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Abstract
For the equation
—Autu P =ur, u>0 in Bg, u=0 ondBg,
where Bg gRN,0</3 <land 1 <p< % if N>3,1< p<+ocif N=2, we show that there is R > 0 such that a radial
solution u g exists if and only if 0 < R < R.Itis unique in the class of radial solutions and u/R (R) <0if R < R, while M/R(R) =0.

We also give a variational characterization of u .
© 2008 Elsevier Inc. All rights reserved.
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1. Summary

In this work we are interested in radially symmetric solutions to the singular equation

—Au+uP =P inB,
u>0 in By, (D
u=0 ondBy,

where Bj istheunitballinRN,0<,3 <1,A>0isaparameterand 1 < p < % ifN>23,1<p<+4o0if N=2.
Solutions are understood as u € C2(Bl) NC(By).

Several authors [1,5,7,15,16] have studied existence and uniqueness of radial solutions for equations involving
singular nonlinearities. Serrin and Tang [16] established uniqueness of radial solutions of A,,u + f(u) =0 in Bg
withu =u’ =0 on dBg provided N > m > 1 and f satisfies certain hypotheses, which allow f () = —u? + u? with
p < q (no restriction on the sign of p, g).
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We prove

Theorem 1.1. Let 1 < p < % if N >3, 1< p <400 if N=2. There exists . > 0 such that (1) has a radial

solution if and only if 0 < A < *. Moreover the radial solution u;, is unique, u; € C'(By) and u, (1) <0if0<i< A
and u’, (1) =0if A = A.

Eq. (1) is equivalent to
—Au+uP=ur, u >0 in Bg, u=0 ondBg, 2)

where R > 0 replaces the parameter A. Thus we may restate Theorem 1.1 as follows.

Corollary 1.2. There exists R > 0 such that (2) has a radial solution uifandonly if 0 < R < R, and it is unique in
the class of radial solutions. Moreover the solution to (2) with R = R has vanishing gradient on the boundary and
hence satisfies the equation

—AM+X{u>O}M_ﬂ =Mp, u=>0 in RN. 3)

For 0 < R < R the solution u to (2) satisfies u'(R) < 0.

If N > 3 part of Corollary 1.2 is contained in [16]. More precisely, the result of [16] implies the existence of a
unique R such that (2) admits a radial solution with zero gradient on the boundary, and that this radial solution is
unique. Our contribution is that we prove the uniqueness for (2) for any R, with an alternative proof which is valid in
dimension 2.

The case p =1 has been considered in [1,7]. Chen [1] showed that there exist A*, A with A <A* <X, A being
the first eigenvalue of — A under Dirichlet boundary conditions, such that there exists a positive radial solution of (1)
ifand only if A* < A < . Moreover, whenever a solution exists, it is unique. In [1] it was also proved that the solution
corresponding to A has vanishing gradient on the boundary of the ball. Hirano and Shioji [7] obtained existence results
for variants of this problem in a ball or annulus. In particular they clarified that A* = 4] in the result of [1]. Ouyang,
Shi and Yao [14] studied the case 0 < p < 1 finding zero, 1 or 2 positive solutions for A in different intervals.

From the previous discussion (3) possesses a unique radially symmetric solution whose support is a ball. We are
interested in the uniqueness question in a broader class. Define

N=lue H'RY)NL"PRY): u>0, u#0, Gu) =0},
where
G(u)=/|W|2+u1*ﬂ—uP+1.
RN

For u e N let
Ml—ﬁ up—H

1-8 p+1°

1 2
J(u)= 3 [Vul” +
RN
Theorem 1.3. Let it be the radial solution to (2) with R = R extended by zero to RN . Then it € N and satisfies
J@@) < J(p) VYoeN. “4)

Moreover if u € N is any other function satisfying (4) then up to translation u = i.

Cortazar, Elgueta and Felmer [4] studied a similar problem:
Au—u? +u? =0, u>0 inRV,

where 0 <g <1l <p< ]}:',—J_“% and N > 3. They showed that if u € H'(RV) is a solution such that {x: u(x) >0} is
connected then u is radial about some point. The proof relies on the moving plane method, which works well even
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with the non-Lipschitz nonlinearity f(u) = —u? + u” because it is nonincreasing on some interval [0, §], § > 0. This
result raises the question whether a solution u € H L@®RY) N L= @RY) to (3) such that {x: u(x) > 0} is connected
is radial about some point. Since our nonlinearity f(u) = —u—# + u” is increasing and singular the moving plane
method is difficult to apply.

2. Some properties of radial solutions
We study the initial value problem

N -1
M//+—u/+f(u)zos l/l>0, re(os T)v (5)
r
u0) =gq, u'(0)=0 (6)
for a given g > 0 where
f)y=uf —u=P.

The solution u(r, q) to (5)—(6) is defined on a maximal interval [0, T'(¢)) where T (g) > 0 or T (q) = +00. We shall
write just u () when the initial condition ¢ is clear from the context.

In this section we deal with some properties of solutions to (5)—(6). We give some basic properties in Lemma 2.1. In
Lemma 2.2 and Remark 2.3 we find the behavior of the solution near 7'(¢) and in Lemma 2.4 we prove a uniqueness
result. Lemma 2.5 is the differentiability of 7' (¢) when u’(T (q)) < 0. Properties similar to those mentioned here have
appeared in Chen [1], Kwong [10], Ouyang, Shi and Yao [14], Serrin and Tang [16].

Given a solution u to (5) it will be useful to define

1

Eu(r) = Su'(r)? + F (u(r),
where
ubtt oy l=p
p+1 1-p
Then if u is a solution of (5) we have

d N —1

- — _

dr u(r) r

In particular E,, is nonincreasing. Actually, %Eu (7) = 0 for some 7 > 0 if and only if u’(F) = 0. If this happens and

u(r) = 1 then u = 1 which is the case only for ¢ = 1. If u(¥) # 1 then u” (7) # 0 and hence %Eu(r) < 0 for r close
to 7, r # r. This shows that E, is strictly decreasing if u £ 1.

F(u)=

u'(r)?.

1
Lemma 2.1. Let g1 = (%)m > 1 so that F(q1) =0, and let u be a solution to (5)—(6). Then

(@) 0<u(r) <max(q,qi) forallr €[0,T(q)).

(b) If E, (ro) <0 for some ro € [0, T(q)) then T (q) = oo.

(©) If0<g < qithenT(q)=oo.

(d) If T(g) = o0 then limy_ 5o u(r) = 1.

(e) If T(g) < oo then u is decreasing, u is C' up to T (q) with u(T (q)) = 0 and u' (T (¢)) < 0.

Proof. (a) Suppose this fails and define r; = inf{r > 0: u(r) = max(u(0), g1)}. If u(0) < 1 then r; > 0. If u(0) > 1
then from the equation u(r) is decreasing for small » and hence r; > O also in this case. But then E,(r;) >
F(max(u(0),q1)) > Fu(0)) which is impossible because E, is strictly decreasing (unless # = 1, in which case
the proof of this part is trivial).

(b) By contradiction assume 7 = T (q) < oco. By hypothesis E,(r) < E, (ro) <0 for r € [ro, T(q)). Suppose that
for some sequence r, — T, u(r,) — 0. Then liminf E,, (r,) > 0 which is impossible. By standard results on ODE
lim,_, 7 u(r) exists and is positive. Then the solution can be continued beyond 7" and hence T = co.
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(c) We have E,(0) = F(u(0)) < 0 and therefore E,,(r) < Oforall 0 <r < T.If u #£ 1 then E,, is strictly decreasing
and therefore there exists § > 0 such that E,(r) < —¢6 for all r € [§, T'). Thus we may apply (b).

(d) We first show thatif E, (rg) < 0 for some ¢ € [0, T (g)) then lim,_, o, u(r) = 1. Suppose that for some sequence
r, — oo we have u(r,) — 0. Then liminf £, (r,) > 0 which is impossible. Let u#( be any accumulation point of u(r)
as r — oo. Then ug > 0 and by the ODE u”(r) remains also bounded. We must have u’(r) — 0, because otherwise,
integrating E| (r) = —(N — Du/(r)?/r and using u” bounded we would get that E, (r) — —oc as r — oco. Hence
the accumulation point must be a positive zero of f and then up = 1. Actually one may check that u(r) oscillates
around 1 as r — oo.

Now let us deal with the general case. If u(r) > 1 for all r then the same argument as before implies
lim, o u(r) =1.

Now suppose that u(r) < 1 for some r > 0 and let 7 > 0 be the first one. Then u’(F) < 0.

If u'(r) = 0 for some r € (¥, T), let ry be the first one. Then u(rg) < 1 and we deduce E,, (r9) < 0. In this case we
have already proved that lim, o u(r) = 1.

Let us analyze the case u'(r) <0 for r € (7, T). From

(erlu’)/:erl(ufﬁ —uP)>0 (7

we deduce that ¥V =14’ is increasing in (7, 00) and since r¥ !y’ < 0 this quantity remains bounded as r — oo. It
follows that lim,_, oo 1’ (r) = 0. Since u is decreasing lim, _, », u(r) exists. From the ODE we deduce that u” (r) < —C
for all r large where C > 0 is some constant, which is impossible.

(e) If T(g) < oo then necessarily lim, ., 7(;) u(r) = 0, because otherwise u can be continued beyond 7. Apply-
ing the symmetry result of Gidas, Ni, Nirenberg [6] in the ball Bg, where given ¢ > 0 we define R, = inf{r €
[0, T(g)): u(r) < ¢} and deduce that u is decreasing. Then by (7) rV 1y s increasing near T (g) which shows that

lim, 7y u'(r) exists. O

Lemma 2.2. Suppose u is solution to (5)—(6) with R = T (q) < 0o and such that u'(R) = 0. Then for some § > 0 we
have as r — R,

u(r) =c(R—r)* + O((R —r)**™), (8)
W' (r) = —ca(R—r)*"'+ O0((R—r)* 1), )
u'(r) =ca(e — (R —r)* 2+ O((R — r)* 1), (10)

where o = ﬁ and ¢ > 0 is given by the relation ¢~ =# = a(a — 1).

Proof. Since u’ <0 for some § > 0,

N-1
W =— W — f(u)=0 in(R—3,R)
r

which implies that u is convex near R. Let us change R — r = ¢ and write u’ = fi—‘t‘. Then

" N -1 / .

and u is increasing and convex near 0. Multiplying by u’ and integrating on (0, z) we obtain

u/

R

1, t 5)? .
U (1) —(N—l)/ _sds+F(u(t))=O in (0, R).
0

By convexity

[ (s)? -
(N—l)/ R_stSCtu (1) vVt € (0, R/2),
0
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and hence
W' (14 0(0) +2F (u(®)) =0 ast— 0.
After the change of variables R — r =t we have u’ > 0, and therefore we can rewrite this as
"D 1 0@) ast—0,
(=2F (u(n))1/2
and integrate

t

u'(s) _ 2
—(—2F(u(s)))1/2 ds=1t+ 0(t )
0
But
[l (20N v
b/(—ZF(S))”ZdS_((1+ﬂ)2> wE o).
This gives
_ (B2 25 Ay (U2 2 45
0= (5 Lk 0T N = () e o)

This proves (8). By standard elliptic estimates we find /() = O(t*~!) and u” (1) = O(t*~2) as t — 0. Going back
to (11) we obtain (10) and then by integration (9). O

Remark 2.3. Suppose u is solution to (5)—(6) with R = T'(g) < oo and such that u’(R) < 0. Then as r — R,

u(r)=O0(R —r), (12)
W' (r)=0(1), (13)
u"(r)=0((R-rP). (14)

The first 2 assertions are direct, since lim,_, g u’(r) exists and is negative. The third statement follows from the
equation.

Lemma 2.4. Suppose ui(r, q1), uz(r, q2) are solutions to (5)—(6) such that T(q1) = T(q2) =T < 00 and u1(T) =
u (T)=0and uy(T) =u5(T) =0. Then uy = uy in (0, T).

Proof. First we transform the problem. Assume that u is a solution to (5) in (0, T) such that u(T) = u'(T) = 0.

Changing variables t = T — r and writing u’ = fi—’[‘ we have

N —1
u” — T tu’—i—f(u):O, u>0 in(0,T),

1(0) = u’(0) =0.
Let v(#) =t %u(¢). Then v > 0 and satisfies in (0, T'),

V' 4 20t W +a(a — D 2v —

- - (v +at ™ v) + 17 f(1*v) = 0.
Moreover, by (8), v(t) = ¢+ O(#%) as t — 0. Set

w(t) =v(t) —c.
Then the equation for w becomes

Lw=Ew,w, 1)+t 20w),
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where L is the linear differential operator
Lw=w"~+2at"'w +2(a — Hw

and

E(w,w, t)= i—::(w/ +at w+ atilc),
Qw)=w+c) P —cP 4 1 Pw — P~ DF2y 4 )P,
The operator L has 2 linearly independent elements in its kernel given by: if o # 3/2,
i) =1" and @) =17,
yi=—1 and y»=2-12«,
and if « = 3/2 then

pr)=1"" and @2(t) =17 " log().
By the variation of parameters formula a solution to
Lw=h in(0,7T),

can be written as
; h ; h
2
w(t) = 11 (1) + c292(1) — gol(t)/ 222 ds + wz(t)[ A2 s,
w w
to fo

where W = (pupé - §0{</)2, to € (0, T) is arbitrary, and cy, ¢ are given by

o= w(10) @5 (to) — w' (to) 2 (o)
W (10)
_ w(to)g| (t0) — w'(to) g1 (t0)
W (10) '
From now on we will assume that o = 3/2. The case « = 3/2 can be treated analogously. We know by Lemma 2.2 that
w(t) = 0@%) and w'(r) = O~ 1%) for some § > 0, which implies that c(tp), c2(t9) — 0 as fo — 0. Thus letting
to — 0 we find that in the case o # 3/2,

)

C) =

1

/ ("7 =) (E@, v, r0) + (1) P Qw)) dr.

0

2
w(t) =

Y2 =Y

Thus, to show uniqueness for solutions to (5) which together with the first derivative vanish at T it suffices to prove
that the above fixed point equation has at most one solution. We do this in the space X of C! functions on (0, T7) for
which the following norm is finite

’

lwllx = sup ¢°|w()
t€[0,T1]

where 77 > 0 is a small constant to be fixed later on. Define the linear operator

2
Sh(t) = —"

1
/(tl_n - rl_yl)h(tt) dt,
V2=V )

and the mapping

Aw) = S[E(w, w', 1) +172Q(w)].
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The space X is not complete but verifying that A is a contraction on an appropriate ball is sufficient to prove unique-
ness. Since yi, y» < 0 we have

ISh()] < Cllalxt**?,  [Sh()] < Cls™ ()] 1",
|Sh(t)| < C||s™2h(s)|

o
Hence

A — Awo) |, < C||Qw1) — Q(w2) | -
But
< Clwi@) —w@) [ + P2 (w1 (1) +¢)P — (wa(r) +¢)”|
< Clwi @) — wz(t)|2 + CtYPTIH 2 (1) — wo (1)
<C

28 2 —1)+2+6
2wy — wa|% 4 CroPDF2E 1y g

|Q(w1)(1) — Q(w2)(1)|

so that
2 —D+2
CT |wy —wal% + TPV 2wy — wyx

CTY (Ilwillx + llwallx) lwi — wallx.

A — Awo) |

NN

Given w;, w; solutions of the fixed point equation A(w) = w with ||lwi|x + [Jwz2|lx < oo, by decreasing T} we
see that w1 = w in (0, T7). This shows that if u; and u; are solutions to (5) and satisty u(T) = u’l(T) =0 and
ur(T) = u/z(T) =0 then u| = u, is a neighborhood to the left of 7'. Then by the standard uniqueness result for ODE’s
we deduce that u| = u» in (0, T'), which proves the lemma. O

Lemma 2.5. Suppose u(r, q) is a solution to (5)—(6) such that T(g) < oo and u'(T) < 0. Then the map q — T (q) is
finite and differentiable for q near q.

Proof. Write T = T (g). By standard results on ODE, given ¢ > 0 there is § > 0 such that if |g — g| < é then u(r, q)

is defined in [0, T — ¢] and the map ¢ — u(, q) is differentiable into the space C([0, T — €]).

Changing variables t = T — r and writing u’ = ‘fi—’; we study the initial value problem

" N -1 / .
u —ﬁu + f(u) =0, u>0 1in(0,Ty), (15)
u(0) =0, u'(0) =c, (16)

where T, ¢ > 0 are parameters and 77 > 0 is fixed suitably small. We will establish:

Claim. Given T, ¢ >0, problem (15)—(16) has a solution u(t; T, ¢) defined for t € [0, T11, T > 0. Moreover for T ¢
close to T, ¢ this solution is well defined up to same fixed Ty and T,c — u(-; T, c) is differentiable into the space
CL([0, T1)). The conclusion of the lemma then follows from the implicit function theorem.

To prove the claim fix 0 < § < 1 — B and define the initial approximation for the solution as
uo(t) =ct +c't>7#,
where ¢’ > 0 is such that
d2=-pU-p=ct.
We seek a solution to (15)—(16) of the form u = ug + ¢ where ¢ € X:
X={peC'([0,T1]): lIpllx < oo},

where
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lollx = sup
1€[0,T;

P22 g (0| + sup P10 9 (o).
] 1€[0,71]

Given & : [0, T1] — R integrable define T'(h) = ¢ by ¢ (¢) = fof (t —s)h(s)ds. This means just that ¢” = and ¢ (0) =
¢'(0) =0.
Then (15)—(16) is equivalent to the following fixed point equation:

¢ =T[A(p) + E],

where
N—-T, p p -B —B
A(¢)=ﬁ¢ — (o + ) +uy + (o +é)™" —u,

and

Then we have E = O('=2#). Define ||h|ly = sup; o 7,17 °1h(1)]. Then | E|ly < CTll_ﬁ_’S. The other terms can be
estimated as follows

< CTiligllx,
Y

|—Guo+¢)? +ubj||, < CTEl¢lIx,

— - 1—
lwo+®) ™ —uy? |, <1 Pllplx.

Then for small 77 > 0 the operator T (A(¢) + E) is a contraction in the closed unit ball of X, and therefore a unique

fixed point exists in this ball. The fixed point characterization of ¢ and the differentiability of this operator with respect

to T, ¢ imply the desired differentiability of ¢. O

N-1,
T —1

3. Uniqueness of radial solutions

The proof here is similar to the work of Cortazar, Elgueta and Felmer [4] with ideas that go back to Kolodner [9],
Coffman [3], Ni and Nussbaum [13], McLeod and Serrin [12], Kwong [10], Kwong and Zhang [11], Chen and Lin [2],
and Yanagida [17].

The uniqueness proof of [16] is carried out by studying the function # (1) = p1(u) — p2(u), where p; = p; (u) are
the inverses of two existing solutions u1(p) and u;(p) defined on (0, ;) with p; (e;) = 0. This analysis, as well as
their Separation Lemma stating that 7 (u)t'(u) < 0, require N > 2. Here we are able to obtain the same result of the
paper [16] for N > 2, that is, we can handle the case N = 2 not treated before, for a more restricted nonlinearity. Our
approach relies on the estimate and regularity with respect to the initial data ¢ of the maximal time 7' (q) of existence
of a solution. We prove that 7'(¢) < 0 and limy—. T'(¢) =0.

The main result in this section is

Proposition 3.1. There exists g > 0 such that

o if0<qg <qthenT(q)=+o0;
e if g =q then T(q) < oo and the corresponding solution satisfies

u'(T(@)=0;

e if g > g then T(q) < 400 and the corresponding solution satisfies
u/(T(q)) <0.

By Lemma 2.1 we know that T'(¢) = 0o if ¢ < 1. So in the rest of the section we will work only with g > 1.
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Let
u
o(r,q) = a—(r, q) forallr €[0,T(q)).
q

Again, when it is clear from the context we will write just ¢ (7).
Lemma 3.2. If ¢ > 1 is such that T (q) < oo then ¢ has at least one zero in (0, T (q)).
For the proof we need the next computation.

Lemma 3.3. If a > 0 is small then

fluyw—a)— fu)>0 Yu>a. (17)

Proof. Let a > 0 and compute

flawyw—a)— f)=u" [(p —Du—ap —i—au*p’/s],
Note that

min|(p — Du — —r=p
minl(p 1 —ap + a1

is attained at a unique point u, by convexity. This point is given by
1
(a(p +8) ) G
Uy = ——
p—1

and replacing this value we find

1
m>il(}[(P —Du—ap+au?P]=—ap+ w-Dw+p+D) (a(p —Hg)) e

p+B p—1
This number is positive provided we take a > 0 suitably small. O

Proof of Lemma 3.2. Let a > 0 be such that (17) holds. Then choose ry € (0, T(g)) such that u(rg) = a. Then
u(r) > a forall r € [0, rg). Using Green’s identity we find

ro
/ o(f' @ —a)— )" dr =r) " o) (ro).
0

If ¢ > 01in (0, ro) then the integral above is positive, which is not possible because ¢(rg) > 0 and u’(rg) <0. O

ru'(r)

Lemma 3.4. Suppose g > 1 is such that u(T(q)) < oo. Then ) is strictly decreasing on (0, T (q)).

Proof. The proof is essentially the same as in [4]. Let R = T (¢) and v(r) = ru’(r). Then

’N_l (‘%) u(@)? =rN ' () — u@r)v' ()

for all r € [0, R). Integrating in (0, r) we obtain

PN e ) = u ') = (f (w0))u(r) = 2F (u(r))r™

+/[2NF(u(t)) — (N =2)f(u®)u@®]""dr. (18)

0
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We have
Fu —2F ) = uP+! (1 _ _> P <1

SO we obtain

N ! () — ur)v' () > /[2NF(u(t)) — (N =2)f (u@®)u@®)]""dr.
0
We claim that if » € (0, R) then
/[ZNF(u(t)) — (N =2)f(u®)u®]" " dt > 0.

0

369

19)

(20)

To prove this we observe that 2N F (1) — (N — 2) f (u)u has a unique positive zero which we write as d and satisfies
2NF(u) — (N —=2)f(w)u >0forallu >d and 2NF(u) — (N —2) f(u)u <0 for O <u < d. If u(r) > d then (20)

holds. If u(r) < d then

r R

/[ZNF(M(I)) — (N =2 f(u@®)u®)]""dt > /[ZNF(u(t)) — (N =2)f(u®)u@®)]" " dr.

0 0
To compute the above quantity we let » — R in (18). Note that

rlin}e(f(u(r))u(r) —2F (u(r)))rV =o0.
If u'(T(¢)) = 0 then by (8)—(10)
v () = O((R=r)**7?) asr — R,
and
V(ru@r)=0((R—r*"2) asr— R.
Hence
Tim v(r)u/(r) = lim v'(r)u(r) =0.
If u'(T(¢)) < 0 then by (12)—(14)
v’ =0(R-n'""F),  VEur)=0(R-r'""F) asr—R,

and hence (21) also holds in this case. Thus

R

f[2NF(u(t)) — (N =2 f(u@®)u@®)]t""tdr=0
0
and (20) follows. From (19) and (20) we deduce

N ' (r) — u@rv'(r)) > 0 Vr e (0, R),

and this proves the lemma. O

Proposition 3.5. Suppose g > 1 is such that T (q) < oco.

ey

(@) Then ¢ = 8—; has exactly one zero in (0, T (q)) which we call ro. Moreover ¢ > 0 in [0, rg), ¢ <0 in (ro, T (q)).

(b) Ifu'(T(q)) <O then (T (¢)) <O.
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(©) Ifu'(T(q)) =0 then

li =0
Hl;r}q) @(r)

and there exists a unique ry € (ro, T(q)) such that ¢'(r;) =0 and we have ¢’ < 0 in (ro,r1) and ¢’ > 0
in (r1, T(q)).

Proof. Write R =T (q).
(a) Let

v(r)=ru' +cu,

where ¢ € R is to be determined. Then

N-—1
V' ——' + v =—Q2 ) f) +cf (wu.
,
Let rg € (0, R) denote the smallest zero of ¢. We know by Lemma 3.2 that it exists. Choose ¢ € R such that

—Q2+0) f(u(ro)) + cf (uro))u(ro) =0.
The value of c is given explicitly by
2@u(ro)? P — 1)
Cc = .
(p — Du(ro)P*F + g +1

Note that ¢ > 0 if and only if u(r9) > 1, which we cannot assert in our situation as opposed to the work [4]. Having
fixed c as above define

dw)=—Q24+c) fw) +cf (wu.
We claim that

{ if u(r) > u(rg) then ¢ (u(r)) <0,
if u(r) <u(rg) then ¢ (u(r)) > 0.
Indeed, ¢ (u) is given by

(22)

dw)=uP (WP (c(p—1)=2) +c(B+1)+2)

and hence (22) is valid if c¢(p — 1) — 2 < 0, which can be easily checked.
Now suppose that ¢ has another zero in (0, R) and let r; denote the next one, that is, the smallest zero bigger
than rg. Then, integrating by parts and using that Ag + f'(u)e =0 for r € (0, r;) we have

/ e (u®)tN " dt =N () (r) — ¢’ (v (). (23)
0
By (22) we have

r

/<p(z)¢(u(t))rN—1dt <0 Vre(,r).
0

Hence, evaluating (23) at ry we deduce that —¢’(ro)v(rg) < 0. But ¢’(rg) < 0 and therefore v(rg) < 0. By Lemma 3.4
we deduce v(r;) < 0 and therefore, using (23), we obtain ¢’(r;) < 0, which is not possible. This shows that ¢ has
only one zero in (0, R).

(b) Assume u’(R) < 0 and ¢(R) = 0. Then using (12)—(14) we see that ¢(r) = O(R — r) as r — R. Then
lim,_ g (r)v'(r) = 0. On the other hand lim,_, g ¢’(r) > 0. But letting r — R in (23) we find as in the previous
case lim,_, g ¢’(r) < 0 which is a contradiction.



J. Davila, M. Montenegro / J. Math. Anal. Appl. 352 (2009) 360-379 371

(c) Assume u’(R) = 0. We first verify that ¢’ > 0 on some point in (rg, R). Suppose on the contrary that ¢’ <0
in [rg, R). Then L =lim,_, g ¢(r) exists and L < 0. But
" N-—-1 / ’
gt ——¢+fwe=0
and by (8)
f'(u) = Ba(a —1)(R — r)_2(1 +O((R - r)‘s)) asr — R,

for some fixed § > 0. This shows that ¢” > b(R —r)? for some b > 0 and r close to R, which implies that ¢ (r) — +00
as r — R, which is impossible.

Since f'(u) < 0 we see that ¢ cannot have a local maximum at points where ¢ < 0 and cannot have a local
minimum at point where ¢ > 0. Thus in (0, ro) we must have ¢’ < 0. In (rg, R) we have seen that ¢ < 0 and ¢’ changes
sign, because ¢’ (o) < 0. Let r; denote the smallest zero of ¢’ in (rg, R). Then ¢’ cannot have another zero in (rq, R).
Hence ¢’ > O near R and hence lim,_, g ¢(r) = L exists. Suppose L < 0. Then the argument in the previous paragraph
gives that ¢(r) — +o00 as r — R, which is impossible. This shows that lim,_, g ¢(r) =0. O

Lemma 3.6. Suppose q > 1 is such that T(q) < oo and u'(T(q)) = 0. Let rg € (0, T(q)) be the zero of ¢ and
r1 € (ro, T(q)) such that ¢’ (r1) = 0. Then there exists r* € (rg, r1) such that u(r*) < 1.

Proof. Suppose that u > 1 on [rg,r(]. Let a = u(rg) > 1 so that 1 < u < a on [rg, r1]. Then using Green’s identity
we find

r

/(O(f/(u)(u —a)— f)N " de=r)"p(ru' (r) <0.
ro

But for 1 <u < a we have
fla)—a)— f)=u?""[(p— Du—ap +auP?]
<uP™(p—Du+a(l —p)]=(p—Du""(u—a)<0
and since ¢ < 0 on (rg, r1) we obtain that frrol o(f'(u)(u —a) — f)tN=1dr >0, a contradiction. O

Lemma 3.7. Suppose q > 1 is such that T (q) < oo and u'(T(q)) = 0. Then for q € (1, q) with q — q; sufficiently
small we have T (q1) = 0o.

Proof. Let R=T(q),u(r) =u(r,q) and u|(r) = u(r, q1). As before let ¢ (r) = g—’;(r, q) and let ro be the unique zero
of ¢ in (0, R). Fix r| € (rg, R) such that u(r;) < 1, ¢(r;) <0 and ¢’(r;) < 0. Then for g; < g, g — g1 small we have
1>ui(ri)>u(r) and wu)(r)) >u'(r).
These inequalities imply that
Ey (1) < Ey(ry). 24
Step 1.
uy>u Vre(rg,R).
Suppose that this claim is false and define
= inf{r e, R): u(r)= ul(r)}.

Then u (r2) < u'(r2) and equality cannot hold for otherwise by standard uniqueness results for ODE’s we would have
u=uqin [r1, rz2]. Since u1(ry) = u(ry) we find

Ey (r2) > Ey(r2).
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On the other hand we have (24) and hence we may define
r3=inf{r € (r1,r2): Ey (r) = E,(r)}.
In this way we have
E,(r3) < E, (r3),
which implies
' (r3)* = u (r3)*. (25)

By definition of » we have u1 > u in (rq, r2) and in particular u1(r3) > u(r3). This yields F(u1(r3)) < F(u(r3)) and
together with (25) we find

Ey(r3) > Eu1 (r3),

contradicting the definition of r3.
Step 2. We have

E, <E, 1in(r,R).

The argument is almost the same as in the previous claim. Suppose by contradiction that this claim is false and
define

ry=inf{r € (1, R): Eu,(r) = Eu(r)}.
Then Ej,(r2) < Ej, (r2) which implies
' (r2)* > uj (r2)*.
Since u1(r) > u(rp) we have F(u1(r2)) < F(u(rp)) and we deduce

E,(ry) > Ey, (r2),

contradicting the definition of r».
Step 3.

ui(R) > 0.

Suppose that 1 (R) = 0. Then since E,, (R) < E,(R) =0 we also deduce u} (R) =0. By Lemma 2.4 u; = u in (0, R),
which leads to a contradiction, since u1(0) = g1 # g = u(0), and proves the claim.
We deduce that u1(R) > 0 with E,, (R) < 0. This shows that u is defined for all 7, thatis 7(q;) =+o00. O

Lemma 3.8. Suppose g > 1 is such that T (q) < 0o and u'(T (¢)) = 0. Then for q1 > q with q1 — q sufficiently small
we have T (q1) < oo and u'(R(q1), q1) < 0.

Proof. The proof is analogous to that of Lemma 3.7. Let R = T(q), u(r) =u(r, q), u1(r) =u(r,q1) and ¢(r) =
g—;(r, q) and let ry be the unique zero of ¢ in (0, R). Fix r; € (rg, R) such that u(r;) < 1, ¢(r;) <0 and ¢'(r;) <O.
Then for g¢1 > g, g1 — g small we have

1>u(r)) >ui(r)) >0 and 0> u'(r)) > u(r).
These inequalities imply that
Ey (r1) > Ey(ry). (26)
Step 1. Let [0, T7) be the interval of existence of u;. Then 77 < R and

uy <u forallrelry,Ty).
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It is enough to establish that u; < u in [r;, min(R, T7)) since this property forces u to vanish before (or at the same
time) as u. Suppose this is not true and define

r) = inf{r € [rl, min(7Ty, R)): ui(r) > u(r)}.

Then u(r2) = u1(r2) and u'(r2) < ), (r2) < 0. But then F(u(r2)) > F(u1(r2)) and u’(r2)> > u' (r2)* which implies
that E,(rp) > E,, (r2). Since (26) holds, we may define

r3=inf{r € (r1,r2): Eu(r) = Ey (r)}.

Then E,,(r3) = Ey, (r3) and j—rEul (r3) < %Eu (r3). This implies u/l (r3)2 > u’(r3)2. On the other hand, since u1(r3) <
u(r3) < 1 we have E,, (r3) > E,(r3), which contradicts the definition of r3.
Step 2.

E, >E, in[r,Ty).
Suppose the contrary and define
ry=inf{r € [r;, T\): Ey,(r) > E,(r)}.

Then Ey, (r2) = Ey(r2) and L E, (r2) < L E,(r2). This gives u}(r2)?> > u'(r2)%. By the previous step u;(r2) <
u(rp) < 1 and therefore F'(u(r2)) > F(u(r2)). We deduce then that E,,, (r2) > E,(r2), a contradiction.

Step 3. We have R(q;) =T; < R and ”/1 (R(q1)) <O.

Let us write Rj = R(q1). Observe that Ry < T; < R and also Ry > r1. If Ry < T then E, (R1) > E,(Ry) = 0.
Since 1 > uy(r1) > u1(Ry) we must have F(u1(R1)) < 0 and we conclude that u/l(Rl) # 0. But then u1(R1) =0 and
T1 = R;.

If 71 = R then u(R) = u’1 (R) =0 and then by the uniqueness result Lemma 2.4 we would have 1 = u in [0, R]
which is not possible. Thus 77 < R. Then the same argument as in the previous paragraph leads to u (R;) #0. O

Proof of Proposition 3.1. Define
P=|q>1: T(q) =00},
C={g>1:T(q) <00, u'(T(g)) <0},
Qo={q>1: T(q) < o0, u'(T(q)) =0}

so that (1,00) = Qo U P UC and these sets are disjoint. The set C is open by Lemma 2.5. An argument using E,
similar to the proof of Lemma 2.1 implies that P is open. By Lemma 3.7 if ¢ € Qg then for some § > 0 we have
(g — 8,q) C P. Similarly, by Lemma 3.8 if g € Qg then for some § > 0 we have (¢,qg + 8) C C. Then the same
argument as in [4] implies that Qg consists of only one point Qg ={¢}, P =(1,g) andC = (g, 00). O

Proof of Theorem 1.1. For g € C the map T (g) is differentiable (Lemma 2.5) and differentiating u(7 (¢), ¢) yields

W'(T(@),q)T" @) +¢(T (@), q) =0,
which shows that 7'(¢g) < 0, because by Proposition 3.5(b) ¢(T (¢)) < 0. To finish, we claim that

lim T(g)=0.
g—>00
One way to prove this is to assume that lim, .o T'(g) > 0. Let
I 1
ve(x)=—u(qg ),
q
which is then defined for |x| < T(q)q% — 00 as ¢ — oo. Then

Av, —q_p_’qu_‘3 + vl =0.

Using the same arguments as in Lemmas 4.2 and 4.3 we can show that v, converges locally uniformly as g — oo
in RY to v > 0 satisfying Av + v” =0 in RY, which is impossible. O
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4. Proof of Theorem 1.3

Given ¢ > 0 and a fixed large R > 0, we study the problem

—Au+ g.(u) =u” in Bg,

u >0 in Bg, 27)
u=0 ondBg,
where for ¢ > 0,
>0,
gxmz{wﬂ“ﬁ (28)
0, u<0.

Then we prove that (27) has a solution u,, which is radial and bounded in L°°(Bpg). Then we show that u = lim,_, ¢ u,
is a minimizer of J on \V.

Lemma 4.1. Problem (27) admits a solution us. Moreover u; is radial and radially nonincreasing.

Proof. Define the following functional in H(} (Bg):

1 ) |u|”+1
Je(u) = EIVMI + Ge(u) — ol (29)
Br
where
u
Bu+e el=p

forall u > 0.

G, = s(t)dt = —
w0 Jg“)t BA—Butef BA—p)

Let ¢1 > 0 denote the first eigenfunction of —A in Bg with Dirichlet boundary conditions, normalized such that
lle1 ||% = 1. Let A > 0 be fixed sufficiently large and fixed to ensure

1 2 1
— V(A e A ptl 0.
2f|<¢n| p+1/<¢n <
2 2

Then

Je(Ap1) <0 (30)

forall ¢ > 0.
We solve (27) using the mountain pass theorem for the functional J;. Since G, > 0 this functional satisfies:

there exist p > 0, ¢ > 0 such that J) . (u) > ¢ V||u||H01 @) =P

This and (30) give the geometric condition for the mountain pass theorem, and the Ambrosetti—-Rabinowitz condition

A
36 > 2 such that 9( lu"’Jrl - Ge(u)> < Au? — ge(u) for sufficiently large |u|

p+

is satisfied since the term that dominates in the nonlinearity for large u is u”. Therefore there exists a critical point u,
of J; in HO1 (Bg). By standard regularity theory u, is C>(Bg). We claim that u > 0 in Bg. To prove this it suffices to
verify that u, > 0 in Br. Suppose to the contrary that w = {x € Bg: u.(x) < 0} is nonempty. Then

—Aug = |uesl’ >0 inw, ug =0 ondow,

and we deduce u, > 0 in w, a contradiction. Thus we have produced a positive solution u of (27). By the result of
Gidas, Ni and Nirenberg [6] u, is radially symmetric and radially nonincreasing. O
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Lemma 4.2. Let u; denote any radial solution of (27). Then there is some constant C > O such that

lugllLooBry < C  ase— 0. 31)

Proof. Define
Mg = Sup i,
and assume by contradiction that m, — oo as ¢ — 0. Let

ue(0eX)
me

ve(x) =

1-p
where p, =m,? . Then v, is radially symmetric, radially nonincreasing and uniformly bounded by 1. We also have
pe — 0 as e = 0 and v, satisfies

2

—Avp + P =v, inBgy,, ve =0 ondBgp,. (32)

&
——
méﬂg ‘
Multiplying this equation by v, and integrating we obtain |V v |l 12, Joe) < C. Since v, is radial, it has a subsequence

such that v, convergence locally uniformly in RN — {0} to a radially symmetric, radially nonincreasing function
v E HOl (RN), v > 0. We claim that v (r) > % for 0 <r < 1. Indeed, let us rewrite (32) as

2
_ / 1% -1 — _
(rN 1v/) _ & }"N lv ﬁ_rN 1vp

e) — méﬂg 3 e
Hence
.
Nl r) > —/stlvg(s)P ds (33)
0

from which we deduce that ¥V ~1v.(r)’ > —r® and therefore ve(r) > 1 — %rZ for r > 0. This proves our claim and,
using elliptic regularity, shows that v, — v locally uniformly in RV . If v(r) > 0 for all r > 0 then v satisfies

—Av =107, v>0 inRY,
which is not possible. Define
Ry = sup{r > 0: v(r) > 0}.
Then Ry > 0 is well defined and finite and v satisfies
—Av =107, v>0 inBg,, v=0 ondBg,.

By the Hopf lemma v'(Ry) < 0. We will find a contradiction with this fact as follows. Let Ry — 1 < r < Ry and
nx)=r+1—xifx <r+1and n(x) =0for x >r + 1. Multiplying Eq. (32) by v;n and integrating we find

! ! r+l1 r+1 J
2 2 N
—Evg(r)z—E /(u;) n’+(N—1)/(v;) n—
r

r

r+l1 r+l1 1
P2 ve()'F p? ve(M'F u ()Pt WP
== -3 . n + — ke (34)
mg B m / -B r+ J
Letting ¢ — O,
r+1 r+1

1
v(r)Pt! ' ag
= + .
p+1 / p+1)7

r

1 1
v =3 [ ew-n [om®
N
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Since v = v/ = 0 to the right of Ry the previous formula shows that
V(@#)—0 asr— Ry, r <Ry.
This contradicts Hopf’s lemma, and proves the claim (31). O

Lemma 4.3. Let R be as in Corollary 1.2 and i the solution to (2) extended by 0 to RN. If R > R then uy — it
uniformly in B and in H(} (BR).

Proof. Multiplying (27) by u, and integrating by parts we find that Vi, is bounded in L>(R"). Also, inequality (33)
is also valid for u, and since u, is uniformly bounded we deduce that u.(r) > % in a neighborhood of 0. Thus up to
subsequence u = lim,_, o u, exists and the convergence is locally uniformly in Bg. Moreover u > 0, u > 0 near the
origin, u is radially symmetric and radially nonincreasing. Define

Ry = sup{r >0: u(r) > 0}.
Then u satisfies
—Au+uP=ur, u>0 inBg,, u=0 ondBg,.

By Theorem 1.1 Ry < R (actually we should argue that Ry is finite, which follows from the results of the previous
section). We will verify now that u’(Ry) =0.Let Ry — 1 <r <Rpand n(x)=r+1—xifx <r+1land n(x) =0
for x > r + 1. Multiplying Eq. (27) by u/n and following a calculation similar to (34) we find

r—+1 r+1

r+1 r+1
1 1 ds v(r)' =P w18 v(r)P+! P +1
w07 =5 [y e w-n [amS ==t [ [
r

1—-8 1-8 Dt 1

r r r

Since u = u’ = 0 to the right of Ry the previous formula shows that
W'(r)—0 asr— Ry, r <Ry.

By Corollary 1.2 Ry = R, u = ii and by uniqueness it is the complete sequence that converges. We have seen that the
convergence is locally uniformly in Bg and by the previous estimate it is actually uniformly in Bg. The convergence
in H'(Bg) follows from the weak convergence in this space and the equality:

f|vua|2=fG£(”s)_”£+l- O

Define

(mp)e. = inf sup J:(y(®)),
‘ Yel tefo,1] 8( )

where
I = {y :[0,1] — H& (BR): v is continuous, y(0) =0, y(1) = A(pl}.

In the above definition the constant A is fixed such that J.(A¢;) < 0 for all ¢ > 0. Then by construction of u,,
Je(ug) = (mp)e.

We also define

(mp)o = inf sup J(y()
Yel'tef0,1] ( )

and

Ng={ueHy(Bp): u>0, u#0, Gu)=0}.
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Lemma 4.4. Let i be the solution to (2) extended by 0 to RN, Then

J @) = lim (mp)e = (mp) = ﬂf J.

Proof. Let u, denote the solution of (27) constructed in Lemma 4.1 with the mountain pass theorem. Multiplying
Eq. (27) by u, and integrating we have

f |Vue|* + ge(ue)ue —ul™ =0.
Bgr

1-p

Since g¢ (u)u — u " uniformly for u on compact sets of R we have

/ [Vue|* +ultP —uP™ = o(e),
Bpr

where 0(g) — 0 as € — 0. Thus there exists #(¢) = 1 + o(¢) with the property ¢ (¢)u, € Nr. Hence
inf J < J(t(e)ug).
infJ < J(rcem)
But
J(t@)ug) = J(ue) + o(e) = Jo (ug) + 0(e) = (mp)s + o(e).
Thus
inf J < (mp)e + o(¢). (35)
Nr
For any fixed y € I,

(mp)e < sup Je(y (1))
tel0,1]

and letting ¢ — 0

limsup(mp)e < sup J(y(1)).

e—0 tel0,1]
Therefore
limsup(mp)e < (mp)o. (36)
e—0

To prove the converse let u € Ng. Given ¢ > 0, ¢z > 0, ¢3 > 0, we consider the function

t2 1-g t["'l‘l
f(f)=01§+c21_13 _CSp—i-l fort > 0.
Note that
1@

=c1 + Czl‘_ﬂ_1 — C3tp_1

t

is a decreasing function with limit 400 as t — 0 and —oo as t — +o0o. Thus f has a unique critical point, which
corresponds to a maximum and is nondegenerate. Thus there is a unique #*(u) > 0 which is critical point of

t > J(tu)

and hence *(u) = 1. Therefore J (tu) < J(t*(u)u) for all t > 0. Let #; > ¢*(u) be large such that J (r;u) < 0. We take
as y the path that connects O with #ju through a straight line and then #;u with Ag; on the affine space {s;(fju) +
s2A@1: 51,52 € R} along which J is negative. Then max;c[o,1; /(v (¢)) = J(u) and hence

<infJ. 37
(mp)o /l\I}R (37)
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Collecting (35), (36) and (37) we find
li = =inf J.
lim (mp)e = (mp) JI\I}R J
On the other hand (mp). = J:(u.) = J () 4+ o(¢e) and the result follows. O

Proof of Theorem 1.3. By density it is sufficient to show that J (1) < J (@) for any ¢ € A with compact support. But
then ¢ € Nk with R > 0 large and the conclusion follows from Lemma 4.4.

For the uniqueness part, we assume that # € A’ minimizes J on A. Let u* denote the Schwarz symmetrization
of u. Then u* is radially symmetric and radially nonincreasing and it is well known [8] that [y (u*)?*! = [or uP*!,

Jpv @' = [y u' P and

/|w*|2</|W|2

RV RV
with equality if and only if u = u™ (after translating). As a consequence G (u*) < 0 and we can select t* > 0 such that
G (t*u*) = 0. This number ¢* is the one that maximizes ¢ — J(tu*), that is,

J(t*u™) = sup J (tu).
120

Similarly

J(u) =sup J(tu).
>0

Given b, ¢ > 0 the function a € (0, c0) supt>()(at2 + bt =P —crPtly s increasing and therefore
J(t*u*) < J(w),

with strict inequality unless fRN |Vu*|2 = fRN |Vu|2, that is, # = u*. Since u minimizes J in A we deduce that also
t*u* minimizes J in A and J (t*u*) = J (1) and therefore u = u* after translating. By Corollary 1.2 u =u. O
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