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Abstract

Let V (x) be a non-negative, bounded potential in RN, N > 3 and p supercritical, p > N +2 . We look for

positive solutions of the standing-wave nonlinear Schrodinger equation Au — V (x)u + up = 0 in RV, with
u(x) — 0 as |x| - 4o00. We prove that if V(x) = 0(|x|_2) as |x| - 400, then for N >4 and p > %—J_r;
this problem admits a continuum of solutions. If in addition we have, for instance, V (x) = O(|x|™*) with
> N, then this result still holds provided that N > 3 and p > %—f% Other conditions for solvability,
involving behavior of V at oo, are also provided.

© 2007 Elsevier Inc. All rights reserved.

1. Introduction and statement of the main results

We consider standing waves for a nonlinear Schrodinger equation (NLS) in RV of the form

d
—la—‘”—mﬁ 0 + [Py (L)
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where p > 1, namely solutions of the form (¢, y) = exp(iAf)u(y). Assuming that the amplitude
u(y) is positive and vanishes at infinity, we see that i satisfies (1.1) if and only if u solves the
nonlinear elliptic problem

Au—Vxu+u? =0, u=>0, lim wu(x)=0, (1.2)

|x]—+o00

where V(y) = Q(y) + A. In the rest of this paper we will assume that V is a bounded, non-
negative function.

Construction of solutions to this problem has been a topic of broad interest in recent years.
Most results in the literature deal with the subcritical case, 1 < p < %—f% and the semiclassical

limit,

EAu—V@u+ul =0, u>0, lim u(x)=0. (1.3)

|x|——+o00

A typical result, due to Floer and Weinstein [18] for N = 1 and to Oh [25] in the general sub-
critical case reads as follows: if inf V > 0 and V has a non-degenerate critical point xq, then a
solution u, exists for all small €, concentrating near xo with a spike shape corresponding to an
e-scaling of the positive, exponentially decaying ground state of

Aw — V(xp)w +w? =0.

Many results on existence of concentrating solutions have been proven, under various assump-
tions on the potential or the nonlinearity, with the aid of perturbation or variational methods, lift-
ing non-degeneracy and also allowing the potential to vanish in some region or even be negative
somewhere, see for instance [1,10,12,15,16,20-22,26,28]. Concentration on higher-dimensional
manifolds has been established in the radial case in [3,5,6] and in the general case when N =2
in [17]. It should be noticed that concerning radial solutions, supercriticality is typically not an
issue if concentration is searched far away from the origin like in the results in [3,5,6].

Subcriticality is a rather essential constraint in the use of many methods devised in the lit-
erature. Very little is known in the supercritical case. In the critical case, a positive solution
is established in [7] when € =1 and ||V || ~/2 is small. When ¢ is small and p = %—f% it is
proved in [11] that there are no single bubble solutions when N > 5. Results in the nearly crit-
ical case from above are contained in [23,24]: setting ¢ = 1 and letting p = % + §, they
find multiple solutions concentrating as § — 0T, at a critical point of V with negative value
for N > 7. ||V~ is also required to be globally small, so that in particular the maximum
principle holds.

The smallness of the potential at infinity is an issue that has been treated in [2,4,8,9,27]. In the
subcritical case, with a combination of variational and perturbation techniques it is proven for
instance in [2,4] that concentration at a non-degenerate critical point of V still takes place under
the requirement that V is positive and

liminf [x|*V (x) > 0.
|x]— 400

In general one does not expect existence of solutions if V decreases faster than this rate.
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In this paper we simply let ¢ = 1 and shall treat the case under the following dual assumption
on the positive potential V:

lim [x>V(x)=0. (1.4)
[x[—+00

We establish a new phenomenon, very different from the subcritical case: one of dispersion.
There is a continuum of solutions u; of problem (1.2) which asymptotically vanish. This is al-
ways the case if the power p is above the critical exponent in one dimension less. This constraint
is not needed if further decay on V is required, case in which pure supercriticality suffices.

Theorem 1. Assume that V >0, V € L(R") and that (1.4) holds. Let N >4, p > YL Then
problem (1.2) has a continuum of solutions u, (x) such that

lim u; (x) =0
r—0

uniformly in RN

In reality the continuum of solutions in this result turns out to be a two-parameter family,
dependent not only on all small A but also on a point £ € RV, see Remark 5.2. The basic obstruc-
tion to extend the result to the whole supercritical range is that the linearized operator around
some canonical approximation will no longer be onto if % <p< %, certain N solvability
conditions becoming needed. This problem can be overcome through a further adjustment of the
above mentioned parameter £. We do not know if the decay condition (1.4) of V suffices for this
adjustment, but this is the case if further conditions on V are imposed. For instance, the result of

Theorem 1 is also true if (1.4) holds and V is symmetric with respect to N coordinate axes,
V(xl,...,x,-,...,xN)z V(xl, ey —x,-,...,xN) foralli = 1, ...,N, (1.5)

see Remark 4.1. On the other hand, additional requirements on the behavior at infinity for V are
also sufficient. We have the validity of the following result.

Theorem 2. Assume that V >0, V € L°([RN) and & fz <p< 'H . Then the result of Theo-
rem 1 also holds true if either

(a) there exist C > 0 and pu > N such that
V) <Clx|™, [x|>1; or

(b) there exist a bounded non-negative function f : SN=! — R, not identically 0, and N — p% <

1
u < N such that
. X
lim | |x|*V(x)— f[ — =
|x|—>—+o0 |x|
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The proofs of Theorems 1 and 2 will be based on the construction of a sufficiently good
approximation and asymptotic analysis. It is well known that the problem

Aw+w?P=0 inRY (1.6)
possesses a positive radially symmetric solution w(|x|) whenever p > N—J_rz We fix in what
follows the solution w of (1.6) such that

w(0) =1. (1.7)

Then all radial solutions to this problem can be expressed as

L
—T

wy(x) = w(Ax). (1.8)

At main order one has

__2
T

w(r)~Cpnr 77T, r— +00, (1.9)

which implies that this behavior is actually common to all solutions w; (r). The idea is to consider
w; (r) as a first approximation for a solution of problem (1.2), provided that A > 0 is chosen
small enough. Needless to mention, a variational approach applicable to the subcritical case is
not suitable to the supercritical. The analogy here revealed should be an interesting line to explore
in searching for a better understanding of solvability for supercritical problems. In particular, the
approach we use here is also applicable to equations in exterior domains, see [13].

2. The operator A + pw?~!in RY

Our main concern in this section is to prove existence of solution in certain weighted spaces
for

A¢+pwP lg=h inRV, (2.1)

where w is the radial solution to (1.6), (1.7) and 4 is a known function having a specific decay at
infinity.

We work in weighted L* spaces adjusted to the nonlinear problem (1.2) and in particular
taking into account the behavior of w at infinity. We are looking for a solution ¢ to (2.1) that
is small compared to w at infinity, thus it is natural to require that it has a decay of the form

2
O(|x|” »T) as |x|] — +00o. As a result we shall assume that 4 behaves like this but with two

_2 _ . . . ..
powers subtracted, thatis, h = O(|x| 7! 2) at infinity. These remarks motivate the definitions

ol = 2.2)

lx[<1 [x|>1

and

IAllee = sup x>+ |h(x)| + sup |71

lx|<1

(2.3)

where o > 0 will be fixed later as needed.
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For the moment these norms allow a singularity at the origin, but later on we will place this
singularity a point & € RV,

The main result in this section is
Proposition 2.1. Assume N >4 and p > %—f; For 0 <o < N — 2 there exists a constant C > 0
such that for any h with ||h||« < +00, Eq. (2.1) has a solution ¢ = T (h) such that T defines a
linear map and

|7, < Cllil

where C is independent of .

An obstruction arises if %—f% <p< %—f;, which can be handled by considering suitable or-

thogonality conditions with respect to translations of w. Let us define

ow
Zi=n—, (2.4)
3)(,'

andn e CPRY),0<n< 1,
nx)=1 for|x| < Ro, nx)=0 for|x|>Ro+ 1.

We work with Ry > 0 fixed large enough.

Proposition 2.2. Assume N > 3, %—f% <p< % andlet 0 <o < N — 2. There is a linear map
(¢, c1,...,cn) =T (h) defined whenever ||h||«« < 00 such that
N
Ap+ pwP o =h+ Zci Zi inRV (2.5)

i=1

and
N
gl + D leil < Cllllex.
i=1

Moreover, ¢c; =0 forall 1 <i < N if and only if h satisfies

9
/h—wzo V1<i<N. (2.6)

The above operators are constructed “by hand” decomposing /# and ¢ into sums of spherical
harmonics where the coefficients are radial functions. The nice property is of course that since w
is radial, the problem decouples into an infinite collection of ODEs. The most difficult case is the
mode k = 1 which corresponds to the translation modes. This analysis is essentially contained
in [13] and [14], where supercitical problems on exterior domains are studied. For the reader’s
convenience we include proofs of Propositions 2.1 and 2.2 in Appendix A.
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3. The operator A — V3 4+ pw?~1in RY
The nonlinear equation, after a change of variables, involves the linearized problem
N
Ap+pwllo—Vig=h+) ¢Z; inRY,

i=1 3.1
lim ¢ (x) =0,

|x]— 400

where Z; is defined in (2.4) and given A > 0 and £ € R" we define

Vi(x) = A_ZV(x ;E)

Because of the concentration of V) at £ it is desirable to have a linear theory which allows
singularities at &. Thus, for o > 0 and £ € R we define

’

Illse = sup |x—E|7|¢p(x)|+ sup |x—s|ﬁ}¢>(x>
[x—£[<1 [x—&|>1

2
Ihllwe = sup |x— &P @)+ sup |x — &[T |h(x)).
[x—£[<1 [x—&[>1

We will consider & with a bound
1€l < A

and the estimates we present will depend on A.
For the linear theory it suffices to assume

VeL®R), vz0, V@=o(x|"?) as|x|—> +oo. 3.2)
Proposition 3.1. Let |§]| < A. Suppose V satisfies (3.2) and || 7] ss,e < 00.

@ If p> %—J_r; or ) > 0 sufficiently small Eq. (3.1) with ¢; =0, 1 <i < N has a solution

¢ = T,.(h) that depends linearly on h and there is C such that

| T, < Cllllunce.

) If %—i‘% <p< %—4_'; for A > 0 sufficiently small Eq. (3.1) has a solution (¢,c1,...,cN) =
7). (h) that depends linearly on h and there is C such that

+ max |¢| < C|h .
ldl.e 1<i<N| il < ClAllse

The constant C is independent of ).
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Proof. We shall solve (3.1) by writing ¢ = ¢ + 1 where ¢, 1 are new unknown functions.
Let R > 0, § > 0 with 26 < R be small positive numbers, to be fixed later independently of A,
and consider cut-off functions ¢gp, £ € C (RN) such that

fo(x) =0 for|x —§| <R, So(x)=1 for|x —§| >2R,
and
C1(x)=0 for|x —&| <56, Z1x) =1 for|x —&| > 26.
To find a solution of (3.1) it is sufficient to find a solution ¢, i of the following system

N
Ap+ pwP=lo =—pow’ 'y +aVig+aih+ ) ¢ Zi inRY, 53
i=1 .

lim ¢x)=0
|x|—>4o00

and

AY =V + p( —)w? 'y =1 = ¢ Vagp+ (1 —¢)h inRY,
lim ¥ (x)=0. (3.4)

|x]— 400

Given ¢ with ||¢|l« < 400 Eq. (3.4) has indeed a solution ¥ (¢) if R > 0 is small, because
Il p(1—zo)wP! Iz n2 — 0as R — 0. Since |¢| < IXI% for large |x| the right-hand side of (3.3)
has finite || |4« norm. Therefore, according to Propositions 2.1 or 2.2, (3.3) has a solution when
¥ = ¥ (¢) which we write as F'(¢). We shall show that F has a fixed point in the Banach space

X ={p e L2(®Y)/llpll < +o0)

equipped with the norm

2
lellx = sup [e(x)| + sup [x|7-T|p(x)].
xl<1 x1>1

For ¢ € X we will first establish a pointwise estimate for the solution v (¢) of (3.4). With this
we will find a bound of the || ||« norm of the right-hand side of (3.3).

Estimate for the solution of (3.4). Assume that ¢ € X. Then the solution v to (3.4) satisfies
[0 < (C8Y2lplix + Cslihllwe)lx =&Y forall [x —£] >3, (3.5)
and
[ ()| < Cs(llgllx + 1Al g)lx — 177 forall |x — & <3, (3.6)

where C is independent of §.
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We decompose i = 1 + ¥» where

Iim ¥q(x)=0 3.7

|x]—+o00

{ Ay — Vi + p(l —o)wP 'y =1 —¢1)Vag inRY,

and

iAI/fz—VMﬁz-l-P(l —)wP W =(1—-¢)h inRY, 38)

lim ¥ (x) =0.

lx|—+
Then the solution ¥ to (3.7) satisfies

[y ()| < C8VPllgllxlx —&[FN forall [x — &| >, (3.9)
where C is independent of §. For this, first we derive a bound for the solution 1} to

— AVt = Xy Valel inRN,
lim ¥ (x)=0.

|x|—4o00

Let ¥ (y) = ¥1 (€ + 8y), which satisfies the equation
7 _ 2 2 (%Y . N
—AY =850 PV lot +8y)| inR

and using that V (x) < C|x|~2 and that |¢| < C|l¢| x in Bas(&) we obtain
—AY <Cxpllelixlyl iRV,
Hence
7 2-N
v (| < Clielxlyl forall [y| >1
and this yields
[P10)] < 8" lpllxlx &N forall [x —&| > 6.

This estimate implies (3.9).
On the other hand, comparison with v(y) = |y|™ shows that

[ ("] < Cllplixlyl™ forall |y| <1
which yields

[V1(x)| < Csllgllx|x —&177 forall |x —&| < 6.
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This inequality implies
|1 ()] < Csllglixlx —&177  forall |x — | <.

Finally, a similar computation shows that

[¥2(0)] < Csllhlwelx — €177 forall |x — & > 8
and

[¥2(x)| < Csllhllwxelx —&|77 forall |x —&| <6,

Estimate of ||Cow? ™ ¥ () || +«. We write for simplicity ¢ = 1/ (). We have
lcow? |, < C8Y2llix + Csllllne. (3.10)

with C independent of A and §.
Indeed,

—1 —1 2420 —1
lgow? = ||, = sup gow? ||+ sup |x|7 7T gow? ).
lx[<1 [x[>1

Since ¢p(x) vanishes for |x — &| < R we have by (3.5)

sup cow” Y| < C8N 2 l@llx + Cllhllex
[x|<1

where the constant C does not depend on §. Similarly by (3.5)

242 _ _
sup X" 7T gow” | < C8V 2@l + Collhll -
[x|>1

Estimate for ||£1V).¢| ««. Let us consider first

_ x—&
sup [x[*H7 a1 Vilgl < llgllxA™  sup V (T)
lxIs1 IXISL, |x—§128

5 5 5\ o
< llellxal - sup Ix =& <llelixal ~ )87,

A<, lx—g1>8 A
where

a(R)= sup |x[*’V(x), a(R)—0 asR— +oo.
lxI>R

Similarly

242 - 1
sup x| 7T Vilel < [lollx8 261(—)-
x|>1 A
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Thus, we find

B 8
121 V3@llss < Cllg]l4 2“<X)' (3.11)

By Propositions 2.1 and 2.2 we know that, given ¢ € X, the solution F(¢) to (3.3) where ¥ =
¥ () satisfies

IF@)|, < Clleow? v, + ClIici Vi@l + CllEi Al

But since the right-hand side of (3.3) is bounded near the origin, from standard elliptic estimates
we derive

|F@)] x < Clleow” ¥, + ClE1Vagllss + CllE1A] .

From (3.10) and (3.11) we have

)
|Fo1) — Fla) | < C(aN—2 + 6—2a(;>> g1 — @2llx.

By choosing and fixing § > 0 small we see that for all A > O sufficiently small F has a unique
fixed point ¢ € X. Moreover, letting ¥ = 1 (¢), we see thanks to Propositions 2.1 and 2.2 and
estimates (3.10) and (3.11) that ¢ satisfies

_ _ 1)
||¢||x<c(aN 248 20<X>>|l<ﬂllx+C5||h||**,g,

which yields
lollx < Cllhllxg
for A > 0 small. This and (3.5), (3.6) then show that ¢ = ¢ + i is a solution (3.1) satisfying
@l < Cllhllixe. O
4. Proof of Theorem 1
By the change of variables )»_%u@) the equation
Au—Vu+u?=0 RV,

is equivalent to

Au—Viu+u? =0 RV,

where

V,(x) :r%(%).

Thus V) is as in the previous section with £ = 0.
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Let us look for a solution of the form u = w 4 ¢, which yields the following equation for ¢
Ap = Vip+ pw’~'dp = N(@) + Viw
where
N(@) =—w+¢)! +w? + pw’'¢. 4.1

Using the operator 7, defined in Proposition 3.1(a) we are led to solving the fixed point
problem

¢ =T, (N (@) + Vow). 4.2)
We claim that
IViwllss,0— 0 asir— 0. 4.3)

Indeed, let R > 0 and observe that

_ X
sup X277V () w(x) <A [|wllze sup |x|2+"V(—)
k<1 lxI<1 A

grzuwnm( sup .-+ sup )

[x|<RA RAL|x|<1
But
7% sup |x|2+“v(f><A"R2+"||V||Loo (4.4)
x|<R2 A
and
A7 sup |x|2+f’V<’—C) <a(R) sup |x” <a(R), 4.5)
RA<IxI<I A RA<IxII
where
a(R) = sup |x|2V(x).
[x|=R
On the other hand,

2
sup X177 T w(x) Vi (x) < CA~2 sup |x|2v<f>
x| >1 x| >1 A

1
< Ca(x). (4.6)
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From (4.4)—(4.6) it follows that

1
[Viwllx,0 < C(A"RZ’L‘7 +a(R) +a<x>>'

Letting 1. — 0 we see

limsup | Vi w|lsx,0 < Ca(R),
A—0

and, since a(R) — 0 as R — 400, we have established (4.3).
We estimate N (¢) depending on whether p > 2 or p < 2.
Case p > 2. In this case, since w is bounded, we have

IN(O| < C(t? +111P) forallr e R.
Since
lp()| <Ix[™7llgllo forall x| <1

and working with |[¢]l+0< 1,0 <0 < %, we obtain

sup |x*F7 [N (@) < Cligl2o sup x>~ +Cligll” , sup [x|>~ P~ Do

)

NN lxI<1 lxI<1

<Clgli3 . (4.7)

On the other hand,

2
|p()| < Clx|" 7 T|pllx0 forall x| >1

and
wx) < C(l + |x|)_% for all x e RV,
so we have
lﬁgm”fﬂN@uM<cwﬁﬂ .8)

From (4.7) and (4.8) it follows that if p >2 and 0 < o < % then

IN@)| ..o <CIBIL . (4.9)
Case p < 2. In this case |N(¢)| < C|¢|? and hence, if 0 < o < %

sup [x[**7|N(¢)| < C sup [x|**7|p|” < ClollY . (4.10)
lx|<1 [x|<1
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Similarly

242 242
sup |x[*F 7T N ()| < C sup [x*T 7T |p(x)]”
[x|>1 lx|>1

< CllgllL o 4.11)
From (4.10) and (4.11) it follows that forany 1 < p <2 and 0 < o < ﬁ
IN@)|,, 0 <CligllL . (4.12)
From (4.9) and (4.12) he have

IN@) o <CUIBIZ 0+ 1917 )- (4.13)

We have already observed that u = w; + ¢ is a solution of (1.2) if ¢ satisfies the fixed point
problem (4.2). Consider the set

F={¢:R" > R/l¢ll+0 < p}.
where p > 0 is to be chosen (suitably small) and the operator
A@) =Ti(N(9) + Vaw).

We prove that A has a fixed point in F. We start with the estimate,

[AD], o < C(IN@),, o+ IVawliso)
<C(lpl3.0+ 1112 o+ IVawllax,0)
by (4.13). We can obtain a right-hand side bounded by p by choosing p > 0 small independent

of A and then using (4.3). This yields A(F) C F.
Now we show that A4 is a contraction mapping in F. Let us take ¢1, ¢ in F. Then

| A@D =A@, o <C|N@) = N @), o (4.14)

Write
N($1) — N(¢2) = DgN($)(d1 — $2),
where qS lies in the segment joining ¢; and ¢». Then, for |x| < 1,

[xPF7 [N ($1) — N(#2)| < [xI*| DgN (@) |ll61 — h2ll+.0,

while, for |x| > 1,

7T [N @) = N (@) < P DgN @)l = 2l
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Then we have
IN@) = N@)|,,,<C sup(|x| |DsN@)|) 161 — ¢2llx.0- (4.15)
Directly from the definition of N, we compute
DsN(¢) = p[(w+¢)P~" —wP™'].

If p>2and 0 <o < 527 then

lx?|DgN ()| < ClxPwP 2| (x)|

C(ll$1ll,0 + lId2ll4,0) < Cp forall x. (4.16)

Similarly, if p <2 and 0 < o < % then

|x|2|D¢;N<qS>| < C|x|2|<13(x>|”‘1
272 (1017 + llg2ll?y") < CoP! forall x. (4.17)

Estimates (4.16) and (4.17) show that

sup(Ix[*| DgN (@)|) < C(p + p"71). (4.18)

Gathering relations (4.14), (4.15) and (4.18) we conclude that 4 is a contraction mapping in F,
and hence a fixed point in this region indeed exists. This finishes the proof of the theorem.

Remark 4.1. We observe that the above proof actually applies with no changes to the case %*2 <

P<% 3 pr0v1ded that V is symmetric with respect to N coordinate axis, namely
Vixi,..ooxiy.oo,xy)=V(x1,...,—x;,...,xy) foralli=1,...,N.

In this case the problem is invariant with respect to the above reflections, and we can formulate
the fixed point problem in the space of functions with these even symmetries with the linear
operator defined in Proposition 2.2. Indeed, the orthogonality conditions (2.6) are automatically
satisfied, so that the associated numbers ¢; are all zero.

=

N+2 < N+
S. The case 5 < p< =3

Because of the obstruction in the solvability of the linearized operator for p in this range, it
will be necessary to do the rescaling about a point £ suitably chosen. For this reason we make

2
the change of variables A~ P=T u(%) and look for a solution of the form u = w + ¢, leading to
the following equation for ¢:

Ap —Vigp+ pwP~'p = N(®) + Vaw,



178 J. Davila et al. / J. Differential Equations 236 (2007) 164—198

Vi (x) =/\—2v<$>

and N is the same as in the previous section, namely

where

N(¢) = —(w + )’ +w? + pw’~'¢.

We will change slightly the previous notation to make the dependence of the norms in o
explicit. Hence we set

161 = sup |x—&7|p()|+ sup |x—&7T

x—§I<1 lx—§1>1

IR, = sup [x— &2 h(o|+ sup | — 7T ).
|_$\ |X—E 1

In the rest of the section we assume that

N +2 N +1
<p< .
N-=-2 N -3

The case p = N 'H can be handled similarly, with a slight modification of the norms where it is
more convenlent to define

1612 = sup |x —&[%|p(o)] + sup |x—s|

‘X_ I\ x

2
A1, = sup v =P [he|+ sup |x —EPTTTR(x)|
)C*%'\ |)C7 |/

for some small fixed @ > 0, see Remarks 5.3 and A.1.

Lemma 5.1. Let %% <p< x—% and V satisfy (3.2) and A > 0. Then there is ey > such that
for |&| < A and X < g there exist ¢y, c1(A), ..., cn(A) solution to
N
Ap—Vip+pwPlo=N@) + Viw+ ) ciZi,
im1 5.1
Iim ¢x)=0
[x]—>+00

We have in addition

lPxlls,e + max |Ci()»)|—>0 as A — 0.
1<i<N

If V satisfies also

V(x)<Clx|™ forall x (5.2)
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for some > 2, thenfor0 <o < u—2,0 <N—-2
12112 < Cor”  forall 0 < i < eo. (5.3)

Proof. Similarly as in the proof of Theorem 1 we fix 0 < o < min(2, ﬁ) and define for small
p>0

={¢:RY > R/|¢]7) < p}
and the operator ¢; = A, (¢) where ¢, c1, ..., cy is the solution of Proposition 3.1 to
N
Ag1— Vi1 + pwP g1 =N@) + Vaw+ Y ciZi inRY,
i=1
lim |¢(x)| =0,
[x]—+o00

where N is given by (4.1).

Inthecasep}ZandO<o<i

= it is not difficult to check that
IN@, < g1 72)’
and for ¢, ¢ € F it holds

IN@) = N[, < Cpligr — 21}
Similarly, if p <2and 0 <o < % then

NI ©)? forallg € F
INI L, < C(Igl7:)" forallg e
and if ¢, ¢ € F then
(o) p—1 (0)
IN@D) = N@) | <Co"Higr = d2ll,%
We also have
IVawl s =o(1) asi—0.

*

Therefore, if p =2C||Vyw) ”ii?s then A4, possesses a unique fixed point ¢, in F and it satisfies

16212 < ClIVaw] (7, = o(1). (5.4)

Under assumption (5.2) and for 0 < 6 < u — 2 we can estimate ||V, w ||i* £ as follows:

sup |x—g|2+9,\2v<ﬁ>w(x)< sup ---4  sup
l—&I<1 A lx—&|<A r<|x—€I<1
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But

_ x—§
sup |x —&*T0% 2V<—>w<x)< IV oo lwll oo n?. (5.5)
lx—&|<A A

In the other case

.
sup  |x — s|2+9r2V(—g)w<x) <Cllwllger?  sup  |x —PHR
A<k—£I<1 A A<Ix—€I<1

<Cil. (5.6)

Finally

2 —
sup |x — s|2+wxzv<£>w(x) SCA2 sup xPH=CcA2 (5)
x—£[>1 A l—£]>1

and collecting (5.5), (5.6) and (5.7) yields
IVaw( %, < ca’. (5.8)
In order to improve the estimate of the fixed point ¢, we need to estimate better N (¢;,). First

we observe that ¢ is uniformly bounded. Indeed, the function u; = w + ¢, solves

N
Au;\—V,\u;\—i—uf:Zci()\)Zi inRY,
i=1 (5.9

Iim u;(x)=0.
|x]—+o00

For x with |[x — &| =1 u; (x) remains bounded because |¢, (x)| < C. Then a uniform upper

bound for u, follows from (5.9) and by observing that ||u)‘i7 Il 4 (B,) remains bounded as A — 0
for g > % In fact

/ui’q < wa"q +1ga 177 < C+Cf x| 7P dx < C
B By By

if we choose o > 0 small. Hence
lup(x)| < C forall |x —&| < 1. (5.10)
It follows from then that

|$1(x)| < C forall x. (5.11)
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We shall estimate ||¢k||,(k€,§ for a 6 > o. Since ¢, is a fixed point of A,,if 0 <6 < N
6 < u — 2 we have, by (5.8)

1612 = | A | <IN, +1vawl ()

sk, &
<C|N@| )+ A’
When p >2
IN@@)| < C(wP 2 +1917).
Then

sup |x — &N (g ()| < sup -+ sup
[x—¢[<1 [x—&|<A AL|x—¢I<1

Thanks to (5.11)
sup |x — &N (g (0)] < €227

[x—&|<A
and by (5.4)
sup  x— &P N(p)| <C(191))°  sup  x— g0
Agx—=§I<1 Agx—=§I<1
< C)Lmin(2+9,2<7)'
Using (5.4) again yields

sup PN (6 (0)] < C(lgnll 9P < Ca2

lx—&1>1
and from (5.15), (5.16) and (5.17) we deduce

IN@D ©) < cpmin(2+6.20)

%,
This relation and (5.12) imply

0 .
5. IIi)é < CAmin(®.20)

181

— 2 and

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

provided 0 <6 < N — 2 and 6 < u — 2. Repeating this argument a finite number of times we

deduce the validity of (5.3) in the case p > 2.
If p <2 instead of (5.14), using

IN@)| < Clgl?
we infer

[N ()| f*) , < CAmIn@H0.p9)

and the same argument as before yields the conclusion. O
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Proof of Theorem 2. We have found a solution ¢,, c{(A),...,cny(A) to (5.1). By Lemma A.4
the solution constructed satisfies for all 1 < j < N:

N
a
/ <Vx¢>/\ + Vaw + N () + Zcizi) %(y) =0.
i

BN i=1

Thus, for all A small, we need to find £ =&, sothatc; =0, 1 <i < N, thatis

Jw

[(VA(P)L-FV)LU)-{-N((?)\))g:O Vi< j<N. (5.18)
J

RN

Condition (5.18) is actually sufficient under the assumption, which will turn out to be satisfied in
our cases, that &, is bounded as A — 0 because, in this situation, the matrix with coefficients

ow
/zl-(y—aa—(y)dy
Xj
]RN

is invertible, provided the number Ry in the definition of Z; is chosen large enough.
The dominant term in (5.18) is

)FZ/V<¥> gw _,\—2/ V(§>w(x+é)%(x+é) (5.19)
]RN y] RN J

whose asymptotic behavior depends on the decay of V (x) as x| — +o0.
Part (a). Case V(x) < C|x|™#, u > N. In this case we have

X Jw N Jw N
[V(—)w(x+f;‘)—(x+$):k va(é)—(§)+o(k ) as A — 0,
A ax]' 8Xj
RN

where Cy = f]RiN V and the convergence is uniform with respect to |£| < 9. We obtain the
existence of a solution £ to (5.18) thanks to the non-degeneracy of O as a critical point of w2(&).
Furthermore, the point £ will be close to 0. Before we need to show that the other terms in (5.18)
are small compared to (5.19).

Indeed,
/ ‘N (¢a

In the case p > 2, by (5.3), we have

f‘ < (I19:17))° /|x—s|—2"<cw

B1(§) By (&)

:/...+ f

By (&) RN\B (&)
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and

0 4
/ ‘N«m)a—w c (1) / - <O
Xj

RN\B; (£) RN\ By ()

Choosing (N —2)/2 <o < min(N — 2, N/2) we obtain

Similarly, if p < 2 we have
R{ ‘

and taking (N —2)/p <o <min(N — 2, N/p) we still obtain (5.20).
In order to estimate the last term fRN Vo, g% in (5.18) we consider it together with (5.19).
J

=o(AN7?) asr—0. (5.20)

ow =0(A"7) asi—0,
aw/‘

Let u) = w + ¢,. We claim that there exist two positive constants ¢ < C, independent of A such
that

c<up(x)<C, xeBiE). (5.21)

A uniform upper bound for u; was already established in the proof of Lemma 5.1 in (5.10). We
now show the lower bound in (5.21).
Observe first that 1, solves

N

Au—Viu+u? =Y ¢;(M)Z; inRV. (5.22)
i=1
Consider the auxiliary function v defined by
) a(r + 1)1 if0<r <Ax
r)=
l+d(1—r—%) ifAA<r<]1,

where the choice of the parameters A, s, g, a, d, ¢ will be made shortly and » = |x — &].

Recall that V satisfies V >0, V € L2°(RY) and V (x) < C|x|™" where u > N. Actually it
will be enough for the next argument that u > 2.

We take first s so that

0<s <min(l, u —2).

Then choose a number A > 0 sufficiently large so that

sup [x|*V (x) < mm(i %)A“_z. (5.23)
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Next we take ¢ > 1 such that

g(@+N-2)= max(4||V||LOC(RN), (A+1)%sup |x|“V(x)) (5.24)
X
and then
A4
A DI A+ T+ LA - ASA))
A5 AS
- SATD Ay
We have
s N
d)AA
3

since s <1,g > 1. Then v is Clin By, v =1 on 3B, and a calculation shows that v satisfies for
A > 0 sufficiently small

—Av+k‘2v<§)v<0 in By. (5.25)

To see this when 0 < r < A, using )»_2V(’)—f) < A72|| V|| L, we estimate

—Av +k_2V<;>v =—aq(r +0)972(q+N —2) —i—)\_zV(;)a(r + )7
<a(r+ 10173 (—q(@+N =2) + 172Vl (r +1)%)
<a(r+ 177 (—q(@+N —2)+4||V| =) <0,

by (5.24). In the case A <r < AA we use )\_ZV(f) < CIAM 2| x|~ where C = sup, [x[*V (x).
We obtain

—Av+k_2V()L>v——aq(r+A)q 2(N-2- q)+r2v( )a(r+,\)q
<a(r+1)7%(—q(g+ N —2) + CiA*2r#(r + 1))
<ar+1)172(—q(g+N-2)+Ci(A+1)?) <0

thanks to (5.24).
Next, when AL <r < 1 we have
—Av+ A~ 2V< )v——ds(N 2—5)r T 4T 2V< )(1+d(1—ﬂ))

ASAS

1 S(N =2 —s)r 25 4 CiaA— 21

<—
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K
s <_s(N —2-9)A
4

< 32 (_S(N —2—5)AS
b 4

+ Cl)\u—Z—er-i-s—/t)
+ C1A2+S—M> g 0

by the choice of A (5.23).
Let x(r) = ﬁ(l —r?), so that

—Ax=1, x=0 ondBy,

and consider z = u; + (vazl lci)|IZill L) x. Then from (5.22) (5.25) we deduce that
) X .
—AZ+ ATV 3 z>0 in Bj.

The convergence ¢, — 0 as A — 0 is uniform on compact sets of RY \ {0} and hence u) — w
uniformly on the sphere d B;. Thus, by the maximum principle applied to the operator —A +
)\_2V(§) in By we deduce

1
)U in By,

N
W+ Y |1 Zilles >

i=1
for A small enough. Since v is bounded from below and ¢; (A) — 0 we see that
u) =>c in B (5.26)

where ¢ > 0 is independent of A.
Thus we get (5.21). Going back to (5.18) we set

Ff-”(s):H/ v(i)uk—(x+s)+/N<¢A)—(x+s>

RN

and F = (F", ..., F™). Fix now § > 0 small and work with |¢| = 8. Then from (5.20), (5.26)
and (5.10) we have for small A

(Fr(8).&) <0 forall |§]=36.

By degree theory we deduce that F), has a zero in Bs.
Part (b.1). Case limy|— oo (|x|* V (x) — f(IXI)) =0,where N— — <u <N, f#£0.

Remark 5.1. We note that 2 < N — %> < 3 when §%% < p < ¥+ Thus if 1 > 3 this condition
is satisfied.
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This situation is very different from the previous one. Here the main term of (5.18) behaves,
as A — 0,

AZ/VG)W%)?(H&)%”] |x|“f<i)w<x+s>a—w_(x+s).
Xj [x] ox;
RN

RN

Indeed, we have

G;(&) :=/< 2V< )¢A(x+s)+N<¢x)+AZV< )w(x+s>)—<x+s)
]RN
ZM_Zf S <| |>w<x+s>%(x+s>+o(k”‘2) (5.27)
J
RN

uniformly for & on compact sets of RV . This is proved observing first that

/‘N(d’x)—aw (X—i-é)‘ =0()J‘_2) ash— 0
Bwj
RN

uniformly for & on compact sets of RY, as follows from (5.20), for instance taking o = u — 2.
Using now (5.21), we have that

0
‘A—Z/VG)m(x)%(xH)dx

RN

< CAr—2H0 (5.28)

Indeed we see that

'rz / V(;—C>¢x<x+s>%(x+s>dx CA 2|11} / x| A dx
J

B (0) By (0)

< a2ty (5.29)

and

'Az / <>¢x(x)—(x+§)dx Ca 2117} / NEa =

RM\B; (0) RN\ B1(0)

< Ao,

Define now F to be given by

3 1
F (&) ::§/|x|_"f<|i—|>w(x+$)2dx.
]RN
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By the dominated convergence theorem

4

N 2/(p=1) T A
F@)—’8 g N P'/|y| "f( )’y+5’ +o(lgN ).

€]
RN
Similarly
~ 2/(p=1) 4 o ¢ |54
VF(%)-€=/3 (N—M——)IEIN“ p’l/lyl “f(i>‘y+—
2 p—1 Iyl €]
+o(lg" 7).
Therefore

VFE)-£<0 forall |§] =
for large R. Using this and degree theory we obtain the existence of & suchthatc; =0,1 <i < N.

Part (b.2). Case lim‘x|_>+oo(|x|NV(x) — f(é—l)) =0, where f #0.
In this case, we will have

G;é) :=/( 2V( )¢>A(X+é)+N(¢x)+)» 2V< )w(erE))a—(eré)
RN

2/ 2v< )u;\(x+§)7(x+§')+0()»1v %) (5.30)

RN

uniformly for & on compact sets of R,
Similar to part (a), we derive that for small fixed p

Indeed, for p > 0 small it holds
(Vw(&),&) <0 forall || =

Thus, for § > 0 small and fixed

y = sup(Vw(x +£),&) <0 forall |§] = p. (5.32)
xX€B;s
We decompose
/ _2V<)L)u;\(x)<Vw(x+E) £)= / ot /
RN Bs RN\ B;

where
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’,\—2 / V<;>uk(x+$)<Vw(x+$),$)dx < CAN2 / |~V x| 7T

RN\ Bs [x|=8

<CAN72, (5.33)

On the other hand, for R > 0 we may write
/X_ZVG)M()C +&)(Vw(x+§).§)= / et /
Bs Bs\Byr Byr
We have
/ V(§>uk(x + OV +8).8)= 0 (). (5.34)
Bir

Since, by (5.21), ¢ < up(x) < c; for all x € B1(§) where 0 < ¢1 < ¢, using (5.32) we obtain

x x
/ V(X)uk(x+$)<Vw(x+é),€><cly f V(X) (5.35)

Bs\B)r Bs\Bjr
But
/ v(Z)ax= / N (2 ) dx
A | x|
Bs\Bj.Rr Bs\Bjr
+ f |x|N<V<x)|x|N—f<|x—|))dx
X
Bs\Bir
and
N X 1
W7 (1 Jdx=toes [ 70 (5.36)
X
Bs\Bir SN-1

while given any ¢ > 0 there is R > 0 such that

/ IxI‘N<V(x)|x|N —f<|i—|>>dx‘ gslog%. (5.37)

Bs\Byr

From (5.33)—(5.37) we deduce the validity of (5.31). Applying again degree theory we conclude
that for some |£| < p we have G(§) = 0. This finishes the proof of the theorem. O

Remark 5.2. We remark that the above functional analytic setting could have also been applied
in the proof of Theorem 1, so that the continuum of solutions there found turns out to be a two-
parameter family, dependent not only on all small A but also on a point £ arbitrary taken to be
the origin.
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Remark 5.3. The proof of Theorem 2 in the case p = %—J_r; follows exactly the same lines with

the modified norms as explained at the beginning of this section. The argument works because

we assume here that V' has more decay, which implies that even with the modified norm, the
(o)

error ||V;Lw||**7§

converges to 0. Indeed, we have

2 X —
sup |x —&[FT +“A_2V< é>w(x) <CA2 sup |xFreH =Car2
li—&[>1 A &[>

provided o < o — 2.
Appendix A. Proofs of Propositions 2.1 and 2.2

Next we proceed to the proofs of Propositions 2.1 and 2.2.
Let (¢, h) satisfy (2.1). We write h as

h(x)=Y h(nO®), r>0, 08" (A.1)
k=0

where Oy, k > 0 are the eigenfunctions of the Laplace—Beltrami operator —A gv—1 on the sphere
SN=1 normalized so that they constitute an orthonormal system in L>(SV~1). We take @ to be
a positive constant, associated to the eigenvalue 0 and @;, 1 <i < N is an appropriate multiple of
‘)j{—"l which has eigenvalue A; = N — 1, 1 <i < N. In general, 1 denotes the eigenvalue associated
to @, we repeat eigenvalues according to their multiplicity and we arrange them in an non-
decreasing sequence. We recall that the set of eigenvalues is given by {j (N —2+ j) | j = 0}.

We look for a solution ¢ to (2.1) in the form

P(x) =) g (rOLO).

k=0
Then ¢ satisfies (2.1) if and only if
N—1 A
o+ —¢p+ (pwp_1 - —I;)qbk =hy forallr >0, forall kK > 0. (A.2)
r r

To construct solutions of this ODE we need to consider two linearly independent solutions zj x,
22,k of the homogeneous equation

N -1
r

A
oL+ é, + <pw1’—1 - r—’z‘)qsk =0, re(0,00). (A.3)

Once these generators are identified, the general solution of the equation can be written through
the variation of parameters formula as

o (r) =Z1,k(r)/zz,khkrN*1dr - zz,k(r)/m,khkrN*ldr,
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where the symbol | designates arbitrary antiderivatives, which we will specify in the choice of
the operators. It is helpful to recall that if one solution z;  to (A.3) is known, a second, linearly
independent solution can be found in any interval where z; x does not vanish as

2 (F) = 21.4(r) / ()2 N dr, (A4)

One can get the asymptotic behaviors of any solution z as » — 0 and as r — +00 by examining
the indicial roots of the associated Euler equations. It is known that as » — 400 rPwr)?P ' - B

where
g = 2 N2 2
p—1 p—1)

Thus we get the limiting equation, for » — oo,
r?¢" + (N = Dr¢/ + (pB — )9 =0, (A5)

while as » — 0,

r?¢" + (N — D)r¢' — e = 0. (A.6)
In this way the respective behaviors will be ruled by z(r) ~ r =" as r — 400 where p solves

p2— (N =2+ (pp— ) =0
while as r — 0 u satisfies

pP— (N =2)pu =y =0.
The following lemma takes care of mode zero.

Lemma A.1. Let k =0 and p > N+2 Then Eq. (A.2) has a solution ¢ which depends linearly

N2
on hg and satisfies
ligolls < Clino |- (A7)
Proof. For k = 0 the possible behaviors at 0 for a solution z(r) to (A.3) are simply
d~1 2y~

while at 400 this behavior is more complicated. The indicial roots of (A.6) are given by

N-2 1 5
MOiZTiE\/(N—Z) —4pB.
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The situation depends of course on the sign of D = (N — 2)2—4 pB. It is observed in [19] that
D > 0if and only if N > 10 and p > p. where we set

(N=22—4N4+8/N—1 .
Pe= (N=2)(N—10) if N > 10,

00 if N < 10.

Thus when p < p¢, o+ are complex with negative real part, and the behavior of a solution z(r)
as r — +o0 is oscillatory and given by

N2

Zry=0(r""7).
When p > p., we have o+ > no— > %
Independently of the value of p, one can get immediately a solution of the homogeneous

2
problem. Since Eq. (1.6) is invariant under the transformation A — A 7~Tw(Ar) we see by differ-
entiation in A that the function

zl’ozrw/—i— —w
p—1

satisfies Eq. (A.3) for k = 0. At this point it is useful to recall asymptotic formulae derived in
[19] which yield the asymptotic behavior for w. It is shown that if p = p,,

1
p=T 1 1
w(r):ﬂ - +a1 Ogr+0< Ogr>’ r > 400 AS)
= yHo— Ho—
where a; < 0, and if p > p,
BT ai 1
w(r) = g toas tol ) Ao (A9)

Using these estimates, and easily derived ones for w’, we get that as r — +o00

if p<pe |aom)|<cr'T, (A.10)
. _N=2

ifp=pes: z100r)=cr 2 logr(1+0(l)), (A.11)
if p>pe: zi0(r) =cr " (140(1)), (A.12)

where ¢ # 0.
Case p < p.. We define z2,o(r) for small r > O by

220() = 21.0(r) f Z10(s) 25N ds, (A.13)

0
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where rq is small so that z; ¢ > 0 in (0, r9) (which is possible because z; , ~ 1 near 0). Then z; ¢
is extended to (0, +-00) so that it is a solution to the homogeneous equation (A.3) (with k = 0) in

N-2
this interval. As mentioned earlier z2 o(r) = O(r~ 2 ) asr — 4-00.
We define

r r
o(r) =Zl,o(r)/Zz,ohosN_lds - zz,o(r)/m,ohoSN_lds,

and omit a calculation that shows that this expression satisfies (A.7).
Case p > p.. The strategy is the same as in the previous case, but this time it is more conve-
nient to rewrite the variation of parameters formula in the form

s

60(r) = —21.0(r) / Z10(s) 2N / 21o(@ho(m)TN dr ds,

0

which is justified because when p > p. we have zj o(r) > 0 for all » > 0, which follows from

2
the fact that A > AP-Tw(Ar) is increasing for A > 0, see [19]. Again, a calculation using now
(A.11) and (A.12) shows that ¢q satisfies the estimate (A.7). O

Next we consider mode k = 1.
Lemma A.2.

(@) Letk=1and p > %—J_“; Then Eq. (A.2) has a solution ¢1 which is linear with respect to h;
and satisfies

@1 1lse < Cll7ay [fese- (A.14)
(b) Let N >3 and N2 5<p< NH 3 (P> % Ni2 5 if N =3). If |||+ < +00 and

[e.e]

/hl(r)u/(r)r’v*‘dr:o (A.15)
0

then (A.2) has a solution ¢ satisfying (A.14) and depending linearly on h| (condition (A.15)
makes sense when p < N+1 and ||h1 ]| < +00).

Proof. (a) In this case the indicial roots that govern the behavior of the solutions z(r) as r —
400 of the homogeneous equation (A.3) are given by 1 = % +landupy =N-3— i. Since

2
we are looking for solutions that decay at arate r 7-T as r — 400 we willneed N —3 — ﬁ >
p —=7, which is equivalent to the hypothesis p > M . On the other hand the behavior near 0 of

z(r) canbe z(r) ~ r or z(r) ~r' =N,
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Similarly as in the case k = 0 we have a solution to (A.3), namely z; (r) = —w’(r) and luckily
enough it is positive in all (0, +00). With it we can build

r N
é1(r)=—z1(r) / z1(s) stV / 21O )tV de ds. (A.16)
1 0
From this formula and using p > %—fé we obtain (A.14).
2
(b) Since z1(r) < Cr 71 ! and p< % it is not difficult to check that z;2; TV ! is inte-

grable in (0, 4+00) if |1 ]|+« < +00. Thus, by (A.15) we can rewrite (A.16) as

o]

¢1(r)=Z1(r)/Z1(s)_2sl_N/zl(r)hl(r)rN_ldtds (A.17)
1

N

and from this formula (A.14) readily follows. O
Finally we consider mode k > 2.

Lemma A3. Let k > 2 and p > % If |hill«x < 00 Eq. (A.2) has a unique solution ¢y with

|||« < oo and there exists Cy > 0 such that

s < Crllgllss- (A.18)

Proof. Let us write L for the operator in (A.2), that is,
N-—1 A
Li¢p = ¢” + Td)/ + <pwp] — r—§>¢

This operator satisfies the maximum principle in any interval of the form (8, %), 8 > 0. Indeed

let z = —w’, so that z > 0 in (0, +00) and it is a supersolution, because
N—1-—x .
Liz= — < 0 in (0, +00), (A.19)
r

since Ax = 2N for k > 2. To prove solvability of (A.2) in the appropriate space we construct a
supersolution i of the form

1
¥ =Ciz+v, v(r) = 5 s
ro 4 rrT

where C is going to be fixed later on. A computation shows that

4 _2
Lkv=<2N—4——1—)\k)r T (14 0(1)), r— +oo,
p—
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and hence

Ly < —
p—1

Similarly
Liv= (02— (N =2)0 —k)r " 2(1+0(1)), r—0.
Therefore we may find 0 < R} < R» (independent of C1) such that
Liy <—r "%, r<Ry,
and

2p -2

Ly < —
p
Using (A.19) we find C large so that

2
Ly < —emin(r~ 72,777 7%) in (0, +00),

for some ¢ > 0.
For Ay with |||« < oo by the method of sub- and supersolutions there exists, for any § > 0
a solution ¢; of

1
Li¢ps =hy in (5, g),

1
¢s(8) = ¢s(§) =0

satisfying the bound

. 1
|ps| < CYrllhillss in <8, g)

Using standard estimates up to a subsequence we have ¢5 — ¢, as § — 0 uniformly on compact
subsets of (0, +00), and ¢ is a solution of (A.2) which satisfies

[pxl < CYrllhglls in (0, 00).

The maximum principle yields that the solution to (A.2) bounded in this way is actually
unique. O

We are ready to complete the proofs of Propositions 2.1 and 2.2.
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Proofs of Propositions 2.1 and 2.2. Let m > 0 be an integer. By Lemmas A.1, A.2 and A.3 we
see that if |||+« < oo and its Fourier series (A.1) has Ay =0 Yk > m there exists a solution ¢ to
(2.1) that depends linearly with respecto to 2 and moreover

Plls < ConllA

where C,, may depend only on m. We shall show that C,, may be taken independent of m.
Assume on the contrary that there is sequence of functions /; such that [|A ||« < oo, each A
has only finitely many nontrivial Fourier modes and that the solution ¢; O satisfies

ljlls = Cjllhjlls,

where C; — 400 as j — +o00. Replacing ¢; by ”(Z)ﬁ we may assume that [|¢;]l«+ = 1 and
I s+ — O as j — +oo. We may also assume that the Fourier modes associated to Ao = 0 and
A =---=Any =N — 1 are zero.

Along a subsequence (which we write the same) we must have

2 1
sup |x| 77T | (x)| = 5 (A.20)
|x|>1
or
- 1
sup |x]7|p; (x)| > <. (A.21)
Ix|<1 2

Assume first that (A.20) occurs and let x; € R with |x i1 > 1 be such that

Bl

2
lxj 17T | (xj)| =

Then again we have to distinguish two possibilities. Along a new subsequence (denoted the same)
Xj— Xo eRN or x| = +o0.

If x; — xo then |xo| > 1 and by standard elliptic estimates ¢; — ¢ uniformly on compact
sets of RV, Thus ¢ is a solution to (2.1) with right-hand side equal to zero that also satisfies
l¢ll« < +oo and is such that the Fourier modes ¢ = - - - = ¢y are zero. But the unique solution
to this problem is ¢ = 0, contradicting |¢ (xo)| = %.

~ 2 ~
If |x;| — oo consider ¢;(y) = |x;|7~T¢;(|x;]y). Then ¢; satisfies
Ad; +pwf_lq~5j=ﬁj in RV

2 ~ 2
where w; (y) = |x;|7Tw(|x;|y) and h(y) = |x./|2+ﬁh(|xj|y). But since [|¢; ||« = 1 we have

2

- _ 1
;| < Iyl 7T, |y|>m, (A.22)
J
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S0 ¢ ;j 18 uniformly bounded on compact sets of RN\ {0}. Similarly, for |y| > |x17

~ 2
;)| < Iy 27T 1w

and hence fzj — 0 uniformly on compact sets of RV \ {0} as j — +oo. Also w;(y) =

2 ~
Cp w1yl P~T uniformly on compact sets of RN \ {0}. By elliptic estimates ¢ ; — ¢ uniformly on
compact sets of RV \ {0} and ¢ solves

__2 .
Ap+Cpnlyl 7 Tp=0 inRY\{0}.
Moreover, since ¢ j (\%) > % we see that ¢ is nontrivial, and from (A.22) we have the bound
J

6| < Iy, Iyl >0. (A.23)
Expanding ¢ as
p)= Y (O (0)
k=N+1

(we assumed at the beginning that the first N + 1 Fourier modes were zero) we see that ¢y has
to be a solution to

N -1 —X
o + - ¢I/<+ﬂpr2 kq)k:O Vr>0, Vk> N+ 1.

The solutions to this equation are linear combinations of r% where a,j’ >0and a; < 0. Thus ¢
cannot have a bound of the form (A.23) unless it is identically zero, a contradiction.

The analysis of the case (A.21) is similar and this proves our claim. By density, for any & with
7)) 4+ < o0 a solution ¢ to (2.1) can be constructed and it satisfies |||« < C|lA ] 4.

The necessity of condition (2.6) is handled in the following lemma. O

Lemma A.4. Suppose ||h|« < +00 and that ¢ is a solution to (2.1) such that ||¢ ||« < 400. Then
necessarily h satisfies (2.6).

Proof. Let

¢1(r) = / ¢(r)e1(0)do, r=>0,

SN-1

and

hi(r) = / h(r0)©1(0)do, r>0.

SN—-1
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Then

” -1, p—1 N-1
ol + ¢, + [ pw?~' - — ¢1=h; forallr >0 (A.24)

2

and we know |¢1 (r)| < Cr »-T > 1,]¢1(r)| < Cr=? for 0 < r < 1. From elliptic estimates

2
we also know [¢](r)| < Cr™ 7-T— ! for r>1and |¢1(r)| Cr=~! for 0 < r < 1. Multiplying
(A.24) by w’ and integrating by parts in the interval [3, g] where § > 0 we find

1/8
( N— 1¢ w4+ V- 1¢] ) 1/8—i—/((rN_]w”)/—l—rN_](pwp_] _ N — 1>w/>¢)1
J r
1/8
= / Nl (A.25)
s
But w’ is a solution of (A.24) with right-hand side equal to 0 and hence, letting § — 0 and using
p < FEL we obtain

o0
0= [hlw’rN_l dr
0

which is the desired conclusion. O

Remark A.l. If p = % Proposition 2.2 and Lemma A.4 are still valid if one redefines the
norms as

||¢||*=|sup x| |¢(x)| + sup M=

[x1>1

2
|2l = sup |x|2+d|h(x)| + sup |x|p,1+2+a

lxI<1 x>

where o > 0 is fixed small. Indeed, in relation (A.25) the boundary terms still go away as § — 0

2
if h; decays faster than ¥~ 712" because in such a case the solution @1, a decaying solution
of Eq. (A.24), can be re-expressed for large r as

D) =cw' () + 0TI, g =cu'()+0( T

for a certain constant c. Let us also observe that formula (A.17) has the right mapping property
for the above norms provided that the orthogonality condition holds.
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