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1. INTRODUCTION

In this paper, we are interested in the space of solutions of some class of semilinear
elliptic equations which are defined in the plane R? (i.e. entire solutions) and whose
prototype is the Allen-Cahn equation

(1.1) Au+u—u’ =0.

Since we are in dimension 2, an entire solution of (1.1) which is strictly monotone
in one direction is known to depend only on one variable and, after a suitable rigid

motion, it has the form
x
ug(x,y) :=tanh [ — | .

This result, originally conjectured by de Giorgi, was proven in [9] by Ghoussoub
and Gui. In particular, the nodal set of a solution which is strictly monotone in
one direction is given by a straight line.

In [8], the authors of the present paper, together with J. Wei, have constructed
new examples of entire solutions of (1.1). Let us recall this result in more details
since it serves as a motivation for the present paper. For any k > 2, it is proven in
[8] that there exist solutions of (1.1) whose nodal sets are, away from a compact,
asymptotic at infinity to 2k-oriented half affine lines. Moreover, it follows from the
construction in [8] that these solutions are not isolated and in fact that they depend
on a finite number of continuous parameters. Beside these, other entire solutions
of (1.1) are known to exist. For example, solutions with dihedral symmetry have
been constructed in [7] (see also [2], [10] and [5]).

All these solutions share the same structure at infinity, namely, their nodal set
is, away from a compact, asymptotic to a finite number of oriented half affine lines.
Moreover, they tend to either &1 at infinity, away from a neighborhood of the nodal
set where they are asymptotic to suitable translated and rotated copies of +ug. In
the present paper, we analyze the structure of the space of all entire solutions of
(1.1) which, at infinity, are asymptotic to 2k copies of +uy (modulo the action of
some rigid motion). We show that, under some nondegeneracy assumption, this
space is a smooth manifold whose dimension is equal to 2k, in agreement with the
number of degrees of freedom which are available in the construction proposed in
[8]. We also prove that the solutions constructed in [8] are smooth points in this
space.

1.1. The heteroclinic solution. We start with a brief review of the material

which is necessary both for our analysis and for a precise statement of our results.

We assume that we are given a double well potential F. Namely, a function F' which
1
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is even, at least of class C?, is positive and which has only two zeros at the points
+1. We further assume that the zeros of F' are nondegenerate minima. Hence,

F(t) >0 forall t#+1, F(£1)=0,
(1.2)
F'"(£1) #0 and F(t)=F(-t) forall teR.

It is convenient to define
a:=+/F"(£1).

The unique solution of
(13) ﬂo*F/(Uo) :0,

which tends to —1 as x tends to —oo, tends to 4+1 as x tends to 400, and which is
equal to 0 when z = 0, is called the heteroclinic solution (here - denotes differenti-
ation with respect to the variable x). It is given implicitly by the identity

uo(@) g
=), V()
which follows from the fact that
(1.4) a2 — 2 F(ug) = 0.
Observe that this last equality also implies that the function uy is strictly increasing.

Example 1.1. A typical (or classical) example is the one where the function F is
given by

1
(1.5) F(#) = 3 (1),

in which case we have explicitly

uo(z) = tanh <\%> .

Remark 1.1. For the sake of simplicity, we have assumed that the function F
is even. Most of the results and technics of the present paper do not require this
assumption but, since notations become quite involved in the general case, we have
chosen to restrict our attention to the case where the potential F' is an even function.

We collect some basic information about the spectrum of the operator
L:=-92+ F"(u),
which arises as the linearized operator of (1.3) about ug and which is acting on

functions defined on R. All the information we need is included in the :

Lemma 1.1. The spectrum of the operator L is the union of a finite or possibly
infinite number of eigenvalues (f1;);>0

po=0< g < .o < fiy < - < a? = F"(£1),
and the continuous spectrum which is given by [a?, 00).

Proof. The fact that the continuous spectrum is equal to [a?,c0) is standard. The
fact that the bottom eigenvalue is 0 follows directly from the fact that the equation
for ug is autonomous and hence the function 0,ug is in the L?- kernel of L. Since
this function is positive, it has to be the eigenfunction associated to the lowest
eigenvalue of L. Finally, the operator L is of limit-point type from which it follows
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that the sequence of eigenvalues is strictly increasing (we refer to [6], [3] or [23] for
more details). O

Remark 1.2. The number of eigenvalues of L included in [0, a?) might be finite or
infinite. For notational convenience, in the case where the sequence of the eigen-
values of the operator L included in [0,a?) is finite equal to po < py ... < pin, we
agree that pj == o2, for all j > n+1. With such a convention, the sequence (11;);>0
is defined for all 7 > 0 and, if we define the Rayleigh quotient

/ (|020]” + F" (ug) v*) da
R

/’UQd.T
R

the values of the sequence (u;)j>o coincide with the values of

S inf R : L , Vw € E ’
dimuEp:i ve}:I[ll(]R) { (U) vVLlr2zw w }

R(v) :=

as v > 0 varies.

Example 1.2. In the case where the nonlinearity is given by (1.5), the spectrum
of L is explicitly known. The eigenvalues are given by

1

coshz(%)7

o =0, with associated eigenfunction wo(x) =

and

3 sinh(-%)
w1 = =, with associated eigenfunction wq(x) = 27‘/37
2 cosh™(75)
while the bottom of the continuous spectrum is a® = 2. For a proof of this fact, we

refer to [20].

We denote by II; the L?(R)-orthogonal projection over the j—th eigenspace of
L. Since the eigenspace associated to the eigenvalue 0 is spanned by the function
Jzup, we have the explicit formula

(1.6) Mo(w) = —— (/Razuowdx> Dto.

~ [10zuoll7

2. STATEMENT OF THE RESULT

In this paper, we are interested in the space of a special class of solutions of the
equation

(2.1) Au—F'(u) =0,

which are defined in R?. For example, given r € R and a unit vector e € S, we

can define

L—T),

where | denotes the rotation of angle 7/2 in R?. Clearly u is a solution of (2.1) and
this reflects the invariance of (2.1) under the action of the group of rigid motions
of R?. We say that u are the model solutions whose nodal set is the affine line

u(x) :==up(x-e

sr—>rel+se.
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The class of solutions we are interested in are solutions of (2.1) which are defined
in the entire space and whose nodal set is, away from some compact, the union
of 2k curves which are asymptotic to 2k-oriented half affine lines. Moreover, as
one goes to infinity along one of these half affine lines, the solution converges to
one of the two model solutions with this affine line as nodal set. We make this
definition quantitatively precise in the next paragraph. In any case, the set of
all such solutions is denoted by Moy, and the main result of this paper asserts
that, under some nondegeneracy assumption, the set Moy is a smooth manifold of
dimension 2k. This is a nontrivial fact : observe that in principle each of those
half-lines are determined by 2 parameters, thus yielding a total of 4k parameters.

2.1. Geometric description of the solutions. As promised, we give a precise
description of the solutions we are interested in. This requires some preliminary
definitions. At the heart of the description of the nodal set of the solutions is the
set A of oriented affine lines in R?. Any element A\ € A can be uniquely written as

A:=re’ +Re,

for some r € R and some unit vector e € S*, which defines the orientation of the
line. Recall that we denote by L the rotation of angle 7/2 in R2. Clearly, A is
diffeomorphic to R x S* and writing e = (cos 6, sin ), we get local coordinates (r, )
in A. Observe that the affine lines are oriented and hence we do not identify the
line corresponding to (r, ) and the line corresponding to (—r, 8 + 7). There is also
a natural symplectic structure on A which, in these local coordinates, is given by

w :=dr Adf.
Note that the map J defined by
Jag = —37n and J@r = (9.9,

(which corresponds to the rotation by 7/2 in the tangent space) induces an almost
complex structure on A. This map, together with the 2-form w induces the natural
metric on A

g = dr® + do>.

More generally, for all k¥ > 1, let us denote by AF" the set of k'-tuples of ori-
ented affine lines in R?. This set is clearly diffeomorphic to R*¥ x (S)* and,
again, there exists a natural symplectic structure on A which, in local coordinates
(ri,..., 7%, 01,...,0k), can be written as
(22) W i=driy ANdO1 + ...+ dr A dBy.

The almost complex structure and the metric on A¥" can be introduced in the same
way this was done for A.
We have the definition :

Definition 2.1. A k'-tuple of oriented affine lines A = (A1,...,\p/) € AF s said
to be ordered if each A; can be written as
(2.3) Aji=7; ejL +Rey,
for some r; € R and some unit vector e; € S which can be written as e =
(cosfj,sinb;) with

01 <0y <...<Op <2m+ 6.
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We denote by A(’f;d the set of k'-tuples of ordered, oriented affine lines and we denote
by
1
0y = By min{92 —01,...,0 —Op 1,270+ 0, — Gk/},
the half of the minimum of the angles between any two consecutive oriented affine

lines A, ..., A\pr.

Assume that we are given a k’-tuple of oriented affine lines A = (A\q,..., A\x) as
in (2.3). It is easy to check that for all R > 0 large enough and for all j = 1,..., %/,
there exists s; € R such that :

(i) The point x; :=r; ejl + s; e; belongs to the circle 0Bg, with R > 0.

(ii) The half lines
(2.4) )\j =x; + Rt e,

are disjoint and included in R? \ Bg.

(iii) The minimum of the distance between two distinct half lines \;” and )\;r is
larger than 4.

The set of half affine lines \], ..., /\ﬁ, together with the circle dBg induce a
decomposition of R? into k&’ 4 1 slightly overlapping connected components

R2=QuoUQ U...UQy,
where
Qo := Bpy1,
and where, for j =1,... &,
(2.5)
Q:i={xeR®: [x[>R—1 and dist(x,A\]) <dist(x,\[) +2, Vi#j},

where dist(x, \;) denotes the distance to )\j. Observe that, for all j = 1,... &,
the set €; contains the half line )\;".

We define Iy, 1,...,I;, a smooth partition of unity of R? which is subordinate
to the above decomposition of R?. Hence

&

=0

and the support of I; is included in Q;, for j = 0,...,k". Without loss of generality,
we can also assume that Iy = 1 in

Qp := Br-1,
and I; =1 in
Q:i={xeR®: x| >R+1 and dist(x,A\]) <dist(x,\[) =2, Vi#j},
for j =1,...,k'. Finally, we assume that
1L ]lc2(r2) < C-
We now take k' = 2k, for some k > 1 and
A= (A1, dap) €A%
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we write A} = x; + RT e; and we define

2k

(2.6) uy = Y (=17 L ug(dist™ (-, Ay)),
j=1

where

(2.7) dist®(x, Aj) == (x — %) ej‘,

denotes the signed distance from a point x € R? to ;.

Observe that, by construction, the function u) is, away from a compact, as-
ymptotic to copies of the model solutions whose nodal set are the half affine lines
D )\;rk. A simple computation shows that u) is not far from being a solution
of (2.1) in the sense that Awuy — F’(uy) is a function which decays exponentially
to 0 at infinity (this uses the fact that 65 > 0).

We are interested in solutions of (2.1) which are asymptotic to a function uy for

some choice of \ € Ag’:d. More precisely, we have the :

Definition 2.2. Let Sy, denote the set of functions u which are defined in R? and
which satisfy
(2.8) u—uy € W22 (R?),
for some X € Aifd. We also define the decomposition operator J by
J: Sa — W2Z2(R2) x A%

ord
u (u—ux,A).

The topology on Sy is the one for which the operator J is continuous (the target
space being endowed with the product topology). We define Moy to be the set of
solutions w of (2.1) which belong to Say.

The existence of the heteroclinic solution ug shows that My is non empty. In-
deed, it is enough to consider

uw(x) = ug(x - et —7),

for any unit vector e and any r € R. As we already discussed in the introduction, the
result of [8] provides infinitely many solutions of (2.1) whose nodal set decomposes
into 2k nearly parallel half lines in the case where the potential F' is given by (1.5).
This result, together with the results in [7] and [2], imply that May # @ for any
k > 1. Investigation of the structure of My is then a natural question. In our
opinion, the questions which are relevant are the following :

(1) Is the space Mgy a smooth submanifold of Sy ? If so, what is the dimension

of Moy, 7

(2) There exists a natural map
P Mgk — A%ﬁda
defined by
(2.9) Pu) == A,

if u—uy € W22 (R?). What can be said about this map ? Is it surjective
? If not, can one characterize its image 7 In other words, what sets of half
affine lines are asymptotic to nodal sets of solutions of (2.1) ?
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2.2. The results. We keep the notations introduced above. Given k£ > 1 and
A= (A1, dap) € AR
we write /\;' =x;+R"e; asin (2.4). We denote by €y, ..., Qs the decomposition
of R? associated to this 2k-tuple of half affine lines and I, ..., Iy the partition of
unity subordinate to this partition. Given 7,0 € R, we define a weight function
I', s such that
I, s(x)~1,
in Qg and, for j =1,...,2k,
T, 5(x) ~ e (coshr)°.
in Q;, where we have writen
X = Xj Jrrej‘ + sey,

for some r € R and s > 0 (observe that (r,s) are local coordinates which are well
defined in each ;). As usual, the notation f ~ g means that there exists some
constant C' > 1 such that

1
¢ gl =1f1=Clgl.
The explicit definition of the weight function I'; 5 is given by

2k
(2.10) T, (%) = Io(x) + Z I (x) €7 575 (cosh((x — x;) - 1))’

so that, by construction, « is the rate of decay or blow up along the half lines /\;r

and ¢ is the rate of decay or blow up in the direction orthogonal to )\j.
With this definition in mind, we define the weighted Lebesgue space

(2.11) L2 5(R?) :=T, 5 L*(R?),
and the weighted Sobolev space
(2.12) W23 (R?) := Ty s W22 (R?).

Observe that, even though this does not appear in the notations, the partition of
unity, the weight function and the induced weighted spaces all depend on the choice
of A € A2k,

Our first result shows that, if u is a solution of (2.1) which is close to uy (in
W22 topology) then u — uy tends to 0 exponentially fast at infinity.

Theorem 2.1 (Refined Asymptotics). Assume that u € Sayi, is a solution of (2.1)
and define A = P(u) € A**, so that

ord’
u —uy € W*%(R?).

Then, there exist § € (0,a) and v > 0 such that

(2.13) u—uy € W2 _(R?).
More precisely, 6 > 0 and v > 0 can be chosen so that
(2.14) ~v € (0,/p1), V2 +6% < o? and o> 0 4y cot by,

where 0y is equal to the half of the minimum of the angles between two consecutive
oriented affine lines A1,..., Aag (see Definition 2.1).
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In particular, this implies that, given u € May, there exists § > 0 such that
T (u) € e O W22 (R2) x A2

ord*

It will be clear from the proof of this result that more is true. Namely, the choice
of § can be made uniform in any neighborhood of © € May, in Sai,. More, precisely,
given u € Moy, there exists d,, > 0 and there exists a neighborhood U of u in Sog
such that )
J: UNMa, — e 0T W22(R2) x A2k,
U — J u,
is well defined and continuous (observe that continuity of this mapping is not a
straightforward consequence of the definition of 7).
Before we state the next result, we have to introduce the notion of nondegeneracy

in this context.

Definition 2.3. A function u € Mgy is said to be nondegenerate if the linearized
operator

—-A + FH(U)’
1s injective in the space L%%é (R?), for some v € (0, VH,) and some § € R satisfying

2462 < a?

As already mentioned, the existence of a family of solutions of (2.1) which belongs
to Mgy, is guarantied by the result in [8], for the equation

(2.15) Au+u—u’=0.

We prove in §9 that the solutions obtained in [8] are nondegenerate, this implies
that :

Proposition 2.1. In the case where the nonlinearity is given by F(u) = +(1—u?)?
(and the equation is given by (2.15)), for each k > 1, Moy contains nondegenerate
elements.

For the sake of simplicity, when proving Proposition 2.1, we restrict our attention
to the special nonlinearity

Flu) = 70— 2,

since the existence of solutions is proven for this special nonlinearity in (2.15). The
method used in [8] extends in a straightforward manner to nonlinear equations of
the type (2.1) and hence, it can be shown that for general nonlinearities, Mgy, also
contains nondegenerate elements.

Checking whether a given solution is nondegenerate or not is a hard problem.
For example, in [7], a solution that belongs to My is built for the nonlinearity (1.5).
Since its nodal set is the union of two perpendicular lines it is known as the saddle
solution. The proof of the fact that this solution is nondegenerate is given in [14].

The second result of this paper is the following :

Theorem 2.2 (Dimension of the moduli space). Assume that u € Myy is nonde-
generate. Then, in a neighborhood of u in Sai, the set of solutions of (2.1) is a
smooth manifold of dimension 2k.

Near any nondegenerate elements of Myy, we also have some information about
the mapping P.
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Theorem 2.3. Assume that u € Moy is nondegenerate. Then, there exists an
open netghborhood of u in Sax, whose image by P is a Lagrangian submanifold of
A2k for the symplectic structure defined in (2.2).

Geometrically the meaning of the mapping P is clear : Given any solution
u € Moy, P(u) € A?* corresponds to the choice of 2k oriented affine lines which
determine the asymptotics of the nodal set of w at infinity. Theorem 2.2 and The-
orem 2.3 show that there is in reality less freedom than what might be initially
expected in selecting the half lines which are the asymptotes of the nodal sets
of the solutions of (2.1). Indeed, at regular points of Moy, the image of P is a
2k-dimensional submanifold of A%* which is 4k-dimensional.

Observe that the image of P is naturally constrained. In fact, if u € My, and

P(u) = ()\17-‘-3)\2k)7
with
/\j zrjejl—HRej,

it follows from [10] that

(2.16) > ej=0.

Moreover, pushing further the analysis in [10], we can also prove that

2k
(2.17) > rp=o.
j=1

We refer to these equalities as the balancing formule for the Allen-Cahn equation
and, for the sake of completeness, we give a simple proof of these equalities in
Appendix A. Observe that (2.16) implies that the angle between two consecutive
half lines is always less than or equal to w and that it can only be equal to 7 when
k = 1. Therefore, if u € My, and A\ = P(u), we always have

OSQ)\STF/Q

The proofs of our results follow from the application of the implicit function
theorem in a suitably designed weighted function space. The results and the argu-
ments are very much in the spirit of what has already been done in the study of the
moduli spaces of complete non compact constant mean curvatures surfaces in Eu-
clidean space or complete constant scalar curvature metrics in conformal geometry

[15], [18] and [17].

2.3. Comments and open problems. The previous results raise some interesting
questions and comments. The barrier construction in [7] generalizes to yield, for
each k > 2, a solution with dihedral symmetry whose nodal set is given by the
union of the oriented half lines

)\;r = R* (cos(jm/k),sin(jr/k)),

for j =1,...,2k. These solutions whose existence is proven in [2], [10] and [5], are
referred to as k-th saddle solutions. In [14], it is proven that the saddle solution is
nondegenerate when k = 1. Is it true that, for each k > 2, the k-th saddle solutions
are nondegenerate in the sense of Definition 2.3 7
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Proving this type of result would provide a strong evidence that, given k > 2, the
solutions with k nearly parallel nodal lines constructed in [8], and the k-th saddle
solutions belong to the same connected component of Moy.

Obviously, (2.1) is invariant under the action of translations and rotations of
the plane. When k = 2, Theorem 2.3 implies that, near any nondegenerate ele-
ment, Moy is 4-dimensional, but rigid motions already yield 3 degrees of freedom,
therefore, there is only one free parameter which does not come from the action of
rigid motions. This is in agreement with the result in [8], where solutions of (2.1)
which are even under both the symmetry with respect to both the x-axis and the
y-axis are constructed. It is proven in [11] that all elements of M, are even with
respect to two perpendicular lines. When k& = 2 one should be able to prove that
My has only one connected component (we agree that we identify the components
corresponding to u and —u). Let us mention that, when k > 3, solutions without
any symmetries have been constructed in [8].

There are no example of two distinct solutions of (2.1) whose nodal sets are
asymptotic to the same set of half affine lines at infinity. Is it true that the mapping
P is injective 7 Assuming that any element of Moy is nondegenerate, the image
of My, by the mapping P would then be an embedded Lagrangian submanifold in
AZF,

Finally, to end this introduction, we briefly describe the plan of the paper. We
start in §3 with the analysis of the mapping properties of family of second order
linear operator

L¢ = =07 + F"(uo) — (7,

which depend on a complex parameter ¢ € C. Here —02 + F”(ug) is the lin-
earized operator about the heteroclinic solution ug. This analysis reduces to the
analysis of a second order linear ordinary differential equation which is standard.
However, the original feature is that this operator is acting on weighted spaces
(cosh ) W22(R,C). Depending on ¢ € C and § € R, we study the surjectivity
and injectivity properties of L. We also provide some estimates for the inverse of
this operator (when it is well defined).

The analysis of §3 together with Fourier analysis, allows us to derive in §4 the
mapping properties of

L:=—-A+ FN(UO),

which is the linearized operator about the model solution. Again, we are inter-
ested in the mapping properties of £ when it is acting on the weighted space
e (cosh ) W22(R?), where 6,7 € R. The main result is the selection of the
range of weights § and - for which the operator is an isomorphism. This section is
concluded by what is usually referred to as the Linear Decomposition Lemma. In
essence, it states that, if Lw = v where both w and v belong to weighted spaces
and if v belongs to a smaller weighted space then, the function w as a nice decom-
position at infinity. This section parallels the corresponding analysis for some class
of elliptic operators defined on manifolds with cylindrical ends which is done in [16]
(see also [22] for a concise exposition of some of these ideas).

In §5, we use the results of the previous section to extend this analysis to the

analysis of the operator

£:=—-A+ F"(u),
where u is any element of My, Again we define appropriate weighted space and
study the mapping properties of the operator £ acting on these spaces. Roughly
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speaking the weighted spaces are obtained by gluing together the weighted spaces
defined in §3 along each end of u. Again, we identify the range of weights for which
£ is Fredholm. In the next section, §6, we derive a Linear Decomposition Lemma
for the operator £.

In §7, we prove the Refined Asymptotics Theorem (Theorem 2.1). The proof
makes extensive use of the Linear Decomposition Lemma together with a scaling
argument which is originally due to L. Simon in a different context and which was
used in [12].

Finally, in §8, we set up the correct framework in which the implicit function
theorem can be applied to prove Theorem 2.2. Again, the linear analysis of §5
and the Linear Decomposition Lemma in §6 are crucial ingredients of the proof.
This part borrows ideas which have been used for example in [15] and which are
by now classical. Section §9, is devoted to the proof of Proposition 2.1 and, in
the last section §10, we give a proof of Theorem 2.3 which roughly speaking is a
consequence of the Linear Decomposition Lemma and an integration by parts.

3. THE LINEARIZED OPERATOR ABOUT THE HETEROCLINIC SOLUTION

We consider the heteroclinic solution ug which has been defined in §1 and we
recall that we have already defined the operator

L:= 0>+ F"(up).

To simplify notations, we set
(3.1) S = {i\/ﬁj Lje N},

where the (;);>0 are the eigenvalues of L (which form a finite or infinite sequence)
and where we recall that we have defined

a:=+/F"(£1).

Given any complex number ( :=~ +i£ € C, with v,£ € R, we define

Le:=L-¢?

and we define the complex number 7 := 9§ +ip € C, with 6 > 0 by the identity
02 =a?— (2

Observe that we have

(3.2) B2 =a? P44 > a2

The following result classifies the behavior of the solutions of the homogeneous
problem L W = 0 at fo0.

Lemma 3.1. There exist two linearly independent (complex valued) functions Wi,
which are solutions of L¢ Wci =0 R, such that :

(i) If ¢ # txa, then ng(x) ~et® s x tends to +oo.

(ii) If ¢ = ta, then Wg(x) ~ 1 and Wi (z) ~ z, as  tends to +oo.
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Proof. We give the proof of the result when { # +a«, the other case can be treated
using similar arguments. When ( # 4, one simply uses the fact that
(85 - O£2 + <2) einw =0,

together with the fact that ug tends to 1 exponentially fast at +0c. The existence of
ng follows at once from a standard perturbation argument for ordinary differential
equations. O

Thanks to the previous result, we can define the indicial roots of the operator L¢
which characterize the asymptotic behavior of solutions of the homogenous problem
LC w = 0.

Definition 3.1. The indicial roots of L¢ are the real numbers defined by

j:5< = :HR\/ a? — 42.
Observe that
d¢ = d¢.
The following simple observation is crucial :
Lemma 3.2. The following properties hold :
(i) Assume that vy € [—a, a], then

2 2

N0y qie = — 2.
TeR Ot as—v
(ii) Assume that |y| > «a, then
?1@15@ Onytic = 0.
Proof. This easily follows from (3.2). O

Given § € R, we define the weighted space
L(R,C) := (coshz)’ L*(R,C),
which is equipped with the natural norm
HWHZg(R,C) = ||(C05hx)75W||L2(]R,C)-
We consider the unbounded operator
Acs: L3(R,C) +— L}(R,C),

W o LW

The subscripts ¢, keep track of the weights § and the complex number ¢ which
appears in L¢ and the parameter 6 which appears in the definition of E% (R,C). Tt is
easy to check that the operator A¢ s is an unbounded operator with dense domain
equal to

W§’2(R, C) := (coshz)° W?%(R,C),
and also that it has closed graph. The following result is by now well known and
follows for example from [16] (see also [22]) :

Proposition 3.1. Assume that 6c > 0 and further assume that the operator A¢ s is
injective for some ¢ € (—6¢,d¢), then A¢ 5 is an isomorphism for any 6 € (—d¢,d¢).
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Proof. As mentioned, the proof of this result follows from the general theory de-
veloped in [16] or also in [22]. Since we are dealing with a second order ordinary
differential equation, a direct proof is also available. We give here the two proofs.

First proof. Using the standard Hermitian product on L?(R,C), we can identify
the dual of L3(R,C) with L? 4(R,C). With this identification, the adjoint of A¢ s
can be identified with Az _;, since

/LCWde:/WLEde,
R R

for all smooth, complex valued functions V' and W having compact support. Let us
assume 9 is not an indicial root of L. (namely § # £d.). In this case, it follows from
[16] or [22] that the operator A¢ s is Fredholm and has closed range. Moreover, this
operator is injective if and only if A; _; is surjective.

Now, let us assume that § < d.. Using Lemma 3.1, we check that any solution of
L¢ W = 0 which is bounded by (cosh x)? is in fact bounded by (coshz)~%. Hence,
if the operator A¢ s is injective for some 6 € (—d¢,d¢), it is then injective for any
0 € (—d¢,0¢). Finally, assume that § € (—d¢,d¢) and that A; 5 is injective. Then,
Ag _s is also injective and, by the above duality argument, A¢ s is also surjective.
This completes the proof of the result.

Second proof. We assume that §¢ > 0 (otherwise there is nothing to prove) and we
choose § € (—d¢,d¢). The space of solutions of the homogeneous problem Ls W = 0
is spanned by the two functions ng which have been defined in Lemma 3.1. By
construction W (z) ~ e at oo and hence it is bounded by a constant times
(cosh)? at +oo. Since we assume that Ac¢,s is injective, then necessarily we also
have W (x) ~ e™"" at —oo. Without loss of generality, we can assume that Wg

is constructed in such a way that ng () ~ €™ at too.
Let us denote by W, the Wronskian of Wgt Namely

We = W 0, W, — W 0, W[

Civen V € L%(R,C), it is easy to check that

W(z) = V\\lfg (Wc(x) /_w ng Vdx + Wgr(m)

is well defined (this uses the fact that § < J¢) and is a solution of L W = V.
Moreover, direct estimates imply that W € E§ (R,C) and also that
Wz ey < ClIVIzzre)

for some constant C' > 0 independent of V. Details of the derivation of this estimate
are postponed to Appendix B. This completes the proof of the result. (I

+oo
We de) ,

x

The main result of this section is the following :
Proposition 3.2. Assume that v € R\ S and 6 € R are chosen so that
V2462 < o’
Then, for all £ € R, the operator
Ayvies: LER,C) — IL2(R,C),
W= Ly W,
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is an isomorphism. Moreover, there exists a constant C > 0 (depending on v and
0) such that

C
W2 ey < TR [ Lyrie Wliz2r,c)»

for all W € W7 *(R,C).

Proof. We assume that v € R\ S and we choose ¢’ € (—d.,0]. We argue by con-
tradiction. Assume that A¢ 5 is not injective. Then, there would exist a nontrivial
solution of L¢ W = 0 which belongs to L% (R,C) € L*(R,C) and hence W would
be an eigenfunction of L. Indeed

LW =CW.

But the operator L being real and self adjoint, we find that necessarily ¢? € R.
This implies that v € S, which is in contradiction with our hypothesis. Therefore,
A¢ s is injective and by the previous Proposition, we conclude that A¢ s is an
isomorphism for any ¢’ € (—dc, d¢).

We assume that v € R\ S and § € R are chosen so that v2 + §%> < o?. In
particular v € (—a, «) and it follows from (3.2) and Lemma 3.2 that

6 € (—0¢,0¢),

for all £ € R, where ¢ = v +¢£. Therefore, we conclude that A¢ 5 is an isomorphism
and this property holds independently of ¢ € R. It remains to estimate the norm
of the inverse of A¢ 5.

First observe that v and ¢ are fixed and hence £ is the only parameter allowed
to vary. Clearly, the inverse of A¢ 5 is bounded uniformly in & provided |{| stays in
some compact subset. Therefore, we just have to estimate the norm of the inverse
of A¢ s when || is large. To achieve this, we consider the equation

LC W =1V,
which we integrate against (coshz)~2° U. Since we are working with complex valued
functions, we have to consider the scalar product
1 (ab + ab).
2
After an integration by parts, we obtain

(a,b) =

/ (|0.W|? — 8 0,|W|? tanhx + (F” (ug) — 7> + €2) [W|?) (coshz) ™ dx
R

= /(W, V) (coshx)_% dx .
R
A second integration by parts yields
/ (|0:W* + (€2 + B) [W|?) (coshz) *°dz = /(W, V) (coshz)~% da,
R R

where we have defined for short
B(z) := F"(ug(z)) —v* 4+ 6 — 6(25 + 1) (tanh x)?.

Now assume that £2 > || B|| L~ and use Cauchy-Schwarz inequality to conclude that

(€& = |IBlz=)? /RlW|2 (coshz)™2dx < /R|V|2 (cosh )% da,
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which provides the relevant estimate for |£| large enough. This completes the proof
of the Proposition. ([

Remark 3.1. Observe that, given j > 0, the assumption v € R\ S can be replaced
by the assumption v # £\/1; for all i > j + 1, but then the operator A,;¢ s has

to be restricted to the closed subspace of W(?’Q (R, C), which consists of functions w
that satisfy the orthogonality condition

IL;(w) =0, for i=0,...,7,

where I1; is the projection onto the i-th eigenspace of the operator L.

4. THE LINEARIZED OPERATOR ABOUT THE MODEL SOLUTION
We define
L:=-0;+L=-A+F"(up),

which is, in dimension 2, the linearized equation (2.1) about the solution ug which is
trivially extended in the y variable. We denote by (x,y) the coordinates of x € R2.
Given v, § € R, we define the weighted space

IYM(RQ) := 7Y (coshz)’ L*(R?),
and similarly, we define
W23(R?) := €Y (coshx)’ W>?(R?).
Remark 4.1. From now on all functions spaces considered are spaces of real valued

functions.

These spaces are equipped with the natural norm induced by the weight ¢7¥ (cosh a:)‘s.
For example

- )
Hw||ﬂ'j’h§(R2) = [le77¥ (cosh @) ™ wl| L2 (r2),

and so on.

4.1. Global invertibility. Given ~, € R, we define the operator
Ao E%,a(RQ) - Z%,a(RQ):
w — Lw,

which is an unbounded operator with closed graph and dense domain given by
Wi’?(RQ) (this fact follows easily from standard elliptic estimates). Building on
the analysis of the previous section and using Fourier analysis in the y variable, we
prove that A, s is an isomorphism (from its domain into its range) provided the
weights v and 0 are carefully chosen. More precisely, when - does not belong to S,
which has been defined in (3.1) and which is the set of indicial roots of the operator

L. This is the content of the following proposition which borrows arguments from
[16] :

Proposition 4.1. Assume that vy € R\ S and § € R satisfy
V2462 < o’

Then, the operator A, s is an isomorphism.
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Proof. The proof is based on Fourier transform in the y variable. We want to solve
the equation Lw = v when v € L?NS(RQ). We write

w=eYW and v=e"V,
so that the equation we need to solve transforms into
(L—7*=270, —0))W =V.

Now, we pe¥f0rm the FoAurier decomposition of W and V in the y variable. Let us
denote by W(-,z) and V(-,z) the Fourier transforms of W(-,x) and V(-,z). Our
problem then reduces to solving

LC W(’g) = V(ag)v

which is a family of equations depending on the parameter { = v + i{. To solve
this equation, we use the result of Proposition 3.2 and then take the inverse Fourier
transform. Using Plancherel’s theorem, we can write

lwl|%: moy = [ (coshz)™2 |W|?dzdy = (coshz) ™2 |[W|? du de.
LV,E(R ) R2 R2
The result of Proposition 3.2 then implies that
2 3 N—26 1772
lolze | gey <€ /]R (coshz) ™20 |V|? dz d€ .
Using once more Plancherel’s theorem, we conclude that
H“’“%i,a(ﬂ@) <C /RQ (coshx)*% V|2 dzdy = C ”v”%i,s(RZ)’
and this completes the proof of the result. ([l
Observe that, as a byproduct, we have the inequality
(4.1) hollz2 oy < CllLwllza oy
for some constant C' > 0 only depending on  and §.

Remark 4.2. As in Remark 3.1, given j > 0, we can modify the hypotheses of the
above Proposition assuming only that v # +,/p;, for all i > j+1, but then we have

to consider the operator As~ restricted to the closed subspace of V~V%5(R2) which
consists of functions w satisfying

IT; (w(-,y)) =0, 1=0,...,7,
for almost all y € R, where I1; is the projection onto the i-th eigenspace of L.

Let G¢ s denote the inverse of A; s which is provided by Proposition 3.2. It is
interesting to observe that the previous proof yields a representation formula for
the solution of Lw = v which can be formally written as the integral over some
contour in C, namely

(4.2) w(x,y) = 2i / ey Ges </ e Y v(z,y) dy’) dc.
T JRc=vy R

The estimate in Proposition 3.2 shows that the integral over R { = ~y is well defined.
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4.2. A priori estimates. In this section we explain how a priori estimates can be
obtained for solutions of the equation

—(A—-D)w=w,
whose potential ® is a smooth function such that
(4.3) &> —e2> 0,

in R2, for some € € (0,¢). These estimates are used in the subsequent proofs. Their
derivation, which relies on suitable integration by parts, is quite flexible so that it
can be easily adapted in different context.

We also assume that we are given a function I' which is smooth, positive and for
which

(4.4) |VI|? < B2172,
with 62 < a? — 2.
Typical examples of weight functions we consider in applications are of the form
[(x,y) = et e, I'(z,y) = e (coshy)?

or
[(z,y) := (coshx)? (coshy)?,
where v and § are chosen so that
292 <a?—&%

It is straightforward to check that these functions satisfy (4.4) with 8% = §2 + 4?2
(observe that |sinhy| < coshy).

Let us now explain how a priori estimates can be obtained in this context. We
assume that we are given functions w and v satisfying

—(A—=d)w =,

in R%. We further assume that w, |Vwl|,|V?w| € T'"'L?(R?) and also that v €
I~1L%(R?) . We compute

—/wF2 (A—d)wdx = /wvf2dx,
where all integrations are understood over R?. Integration by parts yields
/w2¢F2dx+/|Vw|2F2dx = /vade— 2 /wFVwVFdx.

Using (4.3) together with the inequality 2ab < a® + b%, we can estimate the last
term and get

(a®—e?) /w2 r? olx—i—/|Vw|2 I dx < /va2 dx—l—/|VF|2w2 clx—&—/|Vw|2 I'? dx.
Thanks to (4.4) we obtain
(a? — % - p?%) /wzFde < /vazdx,

and, using Cauchy-Schwarz inequality, we conclude that we have the a priori esti-
mate

(4.5) (a? — % — p%)? /w2 I'dx < /1)2 I dx.
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Naturally, this argument require some care since all integrations by parts have to
be justified but, in the case under study, this is standard and left to the reader.

Observe that this argument is quite flexible and can also be used when R? is
replaced by a half space or a wedge, provided we control the function w on the
boundary of the domain (for example if w vanishes on this boundary).

4.3. Linear Decomposition Lemma for £. We obtain some information about
the solution of the equation £w = v which is provided by the result of Proposi-
tion 4.1.

The first result we prove is concerned with the asymptotic behavior of the solu-
tion w in the x variable when the function v belongs to a function space which is
smaller than the function space IE s(R?) which is used for the inversion of £. Here
is the precise statement :

Lemma 4.1. Assume that w € ii s(R?) and v € L? s(R?) satisfy Lw = v with
= ; v,
0 < 6. Further assume that
2 4+~% <a? and 62 +~% < a?.
Then, w € Lig(RQ).
Proof. To prove the Lemma we choose 2y > 0 and € > 0 such that

inf F”(ug) > a? —e? > 6% + 42

lz| =20
Next, we define some cutoff function x which is identically equal to 0 for z < xg
and identically equal to 1 for x > zo + 1. We compute
L (xw) = xv+ 97, x] w,
where by definition
07 x]w = 07 (xw) — x Fjw.

x

We set
Rio ={x=(z,y) €eR? : x>ux0}.
Elliptic estimates imply that
[[wllers eSeW22(R2 ) < C(HU”L?S(RZ) + ||w‘|[~,,2%6(R2))a
and hence, we conclude that
2
X v+ [0z, x] wllerw eS* L2(R2 < C(HU”E?E(RZ) + ||w“i3,5(R2))-
for some constant C' > 0 (depending on x¢). )
We claim that there exists a function w € €Y ¢** L2 (R9250>R) such that
(4.6) Lw=L(xw),

in RZ and @ = 0 on JRZ . To prove the claim, we first solve the equation in
[0, Z1] X [—Y0, Yo] under homogeneous Dirichlet boundary conditions, denote this
solution by g, 4,, and then let z; and yo tend to infinity. To pass to the limit, we
use the a priori estimate of the previous section to get

walvyo ||e"fy e32 L2 ([z0,21] % [—Y0,Y0]) <C ||’C’ (X w)”e"fy egILQ(]RgO)’

where the constant C' > 0 depends neither on 1 > x¢ + 1 nor on yg > 1. Elliptic
estimate together with this a priori estimate allows to pass to the limit as x; and
1o tend to infinity. This completes the proof of the claim.
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Finally, we use once more the a priori estimate to show that yw = w in Rio.
Indeed, by construction L(w — xw) = 0 in R?EO, vanishes on the boundary of this
set and w — yw € eV e‘s‘”LQ(Rgo). The a priori estimate of the previous section
implies that

[0 = X wllew esor2(mz ) < CIL(W = xw)|leww essr2rz ) = 0-

Therefore, we conclude that w € e eg‘”Lz(Rio). A similar argument applies in

RQ = {X = (l’,y) S RZ : r < —.’,UO},

—x0

thus ending the proof. O

We define the function space
I[E/’(;(]Rz) := (coshy)” (cosh z)? L*(R?).
Observe that when v > 0
L2 5(R?) C L2 5(R?).
We are now concerned with the behavior of the solution w in the y variable when

the function v belongs to Lz_% s (R?) which is a smaller space than the function space

i?y s(R?) which is used for the inversion of £. To state the relevant result we let
be a cutoff function which is identically 0 in (—oo, —1) and identically 1 in (1, +00).
With this notation the following holds :

Lemma 4.2 (Linear Decomposition Lemma). Let p; < pji1 be two consecutive
eigenvalues of the operator L := —0% + F"(ug). We assume that

\/ﬁj <y < VIHj+1s

and also that

V2462 < a?.
We further assume that w € Z%’(;(Rz) and

Lw=vE ]L2_%5(]R2).
Then, for i = 0,...,7, there exist w;,w; in the i-th eigenspace of L and w €
L2 5(R?) such that
J
w(z,y) = o(z,y) + x(y) (wo(x) + ywo(x)) + > x(y) (wi(z) V¥ +w;(x) e VF),
i=1

(we agree that the last sum is not present when j = 0). Moreover,
J
> (lwillz2 ey + llwillL2wy) + [@ll2 w2y < Cllvllz | w2),
i=0

for some constant C > 0 only depending on v and §.

Proof. Recall that II; is the L2-orthogonal projection over the i—th eigenspace of
L. We decompose

J
w:wL—l—E wy and v:vl—i—g vz‘-l
‘ i=0



20 MANUEL DEL PINO, MICHAL KOWALCZYK, AND FRANK PACARD

where, for all t =0,...,j

and

for almost every y € R.
Recall that, mutatis mutandis, the result of Proposition 4.1 holds when we re-
strict our attention to the space of functions w satisfying

(4.7) II;(w) =0 for almost every y € R and i=0,...,],

(see Remark 4.2). The only difference being that the restriction on v is now given
by v # =2V for all 4 > j.
Thanks to the analysis of the previous section, we can write

1 ’
wh(z,y) = — / e ¢YGes (/ etV vt (z,y) dy’) dc.
27 Jre=y R

Let us assume that, in addition, v has compact support (the general result follows
by density). The integrand depends analytically on ¢ in the set

{€eC: RCe (=i, Vi+1)}

since we are working under the assumption that all functions do satisfy (4.7). There-
fore, Cauchy formula implies that

]. ’7
o0 e ¢V Ges </ etV vl(x,y')dy’) dg,
21 Jpe=y R
does not depend on vy € (—,/ftj51,/fj+1)- Consequently, we have
1 /
wh(@,y) = o / €™tV G ( / Vvt (z,y) dy’) e
T JRC=—r R
which implies that
wh e L2 5(R*) N L2 5(R?) =12 5(R?).
I

It remains to prove the result for w,. Observe that, this time, the problem
reduces to solving an ordinary differential equation

(=02 + i) wl = o,
It is easy to check that the solution is explicitly given by
(4.8)

Yy y'
—/ / vy (x,y") dy" dy, wheni = 0,

wl(z,y) =
1

2/

Moreover, when 0 < ¢ < j, the function w

Y ’ !
/ (6 VEi(Y ~y) _ e\/m(y—?/ )) ’UH(xay/) dy/a when0 <@ < J-

i
I
i

w) = @ll + X (y) (w; eVFY 4 w; e VHY),

K3

can be decomposed as

where ﬁ)y € L2_776(R2,R) and w;, w; belong to the i—th eigenspace of L. A similar
decomposition can be done when ¢ = 0. The estimate in the statement of the result
follows at once from the proof and is left to the reader. [
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Since we will only use this result in the case where v € (0,/z1), namely when

= 0, let us examine this case more closely, giving at the same time another

consequence of the Linear Decomposition Lemma. Keeping in mind the applications

we are interested in, we fix v € (0,,/5,) and § € R such that 6 + 7> < . It is
useful to introduce the operator A_, 5, defined by

A5 ]L%W;(]RQ) oD — LE%J(RQ),
(4.9)
w — Lw,

where D is the finite dimensional space defined by
(@,y) — x(y) Ozuo(z), (@,y) — (1= x()) Ozuo(),
D := Span .

(z,y) = x(y) y Ozuo(z), (z,y) — (1 — x(y)) y Dxuo(x)

Usually, D is referred to as the deficiency space.

We now prove that the operator A_, ;5 is surjective and that it has a two dimen-
sional kernel. Notice that the deficiency space is 4 dimensional and that it can be
decomposed into

D=K@&E,
where
K = Span {(z,y) — duo(z), (z,y) — y Ozup(x)},
and
E = Span {(z,y) — x(y) deuo(z),  (2,y) — x(y) y Oxuo(x)}.
We claim that the Linear Decomposition Lemma implies that the unbounded
operator

A_s: L2

> JR)BE — L2 (R,

w — Lw,

is an isomorphism. Indeed, if v € L? | 5(R?), Proposition 4.1 provides the existence
of a solution w of Lw = v with w € ]33/’5 (R?). The Linear Decomposition Lemma
then implies that w € ]L2_%5(R2) @ E and this proves that the operator A,Wg is
surjective. Clearly K contains the kernel of A_, 5, and it suffices to show that
this set is precisely equal to the kernel of A_, 5. To proceed, we assume that
w e L2 ;(R?) @ E satisfies Lw = 0. Then, w € L2 s(R?) and Proposition 4.1
implies that w = 0, which completes the proof of the clalm As a by product, we
have shown that the operator A_, 5 is surjective and has a 2-dimensional kernel
equal to K.

All the above results can be extended, with obvious modifications, to handle the
case where « is chosen between two consecutive indicial roots of £, namely when

Vg <Y < y/Hjt+1-

5. THE LINEARIZED OPERATOR ABOUT AN ELEMENT OF Mgy

In this section, we first explain how the previous results can be put together to
obtain similar results for the linearized operator about the function u) which was
defined in (2.6), where A := (A1,...,A2) € A%*,. We then show that these results
extend to the operator linearized about any element of Moy.
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To begin with, we assume that A € A2*, is fixed and we denote by £, the
linearized operator about uy, namely

£\ = —A 4+ F//(UA),

and we derive an a priori estimate for this operator in the space Li’ 5(]RQ). Recall
that this space is defined in (2.11). In this analysis, we also need to consider the
weighted space Wi’?(l@) which was defined in (2.12). The following result follows
from the previous analysis together with a careful use of cutoff functions. It shows
the crucial role played by S, the set of indicial roots of £, in our analysis :

Proposition 5.1. Assume that v € R\ S, and
62 ++% <’
Then, there exist R > R and C > 0 such that, for all w,v € L?M(RQ), satisfying
Lyw =,
we have
lollzz @y < € (Ilollzz @) + ol ) -

Proof. First of all, observe that elliptic estimates immediately imply that

(5.1) lollwz2e) < € (lollzz @) + Il o ) -

To proceed, we keep the notation of § 2.1. In particular, the oriented half lines
)\j, which correspond to the asymptotes of the nodal curves of uy, are parameterized
by

(0,00) D8 Xj +Sej S Rz.
For notational purposes, it is convenient to extend the sequence of oriented half
lines )\f, ceey )\2+k periodically by setting )\;;Qk, = )\;r, Xjpor 1= X; and ejyor = €;
for any j € Z.
We denote by A;;; the oriented half line bisecting the lines containing )\;r and
2

)\;FH parameterized by
s €(0,00) —>x; 1 +5se; 1 € R?,
where
L ej + €j+1
ST g
and x;, 1€ 0Bpg. This point is contained in the angular arc of 0B (assuming its
positive orientation) starting at x; and ending at xj44.
Recall that we have defined 2; in (2.5) which is a connected component of R?
which contains )\j. Similarly, we define the angular sector €2, 1 which is the

connected component of R? \ ()\;r U )\;LH U JBR) containing )‘j++l'
2
We need to introduce two more angular sectors
V12 € Qjpayo € Qjaaya,
which are both included in the connected component of R? \ (/\;r UAt , UdBR)

j+1

which contains )\;.:_ 1. The sector Q; +1/2 18 limited by 0Bpr and the two half-lines
2

)\L_l /4 and )\;_3 /4 respectively bisecting )\j and )\;'H /2 for the former and )\;.:_1 /2
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and A1, for the latter. The sector Q7 , ,, is limited by dBg and the two half-

j+1 ey
liries )\;Zr?) /8 afd )\;FH) /8 respectively bisecting )\;FH /4 and )\;FH /2 for the former and
Afi1/o and A7, 5, for the latter.

Finally, for all j =1,...,2k, we define the cutoff function I, 41 such that :

(i) ;1 =0 in the set R\ Q.

(ii) I;1 =1 in the sector 7, ,,

(ii)) [V 1 (x)] < C(L+[x[)7" for £=0,1,2.
Observe that (i)-(iii) imply that the support of I; 1 is an expanding, wedge-like
set centered around /\;_+ 1 and which is contained in Q; +1/2°
We write
4+ 1 _ 5 . + S 1
€ € = Vi+3 Ci+5 T 9%+ 4L

where ’y]? Lt SJZ = ~% 4 52, Elementary geometry implies that

1 o~ g €L
Yejt1 —0ejy = Vivd €i+d 5j+é €+l

since e;+1 and e; are symmetric with respect to the reflection leaving e 1 fixed.
We set

5. 1
: o A1 (xe;1) oL it
(5.2) F;/j+%76j+% (x) :=e7+% %3’ (cosh (x ej+%) .
Observe that the weights I', 5 and I', 5 are equivalent in the sector €2, 1.
’ Ti+5%+4 T2

Namely, there exists C' > 1 such that

1

C Lye < Fﬁj+%"§j+% < Clys,
in Qj+%.

Now, if £5 w = v then
E)\(]IjJr% w) = Hj+%1)-‘r [E)\,Hj+%]w7

where, as usual,
[SA,Hj+%]w = SA(HH_%w) — L (Lrw).
Given ¢ > 0 small enough, there exists R > R > 0 such that
F”(’U»\) > a2 _ 62,
in the support of I, +1 and away from Bp. Making use of an argument similar to
the one we used to obtain (4.5), we get

2 2 22 2 2 2
(@7 = = Biage) /]Rz\BR F_;’H%’_SH%'Hﬁ%M o
<C(/ r2_ o [ ufdx
g, it 0y
(5.3) BB g
+ r? 5 e L] wl? dx
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52 2 : B . .
12 = 5j+% —|—7j+%. Since I'y 5 and F;Yj+%’6j+% are equivalent in Qj+%, the
first term on the right hand side can be estimated by a constant (independent of R)

times ||'UHL3{,5(R2)~ Using the fact that I, 1 satisfies property (iii), we conclude that

where 5]2

the second term on the right hand side is bounded by a constant (independent of
R) times R™! ||lw|| L2 ,(R2)- Finally, using standard elliptic estimates together with
a trace embedding, one can check that the third term on the right hand side can
be estimated by a constant (depending on R) times wllz2(5y,,)- Using once more

the fact that the weights I', s and F;/ .5, are equivalent in the sector we are
i+3%+1
working in, we conclude that

(54) Moy wilze mo) < Cllollze @) + Crlwlizsg, + CR™ wllse @),

BR+1

where C > 0 depends on R but C' > 0 does not.

Given j = 1,...,2k, we now estimate the function I;w. Applying some rigid
motion and changing the sign of uy if this is necessary, we can assume that \; is
the y-axis and that uy = ug near )\;'. In particular, £, coincides with the operator
L defined in §4 close to A;. The function I; w satisfies

(55) L (]IJ w) = ]Ij v+ [2)\, HJ} w + (£ - 2)\) (]IJ w)

We can then apply the result of Proposition 4.1 and in particular we can make use
of (4.1). To estimate the second term in (5.5), we use the definition of the I; (see
section 2.1), together with elliptic estimates to get

I€x Ll wllrz mey < CllLy g wllgz w2y + Crllwllze(sg,,),

where, as usual, Cz > 0 depends on R while C' > 0 does not.
Using the definition of uy given in (2.6), one can check that there exists vo > 0
such that

|F"(uy) — F"(ug)| < Clux — up| < Ce 0k,
in the set where I; > 0 and |x| > R. Therefore, we get
(£ = £3) @ w)llre ,w2) < Crllwllzesen +Ce™ P wliz 2.
Collecting these estimates, we conclude that
I wllzz ey < Cllvllez ey + Crllwlzesg,,
(5.6) .
T+ Ol wli @+ Ce R [l e

When j = 0, the corresponding estimate for Iy w is straightforward and left to
the reader. In any case, (5.4) and (5.6) imply that

lwllzz w2y < Cllollrz ey + Crllwllzzg+1) + Cem R4 R71) lwllzz | (r2),

where C'z > 0 depends on R while C' > 0 does not. The proof of the main estimate
then follows by taking R large enough. (]

As a Corollary of the previous Proposition, we obtain some a priori estimate for
solutions of £w = v, for any u € Moy :

Corollary 5.1. Assume that u € Moy and let
£:=—-A+ F"(u),



MODULI SPACE FOR ALLEN-CAHN 25

be the linearized operator about u. Let vy, & be chosen so that they satisfy the
hypothesis of Proposition 5.1. Then, there exist R > R and C' > 0 such that, for
all w,v € L?m(Rg), satisfying

Lw=wv,

the following inequality holds
lwllzz e < C (I0llzz e + ol ) -

Proof. The proof is a simple consequence of a classical perturbation argument.
Indeed, by definition, if u € Moy, there exists A € A such that u —uy € W22(R?).
Thanks to Sobolev embedding, for any e, there exists R. > R such that

[F"(u) — F" (ux)|| L= r2\Bg,) < €
Hence
[F" () = F"(un)) wll g2 oy < Co 0l oy )+ ol o2 e,
for some constant C. > 0 (depending on €). Since £y w = v+ (F"(uy) — F"(u)) w,
it follows from Proposition 5.1, that
Hw”LE/ys(]RZ) <C ||’U||L315(R2) +Ce ||w|lL§)5(R2) +Ce ||wHL2(BRE)v

where C' > 0 does not depend on €. The result then follows at once, choosing &
small enough so that C'e < 1/2. O

Thanks to the previous Corollary, we are now in a position to prove the following
key result which is also the main result of this section. It again enlightens the role
of S, the set of indicial roots of L :

Proposition 5.2. Assume that v € R\ S and
2+ % <’
Then, the operator
Ay 5 L?M(Rg) — L?Y’(;(R2),
w — Lw,

is Fredholm. In addition 2 s is injective if and only if A_., _s is surjective.

Proof. These are classical results of Fredlhom theory and their proofs follow those
of analogous statements in in the compact setting, together with intensive use of
Corollary 5.1. For example, to prove that the kernel of 2(, 5 is finite dimensional,
we consider

By :={w € Ker,s : w2, <1},

the unit ball of Ker®2l, s using the norm of L?(Bp). Making use of the result of
Corollary 5.1 together with elliptic estimates, we see that this set is also bounded
in WWQ)’;(IR{Z) and Sobolev embedding implies that it is compact in L?(Bg). In
particular, this implies that Ker 2L, 5 is finite dimensional.

The proof that 2L, 5 is closed is again based on Corollary 5.1 using similar argu-
ments. For details, we refer the reader to [22]. Finally, the last statement follows
from standard results on unbounded operators (see for example [4]) together with
the natural identification of the dual of L2 ;(R?) with L?_ _;(R?). O
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6. LINEAR DECOMPOSITION LEMMA FOR £

In this section, we pursue our investigations of the properties of the operator
2, 5. We assume that £ is the linearized operator about an element v € My, such
that u —uy € Wif 75(R2), for some 7,8 > 0 satisfying (2.14).

First, we derive a Linear Decomposition Lemma for the operator £ in the spirit
of the one we have obtained in § 4.3 for the operator £ and we use this result to
compute the dimension of the kernel of the operator 2, 5.

For j =1,...,2k, it is convenient to define the vector fields
(6.1) X;(x) :==1;(x) ej}
and
(6.2) Yi(x) :=1(x) (&5 - (x—xj) 65 —ej - (x — %) e)).

To have a better understanding of these two vector fields, observe that the vector
fields
X i(x) = ej‘,
and
L 1L

Yi(x) = e (x—x;)ej —ej - (x—x)ey,

are the Killing vector fields associated, respectively, to translations in the direction
of the vector ej- and rotation about x;, expressed in terms of the orthonormal basis

{ej-7 ej}.
Finally, we define the deficiency space

D := Span {du(X;),du(Y;) : j=1,...,2k}.
Since we assume that u —uy € WE; _E(RQ)7 we have
du(X;)(x) — Opuo ((x — x;) - ef ) € WL2 _ (R?),

du(Y;) — e; - (x — x;) Duo((x — ;) - e ) € WE2 _(R?),

(6.3)

for any v € (0,7%) and 6 € (0,4).
The following result is a consequence of the result of Lemma 4.2.

Proposition 6.1. Assume that v € (0,/p1) and 6 > 0 are fized so that
V2462 < a?,

and § € (0,9), v € (0,7). We further assume that v € Lz_%_(;(RQ) and w €
Lg,a(RQ) are solutions of

(6.4) Lw=w.

Then

(6.5) wel?, s(R*)aD,
and

lollzz,_@oe0 <C (Ivliz, @)+ lwll @)

for some constant C > 0 only depending on d and ~.
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Proof. The proof is decomposed into two steps.

Step 1. We begin by showing that in the angular sectors which do not contain
the ends )\j, the function w grows exponentially at a slightly slower rate then
suggested by the fact that it belongs to Li’ 5(R2). This uses the fact that, away

from the )\j, the linearized operator £ is strongly coercive. To state this precisely
we use the notations introduced in the proof of Proposition 5.1.
Since we work with one sector at a time, we may well assume that

)\L% N(R*\ Bg) = {x=(0,y) : y> R},

(this can always be achieved after a suitable rigid motion) and that the image of
the angular sector ;1 N (R?\ Bg) under this rigid motion is the angular sector

Krp={x=(z,y) : Blz| <y} N (R*\ Bg),
for some 5 > 0. Likewise the image of Q;Jrl N (R?\ Bg) is the sector K g/2. Note
2

that if 641 — 6; is the oriented angle between )\j and )\;rH then

i1 —0; 1
cot <J+12J> = B

(1,£8) L (58

We define

etrp = —F——, 15 = )
Vit B SV
and we let xﬁ be the points of intersection of the nodal lines y = +8x with Bg.
Consider the functions GZ defined by

G (x) = (cosh(es - (x —x3)))” (cosh(efy - (x —x3)))’~°

Choosing M > 0 large enough and ¢ > 0 sufficiently small (so that a? — % — (§ —
)2 > 0), we find that the function

wye = M (GF +G7),

is a positive supersolution for the equation £w = v in the sector Kr g. Then, by
the maximum principle and elementary geometric manipulations, we see that there
exist M > 0 and £’ € (0,¢) such that

w(x)| < M (cosh(ets - (x — x7)))7~% (cosh(ets - (x — xf)))°

+M (cosh(e_g - (x — x5)))"~ (cosh(ety - (x — xg)))° 7

in the sector Kp g/o. Thus, at least as far as the sector Kp 3/ is concerned, the
function w is in a better space then the one predicted initially by the fact that we
know that w € L2 ;(R?).

Step 2. Again, applying a suitable rigid motion, we may assume that the nodal
line )\;r is contained in the y-axis, y > 0. In this case, the lines bisecting the angles

between )\;r and /\j++1 and )\j and )\;r_l become respectively
Ly :={(z,y) : y=—piz, x <0} and Ly :={(x,y) : y= B2z, x>0},

where (1,82 > 0. We denote by AR the sector which is outside Br and bounded
by these lines. We consider a smooth cutoff functions I whose support is equal to
Apr and such that :
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(i) I(x,y) = 1 whenever y < max(—fx, fox) |
(ii) I(z,y) = 0, whenever y > max(—26,x, 262z).
The function @ := I w solves the equation
(=A 4+ F"(up))w =Tv — [A, T w+ (F"(ug) — F"(u)) Tw.

This equation can now be considered as an equation in the whole R? whose right
hand side belongs to L,Qy_ e (R?), for some £” > 0. This latter fact follows from
(6.6) together with elliptic estimates. Therefore, Lemma 4.2 and the discussion at
the end of §4 can be used to prove that
WeL s on(R?)OD.
From this and considering all other ends in a similar manner, we get the existence
of € > 0 such that
wel .5 (R*)®D.

This argument can be now iterated to conclude, after finitely many steps, that (6.5)
holds and the proof is complete. O

We introduce the following :

Definition 6.1. A solution u € Moy is said to be nondegenerate if the linear
operator A_, 5, associated to —A + F"(u), is injective for some v € (0, /i) and
some 7y € R satisfying v + §% < o?.

Before, we proceed, there is a very important remark which is due. Following
the proof of Proposition 6.1, one checks that, if the operator 2_, s is injective for
some 0 € (0,,/in,) and some 0 € R satisfying 72 + 6% < o2, then it is injective for
any ¢ € (0, \/ﬁl) and any § € R such that v2 + §% < o?.

For all v, > 0, we define the operator
Ays: L2 ,®)6D — L2, R
(6.7)

U — Lu.

Now, as we have already done at the end of §4, we compute the dimension of the
kernel of the operator 2_. _s, using Proposition 6.1 in the same way we have used
Lemma 4.2 to compute the dimension of the kernel of the operator A_, s.

Proposition 6.2. Assume that u € Moy, is nondegenerate and further assume that
v and & are fized as in Proposition 6.1. Then the operator A_., _s is surjective and
has a 2k dimensional kernel.

Proof. As already mentioned, the proof is very close to the one already outlined
at the end of §4. Since w is nondegenerate and in view of the above remark,
the operator 21_, _s is injective. Thanks to Proposition 5.2, its adjoint 2, s is
surjective. In particular, for all v € LQ_,Y,_(S(R2) C L?Y,é(RQ), we get the existence of
w E Li,é(RQ) solution of £w = v. Then, the result of Proposition 6.1 implies that
we L2 5(R?) & D and this proves the surjectivity of A, 5.

We now compute the dimension of the kernel of Ql_%_(;. As a starting point,
onserve that Proposition 6.1 also implies that

Ker (2, 5) = Ker (A_, _5),
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and, by duality, we have
dim Ker(2(, 5) = codimIm(A_, _s).

We claim that standard arguments in linear algebra together with the result of
Proposition 6.1, imply that

dim® = dim Ker (2, 5) + codim Im(A_, _5).

Indeed, the operator £ acting on L2—%— 5(R2) is injective and is not surjective, the

codimension of its image is, by definition, equal to the codimension of Im(A_. _5).

Adding to the function space L?  _5(R?) the deficiency space © makes this oper-

ator £ surjective but creates a kernel whose dimension is equal to the dimension

of Ker (2,5). Therefore the dimension of ® is the sum of the codimension of

Im(2A_,,_5) and the dimension of Ker (2, s). The proof of the claim is complete.
From this it follows that

~ 1
(6.8) dim Ker ((_, _s) = codimIm (2A_, _5) = Edim@ =2k,
as claimed, since dim® = 4k. O

The formula (6.8) is usually reffered to as the relative index formula.

7. REFINED ASYMPTOTICS, THE PROOF OF THEOREM 2.1

We use the results of the previous sections, and in particular Proposition 5.1 to
prove Theorem 2.1. Thus, we assume that u = uy +v € May, where v € W22(R?)
and where A = (A1,..., A\ax). Let us denote

(7.1) N(u) := —Au+ F'(u).
Obviously, we can expand
N(u) = N(ux) + €xv+ Q(v),
where the linear operator
Ly = A+ F(uy),

is the one which has already been defined in §5 and where the nonlinear operator
Qv) = F'(uy +v) — F'(uy) — F"(uy) v,

collects the nonlinear terms.
Now, if N(u) = 0 then, we find that the function v solves

(7.2) v =—=N(uy) — Q).

As we will see later, the function N(uy) belongs to L2_%_5(R2) for some v, > 0
close enough to 0. This, together with the Linear Decomposition Lemma and the
quadratic nature of the term @Q(v) strongly suggests that we should be able to prove
that the function v belongs to (Wf’f’fé(Rz) ® D) N W22(R?). And the fact that
the elements of the deficiency space ® do not belong to W?22(R?) then implies
that v € Wz,f _s(R?). Unfortunately, the situation turns out to be slightly more
complicated si’nce, to begin with, the only information we have to start the process
is that v € W?22(R?) and hence we do not have any exponential decay for the
function v and as a consequence, we do not have any decay property for the term
Q(v). In summary, a simple minded bootstrap argument cannot apply be applied
to carry out the above scheme.
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On the other hand, if we knew that v had some exponential decay at infinity,
then right away a bootstrap argument would give us the optimal exponential decay
for the function v, comparable with the one of the term N(uy). So the main issue
is to be able to start the bootstrap process. To this end, we use a scaling argument
inspired by an idea of L. Simon. In [12] a similar argument was used to derive some
refined asymptotics for constant scalar curvature metrics with isolated singularities.
One of the crucial ingredients in the proof is the balancing formula (11.1) which is
used to derive (2.16) and (2.17).

Lemma 7.1. Assume that 7 > 0 and 6 > 0 are fized such that 3> + 6% < o® and
011 — 0. _
(7.3) 7 cot (JJF12J> +0 < a,

forj=1,...,2k (recall that 8; is the angle which defines the oriented half line /\j')
Then,

IN(uw)| < CT_, s,

for any v € (0,7) and § € (0,6), where T'_., _s is the weight function defined in
(2.10).

Proof. We denote for the sake of brevity ug ; := (—1)7 ug(dist®(-, A;)). To begin
with, we write

2k 2k
(7.4) N(ux) =Y [=AL]ug; + F'(ux) = > I; F'(ug ;).

j=1

To estimate the first of the terms on the right hand side, we consider the set
Op:={xeR?: (I; +Ip41)(x) = 1},

for some 1 < ¢ < 2k. Then, using the fact that I, +I,41 = 1 in Oy, we can write

2k
Z[*A, (—=1)7L;] uo,; = =2V (uo,e + uo,e+1) - VI — (uo,¢ + g e41) All,

j=1
in Oy. We recall now that the heteroclinic solution wug, which is odd, satisfies
0<1-—up(z) <C(coshz)™,

for some constant C' > 0, with similar estimates for the derivatives of ug. Thus, we
get

—y(x—x e -0
|(wo,j + u0+1)(X)| < C D e T (cosh((x — xj40) - €14))
¢=0,1

for x € Oy, provided ¥ > 0 and § > 0 satisfy (7.3). Since analogous estimates hold
for the term involving the gradient of ug ; + uo j+1, we conclude that,

2k
Z[—A7 H]] uO,j S C F,%,g,

j=1

for v € (0,%), § € (0,5). The estimates of the other term in (7.4) can be obtained
using similar arguments. This completes the proof of the result. O
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For further use, we assume that the constant v which appears in Lemma 7.1 and
which is used below, is also chosen so that v € (0, /7). For all R > 0, we define

(7.5) E(R) = max (e, lu — ux | o 2\5a) )

where the constant a > 0 is chosen close enough to 0. We now state the main result
of this section.

Proposition 7.1. There exist R > 0 and r, > 0 such that for all R > R, we have

(7.6) ER+r.) < =E(R).

N | =

Before we proceed with the proof of this Proposition, let us explain how Theorem
2.1 follows easily from it. Indeed, assuming we have already proven this Proposition,
we define

1

Tx

a =

log2 > 0,

and, using (7.6), we get for any R > R,
(7.7) E(R) < E(R)e (B,
This readily implies that

lu—uxll Lo r2\Br) < E(R) e (R=R),

from which we get that u — uy € LQ_W,_é(Rz) for some §,v > 0 close enough to 0.
As we have pointed out, a bootstrap argument gives now the required result.

The proof of Proposition 7.1 involves several steps. Using appropriate barrier
functions, we show that in the angular sectors which do not contain the ends
)\f7 ceey )\;k, the function v := u — u) decays exponentially. To state this precisely,
we use once again the notations used in the proof of Proposition 5.1.

Lemma 7.2. There exist constants ag > 0, do > 0, C > 0 and Ry > 0 such that,
for all R > Ry, we have

(7.8) lu—uy| < C (e—ao =l (e~ (IxI-R) 4 To.—s,) l|lu — u)\HLOO(]RZ\BR)) )
in R?\ Bg, where T _s, is the weight function defined in (2.10).

Proof. Tt is enough to work in one sector at a time, say for example €2, 1 After a
rigid motion (and a possible change of the origin), we may assume that

M1 N(R*\ Br) = {x=(0,y) : y > R},

and that the image of the angular sector ;.1 N (R?\ Bg) under this rigid motion
is the angular sector

Kprp:={x=(z,9) : Blz| <y} N (R*\ Bg),

where 8 > 0.
We define the function

Gor(x) = (e eo(XI=R) ¢ —o(x|=R) 4 o —7(y—Bz) 4 ¢ —r(y+ﬁr)) [ — uxl| oo 2\ BR)

+ (Eeglxl +e_0|x|) R
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where o, 7 > 0 are chosen close enough to 0. Observe that G, > 0 in Kg g and

(7.9) Gor(x) 2 [lu — urllL r2\Bg)

on 0Kp g. Moreover, we have

a? o?
7.10 A+ — ) Gy > — O
(7.10) ( + 2) sz et

in Kp g provided R is chosen large enough and o, 7 > 0 are chosen close enough to
0. We set v := u — u). Observe that the function v satisfies the equation

(7.11) (—A+Q)v+ N(uy) =0,
where by definition the potential ® is given by
_ F'(u) — F'(uy)

)

D
U — uy
whenever u — uy # 0 and
P = F‘”(U,\)7
whenever u = uy. Now, choosing R large enough, we can ensure that ® > o?/4 in
the subset of K g defined by

Krp:={x€ Kpp : dist(x,0Kg ) > R},

for all R > R. This follows at once from the fact that u, converges uniformly to
+1 away from the )\;' and the fact that the function u — u) tends uniformly to 0
at infinity.

Using the result of Lemma 7.1, we find that, for each ¢ > 0, a multiple of G, ; is
a positive supersolution for problem (7.11) in the sector Kg g provided R is chosen
large enough and o, 7 > 0 close enough to 0. Therefore, we conclude that

(7.12) lv] < CGy s,

in Kgr 3. The assertion of the Lemma follows at once from letting € tend to 0 in
this pointwise estimate. O

Next, we estimate the function v near the half line )\;r. As already mentioned,

there is no loss of generality in assuming that the half line /\j' coincides with the
y axis, if this is not the case, this can be achieved using some appropriate rigid
motion.

So, we fix j and R > 0 large enough. We define Q; r to be the connected
component of R? which contains the half line )\j N (R?\ Br) and which is bounded
by the half lines lines )\;r_% N (R?\ Bg), )\;FJF% N (R? \ Br) and OBg. The angle
between two consecutive ends is strictly less than m and hence Q; r C R x (0, 00).
Observe that §; g is close to the set Q; which has been defined in (2.5) but is not
exactly equal to it. Moreover, the subscript R in );  is here to emphasize the role
of R in what follows.

We define I; i to be a cutoff function such that

(i) Ij,r =1 in the subset of ; r such that dist(x,0Q; gr) > 1,
(i) ,r=0in R2\ Q; &,

(iii) |V*L; g| < C, for £=0,1 and 2.
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Again, I; g is close to I;, which has been defined in §2.1 but is not equal to it.
Finally, we define the function

'Uj’R = ﬁij (u — 'Ll,)\).

Before proceeding further we state the following Corollary of Lemma 7.2. From
now on, we assume that the constant a > 0 which appears in the definition of £
given in (7.5) is chosen so that a < ag where qy is the constant given in Lemma 7.2.

Corollary 7.1. There exist R > 0 and r, > 0 such that for each R > R
1
(=) ()| < SE(R)
for all x € R? such that dist(x, )\;r) >R forallj=1,...,2k, and |x| > R+ 7,.

Since u is a solution of (2.1), one can check that the function v; g is a solution
of

(A4 F'(w)vig = ILjr N(ux) = [A L&l (u—uy)
(7.13) )
— I r (F'(u) = F'(ux) — F"(ux)(u —uy)) .

Since F is even, so is F”, and hence, close to )\j, F"(up) is equal to F"(uy).
Therefore, we can rewrite (7.13) as

(—A+F"(uw))vjir = ILjr Nuy) —[ALg] (u—uy)
(7.14) +  (F"(uo) — F"(ux)) vj.r
— g (F'(u) = F'(ux) = F"(ux)(u — uy)) .

We denote for short
hjl',R = ]ijR N(U)\)7

hi g = =181 ) (u—ux) + (F"(uo) — F"(ux)) vj.r,

and

h?’ =T r (F'(u) — F'(uy) — F"(uy)(u —uy)) -
So that (7.14) becomes
(7.15) (A + F"(uo)) vjr = hj g+ h5 g+ hi g

We decompose any function f defined in R? into
f=f+r

where = 1l recall that Il has been defined in (1. an s -
here fll := To(f 1l that Iy has been defined in (1.6 d f+is L?(R

orthogonal to Oug(x) for all y € R. Starting from (7.15), we decompose v; p =

’UJ”, nt Uij, and using natural notations, we obtain the system of two equations

(—A+ F"(ug)) vl = Wil + n20 + B,
and
(=A + F"(uo)) vjip = hjg + i + W5

We now estimate each term in the decomposition of v; . First, we have the :
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Lemma 7.3. There exist constants a; > 0, C > 0 and d; > 0 such that, the
following pointwise estimate holds

|ij‘,_R| < C (e I 4 emar (K=R) 1y — ux|| Lo r2\BR) + Lo,— [[u— “/\||2Loo(R2\BR))~

Proof. This estimate follows at once from Remark 4.2 which ensures that, since we
are working in the L?-orthogonal complement of the space of functions of the form
f(y) Orug(x), we can choose v € (—/fi1,/ft1) in Proposition 4.1 to estimate v]{-R
in terms of the norm of h;:;, h?:é and hfé

To estimate the first term h;:ﬁ, we make use of Lemma 7.1 and, applying Propo-
sition 4.1 with § = 75, v = —4 we get a contribution to the estimate of v]{-R which

is bounded by a constant times e~ || provided a; > 0 is chosen close enough to 0
(the constants ¢ and 4 are the constants satisfying the hypothesis of Lemma 7.1 and
¥ € (0,y/11,)). To estimate the second term hi’fg, we use the result of Lemma 7.2

which ensures that v — uy and u) — ug, restricted to the support of h?’j%‘, decay
exponentially at infinity. Then, applying Proposition 4.1 with some v < 0 close
enough to 0 and § = 0, we obtain that this term contributes to the estimate of vjl’R

by a constant times e 7ET_. o|ju — u>\||%oo(R2\BR). Observe that the main error
comes from the action of the cutoff function when x € Q;  satisfies |x| € [R, R+1].
Finally, to estimate the third term hj’fg, we apply Proposition 4.1 with v = 0 and
0 < 0 close enough to 0. Details are left to the reader. O

Assuming that a > 0, the constant which appears in the definition of £ which is
given in (7.5), is chosen so that ¢ < a; where a; is the constant given in Lemma 7.3,
the last Lemma implies that :

Corollary 7.2. There exist v, >0, R > 0 and { > 0 such that

1
sup Jofal < £ E(R),
|x|>R+7.

provided E(R) < ¢ and R > R.

The next step is understand the solution of

(A + F"(ug)) vl = bl + 12 %+ b
If we write
¢,
v) r(@.y) = 0j.r(y) Doo(x),  and 7L (y) = 0f p(y) Deuo(a),
for £ =1,2,3, we find that ¢; r is a solution of
_ajd)j,R = TP},R + ¢2',R + ¢3,R~

Since v; g has support in R x (R, 00), we conclude that ¢; g has support in (R, co).
In particular,

+oo  ptoo y rt
ounls) =t =R)= [ [ whae i) dsai= [ [ i) dsa
Yy

for some x’, k¥ € R.
We have the following :



MODULI SPACE FOR ALLEN-CAHN 35

Lemma 7.4. There exist constants as > 0 and C > 0 such that

+oo +oo
)+ 2 g(s)) ds dt

<C (efazy + e~ 2 (y—R) [le — U)\||LOO(R2\BR))

/0 /0 ¥ r(s) ds dt‘ < Clu = unlFoome\ gy (14 (max{0,y — R})?),

for ally > 0.

Proof. The proof is a simple consequence of Lemma 7.1 and Lemma 7.2. O
We now estimate the parameters x° and xf. We start with the :

Lemma 7.5. There exist a constant C > 0 such that the following estimates hold

65 < C (€7 Rt flu— unll e ansi) 7 e = wall o o2\,

provided ||u — u)\”Lao(RQ\BR) < 1.

Proof. Using the fact that vJ” r is bounded by a constant times ||u — ux|| g r2\BR)

together with the result of Lemma 7.4, we find

6] < C (e F + [lu = unll L@\ Ba)) »

provided [|u — ux|| g ®2\By) < 1. Once this crude estimate is obtained, we can

obtain some precise estimate for xf. To this aim, we again use the fact that v” RIS

bounded by a constant times ||u—ux || g g2\ By) and using the result of Lemma 7.4,
we get

(y— R) |5 < C (7P 4 Jlu = wllw eovmay + (6 — B 1 — 03w o\ 1))

for all y > R (here we also use the fact that we assume that ||u—wuy|| L @2\ 5,) < 1).
In other words, for all X > 0 we have

—asR
O llu = urllZoe mo\ gy X2 — K51 X = C (€7 + |lu — un|| oo w2\ BR)) 2 0.
Thus the discriminant of the quadratic polynomial must be non positive. In par-
ticular, this implies that
_ 1/2
K < C (e F + [lu— urll g @rBr)) | 1t — Ul oo @2\ B

and this completes the proof of the estimate. (Il

In order to derive an estimate for x”, we invoke the balancing formula (11.1)
which follows from Lemma 11.1. Given any Killing vector field X and any compact
Q C R?, this balancing formula reads

(7.16) /aQ ((; |Vul? + F(u)> X — X (u) Vu) -vds =0,

where v is a outward pointing unit normal vector field to 9€2. Of interest is the
case where X is the vector field

Xr =20y — YOy,

which is the vector field which generates the group of rotations centered at the
origin.
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Let us briefly digress and consider the case where the function wu, solution of
(2.1), is defined on R x (0,00) and can be expanded as

u(z,y) = uo(x) + Kk Opup(z) +v(z,y),

where £ € R is a small constant and where the function v is also small (in a sense
to be made precise). Then, (7.16) implies that

/y_yo ((; |Vul® + F(u)) X — X (u) Vu) - vds,

does not depend on gy. On the one hand, when w is replaced by ug, this quantity
is equal to 0, hence, assuming that u converges fast enough to ug as y tends to
infinity and letting yo tend to oo, we find that

/y_yo ((é Vul* +F(“)) X = X(u) Vu) vds=0.

On the other hand, inserting u = uy + x 0,up + v in this equality and assuming
that x and v are small, we get

/7 ((; Vu2—|—F(u)> X — X(u) Vu,) vds = K /R <; |axu02+p(u0)) dzx
o + O+ O(|lo]).

Hence, we conclude that
1
K / (2 |0puo|? + F(uo)) dz + O(k?) + O(|Jv|)) = 0,
R

and this immediately implies that x = O(||v||). This is this idea that we will
implement to derive a precise estimate for the constant &”.

Lemma 7.6. For all € > 0, there exists as > 0 and there exist (. > 0 and R. > 0
such that
"] < Ce 8 4e|u— U || o (R2\ BR)
provided R > R. and ||u — u,|| Lo r2\Br) < G-
Proof. Since we have assumed that the half line )\;r coincide with half of the y-axis,

we have u) = fug close to this axis and to fix the ideas, we can assume that
uy = ug. Now, we define
ujr:=ux+vjr=u+(1— TI];R) (uy —u).
We set
hjr:=—Aujr+ F(ujr) =—Au—ujr)+ (F'(ujr) — F'(u)).
In this case, (7.16) has to be replaced by

1
/aQ ((2 ‘VUJ')R|2 + F(Uj)R)) X — X(Uj)R) VUj,R) -vds = /thJ{ X<Uj7R> dx.

Writing u; r = uo + w, using the fact that ug satisfies (7.16) and substracting the
two equations, we obtain

/89 (% (IV (w0 +w)|* = [Vuo[* + F(uo +w) — F(up)) X

—(X (up + w) V(ug + w) — X (up) Vuo)) cvds = /th’g X (uj,r) dx.
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We specialize this analysis to the case where the vector field X is given by X =
x 0y — y 0, and where Q := R X [yo, y1]. Letting 1 tend to oo, we get

[ @@= 90) + (Flao 4 w) ~ Flun))) do = [ b Xus) .

Y2>Yo
We decompose
Uj R = Uo + K Opug + W
and chose yg > R+ 1. Thanks to the estimates already derived, we conclude, with
little work, that there exists ag > 0 such that

K| < C (e_“sR + e Wo=R) Yy — uy || poo (r2\ B) + (Yo — R)? [Ju — uAHQLw(RQ\BR)

_a 1/2
+ 00— B) u—uall o) (7R + u =l eoyma) )

provided (yo — R) [|u — ux|| = ®2\By) < 1. At this stage, in order to derive the
estimate, it is enough to choose rg := yg — R large enough so that

Ce—so—R) < &
— 27

and, once this is done, we choose R, > 0 large enough and (. > 0 small enough so

that ,
_ 1/2
C (Tg C- + 7o (e_aQRE + (:5) ) < %

The proof of the result is then complete. O

Assuming that the constant ¢ > 0 which appears in the definition of £ given
in (7.5) is chosen so that a < min(as,az) where as,as are the constants given in
Lemma 7.4 and Lemma 7.6, we get :

Corollary 7.3. There exist r, >0, R > 0 and ¢ > 0 such that

1
sup [o) 5l < 2 E(R),
|x|>R+7r.

provided E(R) < ¢ and R > R.

The result of Proposition 7.1 follows from Corollary 7.1, Corollary 7.2 and Corol-
lary 7.3. Observe that one can always choose R > 0 large enough so that £(R) < ¢
where ( is the least of the two constants { which appear in the statements of
Corollary 7.2 and Corollary 7.3.

8. THE IMPLICIT FUNCTION THEOREM

We now are in a position to prove Theorem 2.2. To this end, we apply the
implicit function theorem using the linear analysis derived in the previous sections.
By now, this argument is rather standard and hence, we only outline the main
points of the proof, leaving the details to the reader.

We start by defining a smooth family of diffeomorphisms of R? as follows : Given
a=(a,...,az) € R* and b = (by,...,by) € R?* we define ®, 1 to be the value,
at time 1, of the flow associated to the vector field

2k

Bap = Y (a; Xj 6 Y)).
j=1
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Here X, Y; are the vector fields defined in (6.1) and (6.2). Recall that, X; generates
translations in a direction which is transversal to the j-th end while Y} generates a
rotation of the j-th end. Clearly, the map @, is clearly a diffeomorphism provided
all coefficients a; and b; are small enough. Also, observe that, in most of the sector
where I; = 1, the map @, is equal to a rigid motion and hence it commutes with
the Laplacian A in the sense that

A(wo Pyp) = (Aw) o Pyp.

We choose v,d > 0 close enough to 0. Given a function v € sz _ 5(R2), given
a € R?* and b € R?*, we define

N(v,a,b) := ( — A((u+v) 0 Bayp)) + F'((u+v) o q»aﬂ,)) X -

where u € Moy is fixed. It is easy to check that the nonlinear map N is well defined
and smooth from a neighborhood of 0 in WE,? _s(R?) x R%* x R?* into L2 5(R?).
This follows from the fact that @, is a rigid motion in the regions II; = 1, and in
the regions where it is not, the functions involved are in L? | _5(R?).

Since ®q 0 = Id, we check directly that

(8.1) D’UN(O,O,O) - 2
Moreover, we have
8ajN(0,o’o) =2 (du(X])), and 8bj N(O,o,o) =2 (du(Y]))

If we assume that u € May, is nondegenerate, the result of Proposition 6.2
implies that the full differential DN 0y (Which can be naturally identified with
the operator ﬁ[_,y,_(;) is surjective and has a kernel whose dimension is 2k. The
implicit function theorem then implies that, close to v = 0, a = b = 0, the set
of zeros of N is a smooth 2k dimensional manifold. This completes the proof of
Theorem 2.2.

9. NONDEGENERACY OF SOLUTIONS WITH NODAL SET WITH NEARLY PARALLEL
COMPONENTS.

In this section, we check that, given k > 1, the set My, contains at least one
nondegenerate element, thus proving Proposition 2.1. We recall that for simplicity
we assume here that

Flu)= 70— 2,

however all the results needed to prove the proposition generalize directly to the
case of a general, smooth even nonlinearity as described in (1.2). Consequently, we
expect that the assertion of Proposition 2.1 holds in this more general framework
as well.

The result in [8] implies the existence of a family of solutions {uc }.c(0,c,) C Mok
whose ends are nearly parallel, and are graphs over the y-axis for some function
whose derivative is bounded by a constant times e. What is more, the construction
shows that {x € R? : u.(x) = 0}, the nodal set of u., decomposes into exactly k
disjoint curves whose mutual distances tends to co as € tends to 0.

To state our result in precise way, we assume that we are given q := (q1, - - -, qx),
a solution of the Toda system

(9.1) coq! = eV2(4i-1=47) _ oV2(4j=ai+1)
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for j =1,...,k, where ¢y := g and where we agree that

go = —00 and Q41 = +00.

The Toda system (9.1) is a classical example of integrable system which has
been extensively studied. It models the dynamics of finitely many mass points on
the line under the influence of an exponential potential. We recall some of the
results which are concerned with the solvability of (9.1) and which is needed for
our purposes. We refer to [13] and [19] for the complete description of the theory
(see also [21], [24], [1]). Of importance for us is the fact that solutions of (9.1)
can be described (almost explicitly) in terms of 2k parameters. Moreover, if q is
a solution of (9.1), then the long term behavior (i.e. long term scattering) of the
q; at +o0o is well understood and it is known that, for all j = 1,..., k, there exist

aj', bj' €R, a;,b; € Rand 7 > 0, all depending on the solution g, such that

(9.2) ¢j(t) = aF [t] +bF + Ocoe(my(e ™ 1),

as t tends to +oo. Finally, aﬁ_l > a;-t forall j=1,...,k—1.
Given € > 0, we define the vector valued function q., whose components are
given by
1

(9.3) gje(z) = qi(ex) — V2 (j - k%) loge.

It is easy to check that the ¢; . are again solutions of (9.1).

Observe that, according to the description of the asymptotics of the functions g;,
the graphs of the functions g; . are asymptotic to a set of 2k oriented half lines. In
addition, for € > 0 small enough, these graphs are disjoint and in fact their mutual
distance is given by —v/2 loge + O(1) as ¢ tends to 0.

It is convenient to agree that x* (resp. x7) is a smooth cutoff function defined
on R which is identically equal to 1 for > 1 (resp. for x < —1) and identically
equal to 0 for z < —1 (resp. for z > 1) and additionally x~ + x* = 1. With these
cutoff functions at hand, we define the 4-dimensional space

(9.4) D := Span {z — xT(z), z— zxT(z)},

and, for all u € (0,1) and all 7 € R, we define the space C2*(R) of C** functions
h which satisfy

[7llg2.n gy = I|(cosh @)™ hl|c2.ur) < oo

Keeping the above notations in mind, the following is proven in [8]:

Theorem 9.1. For all € > 0 sufficiently small, there exists an entire solution
ue € Moy, of the Allen-Cahn equation

(9.5) Au+u—u =0,

in R?, whose nodal set is the union of k disjoint curves Cier-.-Ce. These curves
are the graphs of the functions

2 qje(x) + hj (e w),
where the functions hj. belong to C2H(R) @ D and satisfy
hjellczn®en < Ce*

Here the constants C,a, 7,1 > 0 are all independent of ¢ > 0.
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In other words, given a solution of the Toda system, we can find a one parameter
family of 2k-ended solutions of (9.5) which depend on a small parameter € > 0. As
€ tends to 0, the nodal sets of the solutions become close to the graphs of the
functions g .

Furthermore, using Proposition 1.1 and Proposition 5.4 in [8], one can be more
precise about the description of the solution w.. If A, := ()\f’s, ce Ad .) denotes
the half affine lines associated to the ends of u. and if uy_ denotes the associated
function defined in (2.6), we know that u. = ux, + ve, where v, € WE’VQE,_(;(RZ) for
some d,v > 0 such that §2 +v2e% < 2. In addition, we have

(9.6) HUE||W3’3€,_5(R2) < Cet,
for some a > 0.

Proof of Proposition 2.1. Our goal is to show that there exists €9 > 0 such that for
all € € (0, &) the solution u,. of (9.5) which is given by Theorem 9.1 is nondegener-
ate. We fix 4,8 > 0 such that 42 < a®. We claim that, for £ > 0 sufficiently small,
the unique solution of the equation
—(A = F"(ug))w =0,
which belongs to L? ;_5(R?), is w = 0 (observe that ¢?5* 4 6% < o® for ¢ > 0
close enough to 0). To prove the claim, we use an argument similar to the one used
in the proof of the Linear Decomposition Lemma (i.e. Lemma 4.2).
To begin with, since the problem is linear, we may as well assume that

(9.7) HwHLi%,%(R?) =1
Then, elliptic estimates imply that u € WE;?E’_&(Rg) and
s oy < Clholie, o,

For j =1,...,k, we define ﬁj to be a smooth cutoff functions such that
- 2 . V2 .
suppl; C < x € R® : dist (x,C;,.) < dist (x,C;c) — - loge, Vi#j,,

and I;(x) = 1 when dist (x,C;.) < dist (x,C;c) for i # j. Thanks to (9.7), we know
that
1

(9.8) I, wllzz | re) > %
for some jo € {1,...,k}. We define wq := ]L—O w. Observe that
25 wo = [A,ﬁjo] w.

where £, := —A + F"(u.).

Let (¢, s) be Fermi coordinates associated to Cj, ¢, so that s is the arc length on
Cj, e and t(x) := dist® (x,Cj, ) denotes the signed distance to Cj, .. We change the
coordinates from (x,y) to Fermi coordinates (¢, s) (this change of variables is quite
standard and for details, we refer the reader to calculations in Section 5 of [8]).

Using (9.3), (9.6) together with the assumption on the function w, we check that

he = — (&2 + 37 — F"(uo(1))) wo,
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satisfies
.1
(9.9) Ihellez @2y <C (6 - log5> lwllzz | @2,

for some 7 > 0. Thanks to the Linear Decomposition Lemma (Lemma 4.2), we
know that wg € ]LQ_:YE’_(;(RQ) and also that

1
ke, e <€ (7= o) Molla, e

For € small enough this inequality is not compatible with (9.8) and (9.7). Having
reached a contradiction, we conclude that wg = 0 and hence w = 0. This completes
the proof of the result. (Il

10. THE LAGRANGIAN STRUCTURE AND THE PROOF OF THEOREM 2.3

We assume that we are given a function u € My which is nondegenerate. The
tangent space Ty, Moy, is spanned by the functions w which satisfy

Lw =0,

where £ is the linearized operator about u. According to the result of Proposition6.1
and Proposition 6.2, we know that such a function w can be decomposed into

2k
(10.1) w:Zaj du(X;) + b; du(Y;) + w,
j=1

where a;,b; € R and w € WE,? _s(R?) for some ~,8 > 0. Let us consider two such

functions w®,w® € T, Moy (the coefficients and functions in the corresponding
decompositions are adorned with superscripts (1) and (2)). For all R > 0, we
integrate (w™ £w® —w®? £wm) over the ball of radius R to get

0= / (w® gw® —w® 2w dx = / (w® 9,w® — w® 9,wM) ds
Br dBg
But, using (10.1) and letting R — oo, we conclude without any difficulty that

2k

> (a5 —a? b)) =0,
j=1

This completes the proof of Theorem 2.3.

11. APPENDIX A

Assume that u is a solution of (2.1) which is defined in R2. Assume that X and
Y are two vector fields also defined in R?. In coordinates, we can write

X=> X0,, Y=Y Y0,
J J
and, if f is a smooth function, we use the following notations

X(f):= X0, f, Vfi= 0u,f0n,
J J

divX = Zawixi,
[
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and )
d*X = 52(8@){]’ + 0y, X") da; ® daj,

0,J
so that
X (YY) =) 0., X Y'Y
%,
We claim that :

Lemma 11.1 (Balancing formula). The following identity holds

div ((;w? + F(u)) X - X(u)vu> = (;|Vu|2 + F(u)) div X — d* X (Vu, Vu).

Proof. This follows from direct computation. Il

Translations of R? correspond to the constant vector field
X =Xy
where X is a fixed vector, while rotations correspond to the vector field
X =20y —yO0s.

In either case, we have div X = 0 and d* X = 0. Therefore, we conclude that

div ((; |Vul? +F(u)> X — X(u) w) =0,

for these two vector fields. The divergence theorem implies that

(11.1) /BQ <<;|Vu|2+F(u)) X — X(u) Vu> -vds =0,

where v is the (outward pointing) unit normal vector field to 9.

We define
“+o0
co = / (; (Dpug)? + F(u0)> dx.

which only depend on the potential F. We now assume that u € Mo, and we keep
the notations introduced in §2. We use (11.1) with  which is equal to the ball of
radius R centered at the origin and then, we let R tend to co. Taking X = X, and
using (1.4), we find with little work

2k
Co E e; - XO =0.
j=1

Taking X =z 0, — y 0, we find

2k
Co Z Ty = 0.
j=1
This completes the proof of (2.16) and (2.17).

Remark 11.1. These conservation laws steam from the fact that (2.1) is invariant
under the action of isometries of R2.
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12. APPENDIX B

We keep the notations introduced in the proof of Proposition 3.1 and we define
1 B €T

W)= - We @) [ WV a

Since |W<i\ < Ce®%® we can write

W ()] < CW(x),

where
xT

W(z) = e %" / Y|V (y)| dy.

— 00

Obviously, it is enough to prove that
(12.1) Wiz we) < ClIVIzz g0
since this immediately implies that

HW”E:‘;(R,C) <C ||V||£§(R,C)'

The result then follows from this estimate, together with a similar estimate for the

function
—+oo

1 _
W(z) = WC W;(w) . W< (y) V(y) dy.

To prove (12.1), we argue as follows. First, the following pointwise estimate
follows from Cauchy-Schwarz inequality

(12.2) [(coshy) " W)l < elIVIzag,c)»

for all y € R. Next, we estimate

0 0 T 2
/ P W (z)de = / e20=0c)e (/ Y|V ()] dy) dz

0
626:1: WQ (y)]

= lim

s—r—00 {2(5 — d¢)
1 ° 7
_ x
5o /_OO eX*V(x) W(zx)dx
< C (||V||25§(R7C) + HWHEg(RC)) ||V||E§(R7C)a

where we have used (12.2) together with Cauchy-Schwarz inequality in order to
obtain the last estimate. Using similar arguments, we also get

+o0 _ N
/0 e " WQ(»T) de < C (||V||%§(R,c) + HW”Lg(R,C) ||V||L§(R,<C)) :
Hence, we conclude that

W12 00 < € (V120 + 17 z20e) IV 22050 )
which implies that

2o 9
HW”jg(R,c) <C ||V||E§(]R,C)'

This completes the proof of the estimate.
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