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Abstract

In this paper we consider the Green function for the Laplacian in a smooth bounded domain §2 C RN
with Robin boundary condition

3G
3—A L Ab(x)G; =0, onds2,
v

and its regular part S, (x, y), where b > 0 is smooth. We show that in general, as A — 0o, the Robin function
R (x) = S (x, x) has at least 3 critical points. Moreover, in the case b = const we prove that R has critical
points near non-degenerate critical points of the mean curvature of the boundary, and when b = const there
are critical points of R; near non-degenerate critical points of b.
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1. Introduction

Let 2 C RY be a bounded domain with smooth boundary and »(x) > 0 a smooth function
defined on 9£2. We will consider the fundamental solution of the Laplacian in §2 with Robin
boundary condition, that is,

—AG)\ZdNSy, in .Q,
G 1.1
T L Ab(x)G =0, on g, (1.D
av
where v denotes the exterior unit normal vector, A > 0 is parameter and
27, N=2,
dy =
N(N —2)wy, N =3
(wy denotes the volume of the unit ball in RV).
Let I" be the fundamental solution to A in RY i.e.
—loglx —y|, N=2,
I'(x —y) = 1
m, N > 2.
The regular part of G, is then defined as
S$.x,y)=G(x,y) —TI'(x —y). (1.2)

In general we will be interested in the asymptotic behavior of S) as A — 4-00. More precisely,
our goal is to understand the asymptotic behavior of critical points of the Robin function defined
by

R, (x)=S8,(x,x), asi— oo. (1.3)

We notice that, formally, as A — +o0o we have that G, approaches Green’s function G, for
the Laplacian with zero Dirichlet boundary condition. The corresponding Robin function R (x)
turns out to play an important role in many applications. For instance in the context of singular
perturbation problems the location of the critical points of Ry, (x) determines the location where
concentration phenomena occur. To name a few examples, the locations of: a blow-up point in
nonlinear elliptic problems near criticality [4,13,14], a single bubble in the Liouville problem [3,
7,9] and a single vortex in the Ginzburg—Landau equation [8] are all determined by the location
of critical points of R. An interesting relation between R, and an isoperimetric inequality was
established in [1]. Many other applications as well as the most important properties of the Robin
function and its relation to the harmonic radius and harmonic center of a domain can be found
in [2]. For other applications of the function R, we refer the reader to [10]. When some of the
problems mentioned above are considered with Robin instead of Dirichlet boundary condition it
is expected that R (x) may play a similar role.

The first result we will establish says that in general R; possesses at least 3 critical points for
A sufficiently large.
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Theorem 1.1. There exists a Lo > 0 such that for any A € [Ag, 00) there are at least 3 critical
points of Ry. Two of them are at distance O (A™") from 352.

Note that Ry (x) — —00 as x — 952 and therefore R, has always a maximum. When £2 C
R2 is a bounded, smooth and convex domain the result of Caffarelli and Friedman [5] (N=2)
and Cardaliaguet and Tahraoui [6] (N > 3) implies that the level sets of Ry, are convex. Hence
generically for a convex domain Ry, has a unique maximum point. A similar situation occurs
when £2 is a symmetric domain [12], quite in contrast with the behavior of R). In this sense
Theorem 1.1 says that the set of critical points of R, is larger than the set of critical points of
R0, with some of the critical points of R, approaching the boundary of the domain. This in
turn implies that for A < oo the set of points where concentration phenomena may occur is much
richer than that corresponding to A = co.

To explain our results we introduce the notation

d(x) =dist(x,082), xe€s2.

One of the major achievements in this paper is that we obtain a precise asymptotic formula for
R) as A — 400 near 9£2. As a consequence of this formula we will see that if Ad(x) = o(1)
then, formally,

Ri(x) ~ I'(2d(x)),

which means that for x very near 942 the function R, blows up asymptotically (to leading order)
as the Robin function with Neumann boundary condition, Rp. On the other hand it is not difficult
to see that R) — R uniformly on compact subsets of £2 as A — 4-00. These facts imply that in
the intermediate region Ad(x) = O(1) the function R, attains a local minimum. Using a linking
argument the existence of a second critical point can be obtained, and we show that in fact there
is at least one more critical point of R located away from the boundary and which corresponds
to a local maximum, leading thus to the proof of Theorem 1.1.

Next we will consider two cases: (1) b = 1; (2) b is not a constant function. In the first case
we have the following, for any N > 2:

Theorem 1.2. Assume b = 1. Let «(x) denote the mean curvature of 352 at x. If xo € 082 is a
non-degenerate critical point of k then for each B € (0, 1) there exists a Ao > 0 such that for any
A = Ao there exists a critical point x) € §2 of R), such that |x) — xo| = o h).

Theorem 1.2 is a consequence of a precise asymptotic formula for R;,.
Theorem 1.3. Assume b = 1. For any K > 1 there exists Ax such that for each . > A and for

each x € 2 C RV, such that »d(x) € (K™, K) the following asymptotic expansion formula is
true

Ry (x) = AV 72 h, (Ad (1)) + AN (N = Dre@B)v(rd(x)) + 0 (AN 737, (1.4)

where 0 < o < 1 and k (X) is the mean curvature of 982 at X and
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[o0]

hy(0) = —log A — log(20) + 46 / e 2" log(1 + 1) dt,
0
when N =2,
—206t
h, () = (20)>N [1 — 40 %}
0
when N > 2. (1.5)

The function v is given by

o]

0 ,
v@)=—=—0 / e~ 20
0

ds, when N =2,

2 (1+5)2

30

v(0) = 26)* V(N — 2)[N —2- 4 (267 — (N —=2)*)I, Nl(ze)}

o0
when N > 2, with Iy y—1(20) =/6729s
0

1

For the proof of Theorem 1.1 it suffices to know the leading order term in (1.4). On the other
hand Theorem 1.2 is more delicate and requires a very precise knowledge of the asymptotic
behavior of R;, not only of its leading order, but also the next term in (1.4) which is of order
O (AN~3) in the intermediate region Ad(x) = O(1). A remarkable fact is that this term depends
on the domain £2 only through the mean curvature of d£2. In particular v(-) is a “universal”
function depending only on the dimension, a property of R; which is of interest by itself.

Our approach to obtain Theorem 1.3 involves first the construction of an approximation of
Sy (x, y) based on the corresponding Green function for a half space appropriately translated and
rotated, and the use of a rescaling £ = Ax to analyze the behavior of S, (x, y) for a point y such
that Ad(y) = O(1). To control the difference between S, (x, y) and its approximation we use a
suitable barrier in the new variables. This procedure leads to an expansion like (1.4) but not as
explicit. To remedy this situation we compare this expansion with the corresponding one in a
ball, where the Green function with Robin boundary condition can be explicitly written.

When b is not a constant we have:

Theorem 1.4. Let xg € 052 be a non-degenerate critical point of b. Then there exists a Lo > 0
such that for any A > Ao there exists an x) € §2 which is a critical point of R) such that
Xy —x0l = 0("P), 0<B <1, asr— occ.

The proof of this last theorem is based on a formula similar to (1.4). We should point out here
that when b is not a constant the relation between its critical points and those of R}, is seen at the
leading order of the expansion of R; as A — oo.

The rest of this paper will be devoted to the proofs of the above theorems. In Section 2 we
construct an approximation to S, and compute asymptotically the difference of the operator
33—U + A applied to S, and this approximation. This already gives the first term of R, and leads to
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a proof of Theorem 1.1 in Section 3. In Section 4, under the assumption b = 1 we improve the
expansion of R) to the next order, and in Section 5 we show that this expansion holds also for the
derivatives of R;. Then in Section 6 we prove Theorems 1.2 and 1.3 and in Section 7 we present
the proof of Theorem 1.4.

2. Asymptotic behavior of S, in £2

In the sequel we will write d(x) = dist (x, d§2) and if x € £2 is sufficiently close to 02 we let
X € 082 be the unique point in 952 for which d(x) = |x — X|.

The Green function for the Robin boundary condition in a half-space is well known [11] and
will be important in our analysis. In order to define it we will denote x = (x’, xy) e RV ! x R
and let H = {(x’, xy) | xy > 0} be the half-space. We recall (see [11, p. 121]) that if y € H and
a > 0 the Green function for the Robin problem

~AGH(x,y)=dysy, inH,

aGH
——4@ +aG£I=O ondH,
3XN
lim GX(x,y)=0
[x|—>400
is given by
; 9
Gé’(x,y>=r<x—y>—r(x—y*>—2/e“fg—nx—y*—ezvs)ds, @.1)
XN
—00

where y* is the reflection of y = (', yn) across dH, thatis y* = (y', —yy),andej, j=1,..., N
denotes the canonical basis in RV,

To explain our definition of an approximation to G, let y € £2 be close to 32 and such that
y=0€0£2, 0H is tangent to 352 at the origin and the outer normal unit vector to 32 is —ey.
Thus we assume that y = (0, yy), where yy = d(y) > 0. For such y we define the approximation
as

0
~ - d
Ghx,)=T(x—y)—T(x—y* -2 / e“’@”a—F(x —y* —ens)ds, (22)
XN

—0o0
where ey = (0, 1) and y* = (0, —yn).

We generalize this definition for an arbitrary y € §2, sufficiently close to 952 as follows.
Locally, say near a point y € 32 there exists a smooth rotation matrix R such that

R)‘;v(j}) = —€n,
where v(9) denotes the outer unit normal to 32 at y. One such rotation can be written explicitly:

Ry(0) = (1), .., tv-1(F), —v(®) " - xT, 2.3)
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where 71(y), ..., Ty—1(p) form an orthonormal basis of T;0£2 which can be assumed to be
smooth. Then a precise way to define G, is as follows:

Gi(x, ) =Gl 5 (Rs(x = ), (0,d(1))). 2.4)

Observe that there is an ambiguity in the choice of the rotation R since composing it with any
other rotation that leaves —ey fixed may also be considered. But any choice of the rotation matrix
with the above restriction leads to the same definition of G, which allows us to define globally
this function for any y € §2 close to 352, for instance 0 < d(x) < & and any x € R except y and
the line segment {y* 4+ v(¥)s: s > 0}. Note that G, (x, y) is also smooth for x in this region. In
general the line segment {y* 4+ v(¥)s: s > 0} may have an intersection with £2, but G a(x,y)is
smooth for x € (2 N Bs(¥)) \ {y}, if § > 0 is fixed suitably small.
We will write

S).(x,y) =u) + hy,
where
= Gr(x,y) — Gi(x.y)
and
hy =Gy —I'(x —y).

Lemma 2.1. Let x € §2 be such that there exists a unique x € 052 for which d(x) = |x — x|. Then
the following formula holds

T (e, x) = AV 2y (A (), b)), 25)
where h,,_ is defined by
oo
h,(6,b) = —log X —log(20) + 2/ e "log(20 +1t/b)dt, when N =2,

0

oo

2-N e’
0

Moreover the map 0 +— h, (0, b) has the following properties:

1. If N =2, for fixed A > 0

h,(@,b) ~ —log(20) asb — 0,
h, (0, b) ~log(20) as 6 — +o0. 2.7)
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2. IfFN >3

h,.(0,b) ~ (20)* N as6 — 0,
h@,b) ~—20)>"N  as0 — +oo. (2.8)
3. For any N > 2 and b > 0 the function h, (-, b) has a unique minimum 6 in (0, 00). This
minimum is non-degenerate.

4. If xo € 082 is a critical point of b then the function hy (Ad(x), b(x)) has a critical point
Xo € §2 such that %), = xo and d(x;) = O(Z ™).

Remark 2.2. Note that in the case b = 1 formula (2.6) reduces to the one in (1.5).

Proof. With y € £2 such that y = (0, yx) and v = —(0, 1) we have by (2.2)

0

§=—00

hy(x, y) = =T (x — y*) 4+ 205 P (x — y* — ens)|

0
—2A1b(0) / PO (x —y* —ens)ds

—00

0
=T (x —y*) —2Ab(0) / MO P (x — y* —ens)ds.

—0o0

Letting y = x = (0, xy) we get

0
hy(x,x) = T'(2xy) — 2b(0)A / PO P xy —ens)ds
—00
0
t
=T (2xy)—2 I 2xy — —— | dt
(2xn) /e (xN Ab(o)>

—00

Identity (2.5) in the case of an arbitrary y € §2 close to 92 follows from the above formula after
applying Ry_l (cf. (2.3)) and translating.
Now we deal with the properties of h, (6, b). Assume first N = 2. Then

o
t
h;.(0, b) = —log A — log(26) + 2/ e’ 10g<29 + E) dt. (2.9)

Integrating by parts we get

]

h; (0, b) = —log A + log(26) + 2/
0

—t

e
20b +t

dt,

and these formulas imply (2.7).



1064 J. Davila et al. / Journal of Functional Analysis 255 (2008) 1057-1101

When N > 3 the argument is similar. Indeed, in this case
? —t
1, (6, ) = (26 Z*N—Z/eidt. 2.10
1(6.) = (26) e (2.10)
0

Integrating by parts, we see from the formula above that

1

hy (0, b) = 20)>7N + 0<log 5), as® — 0, if N =3,

hi(0,0) = (20)> N + 0(0*N), as6—0, if N >3.
Integrating by parts (2.10), we also have

ni(0,0) =—20)* N +0(6'"), ash — +oo,
and these properties imply (2.7).
By the above considerations we deduce that h, (-, ) has at least one minimum. To see that it

is unique we may assume that » = 1 and consider

o0

() =logt — 2/ e~ log(t + 5) ds.

0
o0
fN(t)=t2—N—2/Lds
(t+sN=2 "
0

Then

L= 1 fy=Q—=N)fys1 forall N >3.
We claim that for all N >3 fy has a unique zero ¢y and that ¢y is increasing. Indeed fy () =0

is equivalent to

o0

1 s \N-2
kn (1) = > where ky (1) = / es<l — t+s> ds.
0

But j—tkN(t) > 0. To see that ¢y is increasing note that 1_ kn(n) > kny1(tn) SOty >IN
Finally # is a non-degenerate minimum of fy_; because f](}_l = (N —3)(N —2) fy+1 has its
zero at 1y 41 and is positive to the left of 7y41.

The proof of the last property is direct from the previous considerations. O

Remark 2.3. For x near 952 consider %, (x, x) as a function of the variables (d(x), X) and let
us still denote it by A (d(x), ). From the proof of the above lemma for x € 92 held fixed
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the function d — h; (d, x) has a local minimum at d = d*(x). Moreover there exist constants
0 < m < M such that for all £ € 952 we have d*(x) € (mA~!, MA~") and as A — +o0

hy(d* (%), %) ~ —logh if N =2, (2.11)
hy(d*(®), %) ~=AN"2 N >3 (2.12)

In the sequel we investigate the asymptotic behavior of u; as A — +o00. It is rather easy to
see that u; satisfies

Au, =0, in £2 N Bs($),

5 2.13

% + Ab(X)u; =i, on 382N Bs($), @13
V

where

d ~
g)»(x’ )’) = _[5 +)"b(-x):|G)»(xv y)

A convenient way to describe the behaviors of u, and g, is using stretched variables. More
precisely define

(&, m =up(x,y),
& (. m) =gun(x, y), (2.14)
where &, i, 9 are in 1-1 correspondence with x, y by relations
E=AR5(x —J), n=2Ard(y). (2.15)
Notice that i, ¢ depend also on y and we may have to write i, (&, 1, ¥) = u, (x, y), but we will
avoid this notation.
With the purpose to keep the notation simple we write
2, ={ARs(x — ) | x € 2}.
Note that in our definition £2; depends also on y but we will not emphasize this dependence.
For a fixed y € 882, as A — 400 the set £2; approaches the upper half-space. For g it is similar

except that the limit domain of definitionis dH = {§ | £ = (§/,0)}.

Lemma 2.4. Let N > 2. There exists Lo > 0 such that for each X > Ao, each constant K > 0 and
each y € §2 such that

K'<ad(y) <K (2.16)
we have

l5.Co | Lo o2y 3y < CEORN T2, (2.17)
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Proof. Let Ao be a large number such that for each y € §2, with d(y) < Aj U its projection
y € 082 is uniquely determined. Let y € £2 satisfying (2.16) be fixed. Since the linear isometry
Ry(x — y) takes T332 onto dH and R;(y — §) = (0,d(y)), without loss of generality we can
assume that $ =0, y = (0, yy), v(3) = —ey and K~ < Ayy < K. Let 8 > 0 be a small, fixed

number such that in a §-neighborhood of 0 952 is represented as a graph, i.e.
382 N B5(0) = {xny = p(x"},
where g is a smooth function. We have
1
() =S (A ) + O(W'F) as x| = 0,

where A = D2<p(0).
When x € 0§2 N Bs(0) we have

where
a(x") = (D*(0) - x',0) + O(Ix']?).
Writing
9 9 ,
— +Ab(x) = ——— +2b(0) + a(x") - V + A(b(x) — b(0)),
av 3XN

we getat xy = @(x'),

d ~
—&.(x,y) = [8— +/\b(X)}Gx(x,y)
v
- P% + Ab(O)]@ +a(x) - VG + A[b(x) — b(0)]G:
N
=8+ 8+ &3

Let us first consider g1, . Notice that after integration by parts we have

0
a,\(x,y):l“(x—y)+F(x—y*)—2Ab(O)/e)‘b(O)SF(x—y*—eNs)ds.

—0o0

Then

(2.18)

(2.19)

(2.20)



J. Davila et al. / Journal of Functional Analysis 255 (2008) 1057-1101 1067

3G,(x.y) _ T

( )+3F( ")
X — — -
oxN IxN Y oxn Y

0
or
—2Ab(0) / e”’(o)sa—(x —y* —eys)ds
XN
-0

or ar
= —@—-V+—&—=y)+2AbO)(x —y*)
axN 3XN

0
—222b%(0) / MO P (x — y* —ens)ds,
—00

and therefore

or or . )
g = —[a—(x—y)Jr—(x—y )]+kb(0)[F(x—y)—F(x—y )]
XN 8xN
=g+ &

In what follows we will consider stretched variables as defined in (2.14), (2.15). In terms of these
new variables we have at xy = ¢(x')

gL =Y [ N TIN N+ N }
PN oy =y IV 1@+ a0V
N1 N[ rpE'/x) —n rpE'/0) +1 } 2.21)
€% + (&' /2) —m2IN/Z 1§12 + (p(&' /1) + )2 IN/2 | ’
where

1 N =2,
'WEINZ2 ifN >3

‘We observe that

A

2 5/ /12
with some C > 0 independent on A. Let us write

a(E) =1%¢ <‘%> (2.22)

Expanding then the term inside the brackets in (2.21) in powers of % we get:

I _ s JEP 0?1 = N) 1&|
g1 ) =N 27/N(A§' & )W(l + 0(7)) (2.23)
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In order to estimate g1, we will separately consider the cases N =2 and N > 3. In the former
case we claim that

g1, =Ab(0)(—log |x — y| +log|x — y*|)
_ O (|s’|2 +@@E)/A+ n)z)

2 1812 + (a(§") /2 — n)?
_ gt n -1 /
=b(0)(AE', &) TS + oA (1+1€)). (2.24)

Indeed, observe that

(|s’|2 + (@ (&) /2 +n)?

=1 14 6),
|S’I2+(a(-§/)/)\—n)2> og(1+6)
where

da(En -1
= =o(x™),
A(EP + (@(E)/r—n)?) =)

by (2.22). Hence

|§/|2+(a(§’)//\+n)2) L
1 =0+ 0(r .
°g<|s/|2+<a<s/>/k—n>2 +o(7)

Applying the Mean value theorem we get

4o (&’ 121+ |E 4a (&’
e, O(A_2|s Pa |§2|)> _ a1 1)),
A(E)” +n%) 1€"1°+n A€ +n7)
where O(-) is uniform for [&'| < 84 and K~! < n < K. From this we get our claim (2.24) if
N =2.
When N > 3 we get by a similar argument

)\,N73
G = (N — )AN"2p(0)(AE", £’ 7 +0< ) 225
qu= (N =D 2hONAE ) s T (2.25)
We will now compute g7, . From the definition of g7; we have
g =a(x) - VG (x,y)
x—y x —y*
=—ynya(x’)-
[Ix—le e — y* N
9 k

—ZAb(O)/eAb(O)S%dS]. (2.26)

|x — y* —ens|

—0oQ

We notice that, going from the original to stretched variables, we have
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a(x') = ( Vo(x') -1 + 1>
VI Vo) 1+ Vo)
1 ’ _
(e L)
JU+ EIVe@ R J1+ Live@E)?
Noting that
‘1 cEl
A A
we get

g 1 , &2
a<7>=<xva(s) m\v a(g)| ><1+0< ))

Then we have, again changing to stretched variables,

N[ x=y o ox=y N2 (AE.E) ( AN )
. =2A [0} .
) [|x—y|N * |x—y*|N} (E'2+ N2 1+ V-3

The second term in (2.26) can be written as follows:

lx — y* —ens|V

0
— * —
a(x’) - |:2Ab(0) / ekb(O)swds]
—0Q

2N 2p(0)(AE', € 0 o dt+ 0 -
= ()< E’E>[o (|§/|2+(77—f)2)N/2 I+ (W)

Summarizing we have for g

b(0)t
/ _ 1 N=-2 I
ga(Eom =4 WAE’“[ U ()/ﬂs |2+<n—z>2>N/2dt}

)LN—3
o\ ———~ ), 2.27
* ((1 n |s'|>N-3) 227

where the O(-) term is bounded uniformly in the region =; €1 <dand K7 <n<K.
To compute g3, (&7, n) we notice first that, denoting ,3(5 ) =A[b(E'/1) — b(0)], we have

1BEN| < CIEl.

Using then the explicit formula for G, (x,y) (2.2) expressed in stretched variables we get in case
N2>3
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Mb) = bO][I(x = y) = I'x = y")]
=a"2BEN[I (' —aE)/n) = T (E —n—a@E)/1)]

/ N—4
o B S+ 0 s )

(1§12 +n})N/2 (14 1g'PN-3
while, when N = 2, we get

/ 1I\N2
M[bx) = bO][Tx = y) = Fx — y9)] = dpapieyn! —2E O(w)

e+ O\
Likewise, we get

0
3
—2x[b(x) — b(0)] / ekb(o)sar(x —y* —sen)ds

—0o0

2V 2y B / bon_1 1

e+
)\N73
+ 0| — ).
((1 n |§/|>N3)

Combining the last two estimates we get when N > 3

n— )\’Nf?)

N-2 b(O)r ! -
g & =22 VN’%)/ Fra o e

>, (2.28)

and when N = 2 we get

n—t L+
g (€' 1) = 21BE)) / M i+ 0 L e
(1&'1* +n%) A
The assertion of the lemma in the region
!/
"i—'ga, K1 <n<K,

follows now from formulas (2.23)—-(2.29). O

Observe that in the proof of Lemma 2.4 we have actually shown an asymptotic formula for
g, (&, n) which can be conveniently written in terms of powers of A. The following corollary
summarizes this observation.
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Corollary 2.5. Let &, n denote stretched variables defined in (2.14), (2.15) and let g, (&, n) =
g1(x,y). Let K > 0. In the region

E1<Cih,  KT'<n<K,
where C1 > 0 is fixed and small, we have
- / 14 |&'] )
&, n)=gE.nN+0 Iy if N =2, (2.30)
N_o N-3
g, m=1"" !, O —————| ifN=>3, 2.31
B go(&' ) + ((1+|§/|)N_4> if (2.31)

where g is given by

&> + (N + Dn?

(I€'|2 + [n|2)N/2+1 + gb(f;"/, n), 2.32)

80(5/, 77) = VN(AE/a $/>

where

, AET £ (S n ) ; bt 4
,n)=— , —_—
gr(&',m) yN{AE,E)D(Y) (|§/|2+|77|2)N/2 _[o (|$/|2+(n_t)2)N/2 t

" — 1)
2+ (n—0)HN 2

0
+2yn(Vb($), &) / e (2.33)

and A = D*¢($).

Observe that in the above formulas g, (£, n) is defined for £ close to a part of 92, that asymp-
totically as A — 400 becomes 9 H. For such & we may write & = (¢', £y) for unique &’ and &y,
and the magnitudes of & and & are comparable in the sense %|E 1<|E] < CIE).

We show now an a priori estimate which is essentially a version of the maximum principle
with Robin boundary condition:

Lemma 2.6. Let b: 052 — R be a smooth such that b > 0, F:952 — R be a smooth function
and u be the solution to

Au=0 in 2,

3 .
a—” +Ab(u=F ondQ, (2.34)
V

where ). > 0. Then

C(N,b)
lullzo2) + [|dx)Vu| o < T”F”LOO(B.Q)- (2.35)
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Proof. We may assume that F' > 0 and then, by the maximum principle, u > 0. Let j > 1 and
multiply (2.34) by u/. Integrating and using Holder’s inequality we obtain

, _ CNJ/GHD S\ MGHD
aoe) [t < [t ([um) ([ )

082 082 082 082
which implies

. 1/(+D ) 1/(+D
x(minb)<fuf+1) < </FJ+1> .
082
082 082
Letting j — 400 we find
A(minb) =) < 1 Fll=a)-

Using first the maximum principle and then the gradient estimate for the Poisson equation we
deduce now estimate (2.35). O

As a consequence of estimate (2.17) and Lemma 2.6 we deduce that u, has the following
uniform estimate:

Corollary 2.7. We have
luall Lo 2nBs 5y < caN3, (2.36)

3. Existence of at least 3 critical points of R

Proof of Theorem 1.1. The proof is based on the asymptotic formula for R; found in the previ-
ous section combined with a linking argument.
We have

Ry (x) = hy(x, x) +up(x, x).
When x € £2 is sufficiently close to 02, with some abuse of notation we can write
Ry.(x) = AN 72hy (Ad (x), b(R)) + i (Ad (x), %),

where h, is the function defined in (2.6) and & (Ad(x), X) = u; (x, x). Let m, M be the constants
in Remark 2.3. Let us define

Um, M) = {x € 2| rd(x) € (m, M)} C L. (3.1

Further, let d*(x) be the point at which %, achieves its minimum when we allow to vary x €
U(m, M) with X fixed. We define

S*={x eU(m, M) |d(x)=d*(x)}. (3.2)
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Arguing as in Lemma 2.1 one can show that

aul(lrlf,M) h,\()»d(x),x) > s;l*phk()\d(x),x). (3.3)

By (2.36) it follows that
it oo (2) < CAN T2,
and therefore from (3.3) and the formulas (2.9), (2.10) we get for A large

inf R, (x) > sup R, (x). (3.4
oU(m,M) §*

In particular we see that there exists xmin € U (m, M) such that

inf Ry (x) = Ry.(Xmin)- (3.5)
M)

U(m

To find another critical point of R) in U (m, M) let us assume that there exists an x; € U (m, M) N
S* such that

R;.(x1) > R (Xmin)- (3.6)

If such a point does not exist then the theorem is proven. Let x; be the projection of x; onto 32
and let

O={xelim M)| =%} CUm, M).
Then the sets S* and 9 Q link in I/ (m, M). Moreover, by (3.4), we have

inf R) > sup R;,. (3.7
30 P

Let
G={feCUim, M),Um, M)) | flso =id}.
Then

B =supinfR, (f(x))
reg @

is a critical value of R; which, by (3.6), is different than R) (xpin)-

The existence of a third critical point can be obtained by maximizing R, on the set U;, =
{x € 2 ]d(x) > &} where § > 0 is fixed suitably small. Indeed, we have by (2.11), (2.12) that
supyy, Ry — —o0 as § — 0 uniformly for all large A > 0 while R, — R on compact sets
of £2. This shows that for sufficiently large A the maximum of R; on U is attained at some
point xmax € Uy, and hence is a critical point of R;. The proof of the theorem is complete. O
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4. More on the asymptotic behavior of Sy

To find the asymptotic behavior of u; as A — +00 we need a suitable candidate for an appro-
priately rescaled limit. According to Corollary 2.5 we need a function v which is harmonic in H

and satisfies the boundary condition —3‘2—'1’\/ + v = go on d H. For this purpose we have:

Lemma 4.1. Let K > 1 be a fixed constant and let n be such that K ~1 < < K. There exists a
smooth function v in H satisfying

Av=0 inH,
ov + C.m) oH
—— +v=go(, ondH.
IEN 8 n
Moreover
lim v@) =-0+mk@) ifN=2 “.1
[§]|—+o00
and
C(K) .
Iv(s,n>|<w VE e H, if N >3. 4.2)

In (4.1) by k(3) we denoted the curvature of the boundary at 3.
Proof. If N =2 we note that formula (2.32) for gg may be written in the form

gE M =—0+mcP +g1E n),

where g1 has the property that

, C(K) p .
lg1E" )| < TR V&' € R, when Vb(y) =0,
C(K n
g1, )| < hflé)’l V&' € R, when Vb(3) #0.

Thus, in dimension N = 2 we define

1
v=—(+n«()+vy, where v1(§ﬂ7)=d—Z/G(C,E)gl(é,n)dC

oH

and G(¢, &) = G{i(g“, &), where Gf is the function defined in (2.1) with a = 1.
In dimension N > 3 we define directly

1
o =5 / G (¢, £)g0(c. m) de. 43)

oH
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Note that in all dimensions when ¢ € dH then I'(¢ — &) = I'(¢ — £*). Thus in all cases we
are led to examine:

N—1 —00

0
_ et(éN _t) 1 12
I“(é)‘/ /(|c’—s’|2+<sN—t>2>N/21+|c'|ﬂd’d§’
R

where . =1, 2 indimension 2 and u = N — 2 if N > 3. Then, the assertion of the lemma follows
directly from the following.

Lemmad4.2. Let u > 0. Then if u < N — 1

1,(6) < VE e H, (4.4)

L+ (5%
if u=N — 1 then

Cmax(1,log|&])

1,() < AL V&€ e H, 4.5)
andif uw > N — 1 then
C
® < T (4.6)

We will prove Lemma 4.2 in Appendix A.
As a consequence of (4.6) we have in dimension N =2

Cmax(1,log|&])
< el weeH,
luiE )| < T £e

and this proves (4.1). Estimate (4.2) is a direct consequence of (4.4). The proof of Lemma 4.1 is
complete. O

We will need a more explicit form of v(§, 1), when & = (0, n), in particular in the way it
depends on the geometry of 952.

Corollary 4.3. Under the assumptions of Lemma 4.1 we have
v((0,7), 1) = (N = De(P)v(n), 4.7

where v: (0, +00) — R is a smooth function given by

1
vy = / G(z. 0.m)2a(1t']. n) de, 4.8)

RN-1

g(¢’|, n) is given by
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o(1€'n) = 7 €7+ (N + D’
TN 4 PN

, . 0 b .
— b)) ——— 42 t
WO Qe+ _[o (&R + (7 — D)2

o [ P
+2n(vb).¢) [ = ar

2+ (=7

and G(¢, &) = G{'I(g“, &), where Gf is the function defined in (2.1) with a = 1.

Observe that v is independent of £2. Later on we shall give another formula for v.
Proof. The case N =2 is direct, so we focus only on the case N > 2. Indeed, in this situation
the function go(&’, n) can be written in the form

N-1

goE.m= > A&t a(l&']. n).

ij=1

where A;;() are the coefficients of A(J) = D?¢($). Thus, by the construction (4.3) of v in
Lemma 4.1

N ) / /
U(S,ﬁ)za Z Aij (D) / G, &)¢&i¢ia(1g'l,n)de

i,j=1 RN—1

N-—1
1 N , ’
:d_ E Aii () / G(§’§)§i29(|§|»77)d§-
Nz
RN-1

Observe that the value of the above integrals does not depend on i when evaluated at point & of
the form (0, £y). In particular, with v defined as in (4.8) we see that

N-1

v(0,n),n) =Y Auv()=(N—Dc@v(p). O

i=1

Let us consider a fixed y = (0, yy) as in the proof of Lemma 2.4. Let § > 0 be a small
number. In order to relate u; (x, y) for x € £2 N Bs(0) with v we will pass to stretched variables
and combine v with a change of variables so that v is defined in £2) N Bg;:

U, n) =v(Tn(&).n) & €2:,NBsy,
where
T, En) = (5. 6n — Ag(E'/1)). 4.9)

We will also denote i, (¢, n) = u, (x, y) where (£, 1) and (x, y) are related by relations (2.15).
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Lemma 4.4. Assume that b = 1. For any 0 < « < 1 there exists a C > 0 independent of A such

that

1+ 8"
)\Dt

37N, &, -5, | <C VE € £2; N Bsy.

Proof. Note that estimate (2.17) and Lemma 2.6 imply
)"HIZHLOO(.Q)LQBM) g C.
It can be seen easily that the function # satisfies

A =0, in $2; N Bsy,

A<af‘+~> g0+ 0 (D), N=2,
Zid)=
Bv g0+0(k(1+‘§/|)N—4)7 N>37

We shall use a barrier to estimate the difference Az — v. This barrier is given by

(dr(§) +en” | (1> + 1)%/?
AY A%

u= )

where 0 <o < 1 and ¢y, ¢ > 0 are constants to be fixed later on and
d) (&) =dist(&, 952)).

We claim that there exists a C > 0 such that

A —v| < Cu in £2; N Bs;,

provided that > 0 is sufficiently small.
We compute

a(d, +c)*'Ady  ae — 1) (dy +c)* 2
)L(Jl + )“Ol

Au =

LW - Da(l&]? + 1)@/2=D L corle = 2)(|E12 + 1)@/ 2D g2

, ondf2; N Bs;.

A A

Observing that |Ad), | < Cr~Vin £2, N Bys and fixing § > 0, ¢ > 0 small we see that

(d), +c1)* 2
DN e A

Au < S

in £2) N Bys,

for some ¢ > 0. From the change of variables (4.9) we find

ai= 0 o(ENY 1226 (1Y dag, s
V= — — O\ - .
og:08; \ A ) 0&  \X PR

(4.10)

@.11)

4.12)

(4.13)
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Using the explicit formula for v in Lemma 4.1 and applying Lemma 4.2 we get

8%v _
08,08

o((1+1e) ™). gr=o((1+1)' ™).

and hence

1

Av= O(m +EDN]

) in 2, N Bys. 4.14)

From (4.13), (4.14) we have, taking § > 0 sufficiently small,
A(Cit — (Mt —0)) <0 in 2, N Bys
for some fixed constant C.

Now let us compute the boundary condition on 92, N Bs; where v is the outer unit normal
vector to d§2;. We note that from (2.19), (2.20), at £y = Ag(&'/A),

2 oo
v dEy A '

Hence

vi _acf ! (gD ]

— — ond$2; N Bsy,
vo Aa Py rEe

where C is some constant. We then find

da ¢ —act! (€17 + 1)*/% |¢] (&> +1)*/?
I T v WL A R
1 o
%LH ) , (4.15)

)\‘Dt

in the region of 32, such that |£]| < §A where ¢ > 0 provided c; > 0 is fixed large and § > 0 is
taken small. On the other hand, (2.30), (2.31) and (4.11) imply

ou 1
k(a—u+ﬁ)=go+0<(—;7|§|)> on 382, N Bsy, if N=2, (4.16)
%
A aﬁ—i—~ + 0 ] onds2; NB it N >3 4.17)
—4u|= _ , 1 > 3. .
B SRS CY T NE R

For g—g we have

av 1
—+v= O\ ———— 052 N Bsy. 4.18
oy To=28+ <A(l+|§|)N—2> on 9£2; N Bsj, (4.18)
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From (4.16)—(4.18) and (4.15) we obtain

0(Cu — (Au —v)) n

5 Cu—(Au—0v)=>0 onds2; N Bs,.
1%

Finally, by Lemma 4.1 and (4.10), we have
Mt —v| < Cu on £2) N0JBsy.

The maximum principle now implies Az — v < Cu in §2) N Bs, and reversing the roles of Az and
v we obtain v — At < Cit in £2; N Bsy.. This establishes (4.12) and the conclusion of the lemma
follows from this inequality and the behavior of i on bounded sets. O

Using an elliptic estimate for the gradient we get from Lemma 4.4:

Lemma 4.5. Assume that b = 1. Then there is a fixed § > 0 such that for any 0 < «a < 1 there
exists a constant C such that the following estimate holds:

1+1€1*

WV ) — Ve(E. )| < C T

V& € §2; N Bg;,. 4.19)

In addition we will need an estimate for the derivatives of the function i, (&, n) with respect
ton.

Lemma 4.6. Assume that b = 1. For any 0 < « < 1 there is C independent of ) such that

1+ 81"

)\‘Dt

23N, i05.(6. ) — 0,56 )| < C V& € 2, By. (4.20)

Proof. The proof of this lemma goes along the same lines as the proof of Lemma 4.4. Indeed,
after rotation and translation as in the proof of Lemma 2.4 we get that the function u; y, (x, y) =
dyyun(x,y), where y = (0, yy), satisfies

Au)th :0, in Q,
8”)»,)’1\/

9 + AUpyy = &,y ONOIL2.

Calculations similar to those in the proof of Lemma 2.4 lead to the analogs of (2.30), (2.31) of
Corollary 2.5 with go replaced by go.,. Then Lemma 4.1 can be applied to find the function
9,0(&, n). An application of a comparison argument as in Lemma 4.4 yields finally (4.20). O

5. Estimates for the derivatives of R),

Throughout this section b = 1. Let us observe that combining Corollary 4.3, Lemma 4.4 and
the change of variables (2.14), (2.15) we find

w (x, x) = NN = D) v(rd () + 0 (AN 379)

uniformly for K1 < Ad(x) < K.
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Let Vt denote the tangential which is defined in a neighborhood of d2. The aim in this
section is to show that the following estimates hold:

Proposition 5.1. Let K > 1, 0 <« < 1. Then
Vrus (x,x) = N3N = DV @)v(rd (1)) + 0 (AN 79) (5.1
uniformly for K~! < Ad(x) < K.
Proposition 5.2. Let K > 1,0 <« < 1. Then
(Vs (x, ), v(@)) = =2V 2N = D (@) v/ (Ad (x)) + O (AN 27%) (5.2)
uniformly for K~ < Ad(x) < K, where v(X) is the unit normal vector at X.
For simplicity of the presentation we shall give the detailed calculations in dimension N = 2.
We rotate and translate §2 such that 0 € 9£2 and the exterior unit normal vector at O points
down, that is v(0) = —e5.
Letus fix § > 0 small and let ¢ : (—38, §) — R be a smooth function whose graph is 92 near 0,
or more precisely
{Ger,x0) €092 | Ixil Il < 8} = {(x1,x2) [ x2 = 9(x1), 31| < 8}
and note that
¢(0) =0, ¢'(0) =0.
We shall write
ap=¢"(0),  ar=¢"(0)

so that

ao
2

aj

c yi +0(y}) for y nearO. (5.3)

o) = —yi+

The exterior unit normal vector at a point (y1, ¢(y1)) is then given by

(@ o0, —1)".

1
) = e
U Tr e )2

Recall that the curvature at O is given by
Kk (0) = ¢"(0) = ao
and

k'(0)=¢"(0) =ay.
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The smooth rotation matrix R introduced in (2.3) can be considered to depend on y;:

Ron=——[_ 0]
NErencl TGN

so that
RODv(y) = —en.

As before, we introduce the change of variables

E=AROD(x— (y1.eOD)),  n=2rd(),
and the functions
u(&,m, y1) =un(x,y),
&.&, . y1) = gax, ).
The difference with respect to the change of variables (2.14), (2.15) is that now i, and g; depend

on yp rather than on 3.
To show (5.1) we will need:

Lemma 5.3. Let K > 1, 0 < o < 1. Then for K-1g n < K we have

iy,

1
—((0,n),n,0) =0 —— ). 5.4
%, ((0,1m).n,0) (pm) (5.4)
Lemma 5.4. Let K > 1, 0 < o < 1. Then for K1g n < K we have

1 1
0y, 05.((0, m), 1, 0) = 51" O)vo(m) + O(W) (5.5)

Proof of Proposition 5.1. Assume for a moment that (5.4), (5.5) hold. At a point x close to 952
of the form x = (0, x7) the tangential direction is given by e; and hence

ouy (x, x) n 8u;h(x,x)'

Vrtu) (x,x) = (5.6)

0x1 ay1

By the chain rule

du;, . 1]
— = AV:i R
ox1 el R(y1) [0

and

du;, . (dR Vi D [ 1 ) _9d(y) -
— = AV —(x - -R| + Ayl ——== + By, il
1 f”*(dyl (’C [sv(yl) o' () | Ty TGt
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We want to evaluate these expressions at y; = 0. For a point x close to 952 of the form x = (0, x2)
with x, = n/A we have

0 oy,
ﬂ( )—x?((o n).n.0).

Bd(y)

On the other hand, since =0 ata point y = (0, y2), and

d 0 ag
d—lR() [ao O]’

it follows that

ou,, o), ou;, -
—()C x) = dokg((o 77) n, )-x2 - )\'8—51((0» 77), n, O) + 8_}'1uk((07 n)y n, 0)
Therefore, for such x and since x; = n/A

9
ﬂ(x x)+ (x X) = aog((o n). 1, 0)n + dy, i ((0, n), . 0). (5.7)

Combining (5.4), (5.5) and (5.7) we find

1 1
Vruy (x, x) = XK/(O)VO(U) + 0()\1+a>

for K1 < n < K, which is the desired estimate (5.1). O

Proof of Lemma 5.3. We showed in Lemma 4.4 that for any fixed R > 0
iy, — = 0(1/2*) uniformly for |§| < R

(0 <a < 1) and in Lemma 4.5

Ve[t — 0] = O(I/A“) uniformly for |§| < R

But observe that v is even with respect to &1, which implies %((0, n), n, y1) = 0 and therefore

8 1

As before, let §2; denote the set
2= PROD(x = (v, 9()) | x € 2}.

Near 0 the boundary 942 is represented as the graph of ¢. Hence, near the origin 9£2, may be
also represented by a graph of a function ¥, (1, y1), that is,

(1.862) €002, = & =v(1.y1)

for |&11, [§1] < A8.
We shall need the following formula which can be obtained by a direct calculation:
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Lemma 5.5.

ﬂ(él,o) [(ﬂ (A&1) — aoh&1 — age "(AED@(RED)]

and hence, using (5.3),

9 3
ﬂ(51,0) él + 0('?! ) (5.8)

Before proving Lemma 5.4 we need the following expansion for 2 a 2 aty; =0.

Lemma 5.6. Assume N = 2 and let K > 1. Then for some suitably small § > 0 we have

0g 1+ 151

oy €0 =K O, + O<T (5.9)
for |&1] < 8A, K1g n < K, where

, E2 4307 n} / e
-2 — dt
VEA? 42 fi J &+t 02

g1, m) =§;

Proof. The calculation is analogous to that in Lemma 2.4. In particular, recalling the notation in
that lemma and using that b = 1 we have

- 0 ~ 9 R R
—&. = | — 4+ |Grx,y)=|——+1|Gr+alx) VG,
ov 8xN
=g1n+ &2

For g1, we had the formula

or ar " "
g =—|—@ =)+ —&—y)|+A[l&x—y) —T'x—y")]
axN axN
=gu + &
In terms of these new variables we have at & = v, (&1, y1)

g,u:k[ Ya €, y1) — 1 n Y&, 1) + 1 }
E24+ (V&L y) —m? &+ (W) +1)?

Differentiating with respect to y; and setting then y; = 0 yields

Bgu 31/&(51 0) [ 1 1
=2 +
(S 0= v LEE+ @ —n? &+ (o +n)?
w—n? @+’ ]
E+ @ - EE+ @+
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where for convenience we have written

0. =@ = 2p1/2) = ¥5.(51, 0).
Expanding in powers of A~! yields:

1 | 2
+ - +0
E4+(@—m2 E+(@+n? E24n?

and

(g1 — )? (o1 +1)? 2n? _2
E (o —mH? EE+ (g +nD? EE+n)? =)

Therefore, using (5.8) we obtain

g1 R s 1+ |1
8y1 (Elv W,O)—alé (%_12+172)2 o 2 .

The other terms are all similar:

0812 ngd 1+ &
—(519 ,0)2611 + 0
a1 1 £7 +n? A

and

2 x —t
e 1+
g = —2a; 251 2+2a1$12/72 2d;+0(—|§1|).
§r+m , EL+(+1) A

Proof of Lemma 5.4. With the same argument as in Lemma 4.1 we can construct a smooth
function v in H satisfying

Av=0 inH,
av

S +v=«'(0)g(-,n) ondH.

Indeed, since

lim g¢,n=-1-n
[&|—>+oo

we define

1
v =K'(0)(=1 —n+v) where vl(s,m:£/G(;,s>g1<;,n>d¢

oH
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with g1 = «’(0)(g + 1 + n). Then, using Lemma 4.2 we have

lim v(&) =—«"0)(1 +n).
|§]—+o00

Note that
v((0,m), n) =" (O)v (), (5.10)
where v is the function defined in (4.8). Define
0, m) =v(Ta(6),n), &€ 52N By,

where

To.(61.&) = (61,6 — ¢a(£D)).

Let

.
w(&, ) =A%@,n,0>. (5.11)
Y1

Then w is harmonic in £2; N Bg,. Since A(% + u) = g, we obtain the following boundary
condition for w

Jw _ ag,\ Bﬁ)L 31)1 Aaﬁk 81)2

—+tw= — on 382, N Bs;,
v ay 0&1 oy & 0y

where we have written v = (v, V).
Observe that by (5.9), the definition of v and a calculation similar to (4.18) we have

WO —w) o B (AL o
av 06 9y1 0&2 a1 % BT
Now we just need to estimate k% g% and A% g% By direct computation
m :321'[,)L <1+(%>2)—3/2=0(1+|§-1|) (5.12)
W1 ly—0 V181 981 A '
by a formula similar to (5.8). Similarly
ml 9 %(1 + (%)2>_3/2 _ 0(_1 + "5”2) (5.13)
V1 ly—o  9y181 981 981 22 ) '

On the other hand, from (4.19) it follows that

ot 1 “ ou 1 «
0 _ o (118l o 0m_ + 1611
& AY & AY
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with 0 < @ < 1. Hence

p 00 0v1 By vy 0(1 +_|51'),
9&1 Ay 9&> Ay A

Then using the barrier u constructed in Lemma 4.4 and the maximum principle we deduce
lw —v| < Cu in 382 N Bsy,
and this implies that for any R > 0

CR*

|w(és 77) - E(Ev 7})| < 20

for § € £2,, 1| < R.

Using now (5.10), (5.11) and the previous estimate we deduce (5.5). O
Now let us turn out attention to Proposition 5.2.
Proof of Proposition 5.2. Again we assume that 0 € 02 and the exterior unit normal vector at

0 points down, that is v(0) = —e>. At a point x close to 92 of the form x = (0, x2) the normal
direction is given by —e; and hence

By the chain rule, and evaluating at a point x close to 952 of the form x = (0, x2) with xo =n/A
we have

alxt)L au)L
A ) =A— 07 ) ’O
8xz(x x) %, ((0,1),n,0)

and

duy, -
—(x,x) = A0d,u; ((0, 1), n,0).
7, nit2 (0, 1), 1,0)

By Lemmas 4.5 and 4.6

alzt)L ov 1
. s = s 05 s ’0 0 N B
8xZ(x x) 8‘;52(( m,n,0) + <M>
ou;, av 1
. ) = Os ) 10 0 N
o, (x,x) Bn(( m).,n,0) + </\a>

uniformly for K -l n < K. Hence

Vi (x,x) - v(X) ==k (X)V' () + 0(%) a
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6. Locating critical points of R, when b =1

Proof of Theorem 1.3. Let yo € 952 be a fixed point. We work with x, y in a neighborhood
Bg.(yo) N §2 where R > 0 is fixed suitably large. For x, y in this neighborhood, by Lemma 4.4

w (x,y) =N 3V - l)K()E)v()»d(x)) + O(A_a), x,y € Brs(yo)- (6.1)

We will show now asymptotic formulas (1.6). We begin by noticing that the right-hand side of
(6.1) depends on £2 only through the mean curvature « at X, appearing as a multiplicative factor.
Therefore replacing §2 with a ball Bg, such that d Bg is tangential to 952 and R = ﬁ will
lead to the same formula for v;. To determine v, we will use the fact that the Green function
Gy r(x,y) for a ball with corresponding Robin boundary condition is known explicitly:

—AG)L’RZdN(Sy, in BR(O),
3G)»,R
av

+AGy R =0, ondBg.

Let us consider first the case N = 2. As it can be verified directly the following formula holds

G r(x,y) = —log|lx — y| +log

[y 1
— >k_ —
=y TR

R
AR
K d )
2 1—— —1 1— =) —y*
+/< R) 3sogx< R) Y
0

where y* = fy% (see Appendix B). We have

ds, (6.2)

Sa(x,y) =Gy g +loglx — yl,

and R; (y) = Si(y, y). We will find an asymptotic formula for R, in terms of powers of 1/A
assuming that y is a point such that Ad(y) € (K~Y, K), for some fixed K > 0. We can write

.y .
y=y-— Ed(y) = y(1 —&d),

where for convenience we have denoted ¢ = ﬁ and § = Ad(y). In terms of ¢ and § we get the
following formula

dt
t+26

5 [, 1d [ d
tdt t
-2 e —652/ 140,
+8[ 2 /e 1428 ¢ (t+25)2]+ ()
0

0

o0
R;.(y) = —log2X +logé +2/e*’
0
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Denoting the O (g) term above by v(§) we see, since ¢ = 1/RA, that v, (d(y)) = v(Ad(y)) and
the required formula follows. A straightforward calculation involving integration by parts shows
that in fact

e ¢]

F)
7)) =—=—28% [ !
v(8) 3 /e

0

dt
(t+28)2

An important consequence of this last formula is that we have v, (d(y)) <0, for d(y) > K~!.
Now let us assume that N > 3. The Green function G, r can be written explicitly (see Ap-
pendix B)

_ N=2\/Ib\*" _
Grr(x.y)=|x — y2 N—<1—7>(%) lx — y* 2N
N
1__ _ *

D0

When N > 3 an argument similar to the previous one yields the formula

2—N
ds. (6.3)

v(®) = 20)7N(N — 2)7(20),

where

0 1[N =1)(1 +4s)
v(t)_1—§+§/e —(1+S)N
0

6.4)

o0
/ L (N=2)+1(Q2+1s?)
— | e" ds
(14 s)N-1
0

We write

L V=D, 3t (N — 1)
V() = —Z+T O,N—l(t)-l—T

— (N =2420)Io n—1(1) — > Lo N1, (6.5)

I n(D)

where

e @]

—ts s/
Ij,N(t)=/e 1 mds. (6.6)
0

Using the relations
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Iivint1=1jn —IjN+1,

1 t

Ioy = —— —
ON= N1 N-1

Ion-1,

and integration by parts we get
~?hy-1(t) =—N+3—t+[-2— (N —4)(N — 1) = 2t(N — 2)t — 1*]Io n—1 (1),

and

. 3t [r? )
v(t):N—2—Z+|:E—(N—2) }IO,N_I(z). (6.7)

The proof is completed. O
Before giving the proof of Theorem 1.2 we need a technical but crucial result.

Lemma 6.1. Let N > 3 and consider the functions h, and v defined in (1.5) and (1.6). Then b,
and v have no zero in common in the positive real axis, that is v(0) # 0, whenever h& @) =0

and 6 > 0.
We give the proof of this fact in Appendix C.

Proof of Theorem 1.2. Let yg € 952 be a non-degenerate critical point of the mean curvature «.

In the proof of this theorem we take advantage of the asymptotic formula of Theorem 1.3 to

relate the topological degree of the VR;, in a suitable small set close to yp with that of the V«.
Note that as a consequence of (5.1) and (5.2) we have, writing VT as the tangential gradient

VIR, (x) = AN (N — DV (@)v(rd (x)) + 0 (AN 79) (6.8)
and
(VRy(x), v) = =A¥ ") (Ad (x)) = AV 72N — Dk @)V (Ad(x)) + O (AN 727%)  (6.9)

uniformly for K “T<ad (x) <K.
Since yo € 052 is a non-degenerate critical point of «, there exist ¢ > 0, o > 0 such that

|Vi(®)| = cl& — yol for all £ such that |£ — yo| < 0.

On the other hand, we know that h; has a unique minimum 6y > 0, which is non-degenerate, and
hence by taking ¢ > 0, o > 0 smaller if necessary, we have

| (0)] = ¢l — o] forall |0 — 6| < o.

Using that v < 0 in R if N =2 or Lemma 6.1 if N > 3, we see that selecting o > 0 smaller we
can achieve

inf 0 0. 6.10
06[9()11(17,90-5—0] |V( )| = ( )
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We can also assume o < 6. Let 0 < 8 < « and consider the compact set
Ki={xe2|[rdx) —6| <o, |£ —yol <A7F.
Now define
RY(x) = 2V 72y (hd (x)) + AN (N — D () v (rd (x))
and for0<r <1
RL=tR;, +(1—0R).
We observe that there are g > 0 and ¢’ > 0 such that if A > A and x € 9/Cy, then:
(1) if [Ad(x) — 6g| = o by (6.9) we have
|VRL(x)] = AN~ 1e/s
(2) if |£ — yo| = A~# from (6.8) and (6.10) we deduce
|VR) (x)| = AN 37F¢,

From (1) and (2), by degree theory R) = R)l\ has a critical point in the set /C;, and hence it lies
at distance A~# from yy. This completes the proof of the theorem. O

7. Critical points of R, when b is not a constant
As a consequence of (2.36) we have the following expansion:
Ry.(x) = AV "0y (Ad (x), b)) + O (AN 3)

uniformly for K~ < Ad(x) < K, where K > 1 and h;, (6, b) is defined in (2.6).
We need similar estimates for the gradient of R;,.

Lemma 7.1. Given K > 1, the following estimates
N—29h . A N-3
ViR, (x) =\ a—b(kd(x), b(®))Vb(&) + O(AN ), (7.1
N N—19ha A N-2
(VR v(R))=—2 ﬁ(kd(x), b(®))+ 01" 77%) (7.2)
hold uniformly for K=" < xd(x) < K.
Proof. To prove (7.1) it will be sufficient to show that
Vi (x, x) = 0(AN73) (7.3)

uniformly for K~ < Ad(x) < K.
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As in the proof of Proposition 5.1 we will give the details only for dimension N = 2. We
consider the geometric set up as in Section 5. We have by (5.6) and (5.7)

5,
Vrus(x, X)—ao?((o ), 1, 0) 0+ dy,ii;.((0,n), n, 0)

for a point x = (0, n/1), with the estimate being uniform for K -l g n < K. Observe that by
standard elliptic estimates, and since @iy (&, 7, y1) = O(A™1) for |§] <8x, K~ <n < K, we
have

BMA

a5, (O, 0)=0(")

Bux

for 1 in this region. Now we need to estimate 52 in the case of non-constant b.

Define b;, by

- 1
by, y1) = b<x72(y1)_1€ + (v1, <P(y1))>

or equivalently
b)) =b(ARD(x = (y1, (). »1)- (7.4)
Differentiating with respect to yi, setting y; = 0 yields

b, 3b; aEA 3b;
0=aqyg— —& — —+ —. 7.5
aoag 51 +aoa€ & 8?;‘1 + o (7.5)

On the other hand, differentiating (7.4) with respect to x; and setting y; = 0 gives

b 8bk
ax; ag,
Since b is smooth
b
9o _ 0();1)
9§
and this combined with (7.5) implies
ab;,
3—(5,0)=0(1), VE €082y, |E] <M. (7.6)
V1

Let w = % at y; = 0. Then w satisfies

Aw=0 in .Q)\ﬂBg)L,

A(a_w —|—B)\w) _ 3@)L - ab,\ aﬂk 31)1 3IZA 31)2

-2 —A—— —A——=—= 0ndaf2; N Bs.
v Ay 8y1 081 day1 08 dy1
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But observe that from (7.6) and since i, (&, n, y1) = o h

- 35A_

gy = O0(x7") on 32, N Bsy.

Similarly, since Vgii) = O (A1) for £ € 225 N By, and using (5.12), (5.13) we see that

oy dvy oi) 0vy
TV 292 0(1) on 9525 N By
98 dy1 | 08 yi B

A calculation similar to the one in Lemma 5.6 gives, for the case of a non-constant b
981
—==0(1) ond£2; N Bs,.
ay1

Then Lemma 2.6 implies that w = O(1) in £2, N Bs;,, which proves that
ol .
= O(X ) in £2) N Bs;,.
ay1

Hence (7.3) follows.
The proof of (7.2) is analogous, using the formula

ouy (x,x)  duy(x,x)
+
dx2 ay2

Vi (x,x) - v(x) = —|:

and that at a point x close to 952 of the form x = (0, x2) with x, = /A we have

814)» 312)L BMA ~
—(x,x)=x1—((0,n),n,0 d —(@x,x)=20 0,1),1n,0).
ar, 0 = A, (0m).n.0) and o (x. x) = 23, ((0. ). 0. 0)
This time one may verify

ouy, ou;,
—(x,x)=0() and —(x,x)=0(). |
0x2 ay1

Proof of Theorem 1.4. The proof is similar to the one of Theorem 1.2. The main difference is
that in this case the function 5, (x, x) is dominating over u; (x, x). To set up the degree theory
argument we define

R)(x) = AV "2n, (A (x), b(%))
and for0<r <1
R =tRy + (1 —1)R).

Let xo € 052 be a non-degenerate critical point of b. Notice that by Lemma 2.1 the function Rg (x)
has a critical point x; such that its projection £, is exactly xo and d(x;) = O(A~!). Then using
degree theory in an appropriate set around x; (as in the proof of Theorem 1.2) and Lemma 7.1
the theorem follows. O
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Appendix A

Proof of Lemma 4.2. We will denote

el(x—1)

K x, 1) =

To prove (4.4)—(4.6) we need first to estimate

(g1 + (x =)HN/2”

e'(Ey —1)

I eRNL x>o.

0
dt =

0
J(E — ') Ey) = / =

We start with the case &y > 1.

Claim 1. Assuming £y > 1 we have

J(1€' = ¢'l.&n) < Cmin(en /16’ 1V 64 7).

Proof of the claim. Assume N > 3 and write J

.
)= / K( — &8y, 1)1,

—00

We estimate

-1
J =
1 _[o 13

e'6n —1)
—EP+ & — 0DV

and also

ey —1)
— &2+ (En —)P)N/?

-1
J1 =
1 _Zo 13

These two inequalities show that

Ji < Cmin(éy/|&

—EP+Ev -0V T

/ K — €&y, 1) dt.

—00

(A.1)

= J1 + J> where

0

Jz=f1<<;’—s%szv,t>dr.

-1

.
e’ C
s / (Eny — NI dr< gN-1’
—1
ey —1) En

S e T o

o §/|N, s]{;N)‘
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Now J> is bounded by

0
(v —1)
2 </ dt.
1 (¢ = &2+ (n —DHN/2
Changing variables we get
Ev+D/IE ¢
h<Ig — /PN -

TENSL/zA
e/~

Let us now assume that N > 2. If £y /|&' — ¢’| > 1 then

/L N=2 2 —N/2+1 2\ —N/2+1
Jz<|g ¢’ |:<1+| En > _(H_(ENJrl)) }

2-N &P & =&
! _ #I N
<C|s’—c’|2‘N(—"§ il )
&N
<cgy .

If én /1€ — ¢/ < 1 then

h<C /_/2—N< EN >=C En _
N \T=aurerel e vy

Thus we deduce
J2 < Cmin(sn/I§" =1V 6y7Y).
Case N =2 is similar. This ends the proof of the claim. O

Proof of (4.4)-(4.6) under the assumption £y > 1. When &y > 1 then of course

0
1

[ K@ —gienndr =g - 1w <
&y

—0o0

and hence

0

/ / K — & ey, ndide <

lg'—§I<1 —o0

C

_ A2
(1+ (g mEN ! A2

Thus, in the sequel we do not need to consider integrals over [¢' — &'| < 1.
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Using (A.1) we see that we have to estimate

. ’ IWN &1—-N 1 r__
/ min(§y /1" — |, &y )mdi =A+B,
RN-1

where

1
_ &1=N ’
A=y / 1+|§/|“d§’
I<[E=¢'|I<éN
1
B=¢y d
& — ¢/ IN(L+121M)
|&'=¢" 126N

-

Let us estimate first A changing variables ¢’ = |§’|z:

1
A= 1—-N s/ N—1 dz,
vl 1+ [€7]1]z|
1/18'|<]z—e|<En/IE'|

where e = £'/|£'| is a unit vector.

1095

Suppose first that £y /|| < 1/2. Then in the region of integration |z| > 1/2 and estimating A

by the volume of the ball times the maximum of the integrand we find

C o
A< < :
L+ & 1480

Now suppose that £y /|§’| > 1/2. Then

1
A< 1=N g/ N—1 / d
Ev 18] e -
la—el<3&n /18|
3N /1|

=N e\ N—1 rN=2
N N—
=&y "€

—dr
T

If w < N —1then

c
1+ |EH

A<CEY <

If w =N —1 then

Cmax(1l,logl|&])

A< CEy" max(L log év]) < ——— T
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If u > N — 1 then

C
A<CElN < —— .
S T
With the same change of variables as before:
EN 1
B=_— dz.
€] |z — eV (1 + |&"[#]z]")
lz—e| 26N /18|

Suppose Ey/|&| > 2. Then |z —e| > |z|/2 and since 1 + u > 1

EN 1 et C

B<C|§/|1+u |Z|N+udZ_CSN < N
lz|ZEn/(BIE])
Next assume that £y /€| < 2. We write
B =B+ B+ B3,
where
EN 1
By = — dz,
&1 |z —elN (1 +1&"|#|z|1)
En/IE'IS]z—el<1/2
EN 1
Bz - d ’
1&"] |z — eV (1 + |&"|#]|z|1)

1/2<|z—€|<2

én / 1
By = — dz.
T = eV (L + &)zl

2<z—e|

Arguing as in the previous case,

En / 1
By = 2— d
’ 1§ |z —e|N (1 + |&"]#]z|*)

2Kz —e|

EN 1
<C|%-/|1+M |Z|N+/L dz

|z|>1/3

En
I

C

<CIE'TTHL TR
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In the region of integration for By we have, |z| > 1/2,

1 C C
|&7|1+1 |z —e] 7|1 1+ [E|®
EN/IE | z—el<1/2

1 N-2
el /4dz:CgN /’ dr
134 | 1+ [§"]#]z|* &IV L4rk
<3 31€’

Finally, for Bs:

We see that if © < N — 1 then

én < C

B, <C < .
P lE e S T g

We see that if u = N — 1 then

max(1, log|&|)

B, <C
? 1+ (&[N
and if 4 > N — 1 then

< C
PN Tr N

The proof in the case £y < 1 is similar, using

Claim 2. Assume &y < 1. Then, if N =2

1—logler — &l if|g—& <1
I(l& —al.&)<C :
(161 - 41l £2) {m—sn—z if 10— &> 1

’

andif N >3

e ¢/ —&PN if g - g1<1,
J(E'-¢').8 <C{ .
N R )

Proof of the claim. If N =2 then

0
gy —
J(|§1—$1|,$2)=/ (4“1—§1§§2+(?2—t)2dt:J1+12’ (A3)

where

el —1) / e —1)
= dt, D= d
_Zo (C1—&D*+ (5 —1)? : : J) (C1— &>+ (5 —1)? :
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We have

-1
1 C

h<——— [ e di=——
S a0 e

and

1+&

1
& +1) / t
) < di= | — 4
2 0/(51—51)24-(524-02 : : (C1 —&)* 412 !
2

2
t
<f—' 4
O/(a—sl)zw :

2/161-611
= I dr
1+r2
0
— — i _ <
gc{l IOgIEJ2 &1l ?f|§1 &1 <1,
g1 — &1l if[¢1 — &> 1.

The case N > 3 is similar. O
Appendix B
In this appendix we will verify formulas (6.2) and (6.3). Since the cases N =2 and N > 2 are

similar we will consider the case N > 2. Integrating by parts (6.3) we have also the following
formula for G, :

2—-N
|Y| *12—N
7 lx — ¥

R
N -2 2—-N AR—1
(-T2 =) (- 8) -
AR R R R
0
To evaluate G, on d Bg we use formula (6.3), which yields, for x € dBg
N-2 . N=2\/Iy\*>"
G(x,y)= — —(N=2|2—— || =
A(x,y) "R lx — yl ( )( "R )(R
K
l__ _ k
(1-%)

JT0-3)"

To compute aa% on d B we use formula (B.1):

Gi(x,y)=lx —y* N + (

ds. (B.1)
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3G 2—-N - N =2\ /Iy\*V
a—j(x,w: lx — y[? N+A(N—2)<2——)<l)

R AR R
S
1__ _ *
x( R) g

SIO-2 MR )

Hence

3G
2% LAG=0 ondBg.
Jv

Appendix C
Proof of Lemma 6.1. Define v(¢) as in (4.14) so that
v(6) = (20)> "N (N — 2)%(26)

and define also

00
@) =N - 2/ e W ds
0
so that
hy () = AN 2R, (26).
Then to show that h} and v have no common positive zeros is equivalent to showing the same

property for the functions 1:1; and v.
Observe that

" _ o _41-N i —s 1
) (t) = (N 2)( t +2/e L ds)
0

=N =2)(=t""N + 22N Iy y_1 (1)), (C.1)

where Ip y_1 is deﬁneid in (6.6).
Now suppose that h;\ (to) =0 for some 79 > 0. Then thanks to (C.1) we have

1
Io,n—1(t0) = o (C2)

Replacing this relation in (6.7) we then find that

N-2 +t§ (N2)21—0
4 2 210
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which implies
to=N —2.
But we claim that
1
(N =2)Ipn—1(N —2) < 7 (C.3)

Indeed, notice that

e ¢]

1 % N—1

tlo n—1(t) =t N s d

0.8-1() /e (lJrS)N’1 /e <f+s> ’
0 0

and therefore

e ¢]

1 N—-1
N-—-2DIlyn_1(N —-2)= S — ds.
(N =2 on_1(N —2) /e (1+NS2> ‘

0

But it is a standard inequality that

s N-2
<1+ ) <e® VN >3, Vs>0.

N -2

This implies

% 1 IN-3 1
(N —Z)IQ’N_I(N —-2)< /(7) ds = —
J 1+ 5=

which proves our claim (C.3). But (C.3) contradicts (C.2). O

References

[1] C. Bandle, Isoperimetric inequalities for a nonlinear eigenvalue problem, Proc. Amer. Math. Soc. 56 (1976) 243—
246.
[2] C. Bandle, M. Flucher, Harmonic radius and concentration of energy; hyperbolic radius and Liouville’s equations

AU =¢Y and AU = U% , SIAM Rev. 38 (2) (1996) 191-238.

[3] S. Baraket, F. Pacard, Construction of singular limits for a semilinear equation in dimension 2, Calc. Var. Partial
Differential Equations 6 (1) (1998) 1-38.

[4] H. Brezis, L.A. Peletier, Asymptotics for elliptic equations involving critical growth, in: Partial Differential Equa-
tions and the Calculus of Variations, vol. I, in: Progr. Nonlinear Differential Equations Appl., Birkhduser Boston,
Boston, MA, 1989, pp. 149-192.

[5] L.A. Caffarelli, A. Friedman, Convexity of solutions of semilinear elliptic equations, Duke Math. J. 52 (2) (1985)
431-456.

[6] P. Cardaliaguet, R. Tahraoui, On the strict convexity of the harmonic radius in dimension N > 3, J. Math. Pures
Appl. 81 (2002) 223-240.

[7]1 M. del Pino, M. Kowalczyk, M. Musso, Singular limits in the Liouville-type equations, Calc. Var. Partial Differential
Equations 24 (1) (2005) 47-81.



J. Davila et al. / Journal of Functional Analysis 255 (2008) 1057-1101 1101

[8] M. del Pino, M. Kowalczyk, M. Musso, Variational reduction for Ginzburg-Landau vortices, J. Funct. Anal. 239
(2006) 497-541.
[9] P. Esposito, M. Grossi, A. Pistoia, On the existence of blowing-up solutions for a mean field equation, Ann. Inst.
H. Poincaré Anal. Non Linéaire 22 (2) (2005) 227-257.
[10] A. Friedman, Variational Principles and Free-Boundary Problems, Krieger, Malabar, FL, 1988.
[11] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag, Berlin, 2001.
[12] M. Grossi, On the nondegeneracy of the critical points of the Robin function in symmetric domains, C. R. Math.
Acad. Sci. Paris 335 (2002) 157-160.
[13] Z.-C. Han, Asymptotic approach to singular solutions for nonlinear elliptic equations involving critical Sobolev
exponent, Ann. Inst. H. Poincaré Anal. Non Linéaire 8 (2) (1991) 159-174.
[14] O.Rey, The role of Green’s function in a nonlinear elliptic equation involving the critical Sobolev exponent, J. Funct.
Anal. 89 (1) (1990) 1-52.



