Proceedings of the Royal Society of Edinburgh, 143A, 121-128, 2013

On finite Morse index solutions of two equations
with negative exponent

Juan Davila

Departamento de Ingenieria Matemdtica and CMM (UMI 2807 CNRS),
Universidad de Chile, Casilla 170, Correo 3, Santiago, Chile
(jdavila@dim.uchile.cl)

Dong Ye

Département de Mathématiques, UMR 7122,
Université de Lorraine, site Metz, Ile de Saulcy,
57045 Metz, France (dong.ye@univ-metz.fr)

(MS received 22 July 2011; accepted 6 December 2011)

‘We consider the following equations involving negative exponent:
Au = |z|*u"P, w>0in 2 CR",
Au=uv"P?—-1, u>0in 2 CR",

where p > 0. Under optimal conditions on the parameters a > —2 and p > 0, we
prove the non-existence of finite Morse index solution on exterior domains or near the
origin. We also prove an optimal regularity result for solutions with finite Morse
index and isolated rupture at 0.

1. Introduction

Recently, many authors have studied solutions with finite Morse index for elliptic
equations. For example, Farina [3] classified all finite Morse index classical solutions
of —Au = |u[P7lu in R™ for 1 < p < pj, where pjp, is the Joseph-Lundgren
exponent. Motivated by models arising in engineering and physics, such as micro-
electromechanical systems or thin films, elliptic equations with nonlinearities of
negative exponent (for example, f(z)u~?, p > 0) have also received a large amount
of research attention (see, for example, [1,2,4] and the references therein).

We improve some results in [1,4] using simple arguments that can also be applied
to similar problems with negative exponent.

In [1, theorem 1.2], it was proved that there are no solutions with finite Morse
index of

Au = |z|"v"P, uw>0in 2=R"\ B(0,R), (1.1)

for any n > 2, « > =2, p > p.(a”) and R > 0. Here, = = min(«,0) and B(z,r)
denotes the ball of radius » > 0 centred at z. Moreover, for any a > —2, the
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exponent p.(a) is given by

a+n—/(a+2)(a+2n—2)
pe(@) =q a—n+4+/(a+2)(a+2n—2)
+00 if n > 10 + 4a.

if 2<n <10+ 4a,

For simplicity, we always consider classical solutions, i.e. u € C2. Let us recall that
the Morse index of a solution u to (1.1) is defined as the maximal dimension of all
subspaces X of CL(§2) such that

/ |V|? dz —p/ lz|%u P p? dz < 0 for all o € X\ {0}. (1.2)
Q 2

We say that u is a stable solution to (1.1) if the Morse index is just 0.
Returning to [1, theorem 1.2], it is well known that ug(x) = Alz|2+®)/®+1) with

—1/(p+1)
[ ( 2 aﬂ
p+1

is a stable solution of (1.1) in R™\ {0}, if @ > —2 and 0 < p < p.(a). So the
situation for a > 0 and p.(a) < p < p.(0) was left open in [1]. Our ﬁrst result gives
an answer for this.

THEOREM 1.1. Assume n > 2, « > —2, p > p.(a) and R > 0. Then there is no
solution of (1.1) with finite Morse index.

Theorem 1.1 here completes theorems 1.1 and 1.2 of [1]. Using the same idea, we
also obtain the optimal non-existence result for finite Morse solution of (1.1) near
the origin.

THEOREM 1.2. Assume n > 2, « > —2, p > p.(a) and R > 0. Then there is no
solution of Au = |z|*u™P, u > 0 in B(0,R) \ {0} with finite Morse index that has
an isolated rupture at 0.

This optimal result completes theorem 1.3 of [1], again for the case « > 0 and
pe(a) < p < pe(0). The fact that the solution u has isolated rupture at the origin
means that lim,_,ou(z) = 0. We define the Morse index in the same way as for
(1.1), just replacing 2 by {0 < |z|] < R}.

As a corollary, we also obtain the following regularity result, which generalizes
theorem 1.4 of [1].

THEOREM 1.3. Assume n 2> 2, a > —2 and p > 0. If u is a classical solution of
Au = |z|*u"P in B(0,R) \ {0} with finite Morse index and an isolated rupture at
0, then u is Holder continuous at 0. More precisely, defining u(0) = 0, we have

uw e ¢/ (B(0, R)).
In [4], the authors considered the equation

Au=u"P—-1, u>0inR"\ B(0,R), (1.3)
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with p > 0. In particular, they proved that, when p > p.(0), no solution with
finite Morse index of (1.3) exists. More precisely, p > max(p.(0), (n — 2)?/8n) was
required, but we can easily check that the maximum is just p.(0). Consequently,
theorem 1.3 of [4] was significant only for n < 10, since p.(0) = oo if n > 10.

Here we wish to point out that problem (1.3) is of a very different nature from
(1.1). It was proved (see [5]) that any non-trivial radial solution to Au = u™? —1
in R™ oscillates infinitely many times around the value 1 as r — oo whenever p > 0
and n > 2. This suggests that all solutions to (1.3) have infinite Morse index, which
is confirmed as follows.

THEOREM 1.4. For anyn > 2, p > 0 and R > 0, there are no solutions of (1.3)
with finite Morse index.

The notion of finite Morse index for a solution w of (1.3) is similar to (1.1).
More precisely, it is required that there is only a finite-dimensional vector space
X c CHR™\ B(0, R)) such that

/ IWIdefp/ u P rp?dr <0 forall p € X\ {0}
R”\B(0,R) R™\B(0,R)

Theorem 1.4 here generalizes theorems 1.1 and 1.3 in [4].
In what follows, the symbol C or C;, C' always means a generic positive constant.
2. Proof of theorem 1.1

Suppose that u, a solution with finite Morse index to (1.1) exists with some R > 0.
So it is stable outside a compact set, from the stability and (1.1), it is known by
proposition 1 of [1] that

/ |x|au'yfpw2m
R™\B(0,Ro)

<C ‘$|(v+1)a/(p+l)(|vw|2 + |¢Aw|)(p77)/(p+l) (2.1)
R™\B(0,Ro)

for all ¢ € C°(B(0, Ry)¢) verifying |[¢| < 1. Here, m > max(2,(p — v)/(p + 1)),

v € (vp, —1] and
Yo =—1-2p—2yp(p+1),

the radius Rg > R is chosen such that the solution u is stable outside B(0, Ry).
Let [y| > 4Ry and Ry = 1|yl as B(y,2R;) C B(0, Ro), using (2.1) with standard
cut-off function, we have

|y|a/ WP < C|y|(’Y+1)a/(P+1)R?—2((P—"/)/(P+1))
B(y,R1)

hence

/ u P < C‘y|n—((2+a)(p—“/)/(erl))7 Y|yl > 4Ry, v € (’Yp, —1]. (2.2)
B(y,|y|/4)
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We now write equation (1.1) in polar variables:

n—1 1 _
up + —Agn-1u=r%u""?
r

Upp +

and integrate on S™~! to obtain

where

g(r) = /Sn_1 u(r,o) P do.

Integration yields, for all r > r; > R,

T T t
u(r) = a(r1) + 7"?7177/(7“1)/ o dt + / tl_”/ s"Iteg(s) dsdt.
1 71 T1

T

From (2.2) and the Holder inequality, it holds that, for |y| > 4Ry,
/ uP < Cly|n~(Fep/ (1),
B(y,lyl/4)
Using a covering argument, this implies that
/ uP < Crn—rp/(H) for g > 4Ry,
B(0,2r)\B(0,r)
or, equivalently,

2r
/ Sn—lg(s) ds < Crn—((2+0l)p/(p+1))7 Vr > 4R,.

(2.3)

The dyadic decomposition of the interval [4Rg,r) gives the following estimate:

/ s"_H'O‘g(S) ds < Opn—(@Fa)p/(pt))+e for Al ¢ > 4Ry,
4Rg

where we used
2 2
n—ﬂ—ﬁ—a:n—Q—i— +o
p+1 p+1

> 0.

Note that, for n > 2,

/ 27 dt = o(rPFT)/(PHD) ag r 5 0.

T1

Combining (2.5) with (2.3), we have

a(r) < Cr+e)/P+) for all r > 4Ry,

(2.5)
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which leads to

2|y
/ U< / u= / s”_la(s) ds < C|y|"+(2+a)/(p+1)
B(y,|yl/4) B(0,2[y)\B(0,|yl/2) lyl/2

for all |y| > 8Ry. Since w is subharmonic, we directly obtain
u(y) < Cly| /D vly| > 8Ry.
This implies, for any v < 0, that
WP (y) = Culy| G EEDOIR | > Ry, (2.6)

where C7 > 0 is a fixed constant depending on +.
Furthermore, we know that (see [1]) the unique solution 7 to

24+« (v+1Da _p—v
n+a+——m(r—p) =n-+ -2 =0
p+1(7 P) p+1 p+1

belongs to (vy,, —1] if and only if p > p.(a). Let ~ satisfy (2.7). Using (2.6), we
deduce that

(2.7)

" d
/ || “uTTP > C/ & > Clnr —Cy for all r > 8Ry. (2.8)
B(0,r)\B(0,8Ry) 8Ry S

However, (2.1) with an appropriate test function (see [1,3]) gives that, for v verifying
(2.7),

/ ja[u P < / 2P
B(0,r)\B(0,8Ry) R”\B(0,Ro)

< C3(1 + prH(OFDe/ (1) ==/ (p+1)))
=20 <o (2.9)

with C5 independent of . The estimates (2.8) and (2.9) are clearly in contradiction
and show that u cannot be stable outside any compact set.

3. Proof of theorems 1.2 and 1.3

The main idea is very similar to the previous proof, so we just show the essential
arguments and omit some details. Suppose that v > 0 satisfying Au = |2z|*u"? in
B(0, R) \ {0} has finite Morse index and a rupture at the origin. Then there exists
Ry > 0 small such that u is stable in B(0,4Ry) \ {0}. We can claim

/ |x‘au7—pw2m
{0<|z|<4Ro}
< C/ ‘x|(v+1)a/(p+l)(|vw|2 + |¢Aw|)(p77)/(p+l) (3.1)
{0<|z|<4Ro}

for all ¢ € C°(B(0,4Ry) \ {0}) verifying |¢| < 1, v € (7p, —1], where

Yp=—-1-2p—2yp(p+1)

and m sufficiently large.
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Taking a suitable cut-off function, it holds, by the estimates [1, (2.2) and (2.3)],
that

/ |x|0¢u“f*P
{r<|z|<2Ro}
< C(1 4 prtot(@re)/H)O=p)) e € (0,2Ry), v € (9, —1],  (3.2)

and

/ WP L Oy~ GFOE=0/H) - y0 < |y < 2Rg, v € (v, —1]. (3.3)
B(y,ly|/4)

Define @ and g(r) as above. The estimate (3.3) associated to the covering argu-
ment gives

27
/ s"g(s)ds = / P < O CFR/(PHD) for 0 < r < Ry.
r B(0,2r)\B(0,r)
Using a dyadic decomposition of (0,r), we have
/ s"eg(s) ds < O (Gralp/(p))te g1 ]l 1 < 2R, (3.4)
0
As 1= (r" 1) = r%g(r) = 0, ¥~ 1@/ (r) is non-decreasing in r, we claim that
— 1 n—1,/ _
l= }1_1)1%)7“ w'(r)=0. (3.5)
Indeed, ¢ € [—00, 00) exists by monotonicity of 7"~ 1@, As
igr}) a(s) =0
by the rupture assumption on u, £ # 0 will lead to a contradiction, since =" is

not integrable at 0 for n > 2.
Integrating (r"~1@') = r"~1+t%g(r), by (3.4) and (3.5), it holds that

Ll (r) < Crn—(t+a)p/(p+1))+a i 0 < p < 2R,.

Then, for any r > 0, we see that

2 2
( +a)p: +a>0.
p+1 p+1

lin% s”flﬂ’(s)/ 17" dt =0 because 2+ o —

S—> s

Combining with lims_,o @(s) = 0 and (3.4), tending r; to 0 in (2.3), we get
a(r) < Cr+e)/P+) - for all 0 < r < 2R.

Using the fact that w is subharmonic, we can then conclude that

u(y) < Cly| /@D for all 0 < |y| < Ro. (3.6)
If p > pe(a), fix v € (yp, —1] and verify (2.7). The inequality (3.2) (tending r to

0) implies
2R
/ || u¥ P = / s" g (s) ds < oo.
{0<|z|<2Ro} 0
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However, by estimate (3.6), we see that

2Ry
/ || P :/ s”_1+°‘g(s) ds
{0<|z|<2Ro} 0

2Ro
> 01/ ds
0

S
= 007
which is absurd. So such a solution with the rupture at zero cannot exist whenever
P > pe(a). The proof of theorem 1.2 is complete.
Finally, theorem 1.3 is just a direct consequence of the estimate (3.6) to the finite

Morse index solution with isolated rupture at 0, which is valid for any p > 0 and
a> —2.

4. Proof of theorem 1.4

We argue by contradiction. Suppose that a solution w with finite Morse index to
(1.3) exists. Using a very similar argument for (2.1), it is showed that (see esti-
mate (2.1) in [4])

/ WY < O (Vo + [pAg )=/ (41)
R\ B(0,Ro) R\ B(0,Ro)
for all ¢ € C°(B(0, Ry)°) satisfying || < 1, v € (7, —1]. Here again,

Yp=—1—=2p—2\p(p+1)

and Ry > R is chosen such that the solution u is stable outside B(0, Ry). We can
proceed as above to get the corresponding estimates of (2.1), (2.4) with o = 0, that
is,

/ w P < O/t for > AR,.
B(0,2r)\B(0,r)

Asn—(2p/(p+1)) > 0 for n > 2 and p > 0, the dyadic decomposition argument
leads to the following estimate:

/ u PO+ r”_Qp/(pH)) < O/t fop any r > 4Ry.
B(0,r)\B(0,4R0)

(4.2)
On the other hand, integrating equation (1.3) over B(0,r) \ B(0,4Ry), we have

/ @dofC:/ (uP—1), Vr>=4R,.
8B(0,r) ov B(0,r)\B(0,4R0)
Applying (4.2), it holds that

0
/ au do < Cr"(r ™ + p2p/ (1) _ Cy), Vr >=4R,.
aB(0,r) ov
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Define u as before. Then

w'(s) = / @(570) do = rl_"/ u do.
Sn—1 or 8B(0,r) ov

Combining the above two formulae, for sufficiently large s,
@'(s) < Cs(s™™ + s~/ P+D) _ 0)) < —Css,

which then implies lim, o, %(r) = —oo. This is impossible since @ > 0.
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