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Abstract

We are interested in nontrivial solutions of the equation:
—AuA+ X P =P, uz0 inQ,

with u = 0 on 952, where 2 C ]RN, N > 2, is a bounded domain with smooth boundary,0 < 8 < 1,1 < p < %—J_r% ifN=3(p=>1
if N=2)and A > 0. If p > 1 we prove existence of nontrivial solutions for every A > 0. As A — +o00 we find that the least energy
solutions concentrate around a point that maximizes the distance to the boundary. We also study the behavior as A — 0. When
p = 1 we have similar results, extending previous works for radial solutions in a ball.

© 2011 Elsevier Masson SAS. All rights reserved.
Résumé

Dans cet article on étudie les solutions non triviales de I’équation :

—Au+ X[u>0]M_ﬂ =P, u>0 dans$,

avec u =0 sur 082, ou 2 C ]RN, N > 2, est un domaine borné de frontiere réguliere, 0 < S < 1,1 < p < %—f% sSiN>=3(p=>1si

N =2)avec A > 0. Si p > 1 on démontre I’existence de solutions non triviales pour A > 0. Quand A — 400 on obtient les solutions
d’energie minimale concentrées autour d’un point qui maximise la distance a la frontiere. On étudie égalment le comportement des
solutions lorsque A — 0. Si p = 1 on obtient des résultats similaires qui étendent ainsi les résultats précédents au cas des solutions
radiales dans une boule.
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1. Introduction

We are interested in nontrivial solutions of the equation:

—Au + X[u>o]u_ﬁ =AuP in $2,

uz=0 in £2, (1.1)
u=20 on 052,
where 2 c RV, N > 2, is a bounded domain with smooth boundary, 0 < B < 1,1 < p < N—+2 ifN=23(p>1if

N =2)and A > 0. By a solution of (1.1) we mean a function u € H0 (82), u > 0 such that f[u>()] —B < 00, and

/Vquo—i— / u_ﬂwzkfup¢ Vo € C3°(£2).
2 [u>0] 2

We use the notation [u > 0] = {x € £2: u(x) > 0}.
L1. Thecasel <p <% N2 5(p>1ifN=2)
The radial problem:

{—Au+x[u>o]u_ﬂ=ku”, u>0 in Bj, (12)

u=0 on d By,

where Bj is the unit ball in RY has been studied by several authors [2,7,13,20,27 28] In [7,28] it is proved that
there exists A > 0 such that (1.2) has a positive radial solution if and only if 0 < A < X, and this solution belongs to
C%(B;) N CY(B)). Moreover the radial solution u;, is unique, u4 (1) <0if 0 < A < X and ut (1) =0 if A = A. For

A > A (1.2) still possesses a radial solution, but it has compact support.
In this work we address the existence question for (1.1) in general smooth bounded domains. We prove:

Theorem 1.1. For all A > 0 problem (1.1) has a nontrivial solution u) € Cl(2)NnCc>().

We prove this result constructing solutions u . to

u
—Au+———— =, u>0 ing2,
(u+e)l+F

u=0 on 052,

(1.3)

where ¢ > 0, through the mountain pass theorem. Then we prove that u, . is bounded in L°>°(§2) and then in C Li(2)

where @ = , uniformly as € — 1nally we show that tor a fixe 1m8_>oukglsan0ntr1V1a solution o
h Hg iformly 0. Finally we show that for a fixed A, li 1 sol £(1.1).

We then study the asymptotic behavior of the solutions u; as A — +oc. For this it convenient to remark the
following. Let i be the radial solution of (1.2) corresponding to & = X and extended by zero outside B;. Set

_ 1~ 14B
w(x) =APFia(A W x), xeRV.
Then, since u has vanishing gradient on d B; we see that w satisfies:
—Aw4w Py =w” inRY. (1.4)

We will call w the radial ground state of (1.4).

Theorem 1.2. For A > 0 sufficiently large, the solution u) of (1.1) obtained as the limit u, = limg_,ou; ¢ in Theo-
rem 1.1, has the form:

_ 1 1+p
uk(x) =)\ PtB w()\‘2(17+ﬂ) (.X' _ -x)\)),

for some point x; € §2. Moreover
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dist(x;, 0£2) — maxdist(x, 052)
xef

as A — oQ.

We note that given a point xo € £2, when A > 0 is sufficiently large the function

1 L+8
u(x)=»xr rté w()» 2p+P) (x — xo))

is a solution of (1.1). However, Theorem 1.2 asserts that the solution constructed as the limit of least energy solutions
of the approximation (1.3) selects the position of its maximum as the one that maximizes the distance to the boundary.
This is because the energy functional associated to (1.3) has an expansion in terms of & and A which in the leading
order has a term that penalizes the distance to the boundary.

The above phenomenon is similar to what happens in other equations. For instance Flucher and Wei [11] studied:

{ —&?Au=gu) in £, (1.5)

u=>0 on 052,
where

_J =17 foru>1,
g = {0 foru <1, (1.6)
N+2

and 1 < p < 5= and N > 2. For every ¢ > 0 small, they proved existence of a positive solution ug, which is of
mountain pass type. The boundary of the core A; = [u; > 1] is a free boundary. They proved also that as ¢ — 0
the mountain pass solution u#, has a unique maximum point x, which converges to a harmonic center of £2 and
A, is asymptotically spherical. To achieve these results they established energy estimates, for which they needed to
characterize the kernel of the linearized operator Lv := Av + g’(w)v where w is the ground state solving (1.5) in R.

Concentration at a point that maximizes the distance to the boundary was proved by Ni and Wei [24] for the least
energy solution u, of

—?Au+u=f@), u>0 in$2, (1.7
u=0 on dg, '
for a nonlinearity f that includes f(u) =u? with 1 < p < %—J_r% They have used similar techniques used by Ni and

Takagi [22,23] for the same equation with boundary condition du/dv = 0 on §2. The argument in [24] is based on
precise energy estimates of u, and requires to know uniqueness and nondegeneracy of the ground state:

{—Aw—i—w:f(w), w>0 inRV,

wx)—0 as |x| — 0. (1.8)

Here we adopt the strategy presented in the work of del Pino and Felmer [9], which does not require uniqueness nor
nondegeneracy of w. The estimates of the least energy of the associated functional are obtained by comparison to the
least energy of solutions in balls.

A problem related to ours is Eq. (1.1) with —1 < 8 <0 and p > 1. In [4] and [19] the authors proved that if u is
a solution in RY with compact support, then any connected component of the set [ > 0] is a ball and u restricted
to that ball is radially symmetric with respect to its center. This phenomenon is reminiscent to the one described in
Theorem 1.2. Actually in the proof of our result it would be useful to have such a symmetry result, but unfortunately
for the case 0 < B < 1 it is not known. We overcome this difficulty because we work with least energy solutions. We
believe that a result similar to Theorem 1.2 should be validif -1 <8 <0and 1 < p < %—J_r% The motivation for this
type of classification questions arises in the study of the blow-up set for the porous medium equation:

v, =AV" + 0" inRY, >0, (1.9)

where m > 1. Regional blow-up was observed in the one-dimensional situation in [12], and it was proved in the higher
dimensions in [3]. We note that if we consider (1.9) with m < 0, which corresponds to the very fast diffusion equation,
we are lead to an equation with negative exponent of the form

Au~+u+ u_’g)([u>o] =0 inR",

for some 8 > 0.
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Finally, we prove:

Theorem 1.3. Let u), denote the solution obtained as the limit uy =limg_,ouy o in Theorem 1.1. Then for A > 0 small
enough the solution u,, is positive in 2.

1.2. The case p =1
We consider now,

- —F= i
{ Au+ x=ou P =2u, u>0 in$2, (1.10)

u=0 on ds2.

It is readily seen that if A < A1, where A1 denotes the first eigenvalue of —A with Dirichlet boundary condition, then a
solution is identically 0. Indeed, let ¢; > O be an eigenfunction of — A associated to A. Then multiplying the equation

by ¢ yields:
)»1/”901+ / u_ﬁ(Pl:)\/uﬁl’l-

Q [1>0] Q
Ifu£0then A > A1.

The radial case in a ball is studied in [2], where it is shown that there exist A* and A with A; < A* < X such that
there exists a positive radial solution if and only if A € (A*, 1]. In the case of dimension N =1 and 2 = (—1, 1) the
results of [2] imply that A = (ﬁ)2 and A* > (%)2. He also shows that the solution corresponding to A has vanishing
gradient on the boundary of the ball. Similar results for radial solutions in a ball are obtained in [20]. They prove that
there is a positive radial solution, provided A1 < A < (1 + 1%,((111%))))» 1(B), where A1(B) is the first eigenvalue of —A
with Dirichlet boundary condition on the unit ball B.

We have:

Theorem 1.4. If A > Ay, then (1.10) has a nontrivial solution.

We prove this theorem by letting p — 1 in the solution u, j , of (1.3) and then ¢ — 0.
Positive solutions as in [2,20] can be obtained in a general domain for A > A and X close to A through the implicit
function theorem.

Theorem 1.5. There exists A > A such that for A1 <X < X there exists a unique nontrivial solution to (1.10), which
is positive.

1
In the above theorem the solution has the behavior u; (x) = c(A — A1) ™1 (x)(1 + o(1)) as A — A where ¢ is
the positive eigenfunction of —A with Dirichlet boundary condition normalized such that | o (,012 =1, and c is given

bya
+ 1-
Cl B =/(,01 .

Q

We conjecture that when A is sufficiently large a concentration phenomenon similar to the one for the case p > 1
described before takes place. Namely we believe that the solution i) obtained through the approximation (1.3) takes
the form of a rescaled version of a radial solution, centered at a point, which asymptotically maximizes the distance
to the boundary.

The organization of the paper is the following. In Section 2 we present local and up to the boundary estimates in
CL-# for solutions of (1.3), which are uniform in &. Using these estimates we prove Theorems 1.1 and 1.4 in Section 3.
We need to recall a few properties of the ground state w of (1.4) which we do in Section 4. In Section 5 we obtain
some preliminary results on the asymptotic behavior as A — oo of the solution u, of (1.1), constructed in Theorem 1.1.
Then Section 6 contains estimates of the energy of mountain pass solutions of (1.3) when the domain is a ball. Then
in Section 7 we perform the proof of Theorem 1.2. In Section 8 we prove Theorem 1.3. Finally we prove Theorem 1.5
in Section 9.
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2. Estimates in C1:#

In this section we shall obtain a local estimate for solutions u to the perturbed equation (1.3). Actually we will
obtain estimates for a slightly more general situation, useful in later sections.
Let D € RY be an open set with smooth boundary and consider the equation

u
{ uta() oSy =S in DN BO) o
u=~0 on 3D N B(0),

where 0 <8 <1,a, f € L®(D),a>0,e>0.

Proposition 2.1. Let M > 0, a > 0 and a, f € L*(D). Then there exists a constant C > 0 such that for every
u e H'(D N By(0)) NC(D N B>(0)), u > 0 satisfying (2.1), and

el Lo DBy 0)) < M, (2.2)

we have

|| Vu(x) ch(Wl(O)) <G

1—
1+

=y

where =

™|

The constant C depends on M, || f ||, |lallL>, N, B and the smoothness of D, but is independent of the solution
and ¢.
Another related estimate that we will need is the following:

Proposition 2.2. Suppose that u € H' (B (0)) satisfies:

—Au+a(x) = f(x) in Byr(0), (2.3)

u
(u+e)lth
where 0 < B <1, a, f € L*°(Byr(0)),a >0, e>0. Then

IVul> < Cu'"# in BR(0),

where C depends only on R, ||ull LB,z 0)), | fllL(Byx(0))> @110 (B 0))-

We emphasize here that the estimates above do not depend on ¢ > 0, which will be kept fixed in all this section.

The arguments are based on the work of Phillips [25], where optimal interior regularity is obtained for minimizers
of a certain functional. The difference with that work is that here we do not assume that solutions are minimizers, and
we deal also with regularity up to the boundary, following techniques introduced in [5,6].

First, we introduce some notation. For ¢ > 0 we define:

gg(u) — { (u+g)l+/5 if u 2 07 (24)
0 ifu <0,
and
u
G:(u)= / ge(1)dt, (2.5)
0
so that
Bu+e¢ gl=h

Ge(u) = foru > 0.

BU—B)u+e)f B—p)
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Let

e DN B1(0) and =—.
X0 1(0) =
Without loss of generality we may assume in what follows that xo = 0. Given r > 0 let

ur(x) =r*u(rx),

which is defined for

1
x €D, =-D.
r

By the smoothness of D for a small » > 0 one can construct a smooth domain V, such that

D, N B3;4(0) €V, € D, N B1(0).

The smoothness of V. can be made independent of r if we restrict 0 < r < R for some R > 0.
The proof of Proposition 2.1 involves the construction of a suitable lower barrier.

Lemma 2.3. There exists r1 > 0, mg > 0 such that if 0 <r <ry and h € C(dV,), h > 0 satisfies,

/h>mo,

v,

then there exists w > 0 satisfying,

—Aw+w P <0 inv, w=h ondV,,
and
w(x)>q<[h> dist(x,dV,) forallx e V,. (2.6)
aV,

Here r1, mg, c1 are fixed positive constants depending only on B, N and the smoothness of D.

The function w depends on x( and r, but for simplicity we will write just w. For the construction of w see [5]. The
scaling r is going to be in the range 0 < r < rg where rg is given by:

1/a 1/(e—1)
r0=max{(u(x0)) , (&) }, 2.7)
Cy C1 dist(xg, 0D)

where C1 > 0 is a universal constant to be specified later. It will be convenient to note that

uo)\"*_(utw) VD
Ci ~ \ €y dist(xg, dD)

that is, ro = (“g2)"/*, if and only if

Cq dist(xg, dD)* > u(xo).

To proceed further we need the following consequence of standard elliptic estimates.

Lemma 2.4. Suppose v € H'(V,) satisfies:
—Av<h inV,, v=0 onadV,N B34(0),
where h € L°°(V,). Then

v(y) < Cdist(y, 8Vr)(llhllLOO(v,) + / Ivl) forall y € B1/(0),
v,

the constant C depends only on r.
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Note that u, satisfies,
—Au, +ar(x)gs,r(ur) = fr(x) in Dy,
where

ar()=a(r(x+x0).,  fr&)=r"""f(r(x+x0)).
8e,r(V) = r2—ag£ (rav).

/ur = my.

A

Lemma 2.5. Assume 0 < r < rg. Then

Proof. Using Lemma 2.4 we have:

1, (0) _
/“r > =" — 7 fll .
C dist(0,0V,)

On the other hand from the definitions,
1
o min(dist(xo, dD), r) < rdist(0, 3V;) < Comin(dist(xg, dD), r),
0
for some constant Cy depending only on the geometry of D. This and u,(0) = r~%u(xg) yield

/ Ur 2 sl — P fl s

"7 CoCro—1min(dist(xg, dD), r)
vV,

u(xp) _
> o= —rg I f L.
CoCry~ min(dist(xop, d D), ro)

Suppose that Cy dist(xg, dD)* < u(xg). Then ro = (W;’gam)w“*) and we deduce:

ra—l _ M(XO)
0 C, dist(xg, dD)
so that ro > dist(xg, d D). It follows that

> dist(xg, D)%,

C] 2—« C] 2—«a
u 2—_—1’ 002—_—7' 00, (28)
a{ 2 e 0 Il a0 Il

Suppose now that Cy dist(xg, dD)* > u(xg). Then ro = (%‘l"))l/“ and we deduce rg < dist(xg, D). Hence (2.8) is
still valid in this case.
To conclude we need to verify that ro has an upper bound. If rp = (%xl(’))l/"‘ from (2.2) it follows that

ro < (M/CHVe If rg = (#m)l/(“_l) an upper bound for u(xg)/dist(xg, d D) follows from Lemma 2.4. By

choosing C large we see from (2.8) that

/ur>mo, forall 0 <r <ry. O

av,

The main point in the proof of Proposition 2.1 is the following:

Proposition 2.6. Assume 0 < r < ro and let w be the function constructed in Lemma 2.3 with w = u, on 0V,. Then

ur>w inV.
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To prove the above result consider the problem:

—Av+a,(x)ge,r(v) = fr(x) InV,,
{ vV =u, on dV,, 2.9)

where we regard u, as a given boundary data. Notice that v = u, is a solution to (2.9) and that the solutions of (2.9)
are critical points of the functional,

Jr() = / (%IVvlz +a, ()G (v) — fr<x)v> dx, veHJ (V) +up,

'

where

v

Ga,r(v):/gs,r(s)ds'

0
Lemma 2.7. Suppose u1, uz are subsolutions of (2.9) such that

ur<upy ondV,

/u1 = my.

Vv

and

Let w be the function constructed in Lemma 2.3 with w = uy on 0V, and assume that

urzw inV,.

Then

1 C
Jr(max(ui, u2)) < Jp(u2) + <_§ + 1—+ﬁ> /|V(max(u1,u2) _ u2)|2-
my /)

Proof. Let u = max(u1, up), which satisfies:

—Au~+a;(x)ger(u) < fr(x) inV, (2.10)
u<u, onaV,.
Multiplying (2.10) by # — u; > 0 and integrating by parts we obtain:
/Vu -V(u—u2)dx +/ar(X)gg,r(u)(u —u2)dx < / Jr)(u —uz)dx. (2.11)

v, v, v,
On the other hand

Jr(u)—Jr(uz):—%/W(w—u2)|2dX+/Vu~V(u—u2)dx

v, v,
+ / ay (x)(Gs,r(u) - Gs,r(”Z)) dx — fr(x)(u —un)dx.
v, v,

Combining with (2.11) we find:

1
Jr() = Jr(u2) = =3 /|V(u —ur)|*dx + / ar(0)[Ge,r(u) — Ger(u2) — ger (W) (u —uz)|dx.  (2.12)
v, 7,
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But we have,
Ger(u) = Ger(u2) = ger () (u — u2) < C(r* +u™" ") — u). (2.13)
Before proving this we note here that G, . (v) = r2722 G, (r%v). Since 0 < g, (1) < u~# we see that
v!=F
0<Ger(v) < =5 forv > 0. (2.14)
Now,
19dger 2
Gs,r(“) - Gs,r(u2) - gs,r('/‘)(“ —up) = EW(S)(M —uz)”,

for some & € [u3, u]. But from 3‘3’%(5) = rzaa%(ro‘é) and the inequality,

08e e—Bu “1-8
‘a—u(u)‘z m <CM forallu>0,8>0,
we have:
0
Sl <o
v
Ifu <2upthen & > ur >u/2, and
O8er @&|<cu P,
dv

If, on the other hand, u > 2u; then u < 2(u — u2) and hence using (2.14) and g, , > 0 we find:
ul=#

=5 < Cu 7Py < Cu_l_ﬂ(u — uz)z.

Ger(u) — Geru2) — 8e,r(u)(u — uz) <

This proves (2.13) and combining with (2.12) we obtain:

_ 1 NG 1B 2
Ir@) = Ju2) < =3 |V —u2)|"dx + Cllallz | u™""P(u—uz)*dx.
v, Vi

But u > u; > w and w satisfies (2.6) we have:

/u—l—ﬂ(u —up)?dx < Cmy' P / dist(x, 3V,) ™' 7P (u — u2)* dx.
Ve Ve

By Holder’s and Hardy’s inequality,

/u_l_ﬁ(u —ur)?dx < Cmal_ﬁ /‘V(u — uz)yz.
A v,
Hence
1 C 2
Ir@) <) + (=5 + —5 Vu—u)|”. O
m

A

Proof of Proposition 2.6. Throughout this proof we assume 0 < r < rg. By Lemma 2.5 we can apply Lemma 2.3.
Henceforth we let w be the function constructed in Lemma 2.3 with w = u, on dV,..

Step 1. If r > 0 is small enough then (2.9) has a unique solution.
Suppose that there exists a sequence r; — 0 and different solutions vjl., v? to the problem (2.9). Let w; = vjl. — v?.
Then w; # 0 and satisfies:
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{—ij—i—bj(x)wj =0 inV,, (2.15)

w;j=0 ondV,,
where b; is given by,

8g8,}’j

bj () = ar; ()= (& (x),
and &;(x) is in between vjl- (x) and vjz(x). But
08e.r; (0) =12 e —priv .
v Y (rfv+ g)2+h

Since & > 0 is fixed and a; is uniformly bounded in L*° we have:
bj — O uniformly in V, as j — oo.
Hence the operator in (2.15) becomes coercive as j — oo and therefore w; = 0 for large ;.
Step 2. Suppose u € H(} (V;) 4+ u, is a minimizer of J, on this set. Then
uz>w inV,.

To prove this, we apply Lemma 2.7 with u; = w and u, = u. Taking mg large we see that if # is a minimizer then
max(u, w) = u, thatis, u > w in V,.

Step 3. The functional J, has unique minimum in HO1 (V+) + u,, which we will write as i,. By the previous step,
U >w inV,.

Indeed, the existence of at least one minimizer of J, follows from the lower semi-continuity and coercivity of the
functional in H(} (Vi) + u,. If uy, up are minimizers, then 1 > w and u> > w by the previous step. Taking m( large
we deduce, applying Lemma 2.7, that u; < up and uy < uj.

Step 4. The function u, is the minimizer of J, on the set HOl (Vi) + u,. By the previous steps we conclude that
U >w inV,.

Indeed, problem (2.9) has a unique solution for small » > 0. Thus u, is the minimizer of J, for r > 0 small. If
0 < r < rg the linear operator D J,(it,) is coercive on HO1 (V,). Indeed

(DI, (g, ¢) = / (IVel® +ar (gL, @)¢?) dx, forall g € Hy(V,).
v,

But g¢,(v) > —Bv~!7#, and therefore

(DIrG)0.0) > [ (196 = Bl iy 42 d.
12
From i1, > w, (2.6) and Lemma 2.5
u, > cympdist(x,dV,) forallx eV,.
Thus
(DI, (g, @) > / (IVel> = Bllar [l (cimo) ™' P dist(x, aV,) ™' P ?) dx.
Vr

If we take mq large enough we can apply Hardy’s inequality and obtain the coercivity of D J, (ii,) on HOl (V). Hence
the branch of minimizers cannot bifurcate if 0 < r < rg, and since the branches u, and i, coincide for small r we
must have u, =u, forO <r <rg. O
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Proof of Propositions 2.1 and 2.2. By Proposition 2.6 and (2.6) we have established

Uy = cl( / ur) dist(x,0V,) forallx eV,
v,

and for all 0 < r < rg, where rg is given by (2.7). The estimates for Vu can then be proved exactly in the same way as
in Lemmas 10 and 11 and Theorem 3 of [5]. O

3. Existence of solutions: proof of Theorems 1.1 and 1.4

*2 we define the following functionals in H (£2):

Iy () = /IWI + / 1-p prW+1 3.1)
J (u)=3/|W|2+fG (u)—LfW“ (3.2)
A€ ) & P+1 5 .

22 2 2

where G, is defined in (2.5). Note that

u

Ge(u) =/gs(8)ds =
0

leen1<p<N

and

Bu+e el=p

— forall u > 0.
B(l—B)u+e)f  B(1-p)

Let A > 0 be sufficiently large and fixed to ensure,

1 2 A

—[||va — = | (ApP*t! <0

2/|<w1>! pr(wl) -
2 22

Jie(Agr) <0, (3.3)

for all A > A;. Then

forall e > 0and A > A4.

Lemma3.l.Let 1 < p < N+2 and ) > 0. Then

—Au+g.(w) =ru? inS2,
uz>0 in 2, (3.4)
u=0 on 052,

has a positive solution u. ;. p.

Proof. We solve (3.4) using the mountain pass theorem for the functional J; . defined in (3.2). Note that since G, > 0
this functional satisfies:

there exist p > 0,c >0 suchthat J, () >c V||u||HO1<Q) =p.

This and (3.3) give the geometric condition for the mountain pass theorem, and the Ambrosetti—Rabinowitz condition,
namely

360 > 2 such that
A +1 .
0 Tu” —Go(u) ) < Auf — g.(u) for sufficiently large |ul
p

is satisfied since the term that dominates in the nonlinearity for large u is u”. Therefore there exists a critical point u
of Jy ¢ in H(; (£2). By standard regularity theory u is C2(£2) and satisfies:
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—Au+ge(u) =Arlul? in £2, u=0 ondf.

We claim that # > 0 in §2. To prove this it suffices to verify that u > 0 in §2. Suppose on the contrary that
w={x € 2: u(x) <0} is non-empty. Then

—Au=XAul’ >0 inow, u=0 ondw,
and we deduce # > 0 in w, a contradiction. Thus we have produced a positive solution u of (3.4) forevery A > 0. O

Proof of Theorem 1.1. By Lemma 3.1 we know that (3.4) has a solution u;_ > 0, which we write for short u,. We
claim that there exists a constant C independent of ¢ such that

lug |l Loo(2) < C. (3.5)
To prove this, we use a blow-up argument. Assuming that m, = maxg u, — +00 as &€ — 0, define:

p—1

2 p-t
vg(x):W, XER, =my’ £2.
&
Then 0 < v, < 1 and satisfies
—Av, + ve =M’ inf2
ot (v +e/moyrthP T TE “ (3.6)
v, =0 on 952;.

For a subsequence we may assume that 2, — U where U = R" or U is a half space. By Proposition 2.1, v is
bounded in C1#(Bg(0) N £2,) norm for every R > 0, where p = % It follows that v, converges uniformly as

& — 0 on compact sets of U to some function v which is C!'(U) and satisfies lv]l Loy =1 and v(0) = 1. Using test
functions with support in the open set [v > 0] we see that —Av = v? in the set [v > 0]. Using the strong maximum
principle we deduce that actually v > 0 in all U and hence

—Av=v” inU,
v=0 on U if U # 0,
O0<v«l.

By the results due to Gidas and Spruck [15,16] we conclude v = 0, which contradicts v(0) = 1. This proves (3.5).
In addition we also have a fixed lower bound for [|u; || ~(g). Indeed, if xg is a maximum of u,, then

ug (xp)
i) T o) FF S e’

This implies that
ug(xg) =c>0.

Since u, is uniformly bounded in L>°(£2), applying Proposition 2.1 we have that u, is uniformly bounded in
CL-1(§2). Therefore up to a subsequence u, converges in C!(£2) to a non-zero function u € C LI (§2). We need to
show that u is a solution to (1.1). Since Vu = 0 on the set §2 \ [# > 0] we then need to prove that

/ VuVe = / (—u_ﬂ + Au‘”)w for all p € C3°(£2). (3.7
[u>0] [u>0]

First we remark that using test functions supported in the open set [# > 0] we find that u satisfies:
—Au+uP=xu” in[u>0]. (3.8)

Then observe that integrating (3.4) one obtains,

Ug p<
(I/t +8)1+ﬁ g)\. Ug \Ca
&€
2 2
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since u, is bounded in L°°(£2). By Fatou’s lemma we find:
Xusou P € L'(R2).
Take ¢ € C;°(£2) and n € Cg°([u > 0]). Then, using (3.8) we have:

/nVuV<p+/goVan=f(—u_ﬁ+Aup)<pn.

2 2 2

557

Leth € C*°(R) be such that h(¢z) =0 fort < 1and h(z) = 1 fort > 2. Given ¢ > 0 we take . = h(u/¢). By dominated

convergence,

lim | neVuVep = / VuVe,

e—0
2 [u>0]

and

e—0
2 [u>0]

lim (—u_ﬂ+ku)(pn€= / (—u_ﬂ—l—)»u")(p.

Let S be the support of ¢. Then by Proposition 2.2 there exists some constant C such that
IVul>? < Cu'"# inS.

Hence in §

1 C _ _
|VuVn,| = g|h’(u/e>||vbt|2 < ;ul P tte<u<ne) < Cu™P xpecu<ae)

and it follows that

< Cligle@) / U Y20y = O,

‘/ oVuVn,
22 [u>0]

since X[s<u<2¢] — 0as e — 0 and X[u>0]u_ﬂ € LI(SZ). This establishes (3.7). O

Proof of Theorem 1.4. By Lemma 3.1 we know that (3.4) has a solution u,_, , > 0. We let first p — 1. For this we

claim that if & > A then there exists po = po(e, A) > 1 such that
lue s, pllireey < Ce forl < p < po(e, A).

To prove (3.9), let us write u = u, ¢, ,. Multiply the equation by ¢; and integrate,

p M p M
A uPor = | Mugr + ge(u)pr < " uPo; + I +max(ge) o1z,
2

Q Q
which yields:
A
(A__l>/”p(ﬂl <— +Ce
p
2
This implies,
/up§01 < Ce,
2

(3.9)

if we take p > A1/A. By a bootstrap argument, if p — 1 is small, we can reach the estimate ||u|| .~ < C,. The constant

C, is independent of p.
As in the proof of Theorem 1.1 we also have:
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lus e, pllLocc2y 2 ¢,

with ¢ > 0 independent of p and €.
By Proposition 2.1 u; =limp_, 1 u; . p €xists and is a nontrivial solution of

—Au+g.(u)=ru, u>=0 1inS2, 310
{ u=0 on 952. (3.10)
By the strong maximum principle u#, > 0 in £2.
We claim that there exists a constant C independent of ¢ such that
lugllLe < C. (3.11)

To prove this, we use a similar blow-up argument as in the proof of Theorem 1.1, except that now the domain stays
fixed. Assuming that m, = maxg u, — +00 as ¢ — 0. Define:

Ve (x) = ufn(x)’ X € 2.
&
Then 0 < v, < 1 and satisfies:
A . b =ive inQ
TAve mi TP (v +&/me)!HF ve A4 (3.12)
ve =0 on 0s2.
_1-8

By Proposition 2.1, v, is bounded in C1#(£2), p and therefore along some subsequence it converges in C! (£2)

! =T
to a function v € C1#(§2). Since llvgll L2y = 1 we also have [[v]|; () = 1. Taking test functions with support in

[v > 0] it follows that v satisfies,
—Av=2Av in[v>0].

Since v > 0 in £2 and v # 0 by the strong maximum principle we deduce that v > 0 in £2. This yields a contradiction
with A > A and establishes (3.11).

Since u, is uniformly bounded in L°°(£2), applying Proposition 2.1 we have that u, is uniformly bounded in
CLH(§2). Therefore up to a subsequence u, converges in C 1(82) to a function u € C1*(£2). We may now prove that
u is a solution to (1.10) following the same steps as in the proof of Theorem 1.1. O

4. Ground states

We recall that there exists a radial solution with compact support of the equation

—Aw + xp-oqw P =wP  inRY. 4.1)

More precisely, consider,
—Au+uP=ur, u>0 in Bg, u=0 ondBg, 4.2)
where 1 < p < % (p>1if N=2)and R > 0. In [7, Corollary 1.2] (see also [28]) it is proved that there exists

R > 0 such that (4.2) has a radial solution « if and only if 0 < R < R, and it is unique in the class of radial solutions.
Moreover the radial solution to (4.2) with R = R has vanishing gradient on the boundary and hence satisfies (4.1). For
0 < R < R the radial solution u to (4.2) satisfies #’(R) < 0.

Let us write w the solution of (4.2) with R = R. We call this function the radial ground state of (4.1).

Foru € H'(RV) N L'=#(RN) define:

1 1-8 p+1
J () =f(§|W|2+ :‘_ﬂ - Z+ 1), M) = f(|W|2+u1—ﬂ — Pty 4.3)
RN RN
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Proposition 4.1. Let R| > R. Suppose u € HOl (Bg,(0)), u # 0 solves (4.1) in the sense X[u>0]u_’3 e LY®RM), and

f VuVe + xusou Po = / uPp Ve CX(RY), (4.4)
RN RN
and satisfies
J(w) < J(p),
forall ¢ € HO1 (Bg,(0)) such that M (¢) = 0. Then up to translation u = w.

Proof. Let u* denote the Schwarz symmetrization of u. Then u* is radially symmetric, radially nonincreasing and
u* € H} (Bg(0)). It also satisfies [py u*)PH! = [y uP™!, [on @)!'™F = [oyu'~F, and

19w < [ rwur
RN RN

with equality if and only if u = u™ (after translating). For these properties see for example [21]. Choose 7y > 0 such
that M (tou*) = 0. Since u solves (4.1) it satisfies M (1) = 0. Note that there is a unique ¢ > 0 such that M (tu) =0
and this number is the one that maximizes ¢ +— J (tu). Therefore

J(u) =sup J(tu).
>0

Thus
1-8 p+1

1 t 5t
J(tou*) = / (%}w*}z + 10_—/3(u*)1 - #(m)”“) < J(tou) < J(w),
Bg(0)

with strict inequality unless fRN |Vu’“|2 = f]RiN |Vu|2, that is, u = u™ after translation. Since ¥ minimizes J with re-
spect to functions ¢ € HOl (Bg, (0)) with M (¢) = 0 we deduce that J (fou™) = J (). Therefore u = u™ after translating,
which means u is a radial solution of (4.1). Let 0 < Ry < R; be such that u > 0 in Bg, and u(r) =0 for r > Rg. Then
u'(Ro) = 0. By the uniqueness of R and the solution we find Rp=Randu =w. O

5. Asymptotic behavior as A — 400, Part 1

Proposition 5.1. Let u) be the solution to

—Au + X[u>o]u’ﬂ =iuP in$2,
u= 0 on 89,

constructed in Theorem 1.1 or Theorem 1.4 where 1 < p < %—3 Then for some C > 0,
1 1
AP uy Loy <K CA PP forall large A. 5.1

Proof. Let x) € £2 be a point where u, attains its maximum. The first inequality in the statement follows from
() P = hu()? = Au(x) <O,
Let
my, = ||upllLoo(2),
and assume by contradiction that for some sequence A — —+00 we have:
MAATHE > 400, (5.2)

Define:
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1-p
uy (xy, +)\_1/2mk2 x)

mj

v (x) =

Then v,, satisfies,

1 B
— AV + ——— X[ =01V, =L in £2,
p+B s A A
A,
bt Pt
where 2, =1!2m,? (2 —x;). If m;, — +00 as A — +00 then A1/2m, > — +oo as well. If m;,_ is bounded, then

—1
kmf_l = )me+’3m;1_ﬁ — +o00 by (5.2). Thus in all cases Al/zm:T — +00 as A — +o0. For a subsequence we
may assume that £2; — U where either U = R" or U is a half space.

Observe that 0 < v; < 1 and v, (0) = 1. For a fixed A > 0, v;, is the limit of v,  as ¢ — 0 which are uniformly
bounded solutions of

—Av 4+ (m)v)=v" in £,

)\mi;ga
v=0 onds2,

to which Proposition 2.1 can be applied. Therefore v;, is bounded in the C"#(Bg(0) N £2;,) norm for every R > 0.
It follows that v; converges uniformly as A — 400 on a bounded set of U to some function v which is C!(U) and
satisfies ||v| ooy =1 and v(0) = 1.

Using test functions with support in the open set [v > 0] we see that —Av = v” in the set [v > 0]. Using the strong
maximum principle we deduce that actually v > 0 in all U and hence

—Av=v? inU,
v=0 ondU if dU #£ 0,
O0<v<<l.

fl<p< %—3 by the results Gidas and Spruck [15,16] we conclude v = 0. If p =1 then also v = 0 because

otherwise v is a positive supersolution for the operator —A — A1(R) in every large ball Br(x) C U where the first
eigenvalue with Dirichlet boundary condition is O (R™2). Thus v = 0 which contradicts v(0) =1. O

Define:
wy = inf sup J,(y(®)),
veli sefo,1] (r®)
where
I, = {y 1[0, 1] — Hol(.Q): y is continuous, ¥ (0) =0, y (1) = A },
and

Nz lueni@: uzoaa [var= [ (17 uy "
;L_{ue 0 (£2): u #0an fl u| —f< p—i—l_l—ﬁ)}.
2 2

In the above definition of I the constant A is fixed such that J, (A1) <O forall ¢ > 0 and all A > A;.

The following lemma is standard for continuous nonlinearities f(u) satisfying the classical hypotheses for the
existence of mountain pass solutions, see [1], and the condition f(u)/u increasing, see [10,29]. The nonlinearity
f@u) = uP — u~P satisfies the last assumption, but since it is discontinuous we provide the proof.

Lemma 5.2. Let J, be the functional defined in (3.1). We have:

J(uy) = =infJ,.
a(u)) = s, nfJi
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Proof. Let u, denote the solution of (3.4) constructed in Lemma 3.1 with the mountain pass theorem. Multiplying
Eq. (3.4) by u, and integrating we have:

/(|vua|2 + 8e(ug)us — Mté’“) =0.
2
Since g, (u)u — u}fﬁ uniformly for # on compact sets of R we have:
f(|Vu€|2 + ué“} — )»uf“) =o0(¢)
Q
where o(¢) — 0 as ¢ — 0. Thus there exists 7(¢) = 1 + o(¢) with the property 7 (¢)u, € Ny. Hence

inf J, < Jy(2(e) ug).
inf i 3 (£(8) ug)
But
Lt () ug) = I (ug) + o(e) = Jy ¢ (ug) + o(e),
where J;, . is the functional defined in (3.2). By construction of u,
Jk,s(”s) = Ux,e,
where

Mre= Inf sup J, (y()).
‘ v€litef0,1] E( )

Thus
ij\I}fJx < e +o(e).
For a fixed y € I,

Pae < sup Jre(v (),
t€[0,1]

and letting ¢ — 0

limsup s < sup Jp(y(0)).
e—0 tel0,1]

Therefore
limsup u; e < ua,
e—0
and we deduce

inf J, < .
N A M

To prove the converse let u € Ny. Given ¢; > 0, ¢ > 0, c3 > 0 we consider the function:

2 t1-B iy
t)y=c1— — fort > 0.
f@ €15 +021_ﬂ C3p+1
Note that
/
t
ft( o

is a decreasing function with limit 400 as t — 0 and —oco as t — +o0o. Thus f has a unique critical point, which
corresponds to a maximum and is nondegenerate. Thus there is a unique #*(«) > 0 which is critical point of
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t—= Jy(tu),

and hence t*(u) = 1. Thus J, (tu) < J,(¢*(u)u) for all r > 0. Let 1 > t*(u) be large such that J; (fju) < 0. We
take y as the path that connects O with fju with a straight line and then #ju with Ag; on the affine space
{s1(t1u) + s2A¢1: 51, s2 € R} along which J;, is negative. Then max;cjo,11 /5 (y (1)) = Ja(w). O

Lemma 5.3. If 1 < p < %2 we have:
/quk|2 <CA, )\/ ult <o, fui‘ﬂ <CA, (5.3)
2

2 2

2+ N+(N=2
where g = W.

Proof. Let ¢ = agpo where ¢g € C OO(RN ), wo = 0 and ¢g £ 0. We choose the constant a > 0 such that

/(IWJI2 +o! P —prth) =0.
RN

_ 1 B . .
For the next calculation we assume that O € £2, so that the support of ¢, (x) = A 78 (L 2r+P x) is contained in £2

for A sufficiently large. Then
—2-N—(N-2)8
/ Vol =™ 2w f Vel
2

—2-N—(N-2)8

2 RN
2 N—(N-2)8
pl _, Db +1
/ ), = A 2(p+B) / (pp .
2 RN
—2-N—(N-2)8

Hence ¢, € N, and since J; (¢;) = CA~ 2¢+H  we obtain:

_2_N—(N-2)8
J(uyp) <CA - 20+P

Therefore

L0 N—(N-2)8 1 —B ub+l
CLh  20+P > Ji(uy) =/ A

:/}\, 1—; up+l+ ;_l ulfﬂ
2 p+1)* 1-8 2)*
2

>ck/uf+l /c/|VuA|2. |

2 2

Let x; € £2 be a maximum point of u;_. Let us introduce the rescaled function

_I+B
v (x) = Ap+ﬁuk(xk+k 2P )

so that vy solves,

—AV + X0, P =07 in2, v=0 ond, (5.4)

148
where 2, = A28 (2 — x;.).
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_ 148
Lemma 5.4. For a large A > 0 the solution u; has support in a ball B, (x,) with Ry = CA 2r+h),

Proof. By (5.1)
I < lvallpe;) < C,
and in particular 1 < v, (0) < C. By Proposition 2.1 for every R > 0 there exists Cg > 0 such that for every x € 2,

VurllLe Brney) < Cr,

and therefore

VurllLoe(2;) < +o00. (5.5)
On the other hand by (5.3) there is some constant such that
/ e (5.6)
25

Define FB), = d{x € £25: vy(x) > 0}. There exists ¢, ¢’ > 0 such that if xy € F B, then forevery 0 <r <c,

there exists x, € £2 with |x, — xo| =7 such that vy (x,) > ¢'r?. 5.7

This is standard, see e.g. [26], but to be self-contained we give the explanation. By (5.5) we can select ¢ > 0 such that

1
v;\(y)”'“ggi forall y € £2;, |y — x0] < 2c.
Then on the set {v; > 0} N By.(x)
1 -1 1+
A, Y=+ (1 =)+ 1+ )0 VP > —

Let z(y) = %lx — x| where ¥ is a point close to xg, say |x — xo| < ¢/2, such that v, (x) > 0. Let 0 <r < c. If
v;fﬂ < zfor y € 9B, (x) N §2; then by the maximum principle v, (x) < z(x) = 0, which is not possible. Hence there
is a point y € d B, (x) N £2, such that

u' P> z2().

Letting x — x establishes the assertion.

We observe that {x € £2,: vy (x) > 0} is connected. Otherwise let w denote the connected component containing
the origin, and assume that v; > 0 for some point outside w. Let v = vx, and v2 = vxe\z, Which are nontrivial
solutions to (5.4). Let

Ul—ﬁ Up+l

1—,3_p+1'

1 2
J() = Elvvl +
2,

By the characterization of Lemma 5.2
J(p) < J(1) and  J(vy) < J(v2).
Since J(vy) = J(v1) + J(v2) we must have J(v1) <0 and J (v3) < 0, which implies J (v;) = 0. But this and the fact

that v;, is a solution give,
/ L T W e P
2 p+1)* 1-8 2)* ’

A

which implies vy, = 0, a contradiction.

Using the previous properties and (5.5) and (5.6) we can now show that the support of v, is contained in a ball of
fixed radius. Suppose xx € FB;, k=1, ...,m, are at distance at least 2c from each other. By (5.7) there exists y; € §2
with | yx — x| = ¢ such that



564 J. Ddvila, M. Montenegro / J. Math. Pures Appl. 97 (2012) 545-578

v (k) = ¢ > 0.

1
/ Pt > mc”

2

By the uniform Lipschitz bound we deduce that

for some ¢” > 0. Thus from the upper bound (5.6) we deduce m < C for some constant C independent of A. This
shows that the support of v, is contained in ball Bj;(0) with M bounded independently of A and this establishes the
lemma. O

6. Energy estimates in balls

We work here with 1 < p < N +2 and 0 < B < 1. Given p > 0 and ¢ > 0 we consider the equation,
w

—Aw+ ———=wP, w>0 inB,,
(w+¢)1+A P (6.1)

w=0 on 4B,
and its associated functional J, ; : HOl (B,) — R defined by:
(u+)p+1

1
Jp,a(u>=/5|w|2+65(u)— >

B,

This functional has a least positive critical value ¢, .. Since the nonlinearity f(u) = u? — W satisfies that
f(u)/u is strictly increasing for u > 0, then ¢, . can be characterized by,

Cpe = inf sup Jp ¢ (tu), (6.2)
ueH} (By), u#0 >0
see [10,29].
For ¢ > 0 we also consider the equation:
w
“Aw+ ——-—— =wP”, w>0 iR,
{ (w+ &)l th (6.3)
wx)—0 as |x| — +oo.
Critical points of the functional,
1 (u+)p+l
JRN’s(u)z/.§|Vu|2+G5(u)—ﬁ, MEHI(RN),

RN
give rise to solutions of (6.3). This functional has a least positive critical value ¢, characterized by:

Ce = inf sup Jgw o (fu). (6.4)
ueH'(RN), u£0 >0

The main result in this section is

Proposition 6.1. There are Ry > Ry >0, C > 0 and gy > 0 such that for all p > R1 + 2 and 0 < ¢ < g9: we have
Cpe >, +6—2(5*(1+ﬂ)/2+C)(p—R2)—Clogp’ (6.5)
Cpe S Cet e 2T =C)(p—R)+Clogp (6.6)
Solutions of (6.1) with energy c, . are called least energy solutions, and similarly for solutions of (6.3) with

energy c.. Using the Schwarz symmetrization we can show that the existence of a radial, decreasing least energy
solution of (6.1) that we call w, . and a radial, decreasing least energy solution w, of (6.3).
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Lemma 6.2. Let Ry > 0, 0 > 0 and w be the solution to

1 w

= Ry, 6.7

Jwreire TN 67

w(Ry) =0, lim w(r)=0. (6.8)
r——+00

If o > 0 is sufficiently small, only depending on B, there is co > 0 such that

—cpe—1HP2

w(Rp+1)<e (6.9)

Proof. We write in this proof w instead of w. The solution to (6.7), (6.8) is obtained by multiplying (6.7) by w’ and
integrating:

1 2 1

E(U)/) = EGs(w),
which gives the relation

N
R — =r — Ryp. 1
/m‘“ TR (¢10

w(r)

Using the definition of g, we see that

ge(u) = @ +Z)1+f‘ > (2s?1+/3 for0<u <e,
and therefore
u2
Ge(u) > PP forO<u<e.
Similarly
gs(u) = ﬁ foru > e,
and
gl=f  yl=P _gl=8
Ge(u) > PR + I B) foru > e.

By choosing o > 0 small we get w(Rg + 1) < ¢. Indeed, assume w(Rp + 1) > €. Then Eq. (6.10) and the estimates
for G, imply that

[lel=h 1B _gl=pN 12
/(22+ﬁ TR — ﬁ)) ozt

&

But
G A—B =B _ 1-pN\—1/2 -
£ s —& 1 1
< = ds < a+p)/2  _
/(22+5+21+ﬂ(1—ﬂ)> ds\C/S(l_ﬁ)/zds\Ca S3 (6.11)
& &
if we choose o > 0 small. This gives a contradiction.
Since w(Rg + 1) < ¢ we find from (6.10) and the estimates for G, that
& o
1 gl=B  gl=B _ gl=B\~1/2
1+p)/2 Z
Ce / sds+f(22+5+21+ﬁ(1—ﬁ)> ds>1, (6.12)
w(Ro+1) &

where C > 0. Then (6.11) and (6.12) yield:
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1

CeMtP 2o ——— ) > -
wRo+ D)7 2

This estimate implies the inequality (6.9). O

Lemma 6.3. Let w be a radial, decreasing solution w of (6.1) or (6.3). There is a fixed Ry > 0 such that for every
8 > 0 there is g9 > 0 such that

. 2
w(r) < e PRy forallr > Ry and all 0 < & < &o.

Proof. We first remark that there is an a priori bound M for every radial, decreasing solution w of (6.3), that is,
w(r) < M for all » > 0. Moreover given a o > 0 there is some Ry > 0 such that for every radial solution w of (6.3)

w(r) <o forallr > Ry. (6.13)

We apply this property with o > 0 given in Lemma 6.2 and find Ry such that (6.13) holds. Let w be the function
constructed in Lemma 6.2. Then, taking o > 0 smaller if necessary, we see that w is a supersolution to (6.3) and we
deduce w(r) < w(r) for all r > Ry. In particular

—coe= (B2

w(Rp+1)<e )
where cg > 0. Set R{ = Ro + 1. Let § > 0 be given and define:

wa(r) = ecoe” TR (eI =) 2 =R

Then w, satisfies,
Wy = (e7'7F — )y,

and we can arrange the constants so that w; is a supersolution. Indeed,

Al +‘/’_L<_§‘ +w? +w *1*ﬁ_§_;
Wy = e S Tyt e 2T o)

Provided w;’*l < 8/2 and wy/e < 1/2 we have:

Aty + w7 2 a(=2 4 0(22)) <o
w2+w2—m\w2 _§+ 2B Y,

i N : - —(1+8)/2
if also Wy < C8eXA. But since wy(r) < e~<0¢

small, depending on §. By comparison

for r > R; we can achieve the inequalities by taking ¢ > 0

wr) <wy(r) Vr =Ry O

Lemma 6.4. Let w be a radial, decreasing solution of (6.1). There are fixed numbers Ry > 0, C > 0 and &y > 0 such
that

w(,o - 8_(1+ﬂ)/2) > e~ PO (p—Ry)—C forallr > Ry and all 0 < & < gp.

Proof. There is a uniform lower bound for w, ((0). Indeed, at the origin Aw, . < 0 and the equation yields
wp’g(O)'”_l(wp,E +&)!*8 > 1 and this implies Wp,e(0) > ¢ for some ¢ > 0 independent of ¢ € (0, 1] and of p > 1.
The uniform estimate for the gradient Proposition 2.2 implies that if we fix Ry > 0 small, then w, (R3) > ¢/2 for all
O<e<landall p > 1.

Let w(r) be the solution of

!/

N—-1,
R, w = 81—_‘_/3&7
w(Ry) =c, w(p) =0.

w’ + r € (0, p),
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Then w is explicitly given by:

erMrp—r) _ ph—(p—r)
et (p—Ry) _ pA—(p—R2)’

N N-1, [(N-1 2+ 1,3
=— e~ I=h.
* 2R> 2R>

Moreover, w is a subsolution of (6.1). Therefore w), (o — e T#)/2) > w(p — e1TA)/2) 50

wr)=c r €[0, p],

where

Are D2 o gD

(+5)/2
wp.e(p —¢ )2 R — R

Since

N—1 g(1+8)/2
Ay = o= U+B/2 _ 0
+ & 2R, + R%

the conclusion follows. O

Proof of Proposition 6.1. We prove first the upper estimate. Let w, denote a radial, decreasing least energy solution
of (6.3). Let p > 0 and v, be the solution to

Av, in B, \ B,_1, (6.14)

1
= —SI'HS Up
with v,(0 — 1) = we(p — 1) and v, (p) = 0. Define:

we(r) ifO<r<p—1,

Wp.e(r) = {vp(r) ifp—1<r<p.

Then

Cp,e = Jp,s(wp,s) = Itn>a(7)( Jp,s(twp,s) < Itn>a())( Jp,s(“I)p,s) = Jp,s(tp,aa)p,s)y

= =

where #, . > 0 is the unique ¢ where the last maximum is attained. Since w, ¢ — w, as p — +o0 uniformly for ¢ > 0
small, we have ¢, , — 1 as p — 400, uniformly for £ > 0 small. Then

- < 1, V.2 (tp.ewe)P ™! 1, 2
Jp,é‘(tp,swp,a) S Etp,g| we|” + Gs(tp,awa) - T + Etp’glvvp| + Ge([p,svp)-
B,—1 By\By—1

We have the following expansion for G,

M2 M3
Ga(M)ZZEH_IB +0(82+ﬁ>’ (615)

where 0(5’2‘—;) is uniform for u < /2. Let § > 0 be given and gy > 0, Ry > 0 be as in Lemma 6.3. Let us work with

p = Ry + 2. Then we have v, (r) < e~ PO g1 € [o — 1, p]. Thus by taking & > 0 small we have

(tp,sws)er]

_ 1
Jpe(tp,eWpe) < / Et/z;,g|vw£|2 + G (tp,ewe) — b+ 1

RN
2 3
1, 2,2 YU 3 Y
+ f <§tp’8|va| +tp,8281+ﬁ+Ctp,882_+ﬂ
B,\B,_1

(tp,s ws)p+l
p+1

since also %tg,8|Vw5|2 + Ge(tp cwe) — > 0forr > p — 1. Therefore



568 J. Ddvila, M. Montenegro / J. Math. Pures Appl. 97 (2012) 545-578

3
Cpe < JIpN ((tpeWe) — 2 ayp™N ! /(/0 Dvp(p — D+CH5 2+;3 / v/3)

2 Toe
By\Bpy—1
3
1 t
2 0.£ 3
écg—itp)s / vvp+C 24P / vy
0B, By\Bp—1
To estimate the last integral note that v, < w, for p — 1 <r < p because w; is a supersolution of (6.14). Hence
1 —3(e=1B_§)2(p— Ry —
/ vgngN 1,3 OV (p=Ri=1)
By\By—1
SO
3
» 03 < e 3E =82 (0—Ri=1)+C) log p+C; log(1/e)+C3
£2+B p s :

By\B,_1
To estimate the boundary integral let z be the solution to
{ Az=0 inB,\ B,_i,
Zp—D=1, z(p)=0

Then
v = V7 — b VyZ
p P gl+8 P
9B, | 9B,_| B,\B,_1
As before
! < o~ €182 (p— R~ 1)+C1 log p+Ca log(1/6)+Cs
1+ Vol
P
By\B,_1
SO

(e 1B 2(p—Ry —
Cp,g<Cg+€ 2(¢ 8/ (p—Ry 1)+C110gp+C210g(]/e)+C3'

Taking a fixed § > 0, we obtain for p > R + 2 the inequality (6.6).
To prove the lower bound, let w, . be a radial, decreasing least energy solution of (6.1). We let also v, be the
solution of

Av in RY \ Ep_8<1+f5>/z,

o= 81—_H3i3p
with §,(p —e1tP/2) =w, . (p — e1+F)/2) and lim,_, |« 7, (r) = 0. Define:
i Wy e(r) ifFO<r < p—elth/2)
= { U,(r)  ifr>p—eltH/2,
The forall > 0,

(zwp,g)P“)

_ 1
Cpe 2 Jpe(twpe) 2 Jpn (tW) ) + / (§t2|pr,8|2 +Ge(twp ) — P

Bo\B,_ a+p)2
1 - -
— / <§z2|wp|2 + Gg(w,,)>.
RN\B . (1+p)/2

We take now t =1, . such that Jgn o (tp Wy e) 2 Ce. Since wy ¢ — we as p —> +00 uniformly for & > 0 small, we
have 7, o — 1 as p — 400, uniformly for & > 0 small.
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We use the expansion (6.15). Let § > O be given and ¢9 > 0, Ry > 0 be as in Lemma 6.3. Let us work with

p = Ri + 2. Then we have w, (r) < e TPl

Ge (tp,sw,o,a) -

for p — 1 < r < p. Thus by taking ¢ > 0 small we can estimate:

1
(tp.ewp )"

p+1
Bo\B,_ (1+p)2
2 3 1
> 2 Woe 3 Woe o (tp.cwp )Pt
= P:€ D 1+p P:€ 2+p p+1
Bo\B,_.+p)2
2 1+ 3
_ lhe w2 (1- 2 ﬂt”_lwp_l — Cloe w’
T o148 p.E p+1 P TpE 2+ p.&
Bo\B,_,a+p)2 Bo\B,_ (+p)2
2 3
t Ct
0, 2 P, 3
> 2el+8 Mo.e Wo.e g2+h Wo.e>
Bo\B,_.a+p)/2 Bo\B,_ a+p)/2
where
2814—/3
My g = max <1 - t}é’;lw'g;l .
p—e+P12<r<p p+1
~ _(o—1=B_\1/2 .
We also have v,(r) < e (e ' for r > p — 1. Then for ¢ > 0 small we can estimate:
~2 ~3
1 1 v v
2ivos 2 ~ 2\ 2 2 4 3 14
— < — _P
/ <2t VU] +G5(tvp)>\ / <2t [Vu,| +t’)*8281+ﬂ +Ct”'ge2+/3>'
RV\B,_ (1+p)/2 RV\B_ (+p)2
Let z be the solution to
Az = Pp.e z in B\ B, 0+,
ol+B p—¢
with z(p — e1*P)/2) = w,, . (p — e1*#)/2) and z(p) = 0. Then,
12 m
pP,€ 2 P& 2
Cp.e 26’54‘7 <|VZ| +81+ﬂz )
Bp\B,_ (+p)12
2
t 1
P ~ 2 ~2
2 / ('va| t o vp>
RM\B _ +p)/2
3 3
B CtM N Ctp’s -3
$2+8 pe T g2+ P
Bo\B,_.(1+p)2 RN\BWS(H/S)/Z
2 ~
t dz v
p.E 1 2 P
PN PR / 9z _ v
2 av av
IB,_.a+p)/2
3 3
B Ctp,g w Ctp’g 2
c2+P P& 24P P

Bo\B,_ 1+p)/2

By similar estimates as for the upper bound,

N
RY\B,_ a+p)/2
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3
To.e w3 < =3 P82 (p—Ri~1)+C1 log p+Cs log(1/6)+C3
£2+B P& ’
Bo\B,_.a+p)2
and
3
Ctye 53 < o3 F8)2(p— Ry~ 1) +C1 log p+Ca log(1/)+C
g2+8B p .
RM\B _ a+p)2
Using suitable barriers one can prove:
N—1 (1482
=~ (148)/2 _ A+B)/2\| _—(1+B)/2 _
volo—e ) > woelo—e )[ ¢ 2p —e-+P12) +0< 7 )]
and
12 b2l
/ (1+8)/2 (1+py/2y Mpe €7 +e 7,
Z —& < —w ) .
(v )< —woe(o )8(1+ﬂ)/2 ol _ ommyl
This implies
iy N C
~ 1+8)/2 / 1+8)/2 148)/2\2| .—+py2f 12€ 7F T e 7°F
7 (p — D) (o — e0HP2) 3w, (o — £0PP2) [8 1+8)/ (mp{gﬁ _ 1) _ _].
emp,a _ e_mp,a 1%

Since m,  — 1 as p — +o0 uniformly for & > 0, combining the previous inequalities with Lemma 6.4, we deduce:

_2(e—U+B)/2 —Ry)— _ _
Cp"g)Cg—i_e 2(e +C)(p—Ry)—Clog p—Clog(1/¢) C’

where R; > 0 is a small constant. From this we obtain (6.5) for p large. O
7. Asymptotic behavior as A — +o0, Part 2

In this section we prove Theorem 1.2 following the argument of [9]. For A > 0 and ¢ > 0, let u, . denote the
solution of (1.3) obtained through the mountain pass theorem, as in the proof of Theorem 1.1. Let x; € £2 denote a
point where u, . attains its maximum. It will be convenient to introduce the rescaled functions,

1 __1+B
Uy e(x) =APHF uk,s(xk,s + A 2(1)+ﬁ)x)7 X €82 ¢,

148
where §2) = A20+P) (§2 — x) ). Then v, _, solves

AVt —— =P in€,.  v=0 ond.,. (7.1)

(v + er PP+

Associated to (7.1) we have the functional,
1 ) (U+)p+1 |
Jre(v) = / <§|VU| + Gs)hl”lrﬂ (v) — 1 ) v E Hy(82;.),

A&

with least energy
Cre= inf sup Jy ¢ (tv).

VEH (2.6).v#£0 120

Let ¢, be the value defined in (6.4) and ¢, ¢ = c,;1/+ . Let
dy e =dist(0,082) ) and dpe= meg( dist(x, 0§2)
Xe

so that
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148
max dist(x, 082y ¢) = A2PTB) dyyy gy

XEQ)HE
We will prove that
_ 1+ _ 148 B
Cre <Cret+exp(—2(e” 2 A7 2040 — C)(AZ0 P dyay — R1) + Clog()), (7.2)
and
- 48 _ 4B
Cre = Cre+ exp(—Z(s_TA 2P 4 C) (ab\“8 +o0(1) — Rz) — Clog(k)), (7.3)

where for each fixed X large, o(1) — 0 as ¢ — 0, and C, R, R, are constants. Inequalities (7.2) and (7.3) imply that
_ 148
lim i(r)lfdist(xk,g, 082) > dpagy — CA 20D (7.4)
e—

for some constant C.

We postpone the proof of (7.2), (7.3) and finish the proof of the theorem. As in the proof of Theorem 1.1 up to a
subsequence u, . converges in C1(£2) as ¢ — 0 to a non-zero function u; € C*(£2) which solves (1.1). Let x, € £2
be a maximum point of u, . Then (7.4) implies that

_ 1B
dist(xy, 082) = dpgy — CL 20 +P) .

148
By Lemma 5.4, for a large A > O the solution u; has support contained in a ball Bg, (x)) with Ry = CA 2¢+# for
some constant C. Thus by taking A > 0 large, u; has compact support in §2 and hence solves,

—Au+ xpsou P =P inRN.
Let

_1 _ 4B
v (¥) = A7y (x, + A TP x),

so that v, solves

—Avy, + X[vpo]v;ﬂ = v)’: inRV.

Let J, M be defined by (4.3). By Lemma 5.2
J() < J(p)

for all ¢ € H(} (£2,) where £2) = A% (82 — x;,), which satisfies M (¢) = 0. By Proposition 4.1, v = w because we
have fixed the maximum of v at the origin. This concludes the proof of Theorem 1.2, up to (7.2) and (7.3).

The proof of (7.2) and (7.3) are similar to those in [9], except for one estimate of the energy. For completeness we
give the details. To prove the upper bound (7.2) let x;, . € £2; ¢ be a point that realizes the maximum distance to 02;, ¢.

__1+B
Since the least energy values for the functional J; . in 2, . and the ball with center x; ¢ and radius A 2#+A) d,,,,, are
ordered we have:

Cre<C L,
p.eAPH

1+8
where ¢, ¢ is defined in (6.2) and p = A2¢+A) d,,,,. By estimate (6.5) we deduce (7.2).
We now derive (7.3). For simplicity of the notation we write v = v, .. Up to subsequence we can assume that
X)e —> X € 82 as € = 0. Then

dist(x; ¢, 0§2) — dist(xy, 0§2) ase — 0.
Let R), . = dist(x; ¢, 9§2) and Ro = dist(x;, 952). Let 6 > 0 be given and take R6 > 0 such that

vol(BR(/) (xA)) = vol(SZ N Bry+s (xk)).
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Now let 0 < 8’ < 8 be such that R| < Ry + &8'. Let  be a C°°(R) cut-off function such that r](s) =1for0<s <
R, +8,n(s)=0fors > Ry . + 8, and with uniformly bounded gradient. We set 1, (s) = n(A~ 2(P+l3> s), and
Ux) =v@)m(lxl), x € ..
We claim that for every ¢ € [0, 7] (here f( is a large positive constant),
[ S 4B
e (19) < oo (10) +exp(=2((e2778) ™ P — 1) ((Rye +8) 2038 — Ry) + Clog(1/e) + Clogh). (7.5
Indeed,

A" P
- | o ~p
Jy.e(t0) /<2|Vv| +G€“J1rﬁ(tv) p+lv >

Qk,e
l‘2
< Jaltv) + 12 / o (1x1) o, (1) o1Vl + f 22 (1)
kas QA.S
A p+1 p+1
+/(GEAﬁ(tv)—Gdﬁ(tvm(lxl)))—i-p+1 / P = (1x1)7T).
-QA,.&: -QA,.&:

Using the same supersolutions as in Lemmas 6.2 and 6.3 we find R; and &g > O such that

v() <exp(—((ex77) ™' — 1) (1x| - Ry)) (7.6)

for all x € £2)  with |x| > Ry, and all 0 < & < g9. This implies also a similar estimate for the gradient, namely

Vo) < exp(=((e277) ™ = 1)*(1x| — R\) + Clog(1/e) + Clog),
for all x € £2;  with |x| > Ry, and all 0 < & < g9. We can write,
G 1 (tv)= LWS + 0(”—3M),
erptp 2e1+B )\ 5 e2tB )\

1+8
< 1/2. Using (7.6) we see that this holds in §2; ¢ \ Br.¢)(0), where r (A, ¢) = (Ry ¢ +3)LZ0#A) . So

provided
& }L P+B
we may estimate

/ (Gm+ =G 1 (tuma(x)))

QA.S

cr ;
< 245 v
82+ﬁ)\4 p+B

1+8
22,6\B(0,R; 1.2(P1P) )

gexp(—3((akfvlTﬁ)_l_ﬁ )1/2( (h,€) — R1) + Clog(l/¢) + Clogh).
Similarly we find the following estimates:
[ onr™
Qk,s
<exp(=(p+ D((e277) P = 1) (r(. &) — Ry) + Clog(1/e) + Clog ),
? / ACHITAGIE]
QA,&

<exp(—2((er 7P )_1_‘3 )1/2(r(k &) — R1) 4+ Clog(l/e) + ClogA),

p+1
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and

12 I
5 / v2|ni(|x|)|2 < exp(—2((er?+7) =F _ 1)1/2(r(k, &) — R1) + Clog(1/e) + Clogh),
-Qk,s
which combined imply (7.5).
Let R; . > 0 be such that
vol(BR(A 8) =vol(§2 N BR, ,+5)-
Using the Schwarz symmetric rearrangement we find:

Doe@)y=J 1
p.eAPHP

(157)

1+8
where ¢, . is defined in (6.2), p = Ri’ A2P+P and v* is the radially decreasing rearrangement of v. We choose now
t € [0, to] such that J ﬁ (tv*) is maximized, and find, using (7.5)
PLELP
Li-1-8 172 .
Cre=C . exp(—Z((sAﬁ+ﬁ) — 1) ((Rk,g +46 )A2<p+f‘> - R1) + Clog(l/e) + Clogk).
p,ELP

Therefore, using (6.6),

Cre=Cret eXP(_z(E_#)‘_% +0) (R;»,s)‘% — Ra) ~ Clogh)
—exp(=2((277) "' P — 1) V3((Ry.s + ')A — Ry) + Clog(1/e) + ClogA)
148 _ _1+8 4B
>Ge+exp(—2(e7 2 A 20 + C)(Rye + AT — Ry) — Clogh,

for ¢ > 0 small. This establishes (7.3). O
8. Proof of Theorem 1.3

Let u; be the solution constructed in Theorem 1.1 and let

1
vy = AP luy.

Then v, satisfies:

48
[—AU*I—AP_I v_ﬁX{v>0}=vp, v>0 in g2, (81)
v=0 on 0S2.

Let us recall the classical equation:

—Av=vP, v>0 in$2,
(8.2)

v=0 onds2,

which arises as the limit of (8.1) as A — 0. It is well known that (8.2) admits a nontrivial solution, for example by
minimizing the HO1 (£2) norm on the unit sphere of L”(£2) or by using the mountain pass theorem [1]. If £2 is a ball,
it is furthermore known that positive solutions of that (8.1) are radial [14] and that there is a unique positive solution,
which is furthermore nondegenerate.

We will first prove:

Lemma 8.1. Suppose §2 is the unit ball in RN. Then the solution v, to (8.1) converges in the C'(B1) sense to the
unique positive solution of (8.2).
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Proof. Let vy denote the unique nontrivial solution of (8.2). We can show that for A > 0 sufficiently close to 0, (8.1)
in the ball has a solution close to vo. One can construct this solution of the form v = vg + w, where w has now to
satisfy, assuming w is small in C!(B),

-1

— g
—Aw—pvg 1w=(v0+w)p—vg—pvg w—AT(vg+w)? in,

w=0 onds2.
Using the nondegeneracy of vy we may set up a fixed point argument, similar to the one in the proof of Theorem 1.5

and deduce that (8.1) has a solution v, for A > 0. By construction v, — vg as A — 0. But radial solutions to (8.1) are
unique, see [7], and this proves the result. O

Proof of Theorem 1.3. An argument similar to that of the proof of Theorem 1.1 shows that ||v, ||z (p) remains
bounded as A — 0. Therefore, thanks to Proposition 2.1, v, is also bounded in C 1'“(ﬁ) where © = % Up to

subsequence v;, then converges to a function v € C!(£2). We have to discard the possibility that v =0.
Let,

1+8
p—1

1 A 1— 1
Jk(v>=/<5|w|2+ =g+ P p+1|v|p“), ve Hy(R2),
2

so that its critical points give rise to solutions of (8.1). The solution u, constructed in Theorem 1.1 is a least energy
solution and therefore

Jr(vy) =sup Jp(trv).
t>0

Let R > 0 be such that vol(Bg (0)) = vol(£2) and let v} be the Schwarz symmetrization of v. Then for every ¢ > 0,
S (a) = I (tvy) = i (1v5),

and therefore,

Jr(vp) 2 inf sup J5.(v, Br(0)) = J5.(vrad.2; Br(0)),
veH] (Br(0)), v£0 >0

Wher_e Vrad,) 18 the unique radial solution of (8.1) in the ball Bg(0). By Lemma 8.1 v,4q.0 — Vg0 as A — 0 in
CL(Br(0)), where Vrad,0 18 the unique nontrivial solution of (8.2). Therefore there is ¢ > 0 such that

J(vp) =c

for A > 0. It follows that v = lim, _,¢ vy cannot be identically zero. Testing the equation with functions supported on
the set [v > 0] we see that

—Av=2v” in[v>0].

But this and the Hopf lemma imply that [v > 0] = £2, that is, v > 0. Since v) — v in C 1(5), we deduce that in fact
v, >0forA>0small. O

9. Positive solutions for p =1 and A close to A{

We look for a solution of (1.10) of the form:
1
u=¢ WPy fore=XA—A;>0small 9.1
A calculation shows that u is a solution of (1.10) if and only if ¢ solves:

—Ap+ep P =1p ing2, ©9.2)
=0 on 4£2, ’
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which we write as

_A‘P_)L1¢=_5§0_ﬂ+€¢ in Q, (93)
=0 on d42.

We are going to find a solution for (9.3) of the form ¢ = cp; + z with z orthogonal to ¢; in L?(£2), and z small
compared to ¢; so that (co; + 2) P < /8P, for some constant ¢’ > 0. Inserting the expression of ¢ into (9.2), one
finds:

{—Az—MZZS[—(CﬁDl+Z)_’3+C<P1+Z] in £2, 9.4)
7=0 on ds2.

For a function /4 : 2 — R we introduce the norm,
2llg = sup |1 (x)|8(x),
xXeNR
where
8(x) =dist(x, 052).
We recall, see [17], that if ||h]|g < oo then the problem:

Au=h 1in 2,
u=0 on 052,

has a solution u € C(£2) N CHV(2) (for every 0 < v < 1). Moreover by the results of Gui and Lin [18], see also
del Pino [8], one has:

lullerios g < Cllllg.
We need the following:

Lemma 9.1. If h : 2 — R satisfies ||h]l g < oo and fg he1 = 0 then there is a solution u to

—Au—Au=nh inS$2,
{ u=0 on ds2, 9.5)
with fg up; =0 and
lullerios g < Cllllg: 9.6)

Proof. If h € L°°(£2) and fg hey = 0 then there is a solution u € C1V(§2) (for every 0 < v < 1) to (9.5) with
/. o up1 = 0. Thus it is sufficient to prove (9.6) in this situation and then proceed by density.
First we prove that there is C > 0 depending only on £2, 8 such that

lu)| < Clihllgs(x)™"  forall x € £2. 9.7
By standard arguments, if u solves (9.5) and f o upp =0, then
lullzr@) < Cllhllp o)
with C independent of u and 4. Now let xg € £2 and r = §(x¢)/2. Solve
—Av—XAv=h in B,(xp),
v=0 ondB,(xg).

Then, by standard elliptic estimates,

[vxo)| < Cr* sup ()| <r* PR,

Xx€By(x0)



576 J. Ddvila, M. Montenegro / J. Math. Pures Appl. 97 (2012) 545-578

and

10l 218,y < 2N L1 8y (xoyy < CTY T2 P 1R g,

where C does not depend on /4 or r. Define w = u — v. Then

Aw+Aw =0 in B,(xp).

< C < C Cc
|w(xo)|\r—,\, wl< 5 i+ % Jue]

B (x0) B (x0) B (x0)
<CrPlhlg+CrNull g < Cr N nls.

Again by elliptic estimates

This proves (9.7).
Fix a7t € (0, 1) and let n > 0 be small so that §(x) is smooth in the region
N, = {x €N:5(x) < 7]}.
Let it =k||h||g8". Then
—Ait — hyit = k||l g(—T(x — DIVS[?8" 2 — 18" 'AS — 1187) = |h| in Ny,

if we take n > 0 small and k sufficiently large. Now we fix . By increasing k if necessary we have |u| < i on N),.
By the maximum principle, which is valid for the operator —A — A1 in N;, we deduce that |u| < u in N,;. Thus we
have obtained

|Au| < Al + |h| < Cllhllgs 7.
By the estimates of Gui and Lin [18] we deduce (9.6). O

Proof of Theorem 1.5. Let 0 < ¢ < ¢ be arbitrary constants, to be chosen later on. We are going to prove that for
every c € [c, ¢] there is a solution z in an appropriate space and i € R to the problem:

{—Az—/\1z=8[—(6¢1 +2)7P +epr+z]+per inL2, ©.8)
z=0 on 952,
if ¢ > 0 is sufficiently small.

To do this consider the spaces E ={h: 2 — R: ||hllg <oo,h L g1}, F={uc€ CO%'(2): u L ¢} where the
orthogonality is with respect to the L? inner product. Define S : E — F by Sh = u with u the solution of (9.5) such
that |, oup1=0.By Lemma 9.1, § is a linear bounded operator.

For p > 0 define B, := {z € C*'(2): llzllco1 < p,z=00n 382}, where |1zl|co.1 (g, is the smallest Lipschitz
constant of z.

Let A >0, B > 0 be such that A§ < ¢ < B in £2. If p > 0 is such that p < cA and h € B, we have that
Il (co1 +h)~P lg < +oo. Thus, for such p we can define @ : B, — CcO%l(2) by:

@ (h) = S(e[—(co1 +h) P +cor +h] + neor),
where 1 € R is such that
s/[—(apl +h) P +cor +h]pr +u/<p%=0-

Q Q
Thus z = @ (h) solves:

{—Az —)»1Z=€[—(C<ﬂ1 +h)7P 4 +h] + pe  in £2,
z=0 on 942,

with fg z¢1 =0.
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For & > 0 small enough @ is a contraction in B,. Indeed, if h € B, then

@) | con < USI(e]|—(cor + 1) +cor + | 4 + rllorllp) < p,
B

for ¢ small enough, and

|@ ) — @ @) <ellSl|(cpr +22) 7 = (cor +21) P + 21 — 22| <eClizy — 22l

Applying the Banach fixed point theorem, for ¢ € [c, c] there is a solution z(c) € B, of (9.8) with a corresponding
u(c) € R, provided ¢ > 0 is small. Since @ is continuous in ¢, by the fixed point characterization of z(c) we deduce
that it is continuous with respect to ¢, and hence ¢ — . (c) is also continuous.

We proceed to show that if we take ¢ > 0 small and ¢ > 0 is large, then for some ¢ € [c, c] we have u(c) = 0. We
have the expression:

fo —(co1 +2(c)"Po1 + (co1 + 2(c))gr

u(c) =
f:z ‘Plz

Let us work with ¢ > 0 small so that

—cPA2+ B)—ﬂA/al—ﬂ +e(A2+ 8)3/82 <0,
2 2

and with p < Ac/2. Since z € B, we have |z| < pd, and then cg| + z < (% + B)cé. Hence

A P A
[—(co1 +2)7F +cor +z]o1 < _(E + B) cPAstP 4 <5 + B>c352.

This implies u(c) <O0.
Similarly, using that cgp +z > (cA — p)d > cAd/2, we see that taking ¢ > 0 large enough u(¢) >0. O
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