maik we deduce
0, L,V + &) — 0:1,(V;)| < CA*
for some a > 0. 0

Proof of Theorems 1.1, 1.2, 1.3.  According to Lemma 6.1, the function V,(&)+
¢ (&) is a solution of problem (3.1) if we adjust & = (&,, ..., ,,) so that it is a critical
point of J,(&) = I,(V,(&) + ¢(&))). This is equivalent to finding a critical point of

~ 1
J, (&) = ~5 [L,(V,) — mm|log A| + 2mmlog |log A| — mmlog R,] .
Y

Thanks to Lemmas 3.3 and 6.2 for £ € ﬁm we have

T,(8) = ¢,(8) + 0,(2). (6.3)

where @, = o(1) as 4 — 0 in the C! norm of ﬁm
To prove Theorem 1.1, we note that when m = 1, ¢,(&) = H(&, &) and therefore

¢ (§) > —o0 as & — 0Q.

Hence, choosing 6 > 0 small, ¢, has a strict absolute maximum in 51. By (6.3), 7/1
has also an absolute maximum in , for A > 0 small, and this yields the existence
of a solution to problem (3.1).
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Theorem 1.3 is a direct consequence of (6.3), since a non-degenerate critical
point of ¢,, gives rise to a critical point of a small C! perturbation of this function.
To prove Theorem 1.2 we invoke the work [5], where it is proved that if Q is
not simply connected, then ¢,, and any sufficiently C' close map have critical points
in Q,, for 6 > 0 small enough. This result also appears in [3]. a
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